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It  is  probable  that  almost  every  teacher  of  advanced  calculus  feels  the 
need  of  a  text  suited  to  present  conditions  anil  adaptable  to  his  use.  To 
write  such  a  lK)ok  is  extremely  difficult,  for  the  attauiments  of  students 
who  enter  a  second  course  in  c^alculus  are  different,  their  needs  are  not 
uniform,  and  the  viewpoint  of  their  teachers  is  no  less  varied.  Yet  in 
view  of  the  cost  of  time  and  money  involved  in  producing  an  Advanced 
Calculus,  in  ]>ro]K)rtion  to  the  small  number  of  students  who  will  use  it, 
it  seems  that  few  t^'af^hcrs  can  afford  the  luxury  of  having  their  own 
text;  and  that  it  coiiseriuently  devolves  upon  an  author  to  take  as  un- 
selfish and  unprejudiccil  a  view  of  the  subject  as  jwssible,  and,  so  far  as 
in  liiin  lies,  to  produce  a  lK)ok  which  shall  have  the  maximum  flexibility 
and  adaptability.  It  was  the  recognition  of  this  duty  that  has  kept  the 
present  work  in  a  j)erj)etual  state  of  growth  and  modification  during 
five  or  six  years  of  composition.  Every  attempt  has  been  made  to  write 
in  such  a  manner  that  the  individual  teacher  may  feel  the  minimum 
embarrassment  in  picking  and  choosing  what  seems  to  him  best  to  meet 
the  needs  of  any  j^articular  class. 

As  the  aim  of  the  Ijook  is  to  be  a  working  text  or  laboratory  manual 
for  classroom  use  rather  than  an  artistic  treatise  on  analysis,  especial 
attention  has  been  given  to  the  preparation  of  numerous  exercises  which 
should  range  all  the  way  from  those  which  require  nothing  but  substi- 
tution in  certain  formulas  to  those  which  embody  important  results 
withheld  from  the  text  for  the  purpose  of  leaving  the  student  some 
vital  bits  of  mathematics  to  develop.  It  has  been  fully  recognized  that 
for  the  student  of  mathematics  the  work  on  advanced  calculus  ^Is  in 
a  period  of  txanaition,  —  of  adolescence,  —  in  which  he  must  grow  from 
ciloae  Ittliaaoe  apon  his  book  to  a  large  reliance  upon  himself.  More- 
owWf  aa  a  course  in  advanced  calculus  is  the  ultima  Thule  of  the 
mathematical  voyages  of  most  students  of  physics  and  engineering,  it 
is  appropriate  that  the  text  placed  in  the  hands  of  thcee  who  seek  that 

goal  should  hj  Ui  method  ooltiTate  in  them  the  attitode  of  oomageooi 
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ezplorora,  and  in  its  extent  snpply  not  only  tlieir  immedrnte  needs,  bat 
mneli  that  may  be  useful  for  later  reference  and  independent  study. 

With  the  large  necessities  of  the  physicist  and  tiie  growing  reqnire- 
ments  of  the  engineer,  it  is  inevitable  that  the  great  majority  of  our 
students  of  calculus  should  need  to  use  their  mathematics  readily  and 
vigorously  rather  than  with  hesitation  and  rigor.  Hence,  although  due 
attention  has  been  paid  to  modem  questions  of  rigor,  the  chief  desire 
has  been  to  confirm  and  to  extend  the  stndent^s  working  knowledge  of 
those  great  algorisms  of  mathematics  which  are  naturally  associated 
with  the  calculus.  That  the  compositor  should  have  set  **vigor"  where 
^ rigor"  was  written,  might  appear  more  amusing  were  it  not  for  the 
suggested  antitiiesis  that  there  may  be  many  who  set  rigor  where  vigw 
should  be. 

As  I  have  had  practically  no  assistance  with  either  the  manuscript 
or  the  proofs,  I  cannot  expect  that  so  large  a  woric  shall  be  free  frmn 
errors;  I  can  only  have  hiih  that  such  errors  as  occur  may  not  prove 
seriously  troublesome.  To  spend  upon  this  book  so  much  time  and 
energy  which  could  have  been  reserved  witii  keener  pleasnre  for  vari- 
ous fields  of  research  would  have  been  too  great  a  sacrifice,  had  it  not 
been  for  the  hope  that  I  might  accomplish  something  which  should  be 
of  material  assistance  in  solving  one  of  the  most  diffioolt  problems  of 
mathematical  instruction,  —  that  of  advanced  calculus. 

EDWIN  BIDWELL  WILSON 

M^MOHunm  Imnvms  or  Taouioixiar 
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CHAPTER  I 

ssvnw  or  nnrDAMBHTAL  ruus 

1.  On  differentiation.  If  the  function  f(x)  is  interpreted  as  the 
curve  y=f(x)*  tlic  cjuotiont  of  the  increments  Ay  and  Ax  of  the 
dependent  and  independent  variables  measured  from  {x^  is 

y-y,  ^  Ay  ^  A/(x)  ^ 

X  — 2^    Aa;      Ax  Ax  '  ^ 

and  TepTesents  the  slope  of  the  t^eant  through  the  points  and 
P'(x^  +  Ax,  4-  Ay)  on  the  curve.  The  limit  approached  by  the  quo- 
tient Ay/Ax  when  P  temains  fixed  and  Ax^^O  ie  the  slope  of  the 
tangent  to  the  enrve  at  the  point  P.  This  limit, 

lh„  ^  =  li„       +  ./.(^,  (8) 

abaoAj;     axao  Ax  \  v»  \  / 

is  called  the  derivative  of  f(x)  for  the  value  x^x,.  Ab  the  derivatiTe 
may  be  computed  for  different  points  of  the  curve,  it  is  customary  to 
speak  of  the  derivative  as  itself  a  function  of  x  and  write 

te*«Ax     A**9  Ax  ^  ^  ^  ^ 

There  are  numerous  notations  for  the  derivative,  for  instance 

=  ^  =  ^ = -  ^.y  -  y ' = ^/ =  ^- 

•  Here  «od  timrafrboat  the  work,  where  figaree  ave  not  given,  tb*  nsdar ihonld  dnw 

Kr:i|>h<<  to  illuMtrHU*  the  KtatcmentH.  TrainiagiaamklBgoBe'townUluitmtioBStWlMihw 
gtmpblcal  or  analytic,  is  of  great  value. 
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The  first  five  show  diatinctly  tbat  the  independent  ▼nriable  is  vhenas 
the  ]ast  three  do  not  explicitly  indicate  the  TsriaUe  and  should  not  be 
used  nnleas  there  is  no  chance  of  &  misunderstanding.  - 

9.  The  fundamental  fonnnlas  of  differential  calcolns  are  derived 
directly  fnm  the  application  of  the  definition  (2)  or  (3)  and  from  a 
few  ftindamental  propositions  in  limits.  First  may  be  mentioned 


(«) 


dy        dy       dfjx)  rf^ 

dx  dx 

D{u±v)  =  Du  ±  Dr,  D(uv)  =  uDv  +  vDu.  (6) 

vl>u-uDv^  l>(af)-«f-«.  (7) 


~i  * 


It  may  be  recalled  that  (4),  wliich  is  the  nilr  for  differentiating  a  function  of  a 
function,  follows  from  th«  ai>i)lirati<>n  of  the  tlit  orem  that  the  limit  of  a  product  to 

Ax     Ax  Am 

the  product  of  the  limits  to  the  fractional  identity  —  =  T~  7^  * 

Ax    Ay  Ax 

Urn  —  =  Urn  —  •  lim  —  =  limt  — •  lim  —  t 
A«Af  Ax    AK*«A|r  As*«Ax    ArAo  Ay  A«*eAx 

which  Is  cqnifalent  to  (4).  Slmllaily,  if  y  =/(x)  sad  if  x,  m  the  InTens  fanotloii 
of  y,  be  wfltteB  xs/"*^)  from  tauiogy  with  y  =  iiiix  sad  x=:siii-'>y,  the 

relation  (6)  follows  from  the  fact  that  Az/Ay  and  Ay/Ax  are  reciprocals.  The  next 
thrfc  result  from  the  Immediate  application  of  the  theorems  concerning  limits  of 
sums,  products,  and  quotients  (§  21).  The  rule  for  differentiating  a  power  is  derived 
in  case  n  Is  integrsl  hy  the  sppltoatlon  of  the  Unomisl  theorem. 

^  =  ^^•^^^''-^=».y-'  +  iLi^x-tAx^■...  +  (Ax)-^ 

Ax  Ax  21 

and  tlie  Umit  when  Ax^O  is  deariy  nx^-^.  The  reanlt  insj  be  exteoded  to  rationsi 
values  of  the  Index  n  by  writinf  *  =  g  *  y  s  xt,  yt  s  x»  and  by  diffBrenttstliif 

both  sides  of  the  equation  and  reducing.  To  pirove  that  (7)  still  holds  when  n  Is 

irrational,  it  would  be  nereifmry  to  hate  n  xrorkahle  definition  of  irrational  numbern 
and  to  develop  the  properties  of  such  numbers  in  greater  detail  than  seems  wise  at 
tills  point.  The  formula  is  therefore  assumed  in  accordsnce  with  the  principle  qf 
ptmaMHue  ^fotrm  (|  178),  Juat  aa  fotmnlas  lilie  aPtf>  ss  tf***  of  the  theory  of 
exponents,  which  may  readily  be  proved  for  rational  bases  and  exponents,  are 
awnimed  without  proof  to  hold  also  for  irrationsl  bases  and  exponents.  See,  how- 
ever, 1$  18-25  and  the  exercises  thereunder. 

•  It  is  frequently  better  to  legaid  the  quotient  as  the  pradnet  «•  v**!  and  wnfdy 
f  Tot  when  ax  a  o,  then  Ay  *  0  or  Ay/AX  eonM  not  mppnaA  s  llflBlt. 
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9.  Seoond  may  be  mentioiifid  tho  fomralas  for  fhe  derivatirea  of  the 
trigonometno  and  the  inyene  trigmiometriG  fimotioiis. 

Z)  sin  a;    cos  x,  D  cos  x  =  —  sin  Xj  (8) 

or  i>8m«8s8m(«  +  ^ir),  Demx^eoB^x-^^w),  (8*) 

i>8ec«s8ee«taDa^      Dcseafs  — cscasooto^  (10) 
Dftmx^tiax,  where    venxssl  —  eo8x^2nm'^x,  (11) 

_  .    ,  ±1  r  +  in  quadraatt)    I,  IV, 

n «o.-i« _     ±^    .  r -  in  quadrants    I,  II,  o\ 

„eot-««.___l_,  (14) 
2)  Be©-**  =  — ,  i  +  i»  quadranUi    I,  III,  « 

xVi^  1-"     "      n,  IV,  v*"/ 

Doao-^K^  f- in  quadrants    I,  III, 


Dver8~*»i 


±1  r  +  in  quadrants    I,  II,  ^^-v 

^^731?'         \-»     "  in.iv. 


It       he  reealled  fihfti  10  dUhraoliate  ainx  tha  deflnlttoD  Is  app^^  Then 

Asinx    sin (z  +  Ax)  — sin 2    sinAx  1  — oosAx  , 

 =  —  =  — : — oosx—     ■  sinx. 

Az  Ax  Ax  Az 

It  now  fai  merely  a  quattloii  of  •nlnatfaig  the  two  Itmtts  whieh  thus  wIm,  namely, 

8{n  Az       ,     ,.     1  — crwAx 
liin  and     Inn  — — •  (1^ 

From  the  properties  of  the  circle  it  followg  that  these  are  respertively  1  and  0, 
Hence  the  derivative  of  sinx  is  cosx.  The  derivative  of  coax  may  be  found  in 
like  manner  or  from  the  Identity  coess rind  w—a^,  TberenlmforaUtlwolilier 
t%onometiio  funetioDi  ere  detlTed  hf  ezpreering  the  fonetione  tn  terme  of  ilnx 
and  cosx.  And  to  treftt  the  faireme  fnnctloni,  It  is aolBelent  to  recall  the  general 
method  in  (6).  Tliiie 

If     yBrin->>aB|  then  emyss. 


Diflerentiate  both  sides  of  the  latter  equation  and  note  that  cos  y  s=  ±  —  8in*w 
s±Vl~'^  and  the  reaolt  for  Diin-'is  le  Immediate.  To  eaoertaln  whIeh  dgn  to 
nee  with  the  radical,  It  is  solBcient  to  note  that  :i:  Vl  —  z*  is  cos  y,  which  is  positive 
when  the  angle  y  =  sin-'z  is  in  quadrantB  I  and  lY,  negatiye  in  II  and  III. 
SLnilarly  for  the  other  inverse  functions. 
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1.  Ghi7  tbroogh  the  derivation  of  (T)  when  n  =  and  levlew  the  psoofa  oi 
typical  formulaa  aeleoted  from  the  list  (6)-(17).  Mote  that  the  formulas  are  often 
given  HK  D,u*  —  mi"-*  D^u,  Dx  Kin  u  =  ooeM •  •  • ,  and  may  be  derived  In  this 
form  directly  from  the  definition  (3). 

2.  Derive  the  two  limits  neoenary  lor  the  differentiation  of  sinx. 

3.  Draw  graphs  ut  tlie  inverse  triponometric  functions  and  label  the  poriiona 
of  the  curves  which  correspond  to  quadrants  I,  II,  111,  IV.  Verify  the  sign  in 
(12) -(17)  from  the  dope  of  the  curves. 

4.  Find  D  tanx  and  Dcotz  by  applying  the  definition  (3)  directly. 

5.  Find  JD sin x  by  the  identity  sin u ^  sin 0  =  8 coe "  ^  ° sin  " 

2  2 

6.  Find  Dtaa^is  by  the  Identity  tnn^'w  —  taa'^v  =  tan-^         uid  (A. 

1  +  uo        *  ' 

7.  Differentiate  the  following  expreadone : 


(a)  ctk:  2 X  —  cot  2 X,    {ft)  \  tan^x  —  tan x  +  x,    (7)  x  co8->  x  —  Vl  —  x', 

(« )  aec-»  ,  ^     .     («)  sin-i   J.  >  (f)  x  Va«  -  x«  +  o« «in-» 

VI- X*  VI  +  a?  • 

(v)  a veir-> 5-Vaa»-x«,    (^)  cot-»  -^^^  -  S tan-> 5. 

a  .      x'  —  tt'  a 

What  trigonmnetric  Identltiea  ate  anggeited  by  the  anaweia  for  the  following : 

V  1  —  x'  1  +  X* 

8.  In  B.  O.  Peirce'.s  "  Sluirt Table  of  Integrals"  (revised  etlition)  differentiate  the 
right-hand  members  tu  conlinn  the  formulas:  Nos.  SI,  46-47,  91-97,  125,  127-128, 
ISWSfi^  161-168,  914-S16,  220,  a60-M0,  994-996,  800, 880-881, 886^894. 

9.  If  X  Is  measured  in  degrees,  what  is  i)  sin  x  ? 

4.  The  logarithmic,  exponential,  and  hyperbolic  functions.  The 

next  set  of  formulas  to  be  cited  are 

Dlog.a!=^  i>log.»-i2lif,  (19) 

De*  =  «*,  Da'  =  a'  log,a.t  (20) 

It  maj  be  lecalled  that  the  procedure  for  dillerentiating  the  logarithm  la 

Alogb»^log,fr  +  to)-loB,»_  1  w  ^  +  /i  .  MP 

As  AiB  A*   *^     «  z/ 


•The  itadMit  ehoaid  keep  on  flle  his  sdiiitfania  of  at  least  the  Important  ip«—ui— ^ 
many  snbesqnent  exeielaM  and  considerable  porttoaa  of  the  test  dspead  on  pravkraa 

exercises. 

t  As  is  eostomary,  the  snbserlpt  e  will  hereafter  be  omitted  and  the  symbol  1oi;  will 
denote  the  lugarithm  to  thf  base  e;  any  base  other  than  e  must  lie  s|»'>  ial!v  <li  sii,Miatf.<i 
as  sneh.  This  obsenratiou  is  particularly  necessary  with  reference  to  the  common  base 
10  used  la  eoBpatatloa. 
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U  now  xfhat  be  nt  eqiwl  to  A,  the  problem  beoomee  that  of  evaluating 

^10111  + 


Um^l  +  ^*ses2.7m8  log^oe  =  0.484SM...;  (21) 


and  hence  if  e  be  choeen  as  the  baae  of  the  system,  D  logz  takes  the  simple  foim 
1/x.  The  exponential  functions  e»  ami  a' may  be  regardfd  as  tlin  inverse  functions 
of  logz  and  logaZ  in  deducing  (21).  Further  it  should  be  nut«d  ihat  It  is  frequently 
uaefnl  to  take  the  logarithm  of  an  exprenkm  before  differentiating.  This  is  known 
as  lo^arlCAmfc  dtfbwtfiatim  and  Is  med  for  produota  and  oompUcated  powers  and 
roots.  Thus 

If       ysa^i  than     logy  s  slogs, 

and     -y'sl -flogs  or  y'as>(l<|'logs). 

It  Is  the  expression  yfiy  which  is  called  tlie  logarillmic  derivative  of  y.  An  especially 
noteworthy  property  of  the  function  y  =  C«f  is  that  the  function  and  its  derivative 
are  aqoal,    s  y ;  and  mora  gmMxally  tkeftmeOem  y  s  Ce^  is  proporthntU  lo  1U 

5.  The  hjfperbolic  furu'tiom  are  the  hyperbolic  sine  and  cosme, 

ainhg«*^~*   >  co8has=>^^^r— >  (22) 

and  the  rolat^^d  functions  tanhr,  coth  sech  cschj*,  derived  from 
them  by  the  same  ratios  lus  those  by  which  the  (•nrrcsj>onding  trigono- 
metric functions  are  derived  from  sin  a-  and  cosj-.  From  these  delini- 
tions  in  terms  of  exponentials  follow  the  formulas : 

ooBhPfli  —  uiih'xsl,  tenh*«+8eeh'flssl,  (28) 

vis^i^  ±  y)  ^  8Uih«  oosh  y  ±  ooBhdB  ainhy,  (24) 

008h(«  ±  y)  s  ooshx  oosh y  ±  ainhx  ainhy,  (25) 

.as     ,    Icoahx-f  1  .  ,x     .    Icosha:  — 1 

^whg^+'V      2      *      ■^2'"^Y^  ' 

D  sinh  X  =  cosh  X,  D  cosh  x  =  sinh  x,  (27) 

D  tanh  x  =  sech^a;,  D  coth  x  =  —  csch'x,  (28) 

2>8echa;  =  — sechx  tanhx,  Z>c8chx=:  —  cschosoothae.  (29) 

Ihe  inyene  fonetions  aie  expnanUe  in  temiB  of  logarithms.  Thus 

yssinh'^a;,  «  =  ainh  y  = ^ » 

*  e* 

2a«»-l=»0,  «i'=e«±V«»+l. 

*  The  treatment  of  this  limit  is  far  from  complete  in  the  majority  of  textq.  Reference 
for  a  careful  presentation  may,  however,  be  made  to  Qranviile'a  "Calculua,"  pp.  3i-3^ 
aiidOifood*s<*Ca]eiihM,''pp.re-ea.  See  also  Bx.  1,  (A,  la  f  MB  below. 
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Here  only  the  positive  sign  ia  available,  for    is  never  negative. 


Bvnh'^x^  log(«  + V^+i), 
ooth-^fls  —  log(«  ±  -vV— 1), 

taah-'x  =  2  log  > 


coth"*  X  = 


log^  -t 


any 
«  >1, 

a:  <  1, 


any 
±1 


Dtanh~*x  «  ^  ^  ,  = /) coth"'g  c=  ^  ^  . 

±1    -1 


Dseoh~'« 


Henoe 

(30) 

(31) 

(32) 
(33) 

(34) 

(35) 
(36) 

(37) 

(38) 


1.  Show  by  kftiithmie  dtflsnntiattoii  that 

ftnd  hence  derive  the  nile :  To  dlfTerontiate  a  produot  dilfereDtiate  each  tedor 
alone  and  add  all  the  rt;Mult8  thus  obtained. 

3.  Sketch  the  grapba  of  the  hyperbolic  functions,  interpret  the  graphs  a«  those 
d  the  invem  fmiotioiii,  end  verify  the  nuge  of  veluM  aasigned  to  « in  (80)-(36). 

3.  Prove  aondry  of  formulas  (2S)-(29)  from  the  definitions  (22). 

4.  Prove  nindry  of  (S0)-(38),  checidng  the  signs  with  care.  In  cases  where 
doaUe  rigns  lematn,  state  when  each  appUss.  Note  that  la  (SI)  aod  (M)  tts 
dombte  ttffH  may  be  ptaeed  l^fim  tts  log  far  Ms  rsoson  Mat  Ms  two  exprtationa 

are  rtciproaUa. 

5.  Derive  a  formula  for  sinhu  ±  sinhv  by  applying  (24)  ;  f^nd  a  formula  for 
tanh  |x  analogous  to  the  trigononietric  formula  tan  \i  =  H\nx/(\  +  cxmx). 

6.  The  gudtmuinnian.  The  function  <p  =  gd  x,  delined  by  the  relations 

sinh  X  =  tan  ^,    ^  =  gd  x  =  tan->  sinh  x,    — i«'<^<  +  |ir, 
is  called  the  gudennannian  of  z.  Prove  the  aet  of  formulas : 
oodisssee#,  tanhssdn^,  cadhasoot^  ete.; 
J>gds  =  sechs,  asgd->^slQgtan(|^  +  |w),  Dgd'^^ssse^. 

7.  Bahrtttnte  the  f onetlras  ol  ^  in  Bz.  6  for  tlieir  liypeibolic  equivalents  in 
(M),       and  radnoe  to  simple  known  trigonometrie  f  onuolsa. 
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8.  Diflerentiate  the  following  expressioits : 

(a)  (X  +  1)«  (X  +  2)  -  « (I  +  8)-  S       03)  xW*  (Y)  log.  (x  +  1), 

(a)  x  + logco8(x— («)  2tan-ic,      (f)  z— tanhz, 

(9)  xtaabr^x  +  iU>g{l~t^  — i  

9.  Check  anndry  fonmilM  of  PelTee*t  **TAble,"  pp.  1-61,  81-88. 

6.  Geometric  properties  of  the  derivative.  As  tlie  quotient  (1)  and 
its  limit  (2)  give  the  slope  of  a  secant  and  of  the  tangent,  it  appears 
from  graphical  considerations  that  when  the  derivative  is  positive  the 
iuuctiou  is  increasing  with  jr,  but  decreasing  when  the  derivative  is 
negative.*  Hence  to  determine  the  r eg  tone  in  which  a  function  i»  in- 
ereasing  or  deereannfff  one  may  Jind  the  derivaiivs  and  determine  the 
regiona  in  which  it  ie  poeitive  or  nefftOive, 

One  maA,  however,  be  eatefol  not  to  apply  this  rule  too  Utndly ;  f or  fai  so 
dmple  »  CMO  m/(s)  s  logs  It  ia  seen  thftt/'(»)  s  l/z  is  poslUvo  wlmi  s  >  0  and 

negative  when  x  <  0,  and  yet  \ng  x  has  no  graph  when  z  <  0  and  is  not  conaidered 
as  decreoKinfT.  Thus  the  formal  derivative  may  be  real  when  the  function  is  not 
real,  and  ii  is  iheref or9  best  to  make  a  rough  sketch  of  the  function  to  corroborate 
the  evidence  famished  hy  the  examination  oifiix). 

If  is  a  value  of  ar  such  that  iinmediately  t  upon  one  side  of  3r  =  r^ 
the  function  /{j')  is  inereasing  wlieieas  iiiuuediately  upon  the  other 
side  it  is  decreasing,  the  ordinate  ]/^=f{x^  will  be  a  luaximum  or 
minimum  or  f(x)  will  become  positively  or  negatively  infinite  at 
If  the  case  whste  fix)  beoomes  infinite  be  ruled  oat>  one  may  say  that 
<Ae  function  wtU  have  a  mkUmnm  er  maximum  at  aeeerding  ae  the 
derimUioe  ehangee  fnm  neffatiue  topoeitiee  er  from  poeitive  to  negaOoe 
when  X,  moving  in  the  poeitive  direetionf  paeeee  throi^fh  the  valne 
Henoe  the  ueual  rule  for  determining  maxima  and  minma  ie  to  ftnd 
the  roote  off(x)stO, 

This  mle,  again,  mnst  not  be  applied  blindly.  For  flnt,/'(z)  may  vanish  where 

there  is  no  maximum  or  minimum  as  in  the  case  y  =  x*  at  x  —  0  when-  the  deriva- 
tive does  not  change  sign  ;  or  hecond, /'(x)  may  change  sign  by  beconuug  indnite 
M  in  the  case  y  =  z^  at  z  =  0  where  the  curve  has  a  vertical  cusp,  point  down,  and 
a  minimnm ;  or  third,  the  fnnotion/(«)  may  he  restricted  to  a  given  range  of  valnes 
^  b  for  X  and  then  the  values /(a)  and/(&)  of  the  function  at  the  ends  of  the 
interval  will  in  general  be  maxima  or  minima  without  implying  that  tlie  deriva- 
tive vanish.  Thus  although  Ute  derivative  is  highly  useful  in  determining  maxima 
and  minima,  it  ahonld  not  be  trusted  to  the  complete  exclusion  of  'Uw  eonohoxatlve 
eridenee  fnmished  by  a  loni^  skeU^  of  the  cnive  y  s/(a). 

•  The  eoostmetfon  of  IHustratlTe  figures  is  again  left  to  the  reader. 

tThe  word  "immediately"  is  neeeisaiy  becaoM  the  maxima  or  minima  maj  be 
merely  relative;  in  the  case  of  several  maxima  and  minim*  In  an  Interval,  soms  of 
th«  maxima  may  actoally  be  less  than  some  of  the  minima. 
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7.  The  derivative  may  be  used  to  exprass  the  07fial»»Mi/M«to^^ 
and  normal^  the  valuta  of  the  niAtangent  and  nAnormal,  and  so  on. 

Equation  of  tangent,  y  —  Vo  =  —  ^o)»  (3^) 
Equation  of  normal,  (y-  y^>/'o-h{x-x^  =  0,  (40) 

TM  =  subtangent  —  y^/^;,  MX  =:  Bubnonnal  =  y,y;,  (41) 
OTh  flD-interoept  of  tangent  =  x^  —  yjy[f  etc  (42) 

The  derivation  of  these  results  is  sufficiently  evi- 
dent from  the  figure.  It  may  be  noted  that  the 
subtangent,  subnormal,  etc.,  are  numerical  values 
for  a  given  point  of  the  oorve  bat  may  be  regarded 
as  fnnetions  of  « like  the  derivative. 
Id  geometrical  and  physical  problems  it  is  freqnentlj  neoesaaiy  to 
apply  the  definition  of  the  derivative  to  finding  the  derivative  of  an 
unknown  ftinefeion.  For  instanee  if  A  denote  the 
aiea  nnder  a  eorra  and  measued  from  a  fixed 
ordinate  to  a  variable  ordinate,  A  is  surely  a  funo- 
tion  of  the  abscisaa  x  of  the  variable  ordinate. 
If  the  onrve  is  rising,  as  in  the  figure,  then 

MPW<^<MQP'M',  or  yA«< Ail<(y+Ay)A«. 

Divide  by  Ao;  and  take  the  limit  when  Ao;  ==  0.  There  results 


lim  y; 


Henee 


lim  4^  S  lim  (y  +  Ay). 

(lA 


lim 
abao  Ax 


(43) 


RM^9  Theorem  and  the  Theorem  of  tk9  Mean  are  two  important 
theorems  on  derivatives  which  will  be  treated  in  the  next  chapter  but 
may  here  be  Stated  as  evident  from  their  geometric  interpretation. 
Bolh^s  Theorem  states  that:  J(f  a  function  haa  a  derimUwo  at  every 


Fio.  1 


Fie.S 


Fio.S 


point  of  an  interval  and  if  the  function  vanishes  at  the  end^t  of  the  t»- 
tervaly  then  there  is  at  least  one  point  vifhin  the  intenuil  at  vhirh  the 
derivative  vanishes.  This  is  illustrated  in  l"ig.  1,  in  which  there  are 
two  such  points.  The  Theorem  of  the  Mean  states  that :  If  a  function 
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has  a  derUfaHv$  at  each  point  of  an  interval,  there  ie  at  leaet  one  point 
in  the  interval  euek  that  the  tangent  to  the  curve  y  It  paraUd  to 

the  chord  of  the  interval.  This  is  illusttafced  in  Fig.  2  in  vhich  there 
is  only  one  such  point 

Agtfai  esn  inuit  be  axevdsed.  In  Fig.  S  the  fnneUon  TftnUheB  tt  A  sad  B  bat 

there  is  no  point  at  whicli  the  slope  of  the  tangent  is  zero.  This  is  not  aa  excep- 
tion or  contradiction  to  Rolle's  Theorem  for  the  reason  that  the  function  doeH  not 
satisfy  the  conditions  of  the  theorem.  In  fact  at  the  point  P,  although  there  is  a 
tufiiit  to  the  enrve,  there  is  no  derivetlTe ;  the  qnottent  (1)  formed  for  the  point  P 
beoomee  negatively  infinite  as  Ax  ^  0  from  one  aide,  positively  infinite  aa  ^ 0 
from  the  other  side,  and  therefore  does  not  approach  a  definite  limit  as  is  required 
in  the  definition  of  a  derivative.  The  hypothesis  of  the  theorem  iamAaatiafled  and 
there  ia  no  reason  that  the  conclusion  should  bold. 

nXRClBES 

1.  Determine  the  regions  in  which  the  following  functions  are  increaaing  or 
decnaainf,  alrotch  the  graphH,  and  find  the  maxima  and  minima: 

(a)  J  x»  -  x2  +  2.        09)  (X  +  1)*  (X  -5)»,  (7)  log  (z«  -  4), 

(3)  (x-2)Vx-l,      (€)  -(x  +  2)Vl2-««,      (f)      +      + 6. 

8.  The  ellipse  ia  r  =  Vx*  +  =  e{d  +  x)  referred  to  an  origin  at  the  focus. 
Find  the  mfcrtmn  and  minima  of  the  focal  radius  r,  and  state  why  =  0  doea 
not  give  the  solutions  while  B^  =  0  doss  [the  polar  form  of  the  el%ss  beiag 

r  =  *{1  —  f  co8  0)->], 

3.  Take  the  ellipse  ax  x-/a-  -f  y^/b^  =  1  and  discuss  tlie  maxima  and  minima  of 
ttie  central  radius  r=^z'*  +  y^.  Wliy  does  D^r  =  0  give  half  the  result  when  r  ia 
ezprased  as  a  fonethm  of  c,  and  why  will  Djjr  =  0  give  the  whole  result  when 
m  s  «oos>,  y  ss  ftsinX  and  the  ellipse  is  thus  soqpmsssd  in  terms  of  the  eooentrie 
angle  f 

4.  If  y  =  P(x)  is  a  polynomial  in  x  mich  that  the  equation  P(z)  =  0  has  multiple 
roots,  show  that  P'(x)  =  0  for  each  multiple  root.  What  more  complete  relationaliip 

can  Ix'  stated  and  proved  ? 

5.  Show  that  the  triple  relation  27  6*  -f  4  a'  ^  0  determines  completely  tlie  nature 
of  the  root*  eta^'i-an  +  hmO,  and  state  what  oorreaponds  to  eseh  possibllitj. 

6.  Define  <As  angle  B  between  two  UUeneeling  curves.  Show  that 

If  y  s/(x)  and  yssg{z)  cnt  at  the  point  (x^,  y^). 

7.  Find  the  subnomM]  and  snbtaafsnt  of  the  three  enrres 

(ff)y«  =  4px,  (A2*  =  4py,  (Y)x«  +  f*  =  a«. 

8.  The  pedal  curve.  The  loens  of  the  foot  of  the  perpendicular  dropped  from 
a  fixed  point  to  a  vailaUe  tangent  of  a  given  curve  Is  called  the  pedal  of  the  given 
curve  with  respect  to  the  given  point.  Show  that  if  the  fixed  pirfnt  is  the  origin, 
the  pedal  of  y  =/(z)  may  be  obtained  by  eliminating  z^,  y^^  yo  from  the  equations 
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Find  the  pedal  (<r)  of  the  hyperbola  with  respect  to  the  center  and  of  the 
panibolA  with  respect  to  the  vortex  hikI  (7)  the  focUA,  Show  (A)  that  the  pedal  ol 

the  parabola  with  re-spt'ct  to  any  point  is  a  cuMc. 

9.  If  the  curve  y  =/(x)  be  revolved  about  the  x-axis  and  if  ^(x)  denote  the 
volume  of  nfolatliMi  that  gmented  wlMn  meemnd  from  a  Haai  pine  pt;rpea- 
dleuUur  to  the  ule  out  to  »  varialile  plane  perpeodieolsr  to  (he  aada,  diow  that 

10.  More  generally  if  .4  (i)  denote  the  area  of  the  section  out  from  aatdld  by 
a  plane  perpendicular  to  the  x-axis,  hIiow  that  DxV  =  A  (x). 

11.  If  ^4  (<p)  denote  the  sectorial  area  of  a  plane  curve  r  =/{<p)  and  be  measured 
from  a  fixed  radius  to  a  variable  radius,  show  that  D^A  =  }  r^. 

12.  If  p.  A,  p  are  the  density,  height,  pressure  in  a  vertical  column  of  air,  show 

IS.  Dmw  a  graph  to  Ulurtrato  aa  apparent  eieeption  to  the  Theovnn  of  the 
Mean  analogooa  to  the  apparent  ezeeptkm  to  ItoUe*a  Theorem,  and  diflcma. 

14.  Show  that  the  analytic  statement  of  the  Theorem  of  the  Mean  for/(S)  ta 
that  a  value  x  =  £  intermediate  to  a  and  b  may  he  found  such  that 

/{b)  -  /(a)  =/'({)  (6  -  a),  a  <  ^  <  6. 

15.  Show  that  the  semiaxis  of  an  ellipse  is  a  mean  proportional  between  the 

x-intenept  of  the  tangent  and  the  absciKsa  of  the  jRiint  of  contact. 

16.  Find  the  values  of  the  length  of  the  tangent  (a)  from  the  point  of  tangency 
to  the  Mxis,  {fi)  to  the  y-Axia,  [y)  the  total  length  Intercepted  between  the  azea. 
Gonrider  the  aame  proUema  f<»  the  normal  (figure  on  page  8), 

17.  Find  the  ani^e  of  interMotfon  of  (a)  y-  =%na  and  afl  +  ifl  sstfi^ 
Wa6«  =  4«,rand»  =  ^~-^.   (»;^^-  +  ^-^  =  i 

18.  A  con.stant  length  is  laid  off  along  the  normal  to  a  parabola.  Find  the  locus. 

19.  The  length  of  the  tangent  to     -^-y^  =      intercepted  by  the  axes  is  constant. 

20.  The  triangle  formed  by  the  asymptotes  and  any  tangent  to  a  hyperbola  has 
ftimitflnt  aren. 

21.  Find  the  length  PTof  the  tangent  to  %  sV^-f«  +  eaeali->(y/e). 

22.  Find  the  greateat  x<ght  cylinder  Inaeribed  In  a  given  tight  oone. 
22.  Find  the  blinder  of  greatoat  lateral  aoifooe  inaeribed  In  aqAere. 

24.  From  a  given  circular  sheet  <rf  metal  out  out  a  aeetor  that  wfU  form  a  oone 

(without  bsAe)  of  maximum  volume. 

25.  Join  two  pkoints  A,  7?  in  the  same  side  of  a  line  to  a  point  P  of  the  line  in 
such  a  way  that  the  distance  PA  +  Pli  shall  be  least. 

26.  Obtain  the  formula  for  the  distance  from  a  point  to  a  line  as  the  minimum 
distance. 

27.  2M>br  iMHElniitNtormlMiNmm.  (or)  If/(«)Taniabeaattheendaof  an  Inter* 

▼al  and  i.H  positive  within  the  interval  and  if  /'(x)  =  0  has  only  one  root  in  the 
interval,  that  nxjt  indicates  a  maximum.  Prove  this  by  Rolle's  Theorem.  Apply 
it  in  £xs.  2'i-24.  {fi)  It  f(z)  becomes  indetinitely  great  at  the  ends  of  an  interval 
and  /'(X)  3  0  has  oidy  one  root  In  the  interval,  that  root  indioatea  a  yM't**""'" 
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Ptove  Iqr  RoUe^B  TiMorem,  and  apply  In  Ext.  S5-SB.  These  rules  or  Tarioiis  modl- 
fleMiOM  of  them  geiiez»n7  safflco  in  pmctlcal  problems  to  distinguish  between 

maxima  and  minima  without  examining  either  the  changes  in  sign  of  the  flnt 
deriTative  or  the  sign  of  tlie  second  derivative ;  lor  genersUy  there  Is  only  one 
root  of /'(z)  =  0  in  the  region  considered. 

28.  Show  tliat  x-i  sinx  fronj  x  =  Otox=Jir  steadily  decreases  from  1  to  2/ir. 

29.  IiO<x<l,show  (a)0<x-log(l-|'X)<isS,  (^) -iil  <x- log(l  +  x). 

S  1  ^  X 

so.  If  0>x>-l,  8howthat-z><x>loK(l-|-j^<-i^. 

2  1  +  X 

8.  Derivatives  of  higher  order.  The  derivative  of  the  derivative 

(regarded  as  itself  a  fuiit  tidu  of  x)  is  tht>  second  derivative  and  80  on 
to  the  nth  derivative.  Customary  notations  are : 

r(«)-^  -  g = /^v= fl.v = y = 0-/= i^. 
/"(.),/-(.).  ■-.f^cy,  ^. 

The  nth  derivative  of  the  sura  or  difference  is  the  sum  or  difference  of 
the  nth  derivatives.  For  the  nth  derivative  of  the  product  there  is  a 
special  formula  known  as  LeUmia^*  Theorem.  It  is 

l/'(tti>)«i)^t-ff+nrf»->«Z)»+2^^^D»-«iil)«i>4....+  (44) 

Tina  result  may  be  written  in  symbolic  form  as 

Leibniz's  Theorem  D*  (uv)  s  (Du  +  Dv)*  (44*) 

where  it  is  to  be  nndeistood  that  in  expanding  (D»+Dv)"  the  term 
(Dk)*  is  to  be  replaced  by  D*i*  and  {Duf  hy  E^ssu,  In  otber  words 
the  powers  refer  to  repeated  differentiations. 

A  proof  of  (44)  by  indnetion  will  be  found  in  1 27.  The  following  proof  is 
interasliag  on  aoooont  of  its  Ingenni^.  Note  lint  that  from 

D(iiv)s«il>9  +  «Ihi,  JD'(iie)  =  D(iil>0)'l-D(«Dtt), 

and  HO  on,  it  appears  that  IP{uv)  consists  of  a  sum  of  ti  nns.  in  eadi  of  whii  h  tliere 
are  two  differentiationB,  with  numerioal  coefficients  independent  of  u  and  «.  In  like 
manner  it  ih  clear  that 

Is  a  sum  of  terms,  in  each  of  which  there  are  n  differentiations,  with  coefficient8  C 
independent  of  v  and  v.  To  determine  the  Cs  any  suitable  funettons  «  and  o,  say., 

«  =  e»,   r  =  e",   uv  =  e<'+ »>»    D^e"  =  o*c", 

may  be  sulwtituted.  If  the  Hiil)stitution  tK'  made  and  c<*+")'  be  canceled, 

e-<>  +  '')'7>(ui-)  rr  (1  +  a)"  =  Co  +  C,a  +  • ..  +  C,_ia«-i  +  r,fi-, 

and  hence  the  Cs  are  the  coefficients  in  the  binomial,  expansion  of  (1  •(  a>". 
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Fonmila  (4)  for  the  derivative  of  a  function  of  a  fanction  may  be 
extended  to  higher  derivatiyes  by  repeated  application.  More  generally 
any  denred  ehange  of  variable  may  be  made  by  the  rtpecUed  u$e  of  (4) 
amd  (jS).  For  if  x  and  y  be  expressed  in  terms  of  known  functions 
of  new  variables  «  and  v,  it  is  always  possible  to  obtain  the  deriva- 
tives D^y,  D*yf  •  in  t«rm8  of  D.v,  D^v,  •  and  thos  any  expression 
^i^t  y>  y'>  y">  •  ■  •)  changed  into  an  equivalent  expression 

♦  r,  v',  »'",  •  •  •)  in  the  new  variables.  In  each  case  that  arises  the 
tnuisformations  should  lie  carried  out  hy  rejjeated  ap])licatioa  of  (4) 
and  (5)  mther  than  by  substitution  in  any  general  formulas. 

The  following;  typii  al  cjvroh  are  illustrative  nf  the  iiu'thod  of  change  of  variable. 
SappOM  only  the  dependent  variable  y  is  to  be  cbauged  to  x  defined  as  y  =/(<} .  Then 

dxP  "  dx  \dx)  ~  dx\dxdzl  ~  dx^  dx"^  dx\dxdz) 
d«z  dz  /  (J  dy  dz\  _d^zdy  /d2\«  d«y 
d3^  dt    dx\is  (U  dz)  ~  dx*  dU \ix) 

As  the  derivStlTes  of  y  =  /(z)  are  known,  tbe  derivative  d*y/dx^  has  be«n  expressed 
In  terms  nf  z  and  derivativeH  of  z  with  respect  to  x.  'The  third  derivative  would  be 
found  by  repeating  the  process.  If  the  problem  were  to  cbau(^  the  Independent 
variable  X  to  x,  defined  « 

dy     dydz     dy  /dz\-»        d*y  _  d^Vdy  (dx\-n 
dz~  dz  dx    dz  \dz)   '      dz«  ~  dx  [dz  \dz)    J  * 

dx*     dz*  dx  \dz)      dt  \dz)    dxd:^~  1^  d*~d^iiy  \dx)  ' 

« 

The  change  is  thus  made  as  far  as  derivatives  of  the  second  order  are  concerned.  If 
the  chanire  of  lM»th  dependent  and  independent  variables  was  to  be  made,  the  work 
would  be  similar.  Particularly  useful  changes  are  to  find  tbe  derivatives  of  y  by  z 
when  y  sods  are  expraned  panunetriosl^  ss  fnnotknu  of  I,  or  when  hoih  are  ex- 
praawd  In  terns  of  new  variables  r,  ^  ss  «  s  r oosf,  y  s:  ralB#.  For  these  esses 
see  (he  exercIsM* 

9.  The  concavity  of  a  curve  y=f(x)  is  given  by  the  table: 

if  /"  (j-g)  >  0,  the  curve  is  concave  up  at  x  = 

if  /"  (x^)  <  0,  the  curve  is  concave  down  at  a:  =  a;^ 

if  /"  (xj  a  0,         an  inflection  point  at  x  ss  x^,  (?) 

Hence  tlie  criterion  for  disttwfuishing  between  tudxinm  ami  minima.' 

if  /'  (r^)  =  0  and  /"  (x^  >  0,         a  miniiuum  at  x  = 
i  f      (j-g)  =  0  and  /"  (x^)  <  0,        a  maximum  at «  a-,,, 
if  f{xj  =  0  and  f"(x^  =  0,        neither  max.  nor  min.  (?) = 
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The  qoeBtioii  points  aze  iMoeMaij  in  tha  third  line  beoanse  the  state- 
ments  an  not  always  tnie  unless /^(x^  ^  0  (see  Ex.  7  under  f  39). 

It  BM^r    rMMdlfld  tlist  Ihs  MMon  thst  the  earf«  it  con^^ 
ii  baosnw  the  d«riv»tive  fiit)  b  then  an  increasing  function  In  the  M^boiliood 

of  X  =  x„ ;  whereas  If /*'(Zp)  <  0,  tlit-  derivativt'  /'{x)  \h  a  deoreaslng  function  and 
the  curve  is  convex  up.  It  shoiild  be  noted  that  concave  up  is  not  the  same  as 
concave  toward  the  x-axis,  except  when  the  curve  is  l>elow  the  axia.  With  regard 
to  theme  of  the  MoondderlTaUre  as  a  criterion  for  dliUngnlahing  between  maadme 
and  minima,  it  8hould  be  stated  that  in  praotlosl  eamplea  the  criterion  is  of  rela> 
tlvely  small  value.  It  isusualiy  shorter  to  disciuw  the  change  of  sign  of/'(.r;)  directly, 
— and  indeed  in  most  cases  either  a  rough  graph  of /(x)  or  the  physical  conditions 
of  the  prohlem  which  calls  for  the  deteimlnaltoit  of  a  maadmom  or  minimum  will 
faomediately  aenre  to  dlaUngnlah  between  them  (see  Ex.  Vf  above). 

The  second  derivative  is  fundamental  in  dynamics.  By  definition  the 
avertif/e  velocity  v  of  a  partifle  is  the  ratio  of  the  space  traversed  to  the 
time  (consumed,  v  =  s/t.  Tlie  actual  velocity  v  at  any  time  is  the  limit 
of  this  ratio  when  the  interval  of  time  is  diminished  and  approaches 
aeto  as  its  limit  Thus 

5=^  md  — «m^  =  ^-  («) 

In  like  manner  if  a  particle  describes  a  straight  line,  say  the  ar-axis,  the 
cuxeleraiien  f  is  the  ratio  of  the  increment  of  velocity  to  the 
increment  of  time,  and  the  actual  aeotltration  f  9A  any  time  is  the  limit 
of  this  zatio  as  A<  ^  a  Thus 

and  /=lun-  =  ;jj-^.  («) 

By  NetPton^s  Second  Law  of  Motion,  the  force  acting  on  the  particle  m 
equal  to  the  rate  of  change  of  momentum  witli  the  time,  momentum 
being  defined  as  the  product  of  the  mass  and  velocity.  Thus 


d(mv)        dv       ,  dh: 


(47) 


where  it  has  hsen  assomed  in  differentiating  that  the  mass  is  constant, 
as  is  nsoally  the  oase.  Hence  (47)  appears  as  the  fondamental  equa- 
tion for  leotilinsar  motion  (see  also  f  §  79, 84).  It  may  be  noted  that 

where  ^mv*  denotes  by  definition  the  kmttic  energy  of  the  particle 
F<»  comments  see  £x.  6  following. 
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1.  State  and  prnm  the  extension  of  Leibniz^s  Theorem  to  products  of  three  or 
morafMton.  Write  ool  the  aqoan  and  eobe  of  »  teiaonrial. 

t.  Write,  bj Leiliids*sTlMOfaii,  tbeaaoond  and  tUid dflrivatiTaB: 
(<r)  chains,  ^  ooAzcmz,  (7)  ^logx, 

3.  Write  the  nth  derivatives  of  the  following  functions,  of  which  the  last  three 
dMNild  flnt  be  sfmpllfied  bf  dlvUoii  or  eeparatloii  Into  partial  f lactiona. 


(a)  v^Tl,  W  log  (ox  +  6),  (7)  (x«  +  1)  (X  +  1)- », 

(I)  eoaoc  <•)  tf^atns,  (ft  (1  -  «)/<!  +  «). 

<->(s^0-  . 

4.  If  y  and  «ara  each  fnnetiona  off  t,ahow  that 

d*v     dt  dl*     dt  dfi  ^tT 

5.  Find  the  inflection  points  of  the  curve  z  =  4^— 2Kiii<^,  //  =  4  —  2  cm^. 

6.  I'rove  (47').  Hence  infer  that  the  force  which  is  tlip  tiiin'-dfrivative  of  the 
momentum  mv  by  (47)  is  also  the  space-dirivative  of  the  kinetic  i  nergy. 

7.  If  A  denote  the  area  tinder  a  curve,  as  in  (43),  fincl  d.l/(W  for  the  curves 

(a)  y  —  a(l  —  cos^,  x  =  a(6  —  sin^,     (/S)  x  =  acostf,  y  ^b»nd. 

S.  Make  the  indicated  change  of  variable  in  the  following  eqnationa: 


da* 

9.  XVan^f^rniafionlojwlBreoA'diMatM.  Snppooethatssreoe^tifBrainfb  Tlien 

dx     dr  ,  dy     dr  . 

—  =  — cos^-rsin^,      —  = sin^  +  r  cos^, 

"f    a#  of  of 

and  80  00  for  higher  derivattTea.  Find^  and  ^=         ^  ^  ^  — 

dx      da*    (coaf  JDi^r  — rainf)* 

10.  Generalize  formula  (5)  for  the  differentiation  of  an  inverse  fonotloo. '  Find 
d^/dy*  and  d'x/dy*.  Note  that  these  may  also  be  found  from  £x.  4. 

11.  A  point  describes  a  circle  with  constant  speed.  Find  the  vdoclty  and 
aoeeleration  of  the  projection  of  the  point  on  any  fixed  diameter. 

».P»«g=.«.*«.(-)--.-Q-«.-i.,.».,. 
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10.  The  indefinite  integral.  To  integrate  a  function  f{x)  is  to  jind 
a  fnmeium  F(x)  the  derivative  of  which  is  f(r).  The  integral  F(x)  is 
not  uniquely  determined  by  the  integrand  /(jt)  ;  for  any  two  fnnetiona 
whidk  differ  merely  by  an  additive  eonstaot  hare  the  same  derivative. 
In  giving  formnlaB  for  integration  the  eonstant  may  be  omitted  and 
nnderstood;  bat  in  iq[»pIication8  of  integration  to  aotoal  problems  it 
should  always  be  inserted  and  must  nsnally  be  determined  to  fit  the 
reqoiiements  of  special  conditions  imposed  nptm  the  problem  and 
known  as  the  itMU  wndiHom. 

ItmiMtnoibetboogbtthattheooiiitsatof  lntegmti«nalwsyBS|ip0sn«dde^ 
fonotioii  F(s).  It  may  be  otmbimd  with  FCs)  SOBS  to  be  soDMwiist  disguised.  Thus 


aieaUiatiigfalsof  l/s,aiid«llao^theflf8th»Tetlieeoii8taa^  C, 

althoai^Oidy  in  the  Bocond  does  it  appear  as  formally  additive.  To  illuRtrat«  the 
detennliuiUon  of  tiie  constant  by  initial  conditions,  consider  the  problem  of  finding 
the  area  under  the  curve  y  =  conx.  By  (43) 


If  the  area  is  to  be  measured  from  the  ordinate  z  =  0,  then  ^  =  0  when  x  =  0,  and 
hf  dixeet  aalMtitiition  It  is  seen  that  C=  0.  Hence  A  ss  siii«.  But  If  the  area  be 

measured  from  z=  —  thenii=:0  when  a:  =  —  J  x  and  C  =  l.  Hence  ^  =  l  +  8inx. 
In  fiicl  th»'  area  under  a  curve  is  not  definite  until  the  »mHnate  from  which  it  is 
measured  is  specifiedi  and  the  constant  is  needed  to  allow  the  integral  to  fit  thia 
fnitlal  condition. 

11.  The  fimdamental  formulas  of  integration  are  as  follows : 


with  formulas  similar  to  (50)-(53)  for  the  hyperbolic  functions.  Also 


log«,    leg«  +  C,   legCk,  log^/C) 


DiA  —  y  =  cos  X.    and  hence    A  =  sin  x  +  C. 


/l  +  a 


tan~*«  or  —  oot"*ar< 


i-j  =s  tanh~*«  or  ooth~*«,  (54) 
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/.  ^    , = Bin-**  or  —  ooa"*«,    C—^=s  =  ±  ainh'^o^  (M) 


For  the  IntqgialB  wpwod  In  tanna  of  the  Inrena  bypotelio  funotloM,  the 

logarithmic  equivalent*  are  sometimefi  preferable.  This  is  not  the  case,  however, 
in  the  aaany  instances  in  which  the  problem  calls  for  immediate  solution  with 

»gMU,z.  Tta.U,=/(l  +  *>)-»--i*-«+C,««..=-.Ui<,-0.«d*. 

■olntlon  is  effected  and  may  be  translated  into  exponentials.  This  is  not  so  eully 
acoompHshed  from  the  form  y  =  log  (z  +  Vl  +  x*)  +  C  For  this  reason  and 
because  the  inverse  hyperbolic  functions  are  briefer  and  offer  striking  analogies 
with  the  inTerae  trigonometric  functions,  it  has  been  thought  better  to  use  them 
In  the  text  and  allow  the  reader  to  make  the  neoewuy  subetitations  fnmi  the  taUe 
(W)-(86)  In  oMO  the  logMitbmie  form  ti  dedred. 


12.  In  addition  to  these  special  integrals,  which  are  consequences 
of  the  corresponding  formulas  for  differentiation,  there  are  the  general 
roles  of  integzation  which  arise  from  (4)  and  (6). 

J  (tt  +  »-ic)=  J^+J '  -  J W 

ItVa^ UV'-^Ju'v.  (61) 

Of  these  niles  the  secnrKl  needs  no  comment  and  the  thinl  will  be  treaterl  later. 
Kspecial  attention  should  be  given  to  the  first.  For  iniitance  suppose  it  were  re- 
quired to  int^rate  2  logz/x.  This  does  not  fall  under  any  of  the  given  types ;  but 

8-       _  d(los/)' d  loiij  _  dz 
Z  d  log  I      dx       dy  dx 

Here  (lopz)'  takes  the  place  of  2  and  logx  takes  the  place  of  y.  The  integral  is 
therefore  (logs)'  as  may  be  veritied  by  differentiation.  In  general,  it  may  be 
poarfUe  to  Me  that  a  given  Integrand  Is  separable  Into  two  f acumii  of  which  one 
is  Integrable  when  oonddered  as  a  f  unetUm  of  some  f  unetlon  of  while  the  other 
Is  the  derivative  of  that  f  oncUon. ,  Then  (W)  applies.  Other  examplee  are  i 


oos«,    j tan-»«/(l  +  s^),     jz*  sin  (x»). 
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In  Um  link,  s  »  c»  f a  IntegnUe  and  Myssiinc,y'a:eo8«;lntlie  aeoond,  x  =  y  is 
liit«gnU»le  and  as  y  =:  ton-' x,  /  =  (1 -|- a^)'! ;  In  the  third  tsalny  Is  intagrable 
aodMifsjc*, y'sSa^.  TherMoltsara 

i  (tan-is)*,  ^iooatB^. 

This  method  of  integration  at  Hight  <  overs  such  a  large  percentage  of  the  caaea 
thai  ariae  in  geometfy  and  phyaica  that  it  muat  he  thoroughly  maatered.* 


EXKRCISB8 

1 .  Verify  the  fundamental  integnda  *nd  give  the  hyperhollo  analoguea 

of  (60)-(68). 

2.  Tabulate  the  integraU  here  expressed  in  terms  of  inverse  hyperbolic  fiUMV 
tions  by  means  of  the  corrt'spondinf;  losrarithmlc  equivali'tits. 

3.  Writo  thi-  integrals  of  the  following  integrands  at  sight : 

(a)  sin  ax,  {fi)  ciot{a»  +  b)^  {y)  tanbSx, 


o^  +  a*  V«*  -  a»  V2ax-x» 

1 

(it)  a^Vasf  +  6,  (\)  tancaet^z,  (m)  cot  x  log  sin  x, 

,  ,  (x-»-l)*  ,  ,  t4\nh-ix  ,  ,  2  +  loKX 


Vcoax  Vl  — a;«8in-»i 

4.  Integrate  after  making  appropriate  changes  such  as  sin'x  =  1  —  i  cos2x 
or  sec'x  =  1  +  tan'x,  division  of  denominator  into  numerator,  resolution  of  the 
product  of  trigonometric  functions  into  a  sum,  completing  the  square,  and  ao  on. 

(a)  cos*2x,  (fi)  mi*x.  (y)  tan*x, 


4x'-6x  +  i  ''€«'  +  l  V2oz  +  x« 

(k)  8in6xGoaS«  +  If      (X)  sinhmxsinhiic,      (^)  caexooaSxcaa8«, 
(p)  aeo^stans-Vix,    (•) --^Jll--,         (»)  - ,  . 

*  The  use  of  differantiaU  (§  35)  is  perhaps  more  familimr  than  the  use  of  derivattves. 

The  D  J  -\og  X  (Ix  "  j' 2  log  x  d  log  z  =  (log  «)«. 

The  use  of  this  notation  is  left  optional  with  the  reader;  it  has  some  advantages  and 
some  disadrantageM.  The  sassntial  thiag  la  to  keep  dearly  in  nind  the  ftu^t  that  the 
problem  Is  to  be  inspected  with  a  tImt  to  detaetlng  the  function  whieh  wlU  diffeientiate 
into  the  given  integiand. 
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5.  How  are  tbe  fdlowinf  tjpet  Integnted  f 

(a)  stn"socMPc,  mor  »  odd,  or  maad  »  erea, 
ifi)  tan's  or  ool^s  wtaon  ii  Is  ui  tntcfor, 
(y)  mo^* orders  whennitefen, 
{9)  taints  aee^s  or  ootFzcK^XfiioToii. 

6.  Bzpliin  tho  altoiutlTO  Ibniw  In  (64HC0)  wMi  all  detaO  poaiUe. 

7.  Find  (a)  the  are*  under  the  parabola  s  4|»  from  ssO  toss  a;  alio 
{p)  the  oorrespondlng  volume  of  reTolatlon.  Find  {y)  the  total  voliimo  of  an  elUp- 
iold  of  vsvolttUon  (aee  Ex.  8,  p.  10). 

S.  Show  that  the  area  under  y  =  sin  mx  sin  nxor  y  =  cm  mz  coe  nx  from  s  s  0 
to  c  s  V  la  sero  if  m  and  n  are  unequal  intogera  but  |  v  U  they  are  equal. 

Find  the  aeotorlal  area  of  r  s  atan#  between  the  radU  ^  =  0  and  ^  s  |w. 

10*  Find  the  area  of  the  (n)lemni8eate»*sa^oosS^  and  (/Qeardioidrsl<.eoa^ 

II.  By  Bx.  10,  p.  10,  find  the  Tolnmea  of  theae  aollda.  Be  oarefol  to  ehooao  the 
paraUel  planea  ao  that  A  {»)  may  be  found  eadly. 

(a)  Thepartontofffromni^teiroulareyllnder  by  a  plane  thfongh  ft  diameter 

of  one  base  and  tangent  to  the  other.  Am.  2/3  it  of  the  wh<de  Totume. 

{fi)  How  niurh  is  nit  off  from  a  ri^ht  circular  cylinder  by  a  plane  tangwnt  tO  ItB 
lower  base  and  incliiu  il  ;it  au  an^le  0  to  the  plane  of  the  ba,se  ? 

(Y)  a  circle  of  radius  6  <  a  Ih  revolved,  about  a  line  in  its  plane  at  a  distance  a 
from  Hi  oanter,  to  geneiafte  a  ring.  The  volnme  of  the  ring  la 

(1)  The  aieaof  two  equal  cyllnden  of  revolution  of  radluarinteneot  at  ri|^ 
angles.  Hie  volume  oommon  to  the  eylinden  Is  16fVB. 

It.  If  theeromseetionof  ftsolldlsil(n)as«i^4a,si*-|>a,K<f  <i,,ftoubieins, 
the  Tolume  of  the  solid  between  two  parallel  planes  Ib  ^h{B  +  AM  where  h 
is  the  altitude  and  H  and    are  the  bases  and  Jf  Is  the  middle  seotkm. 


IS.  Aide  to  intecrotliHi.  The  majority  of  cues  of  mtegntum  whksh 
arise  in  simple  applksatioiiB  of  caleoliis  may  be  treated  bj  the  method 
of  f  12.  Of  the  remaining  cases  a  large  number  cannot  be  integiated 
at  all  in  terms  of  tiie  fonctioiis  which  haye  been  treated  np  to  this 


of  elementary  fonotioDS.  One  of  the  chief  nssoos  for  introdndng  a 
variety  of  new  functions  in  higher  analysts  is  to  have  means  for  effect- 
ing the  integrations  called  for  by  important  applications.  The  dis- 
OQSsion  of  this  matter  cannot  be  taken  up  here.  The  problem  of 
integration  from  an  elementary  point  of  view  calls  for  tl»e  tabula- 
tion of  some  dcTioes  which  will  accomplish  the  integratioa  for  a 


point  Thus  it  is 


'J'v(r^af*)(l-aV) 


in  terms 
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wide  variety  of  integrands  integiable  in  terms  of  elementary  fnnetioas. 
The  devioea  which  wiU  he  treated  are: 

Integ^tion  hy  parts,        Resolution  into  jxtrtial  fractions, 
Various  substitutions,      Reference  to  tables  of  integrals. 
Alei^ralioiitirjMirtt  itaa  aitpUoatlon  of  (01)  when  written  m 

J'w^  ssUV-J  u'v.  (01  ) 

That  is,  It  may  bappen  that  the  integrand  can  be  written  as  the  product  wf  of  two 

factors,  where  v'  Is  integrable  and  whore  u'v  is  also  integrable.  Then  uv'  ia  integvable. 
For  initance,  log  c  is  not  integrated  by  the  fundamental  formulas ;  but 

J*logx=  J  log2«l  =  alog«—       s  « log«  —  s. 

Here  log  x  is  taken  an  u  and  1  as  r',  so  that  v  is  x,  u'  is  and  u'v  -  \  la  immedi- 
ately integrable.  This  method  applies  to  the  iuverae  trigonometric  and  hyperbolic 
functions.  Another  example  la 

y*s  sins  =— s  ooss  •fy*ooss  s  sine —  «  ooss. 

Here  if  z  =  u  and  sin  x  =  o',  both  v'  and  u'v  =  —  coez  are  integrable.  If  the  choice 
rin  9st%  sad  ssbV'  had  beem  made,  e'  would  have  lieen  integrable  hut  m'vsI  cos  a 
would  have  been  less  simple  to  intsgrate  than  the  original  integrand.  Henoe  In 

applying  integration  by  partA  it  fa  necessary  to  took  ahead  far  enough  to  see  that 
both  c'  and  u'v  are  integrable,  or  at  any  rate  that  v'  is  integrable  and  the  integral 
of  u'v  is  simpler  than  the  original  integral.* 
gregneatlylntegrBtloahypBrtsliastobe  applied  several  ttmesinsnecesslon.  Thus 

y*aEMsaM— J*Sae*  if  vsfl!»,  v'stf', 

s=  x'c  —  2  j^zc  -      j  if  u  =  X,  »'  = 

Sometimes  It  may  be  applied  In  such  a  way  as  to  lead  back  to  the  given  integral 
and  thtis  afford  an  equation  from  which  that  Integral  can  be  obtained  by  solution. 
Blor  example, 

y*e*cooz  =  iPoos2-|-y*^aina  if  u  s  oosae,  v' =  e*, 

ssi^eoex-f  l^e^slns— y*^cooxJ    if  asslnz,  e's^ 

=..<««. +*..)-/^«.* 

Ti^eoea    i  e'(cass  +  alas). 


e  The  authod  of  dUferentials  may  again  be  latcodooed  it  deaind. 


i^iyiu^ca  L-y  Google 


20 


INTIiODUCTOEY  REVIEW 


14.  For  the  integration  of  a  rational /raetion/(pt)/F{x)  where/ and  Farttpol7>- 
nomials  in  z,  the  fraction  is  first  reH(»lved  Intn  partial  fractioM.  This  is  accom- 
plished as  follows.  First  if  /  is  not  of  lower  degree  than  F,  divide  F  intoy  until  the 
renainder  is  of  lower  degree  than  F.  The  fraction  f/F  is  thus  readved  into  the 
•mn  a  polynomial  (the  quotient)  and  a  fraction  (the  remainder  divided  hf  F) 
of  which  the  numerator  is  of  lower  degree  than  the  denominator.  As  the  polyno> 
mial  is  Integrable,  it  is  merely  necessary  to  consider  fractions  f/F  wherf  /  is  of 
lower  degree  than  F.  Next  it  is  a  fundamental  theorem  of  algebra  that  a  poly- 
nomial F  may  be  resolved  into  linear  and  quadratic  factors 

F(x)  =  k{£  —  a)«(x  —  b)»(£  —  c)v  .  •  .(x«  +      +  n)^{x^  +  px  +  q)' ■  ■  ■ , 

where  a,  b,  c,  •  ■  ■  are  the  real  roots  of  the  C(|u;ition  F{z)  =  0  and  arc  of  the  respec- 
tive multiplicities  a,  ^,  >,  •  •  and  where  the  quatlratic  factors  wheu  set  equal  to 
aero  give  the  pairs  of  conjugate  Imaginary  roots  of  Fs  the  multiplieltiee  of  the 
ima^nary  roots  being  ^  •  •  It  la  then  a  furtlier  theorem  of  algehta  that  the 
fraotionZ/J*  may  be  written  aa 

Fi^)    »-o    (z-a)«  (x-a)-    »-6  (x-b)$ 

X-  +  JiiX  +  n  +  tiix  +  «)'  (3='  +       +  ")'' 

where  there  is  for  each  irreducible  factor  of  F  a  term  corresponding  to  the  highest 
power  to  wldeh  <hat  faetor  oeensa  in  F  and  also  »  term  oomspoodlqg  to  every 
lesser  power.  The  eoellldenta  il,  JT,  iT,     may  be  obtalaed  by  elearlng 

of  fractions  and  equating  coefficients  of  like  powers  of  S|  and  solving  the  e(in:ition8; 
or  they  may  be  obtained  by  clearing  of  fractions,  substituting  for  x  as  many  dif- 
ferent values  as  tlie  degree  of  F,  and  solving  the  resulting  equations. 

When  f/F  haa  thus  be«i  rsaolved  Into  partial  fractional  the  problem  haa  been 
reduced  to  the  integration  of  eadi  fraction,  and  this  does  not  present  serious 
difficulty.  The  following  two  examples  will  illustrate  the  niethod  of  resolution 
into  partial  fractions  and  of  integration.  Let  it  be  re<}uiretl  to  integrate 

 z'  -f  1   r      2  x»  +  tJ 

z(z-l)(*-2)(z«  +  z  + 1)  J  (z-l)«(x-8)»* 

The  first  fraction  is  expansible  Into  partial  fractiona  In  the  form 

z«  +  l  =d  +  _^  +  _£_+  Dx  +  E 


x(z-l)(z-2)(x«  +  z  + 1)     z     z-1    z-2    z«  +  »  +  l 

Hence     *•  + 1  =  ^(z  - 1) (z  -  2)  (z«  +  z  +  1)  +  «x (x  -  2)  (x«  +  x  +  1) 
+  C»(«  - 1)  (z»  +  »  +  1)  +  (Ite  +  E)x(x  - 1)  (X  -  2). 

Rather  than  multiply  out  and  equate  ooefBdents,  let  0, 1,  S,  —  1,  —  S  be  substi- 
tuted. Then 

 z« -f  1  -r^_r  ^     c  ^     c  ^^  +  5 

x(x-l)(s-2)(«'  +  »  +  l)  ~J  %z~ J  8(x^'^J  14 (X - 2)  ~ J  21(2*  +  x  + 1) 
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In  the  mooimI  oMe  tlM  f ana  to  be  Mnuned  for  the  expaniioii  Is 

2z«  +  6  .1  7?  C      ,      D      ,  E 


^-l)>(x-8)> 

SaP  +  das^(x-l)(x-  8)»  +  »(a;-3)»  +  C(z  -  l)>(s -S)* 

+  I)(z-  1)2 (z  -  8)  +  J5:(z  - 

The  aubeUtution  of  1,  3,  0,  2,  4  gives  the  equations 

8=-8£,      G0  =  4E,       0A  +  3C-D  +  12  =  0, 
^  — C  +  D  +  OssO,      A  +  SC  +  iDsO. 

Tb»  eolutioDe  are  —  9/4,  —  1,  +  0/4,  ~  8/8, 16,  end  the  Integrel  beeomM 


^-l)«(s-8)«       4  °'       '  as-1'4 

8  15 

'*'2(z-8)     2  (z  -  8)« ' 

The  importance  of  the  fact  that  the  method  of  partial  fractions  sliuws  that  any 
rattomal/HuUoH  Moy  be  MtgraUd  end,  nibreoTer,  th»t  the  Integrel  nay  at  noit  eon^ 
liat  of  a  rational  past  pint  the  logarithm  ol  a  rational  Ikaotton  plua  the  InvevM 

tanpent  of  a  rational  fraction  Bhould  not  be  overlooked.  Taken  with  the  method 
of  substitution  it  establishes  veiy  wide  categories  of  integrands  whicli  are  inte- 
grable  in  terms  of  elementary  fuuctiuus,  and  effects  their  integration  even  though 
bj  a  aomawhat  laborlona  method. 

15.  The  mcMod  t/mtbaUtuUen  depends  on  the  Identic 


J^/W-jVl^dr)]^  If      x  =  4.(y). 


which  is  allied  to  (69).  To  show  that  the  integral  on  the  right  with  respect  to  y 
is  the  int^ral  of  /(z)  with  respect  to  z  it  is  merely  necessary  to  show  that  its 
darivatl'va  wttb  teipieet  to  «  Is  /(z).  By  deflnltkm  of  integration, 

by  (4).  The  identity  is  therefore  proved.  The  method  of  integration  by  substitu- 
tion is  in  fact  seen  to  be  merely  such  a  systematizatlon  of  the  method  based  on 
(69)  and  eet  forth  In  1 18  as  will  main  It  pnetteahla  for  more  complloaited  praUems. 
Again,  dilbrentlala  may  bo  need  if  preferred. 

Let  It  denote  a  rational  fnnetlon.  To  dbefe  the  Integration  of 

J*8insB(eln^s, ooa«X     let  eoasssy,      then  J*— y); 

J cosz  R  (cos^z,  sinz),     let  dn  z  s  y,      then  J K{1  —  j/*,  y) ; 

The  last  substitution  renders  any  rational  function  of  dns  and  ros  /  rational  in 
the  variable  y;  it  should  not  1m-  used,  however,  if  the  previous  ones  are  applicable 
— it  is  almoiit  certain  to  give  a  more  dilhcult  tinal  rational  fraction  to  integrate. 
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A  large  number  of  geometric  problems  glva  integrandg  which  are  rational  In  x 
and  in  somo  one  of  the  radicals  -|-  x-,  Va*  —  x',  Vx'  —  These  may  be  con- 
verted into  trigoAometric  or  hyperixdic  integrands  by  tlu-  fallowing  subBtituUons: 


It  frequently  turns  out  that  the  int^ntli  on  the  sra  euUj  obtaiiMd  bj 
ne(liodaalntd7gW«ii;  otherwiie  titey  can  be  twatcd  by  the  BabstitaUons  aboro. 

In  addition  to  these  substitutions  there  are  a  large  number  of  otben  which  are 
applied  under  specific  conditions.  Many  of  theni  will  be  found  among  the  exer- 
cises. Moreover,  it  frequently  happens  that  an  integrand,  which  does  not  come 
under  any  of  the  atandard  typei  for  which  eubetitatlona  nn  Indicated,  Is  none  the 
less  integrable  by  some  suhitltiition  which  the  form  of  the  Integruid  will  suggest. 

Tablf.i  of  inteffrala,  giving  the  integrals  of  a  large  number  of  integrands,  have 
been  cuniitructed  by  using  various  methods  of  integration.  B.  O.  Teirce's  "  Short 
Table  of  Integrals  ^*  may  be  dted.  If  the  particular  integrand  which  is  dedred  does 
not  occur  in  the  Table,  It  may  be  poeslble  to  devise  some  subetitntloa  which  will 
reduce  it  to  a  tabulated  form.  In  the  Table  are  also  given  a  laige  number  of 
reduction  fortnula.s  (for  the  most  part  deduce*!  by  means  of  intepratfon  by  part-s) 
which  accompU8h  the  successive  simplification  of  integrands  which  could  perhaps 
be  treated  by  other  methods,  bat  only  with  an  exoearive  amount  of  labor.  Several 
of  these  reduction  formulas  are  dted  among  the  ezercisee.  Although  (he  Tnble  is 
useful  in  perforniiiii;  integrations  and  indeed  makes  it  to  a  large  extent  unneces- 
sary to  learn  the  varioim  methods  of  integration,  the  exercises  immediately  below, 
which  are  constructed  for  the  purpose  of  illustrating  methods  of  integration,  should 
be  done  wtlhoat  the  aid  of  a  ThUe. 

1.  Integrate  the  following  by  parts : 


r 


8.  If         in  a  ixjlynoinial  and  •  •  •  it«  derivatives,  show 


and  (v)  derive  n  rfnllnr  t«iiilt  for  liie  intsgfind  P(z)  sin  ox. 
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9.  By  aaoGOMlTe  Intagmtton  bj  puta  tatd  ■nbtaqoeui  Mdution,  show 

(a)  /e-«rintes= — S    £, 

J  a'  + 

(7)  J*  xc*'oo«x=  ,"3e*'[6z(8inx  +  2co8x)  —  48inx  —  8co8x]. 

4.  Prore  bf  IntegnUoQ  by  pMtt  the  radaetton  f onnulM 

m  +  n  m+ 

*''^^/  (a«  +       "  «  (n  - 1)  a«  [(x«  +  a«)--»  ***  ^*  "  *^        +  0* 

^  '  J  (logx)"      (»-  l)<log«)*-i    »  -  iJ  (logx)"-i 

5.  Integrate  bj  deeompodtion  Into  pMrttal  f iMtlom : 

t.  lutagfnte  bj  tifgonometrie  or  bypeiboUo  nbadtntioii : 

(a)  f  V«^-a^,  (^)  J  V«^-o«  (t)  J  Vo»  + 

(a-x«)l  .fx  «i 

7.  find  the  areas  of  tbeae  onnres  and  their  volnmaa  of  revolution : 

8.  Integrate  by  ooii?ertlng  to  a  nktional  algetnvle  fraetlont 
^"'Jd«oo^x  +  i(»«lnV    ^Ja*ea^*  +  l^^z'        J  a«coi^s  +  «^dn*s* 

r_L_,       (,)  r  J          It)  rV"L22if. 

^  'Ja  +  bcoax'  J  a  +  dcoex-l-eainx'        J  1  +  ainx' 

9.  Shofwthat  J*i{(x,  Va  +  te  +  cab")  nu^be  treated  by  trigonometile  aahiUta- 
tioa;  diatingnlah  between  V  —  4ae S  <>■ 

19.  Sbowthni  fs(^\P-^)  ianaderatiooalbyy»  =  ^^.  Henee Infer 

tliat  f  Jl (x,  V(x  —  a){z-  /9))  is  ratlonalired  by     s=  ^""^ .  Thb  aooomplishee 

J  z  —  a 

the  intepration  of  R(z,  V<i  +  &x  HToi*)  when  the  root*  of  o  +  te  +  cx«  =  0  are 
real,  that  ia, when  b*  —  4ac  >  0. 
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•  •  ■  Me  rattonal,  l»  imtlomJIiMMl  ly  y*  =  i  f  b  go  choten  that  lag,  tot^ . . .  aaw 
Integm.  «  +  '^ 

18.  8lKmthat/(a4.iy)>lr-i»jl>6»ltoD.lMlfpcr«or,  +  ffb»i^^ 
By  Mtting    s  If  ahoir  that  J* aeP"(a  4*  te^i*  may  be  nduoed  to  tlie  above  tiype  uA 

benoe  ia  integraUe  when  — ^—  or p  or       ^  +  J»  is  integral. 

13.  If  the  roots  of  a  +  bx  +  cx^  =  0  are  imaginary,  J Va  +  te  +  cs')  may 
be  rationalized  by  y  =  Va  +  Ihe  +  cx'  7  z  Vc. 

U.  Intagiate  the  foUowlng. 

x(l  +  x«)i  ^  Vl-x»  • 

15.  luTlewof  Bx.  ISdieeneethelntegrabiUty  of : 

(a)  /dn-«eo^»|  let  rin.  « Vy.  /"T^  { 

Vos  — at*  t.**'  v«  — s^  =  aty. 

16.  Apply  the  rediietionfomnlaa,Tkkble,  p.  4H^  to  diow  that  the  final  Integra 

r--L=  or  r— ^  or 

aceoidlng  Mm  1b  even  or  odd  and  poritlve  or  odd  and  negative. 

17.  Prove  sundry  of  the  formulas  of  Peirce's  Table. 


18.  Show  that  if  R  (x,  V a'^  —  x')  contains  z  only  to  odd  powers,  the  snbstitlfc- 
tion  X  =  \^ ri'^  —  x'  will  rationalize  the  expression.  Use  Exs.  1  (f)  and  6  («)  to 
compare  lUa  lalxtr  of  this  aigebr&ic  substitution  with  that  of  the  trigonometric  or 
byperboUe. 

16.  Ddlalte  Integrals.  If  an  intemJ  from  flc=:atox  =  &be  divided 
into  n  successive  intervals  Azj,  Ax.  and  the  value  /(^,)  of  a 

function  /(jr)  l)e  computed  from  some  point  d  in  eaoh  interval  Aa:^  and 
be  multiplied  by  Aae^  tlien  the  limit  of  the  $um 

lim  +/(^,)  A:r.  +  . . .  +  /(O  Ax.]  =  f /(x)  dx,  (62) 

afl|*s 
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when  each  interval  becomes  infinitely  short  and  their  number  n  be- 
oomes  infinitQiis  known  as  the  definite  hifcf/nU  of  /(x)  from  tttoh,  and 
is  designated  as  Indicated.  If  y  =/(-f)  be  graphed,  the  sum  will  be 
represented  by  the  area  under 
a  broken  line,  and  it  is  dear 
that  the  limit  of  the  sum,  that 
is,  the  int^;tal,  will  be  npre- 
aented  by  the  area  under  the 
curve  y  =  /*(as)  and  between 
the  ordi nates  x  =  a  and 
Thus  the  definite  integral,  de- 
fined arithmetically  by  (62), 
may  U-  connected  with  a  geo- 
metric concept  which  can  serve  to  suggest  properties  of  the  integral 
much  as  the  interpretation  of  the  derivative  as  the  slope  of  the  tan- 
gent served  iu>  a  useful  geometric  representation  of  the  arithmetical 
definition  (2). 

For  Instance,  if  a,  5,  e  are  snooessive  values  of  «,  than 


(63) 


is  the  equivalent  of  the  lEbct  that  the  area  from  a  to  c  is  equal  to  the 
sum  of  the  areas  from  a  to  6  and  h  to  c.  Again,  if  be  considered 
positiTe  when  x  moves  from  a  to  6,  it  must  be  considered  negative 
when  X  moves  from  6  to  a  and  hence  from  (62) 


Sji,x)dx^-JJf{x)dx, 


(64) 


Finally,  if  Af  be  the  maximum  ot/(x)  in  the  interval,  the  area  under 
the  curve  will  be  less  than  that  under  the  line  y^M  through  the 
highest  point  of  the  curve ;  and  if  m  be  the  minimum  of  /(x),  the 
area  under  tiie  curve  is  greater  than  that  under  y  b  m.  Hence 


(65) 


There  is,  then,  some  intermediate  value  7//  <  /x  <  M  such  that  the  inte- 
gral is  equal  to  fi(h  —  fr);  and  if  the  line  y=/x  cuts  the  curve  in  a 
point  whose  abscissa  is  i  intermediate  between  a  and  6,  then 

fjix)  dx  =  ti{b-a)  =  {b- a)/(^).  (66-) 
This  is  the  fundamental  Theorem  o/the  Jfecm  for  definite  integrals. 
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The  definition  (62)  may  be  applied  directly  to  the  evaluation  of  the  definite  in- 

tcgrals  of  the  .simplest  functions.  Consider  first  1/x  and  let  a,  b  be  positive  with  a 
leflS  than  h.  Let  the  interval  from  a  to  h  he  divided  into  n  intervals  AX(  which  are 
in  geometrical  progression  in  the  ratio  r  so  that  ii  =  a,  xj  =  ar,  •  •  •,  x, +i  =  or" 

and  Azt  =  a{r  —  l)f  ^sar(r— 1),  Acgsay*(r->1), Ax« s ai«-^r ->  1) ; 

whence     6->aB Aje|.|.Aata'f Ax.sa(i«— 1)  and  i«sB/a. 

Choose  the  points  ^  In  the  fnteirals  Ax{  as  the  Initial  points  of  the  interrala.  Then 

Ati     &X»  .  Aae»_a(r-1)     ar(r-l)  ar"-' (r  -  1)  _ 

T"*"ir +  *'*  +  "r"~ — —   — —  +  •••  +  — -—7 — ^=i»(r— i). 

ti      It  &         a  ar  ar--» 

But  rsv^i^  or  n  ss  log (6/a)<«>  logr. 

Hence   ^  +  ^  +  . . .  +  ^  =  n(r -  1)  =  log*. =  log^  — A^. 
h      h  im  a  logr        a  log<l  +  A) 

Now  if  n  becomes  infinite,  r  ap|«oaehee  1,  and  h  approaclies  0.  Bat  the  limit  cf 
log(l  +  A)/&aeA^Oia  bj  d^nltloo  the  derivative  of  log (1  wlien«sO  and 
ial.  Hence 

/*^=llmte  +  ^  +  .,.  +  ^]  =  logUlog6-l<««. 
z    ■-•Let      «  «»J  a 

As  another  ilkustration  let  it  be  required  to  evaluate  the  integral  of  cos'x  from 
0  to  }  ir.  Hen-  let  the  intervals  Ar,  Ix*  eiiual  and  their  nuni1>t'r  (xld.  Choose  the  f's 
as  the  initial  points  of  their  intervals.   The  sum  of  which  the  limit  is  desired  is 

rsco^O*Ax<f-  COi^Ax>Ax  +  co8'2  Ax  •  Ax  +  •  •  • 

•I-  coe<  (n  -  2)  Ax  ■  As  +  cos*  (n  -  1)  Ax  •  Ab. 

Bat     nA3es|v,  and  (n  — l)Axs |w  — Ax,  (a  — S)As  =  Jw— SAx,  •••^ 

and  eos((w— y)sainy  and  rin^y •I'eoi^y si. 

Hence     #a=  Axfoo^O-f  cos^Ax  +  ooi^SAx  +  •  •  • +sln'2Ax  + sIn'Ax] 

Hence      /  'co^xdx  =  lim     nAx  +  i  Az]  =  lim  (|  ir  +  ^  Ax)  =  J  ir. 
vo  aa<i>o  a*Ao 

Indications  for  finding  the  Integrals  ot  other  functions  are  given  in  the  exercises. 

It  should  be  noticed  that  the  variable  x  which  appears  in  the  expression  of  the 
definite  intesrral  really  has  nothini^  to  do  with  the  value  of  the  integral  but  merely 
serves  as  a  symbol  useful  in  forming  the  sum  in  (02).  What  is  of  importance  is 
the  fanctloa/and  the  limits  a,  of  the  interval  over  which  the  integral  la  taken. 

/(x)<fa  =  fj{t)  dt  =  j] /(If)dif  ^f/{m)dm. 

The  variable  in  the  integrand  disappears  in  the  integration  and  leaves  the  valos  of 
the  integral  as  a  function  of  the  limits  a  and  b  alone. 
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17.  If  the  lower  limit  of  the  integral  be  fixed,  the  value 


of  lihe  integral  is  a  function  of  the  upper  limit  regarded  as  variaUe 
To  find  the  derivative  ^(p),  form  the  quotient  (2), 


Aft  ~  Aft 

By  applying  (63)  and  (65%  this  takes  the  simpler  form 

Aft  M  /W^''* 

where  $  is  intermediate  hetween  b  and  ft  +  Aft.  Let  A^^O.  Then  $ 
api»OBobes  ft  and /(Q  approaches Hence 

If  preferred,  the  variable  ft  may  be  written  as  x,  and 

- jT /(*)^,  *'(^) = £ jT  A^)*^  =/(^)-  (66') 

This  equation  will  estaUish  the  rehilaon  between  the  definite  integral 
and  the  indefinite  integral  For  by  definition,  the  indefinite  integral 
F(ar)  of  /(ar)  is  any  function  such  that  F'(x)  equals /(x).  As  ♦'(ar)  =/(z) 
it  follows  that 

Jy(x)dx^F(x)+C,  (67) 

Henoo  pxnept  for  an  additive  constant,  the  indefinite  integral  of  /  is 

the  definite  integral  of  /  from  a  fixed  lower  limit  to  .i  variable  upper 
limit.  As  the  definite  integral  vanishes  when  the  upper  limit  coincides 
with  the  lower,  the  constant  C  is  —  F(a) 


£ 


f(x)  dx  =  Fib)-  F(a).  (67') 


Hence,  the  dejinlte  integral  of  f(x)  from  a  to  hit  the  difference  between 
the  vahtee  of  any  indefinite  integral  F(x)  taken  for  the  upper  and  lower 
limUe  of  the  d^fitUte  integral;  and  if  the  indefinite  integral  of  /  is 
known,  the  definite  integral  may  be  obtained  without  applying  the 
definition  (62)  to/ 
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The  great  importance  of  definite  integrals  to  geometry  and  ithysios 
lies  in  that  fact  that  many  ijuantituH  connected  with  geometric  figures 
or  physical  bmlies  wi'i/  be  expressed  sunphj  for  small  j)ortif)rut  of  thi» 
figures  or  bixlies  and  may  then  be  obtained  fus  the  sum  of  those  quanti- 
ties taken  over  all  the  small  portions,  or  leather,  lus  t  he  liin  lf  r if  that  sum 
when  the  portions  became  snuUUr  and  tmaller.  Thus  the  area  under  a 
curve  cannot  in  the  fifft  instanoe  be  evaliiatod;  bntif  only  that  portioii 
of  the  curve  which  lies  over  a  small  intenral  Ax  be  considered  and  the 
rectangle  corresponding  to  the  oidinate/(^  be  drawn,  it  is  dear  that 
the  area  of  the  rectangle  is /(QAa;,  that  the  area  of  all  the  rectangles  is 
the  sum  ^(i}Ax  taken  from  a  to  ft,  that  when  the  intervals  Ax  apj^oach 
sero  the  limit  of  their  sum  is  the  area  under  the  curve ;  and  hence  that 
area  may  be  written  as  the  definite  integral  ot/(x)  from  a  to  b.* 

In  like  manner  ooiwider  tike  mam  a  rod  of  variable  deiulty  and  mppoie  the 
rod  to  lie  along  the  x-«xU  ao  that  the  density  may  be  taken  m  a  fonctlon  of  x. 

In  any  small  Iciiirfh  Ajc  of  the  rod  the  density  is  nearly  constant  and  the  mam  of 
that  part  is  uiijiroximately  equal  to  the  prf>duct  pA£  of  the  density  p{x)  at  the 
iuitial  point  of  that  part  times  the  length  Ax  of  the  part.  In  fact  it  is  clear  that 
the  warn  will  be  intermediate  between  the  products  mAx  and  JTAx,  where  m  and 
Jf  are  the  minimum  and  maximum  denritiee  in  the  interval  Ax.  In  other  wonln 
the  maiw  of  the  section  Ax  will  he  exactly  equal  to  p  (t)  Ax  where  |  is  some  value  of 
Z  In  the  interval  Ax.  The  maas  of  the  whole  rod  is  therefore  the  sum  Xp{l[)6x 
taken  fnini  one  end  of  the  rod  to  the  other,  and  if  the  intervals  be  allowed  to 
q^ptoach  aero^  the  mass  may  be  written  aa  the  integral  of  ^(x)  from  one  end  of 
the  rod  to  the  other,  t 

Another  problem  that  may  be  treated  by  these  methods  is  that  of  finding  tlie 
total  pressure  on  a  vertical  area  submerged  in  a  liquid,  say,  in  water.  Let  to  be  the 

weight  of  a  column  oi  water  of  crosi  aection  1  aq.  unit  and 
of  height  1  unit.  (If  the  unit  is  a  foot,  w  s  68.6  lb.)  At  a 
point  h  nnit.s  below  the  surface  of  the  wat^r  the  pressure  is 
wh  and  upon  a  small  area  near  that  depth  the  pressure  is 
approximately  whA  if  ^  be  the  area.  The  pressure  on  the 
ana  A  ia  exactly  equal  to  w(A  if  ( ia  aome  depth  lnterme> 
diate  between  that  of  the  top  and  that  of  the  bottom  of 
the  area.  Now  let  the  finite  area  be  ruled  into  strips  of  heiijht  AA.  Con.sider  the 
product  wh  b  (A)  AA  where  6(A)  =  /(A)  is  the  breadth  of  the  area  at  the  depth  A.  This 

*  The  I's  may  eTidently  be  ao  chosen  that  the  finite  sum  2/(()  Az  is  exactly  equal  to 
llie  ana  mkier  tiie  enrve ;  bat  aUn  it  h  necessary  to  let  the  intervals  approach  zero  and 
thus  replace  the  sum  by  aa  integral  beeaase  tlie  valaes  of  |  wMcfa  nalu  the  aua  equal 
to  the  area  are  no  known. 

t  This  and  similar  problems,  here  treated  by  using  the  Theorem  of  the  Mean  for 
integrals,  may  be  treated  from  the  point  of  view  of  diiTert'ntiation  us  in  §  7  or  from  that 
of  Duhamel's  or  Osgood's  Theorem  as  in  $§  It  should  be  needless  to  sUte  ttiat  la 

any  particular  problem  some  one  of  the  three  methods  Is  likely  to  be  somewhat  preferable 
to  either  of  the  others.  The  n  asoii  far  laying;  such  emphasis  upon  the  Theorem  of  the 
Mean  hece  and  in  the  exercises  below  ia  that  the  theorem  i«  ia  itself  very  bnportant  and 
needs  to  be  tlmoughly  mastered. 
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to  appwttiiiwtoly  the  pi  wmn  on  the  itrip  —  it  to  tlie  yi  imbuw  >t  the  topof  theitrip 
moltipUed  by  the  approximate  ana  of  the  atrip^  Then  w(b  (()  AA,  where  (  la  aome 

value  betwet* n  h  an<l  ft  +  Ah,  is  the  actual  preswuro  nn  the  Ktrij).  (It  is  suflBclent  to 
write  the  pressure  a«  approximately  tchb{h)Ah  and  not  trouble  with  the  (.)  The 
total  preMire  is  then  Zto(fr(0  AA  or  better  the  limit  of  that  sum.  Then 


P  =  Urn  ^w(fr(|)4tt  =  J  wA6(A)dA, 


where  •  to  tfie  depth  of  the  top  of  the  area  and  b  that  of  the  bottom.  To  evaluate 
the  rn>»mte  li  to  merely  neoenaiy  to  find  the  bieedth  6  ae  a  fuactloa  of  h  and 
integrate. 


1.  If  le  to  a  oonHant,  dww  f  ^kf{z)±t  =  k  J /(x)dB. 
8.  Show  that  j\u±v)dz=  j''ud3t±j''tdx, 

3.  If,  from  o  to  6,  f  (x)</(z)  <  ♦(x),  show J'''f{x)dx  <  J^/{x)dx  <J'V 

4.  Suppose  that  the  minimum  and  maadmom  of  the  (juotient  Q{x)  =/(x)/0(x) 
of  two  functione  in  the  intenrai  from  « to  ft  are  m  and  and  let  ^(«)  be  poaitive 
eothat 

m<  y(x)  =  --fi<       and   m^(x)</{x)<  M^{x) 
an  troe  ntotfona.  Show  fay  En.  8  and  1  that 

jr  #(s)da  jr  ^(x)da  ♦  W 

where  {  is  some  value  of  x  between  a  and  b. 

5.  If  m  and  M  are  the  minimum  and  maximum  of /(x)  between  a  and  b  and  if 
^(x)  ia  always  positive  in  the  interval,  show  that 

Note  that  the  inlegnto  of  [ir-/(x)]^(s)  and  [/(x)-  m]^(x)  an  poalttTe  and 

6.  Bvalnate  the  fallowing  by  the  dlnet  application  of  (08) : 

/» 6        6*  —  a'  /*  * 

(a)  /  xdx  =  — - —  t  ifl)   I  cdx  =    —  e". 

Take  equal  Intemtoand  use  the  roles  for  arlUunetlo  and  geometric  prqgrearioM. 

7.  Evaluate  (a)  f  "x-vlx  =  — ?—  (^^  +  «  -  a-  +  03)  f  *c«dx  =  -1-  (<*  -  c«). 
In  the  flzat  the  interrato  abotild  be  taken  in  geometric  progression  with  r*  s  b/a. 
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8.  Show  directly  that  (a)  J*  ain'zdz  =  i  w,   (/S)  J  coe^ xdz  =  0,  if  n  is  odd. 

9.  With  the  aid  of  the  trigonometric  formulas 

cosz  +  co8  2x  +    •  +  co«(n  —  l)x  =  J  [sin  nx  cot  J  z  —  1  —  oosnz], 
■lnx  +  aiii2s  +  •    -|- Bin(n  —  1) « s  ^(1  —  c<Miix)oot4x  — ainiix], 

■how  (a)  J  cot«(b»sdik5  — aisa,      (fi^  J  ahiMltsoMa->coa6. 

10.  A  function  is  said  to  be  even  if  /(— x)  =/(x)  and  <xid  if  /(—  x)  =  — /(x). 
Show  (a)  J* /(x)d»  =  2jr /(x)dB,/«T«n,      (ft       /(x)dx  =  0,/od<L 

11.  Show  tlttt  If  an  integral  la  ragaided  aa  a  function  of  tha  lowar  limit,  tho 
npp«r  limit  being  fixed,  then 

*'{a)  =  ^  f''f{x)dx  =  -/{a),     if  ♦(a)=  r/(x)dx. 
18.  Uae  the  relation  between  definite  and  indefinite  integraU  to  compara 


S. 


the  Theorem  of  the  Mean  for  deriyaUves  and  for  definite  integrals. 

13.  From  consideralion  of  £za.  12  and  4  establish  Cauchy'a  Formula 

AF^F{b)-F{a)^F'{()  «<-»<.&. 
A*    ♦<6)-*(a)     ♦'({)*  ^C"^*^ 

whleh  atatea  that  the  quotient  of  the  incrementa  AF  and      of  two  f  nncttona,  In 

any  interval  in  which  tlic  (ierivative  ♦'(x)  does  not  Tanish,  is  equal  to  the  quotient 
of  the  derivatives  of  the  functions  for  some  interior  point  of  the  interval.  What 
would  the  application  of  the  Theorem  of  the  Mean  for  derivativea  to  numerator 
and  denominator  of  the  lef tJiand  fraction  give,  and  whenin  doea  It  dlflar  from 
Caiicfa7*a  Fonuola  f 

14.  Dlaenm  tho  Totnma  of  rerolutlon  of  y  s/^)  aa  the  limit  of  the  mm  of  thin 
^Undera  and  compara  the  leanlta  with  thoae  found  In  Ex.  A,  p.  10. 

15.  Show  that  the  man  of  a  rod  running  from  a  to  6  along  the  z-axis  is 
\  k (^*  -  (t^)  if  ihp  doiai^  Tariea  aa  the  diatanoe  from  the  origin  (Je  la  a  factor  of 

proportionality). 

16.  Show  {a)  that  the  mass  in  a  rod  ninninc  from  a  to  6  is  tho  same  as  the  area 
under  the  curve  y  =  p{x)  between  the  ordinates  x  =  a  and  z  =  b,  and  explain  why 
thiaahonldbeaeenfaitnItlTel7tobeao.  8how(ftthatif  thedenal^lnaplanealab 
bounded  bgr  thejMudu^  the  curve  y  s/(x)t  and  the  ordlnataa  s  s  a  and  s  s  6  la  a 

function      of  s  alone,  the  maaa  of  the  dab  la  J*yp(s)da;  alao  (>)  that  the 


of  the  corresponding  volume  of  revolution  is  J  wy*p{x)d». 

17.  An  laoaoelea  triangle  haa  the  altitude  a  and  the  baae  26.  Find  (or)  the  maaa 

on  the  assumption  that  the  density  vaifea  as  the  distance  from  the  vertex  (meas- 
ured along  the  altitude).  Find  (a)  the  mass  nf  the  rune  f)f  revolution  formed  by 
revolving  the  triangle  about  it^  altitude  if  the  law  of  density  is  the  same. 
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18.  In  a  plane,  the  moment  of  ineriia  I  qf  a  paritde  qf  nuua  m  wUk  respect  to  a 
point  is  defined  as  ttie  pnxluct  mr^  of  the  mvuoR  by  the  Rquare  of  itsdiatuice  from  tho 
point.  Extend  this  definition  from  particles  to  bodies. 

(or)  Show  that  the  momentB  of  inertia  of  a  rod  running  from  a  to  &  and  of  a 
dicular  alah  of  radios  a  are  reapectiTely 

/=  r  x*p{z)dz    and    /  =  /   2  7rHp(r)(ir,       p  ihe  density, 

Ja  Jo 

if  the  point  of  n  fereiicc  for  the  rod  is  the  origin  and  for  the  slab  is  the  center. 

{fl)  Show  that  lor  a  rod  of  length  2  /  and  of  unifonn  density,  /  =  i  MP  with 
reipeettotheeenterandlB  fJIPwith  respect  to  the  end,  Jf  being  tlie  total  mass 
of  the  rod. 

(>)  For  a  unifonn  circular  slab  with  respect  to  the  center  /  =  1 3fa-. 

(3)  For  a  uiiifonu  hmI  of  leniith  21  witli  respect  to  a  at  a  distuiioe  d  from 

Hb  center  U  1  —  M  (|  +  eP).  Take  the  rod  along  the  axis  and  let  the  point  be 
{a,  fi)  with  d^zzcfl  +  ffi. 

19.  A  rectangular  gate  holds  in  check  the  water  In  a  reservoir.  If  the  gate  is 
aahmeised  over  a  vertical  dtataace  R  and  haa  a  breadth  B  and  tlie  top  of  the 

gate  is  a  units  below  the  surface  of  the  water,  find  the  pressure  on  the  gate.  At 
what  depth  in  the  water  is  the  point  where  the  preasure  ia  the  mean  premire 

over  the  gate  ? 

20.  A  dam  is  in  the  form  of  an  iftiisceles  trapezoid  100  ft.  along  the  top  (which 
is  at  the  water  level)  and  60  ft.  along  the  bottom  and  SO  ft.  high.  Find  the  pres- 
aure  in  tona. 

Si.  Find  the  pressure  on  a  circular  gate  in  a  water  main  if  the  radius  of  the 
circle  ia  r  and  the  depth  of  the  center  of  the  circle  below  the  water  levd  ia  r. 

tt.  In  apace,  memente  t/  Inertia  are  defhied  relotfee  to  <m  aartt  and  in  the  for- 
mula /  =  mr*,  for  a  single  partide,  r  ia  the  perpendicular  distance  from  the 

particle  to  the  axis. 

(a)  Show  that  if  the  density  in  a  solid  of  revolution  generated  by  y  =/(x)  varies 
only  with  the  distance  along  the  axis,  the  moment  of  Inertia  about  the  axis  of 

revolution  is  /  =  |    \Try*p(x)iLr.   Apply  Ex.  18  after  dividing:  tin- Kolid  into  disks. 

(fi)  Find  the  moment  of  inertia  of  a  sphere  about  a  diameter  in  case  tlie  density 
is  constant  i  I  =  i  Ma*  =  ^3  irpa''. 

(y)  Apply  the  reeult  to  find  the  moment  of  inertia  of  a  spherical  shell  with 
external  and  internal  radii  a  and  b  ;  I  =  I  M{n'^  —  ¥)/(a'*  —  h^).  Lot  f>  ±  a  and 
til  us  find  /  =  I  Ma*  as  the  moment  of  inertia  of  a  spherical  surface  (shell  of  ne^lU 
gible  thiclcneas). 

(9)  For  a  cone  of  revolntion  1  =  -^  Mefl  where  a  Is  the  radius  of  the  base. 

23.  If  the  force  of  attraction  exerted  by  a  mass  m  upon  a  point  is  km/{r)  where 
r  ia  the  dlitanee  from  the  maas  to  the  point,  ahow  that  the  attractimi  exerted  at 
the  origin  by  a  rod  of  density  p{x)  running  from  a  to  fr  al<Mig  the  aMoia  ia 

A  =  J'\/{x)p{x)dXt    and  that   A  =  kM/ab,       M  =  p(li-a), 

is  the  attraction  of  a  uniform  rod  If  the  law  la  the  Law  of  Nature,  that  1% 
/(r)  =  l/H. 
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M.  Suppose  that  the  density  p  in  the  slab  of  Ex.  16  wore  a  function  p(x,  y)  of 
both  z  and  y.  Show  that  the  masa  of  a  small  slice  over  the  interval  Ax<  would  be 
of  the  form 

p^y)d^s*(OA»  Mdtliat  y£  fi(s,if)4fj(iB 

would  be  the  expressiuu  for  the  total  mass  and  would  require  an  integration  with 
reapect  to  y  in  which  z  mm  held  oomtant,  a  lalistltatioa  of  the  limits  mod  0 
f or  y,  uid  thea  an  iat^gratioii  with  x«8pect  to  «  from  « to  (. 

85.  Apply  tlie  oonaideratioiis  of  Ex.  i4  to  finding  moments  of  inertia  of 

{a)  a  uniform  triangle  y  —  mx,  y  =  0,  x  =  a  with  respeoi  to  the  origin, 

(/9)  a  uniform  rectangle  with  respect  to  the  center, 
{y)  a  uniform  ellipse  with  respect  to  the  center. 

26.  Compare  Exs.  24  and  10  to  treat  the  volume  under  the  surface  x  =  />(x,  y) 
and  over  the  area  boonded  by  y  =/(z),  y  =  0,  x  =  a,SB5.  Vind  the  Tolome 
(a)  nnder  s  s  aey  and  over  y*  =  4px,  y  =  0,  x  =  0,  x  — 
(/I)  nnder  c  =    +  y'  and  over  a^-|-y*sa*,ysOLSsO,sssQ, 

(7)  mider^  +  ^  +  ^  =  landoyer?|  +  ^  =  l,y=:0,««0,  «sa. 

O*     (r     c*  a*  Or 

97.  Dlsoosi  seetorlal  area  |  J* r*d^  in  polar  ooOrdinatoo  as  the  limit  of  tiie  smn 
of  small  sectors  ronning  out  from  the  pole. 

SB.  Show  that  the  moment  of  inerttn  of  a  nnifonn  drcnlar  seelor  of  angle  a 
and  radios  a  is  ^  pac^.  Hence  Infer  Is\pj*  *r*d^  in  polar  coSrdinates. 

29.  Fiixl  the  moment  of  inertia  of  a  nnifonn  (nr)  lemnlscate  r'  =  a'co8'2  0 
and  ifl)  cardioid  r  =  a  (1  —  coe^)  with  respect  to  the  pole.  Also  of  (7)  the  circle 
r  =  2aooa^and  (<)  the  roaersasin3^  and  (c)  the  rose  r  =  a  sin  8  ^. 
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CHAPTER  U 

R£VIEW  OF  FUNDAMENTAL  THEORY* 

18.  Httinben  and  limits.  The  oonoept  and  iheoiy  of  mU  number^ 
integral,  lational,  and  irrational,  will  not  be  set  forth  in  detail  here. 
Some  matters,  howeTer,  which  are  neoessaiy  to  the  proper  understand- 
ing of  rigorons  methods  in  analysis  mnst  be  mentioned ;  and  nnmerons 
points  of  view  which  are  adopted  in  the  study  of  irrational  number 
will  be  suggested  in  the  text  or  ezeroises. 

It  is  taken  for  gnmted  that  by  his  euiier  work  the  reader  hss  beoome  f unlUar 
with  the  me  of  real  nnmbenk  In  particular  it  is  aumeii  tliat  lie  is  accustomed 

to  rf'prcsfiit  nninbprs  ns  a  acaU,  that  Is,  by  points  on  a  straifjht  line,  and  that  he 
kno\v8  tliat  when  ;\  line  is  given  and  an  origin  chosen  upon  it  and  a  unit  of  measure 
and  a  positive  direction  have  been  chosen,  then  to  each  point  of  the  line  corre- 
qmnds  one  and  only  one  real  nnmber,  and  oonvenely.  Owing  to  this  correcp(»id- 
ence,  that  is,  owing  to  the  conception  of  a  scale,  it  is  possible  to  interchange 
statementii  about  ntimbers  with  statementi?  alxmt  points  and  hence  lo  obtain  a 
more  vivid  and  graphic  or  a  mure  abatract  aud  arithmetic  phraseology  as  may  be 
dedved.  Thus  inetaad  <rf  saying  that  the  munbers  Z|,  za, .  • .  are  hicreering  algehra- 
kalij,  one  may  mj  that  the  points  (wluMe  ooOidinates  are)  ai,  are  moving 
in  the  positive  direction  or  to  the  right ;  with  a  similar  correlation  of  a  decreasing 
suite  of  numbers  with  points  niovinp  in  the  n<'tr;\tive  direction  or  to  the  left.  It 
should  be  remembered,  however,  that  whetlier  a  statement  is  couched  in  geometric 
or  mIgebnUo  terms,  it  Is  ftlwajt  a  statement  ctmeeming  nmnben  when  one  has  in 
mind  the  point  of  view  of  pure  analysis.! 

It  may  be  recalled  that  arithmetic  begins  with  the  intppprs,  including  0,  and 
with  addition  and  multiplication.  That  second,  the  rational  numbers  of.  the 
form  p/q  are  introduced  with  the  operation  of  division  and  the  n^Uve  rational 
nnmben  with  the  operation  of  sabtmotion.  Tinally,  the  irrational  nmnben  are 
introdnced  by  various  processes.  Thus  occurs  in  geometry  through  the 
necessity  of  expressing  the  length  of  the  diagonal  of  a  square,  and  Vs  for  the 
diagonal  of  a  cube.  Again,  tt  is  needed  for  the  ratio  of  circumference  to  diameter 
in  a  drde.  In  algebra  any  equation  of  odd  degree  lias  at  lesat  one  real  root  and 
braoe  may  be  regarded  as  defining  a  nnmber.  Bat  there  is  an  essential  difbrenoe 
between  rational  and  irratlmial  numben  in  that  any  rational  nmaber  Is  of  the 

•  The  ob|eet  of  this  chapter  Is  to  set  forth  systerastleany,  wltii  atteatloii  to  precbrion 

ofst.itcrnpnt  and  aconrary  of  proof,  those  fumianirntal  dpftnitioBa  and  theorems  which 
He  at  the  basis  of  calculus  and  which  have  been  given  in  the  pfwloas  chapter  from  an 
Intaltive  ratiier  tliaa  a  critical  point  of  vtew. 

t  Some  iUostrative  graplis  will  be  given ;  the  stadent  slioald  make  uaiiy  otbeis. 
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form  ±  'p/q  with  9^0  and  can  therefore  be  written  down  explicitly ;  whereM 
♦  he  irrational  numbers  arise  by  a  v:\ri('ty  of  processes  and,  althou;^li  tliey  may  be 
represented  to  any  desired  accuracy  by  a  decimal,  they  cannot  all  be  written 
down  explicitly.  It  la  therefore  neoeasaxy  to  have  some  definite  uIoum  regolntlng 
the  eMenUal  properties  of  irrational  numbers.  The  particular  axiom  upon  which 
•treas  will  here  be  laid  is  tiie  axiom  of  continuity,  the  uae  of  which  is  eaaentiftl 
to  the  pntof  of  elementary  theorems  un  limits. 

19.  Axiom  of  Coxtixuity.  If  all  the  points  of  a  line  are  divided  into 
two  dames  such  that  every  poini  of  the  frst  class  precedi»  every  point  of 
the  sernnil  rhrss,  there  must  be  n  point  C  such  that  any  point  2>reredinff 
C  /.s*  in  till'  first  class  and  any  jmint  siirrccdinfj  C  is  in  the  second  class. 
Tliis  ])rinci])l(?  may  stated  in  terms  of  nuiuljfrs,  as:  If  all  real  num- 
hi  rs  he  assorted  into  two  dosses  such  that  cccry  nmnljcr  of  the  Ji est  class 
is  algebraically  less  than  every  number  of  the  second  class,  there  must  be 
a  number  N  such  that  any  number  less  than  N  is  in  the  first  class  and 
any  irnmber  greater  than  NUht  the  eeeond.  The  number  N  (or  point  C) 
ia  called  the  frontier  number  (or  point),  or  simply  the  frontier  of  the 
two  daases,  and  in  particular  it  is  the  upper  frontier  tot  the  fiiat  dass 
and  the  lower  frontier  for  the  second. 

To  consider  a  particular  case,  let  all  the  n^|ative  numbers  and  zero  constitute 
the  first  clan  and  all  the  positive  numbexa  the  second,  or  let  the  negative  numbers 

alone  be  the  first  class  and  the  positive  numbers  with  zero  the  second.  In  either 
cnsf  it  is  clear  that  the  classes  satisfy  tlio  conditions  of  the  axiom  and  that  zero  is 
tilt-  frontier  number  such  that  any  lesser  number  is  in  the  tirst  class  and  any 
greater  In  the  second.  If,  however,  one  were  to  consider  the  system  of  all  positive 
and  native  numbers  hut  without  zero,  it  Is  clear  that  there  would  be  no  number 
N  which  would  siitisfy  the  conditions  demanded  by  the  axinm  when  the  two 
classes  were  the  nejrative  and  positive  numbers  ;  for  no  matter  hi>w  small  a  jx>8l- 
tive  number  were  taken  as  there  would  be  smaller  numbers  which  would  also 
be  positive  and  would  not  belong  to  the  first  class ;  and  similarly  In  case  It  were 
attempted  to  find  a  negative  HT.  Thus  the  axiom  insures  the  presence  of  zero  In 
the  system,  and  in  like  manner  insJires  the  presence  of  every  other  number  —  a 
matter  which  is  of  importance  because  there  is  no  way  of  writing  all  (irrational) 
numbers  In  explicit  form. 

Further  to  appreciate  the  continuity  of  the  number  scale,  consider  the  four 
significations  attributable  to  the  jj^iaae  **  the  tiUenat/ram  a  to      Th^  are 

aSsBSft,     a<xShf     aSx<6,  a<x<b. 

That  is  to  say,  both  end  points*  or  eitlier  or  neither  jnay  belong  to  the  interval.  In 
the  case  a  is  ab.sent.  the  interval  has  no  first  point ;  and  if  b  is  ab.sent,  there  is  no 
last  point.  Thus  if  zero  is  not  counted  as  a  positive  number,  there  is  no  least 
positive  number ;  for  if  any  least  number  were  named,  half  of  It  would  surely  be  ' 
less,  and  hence  the  absuxdltiy.  The  axiom  of  oMitlnuiQr  shows  that  if  all  numbers 
be  divided  into  two  rlassc.s  as  requirecl,  there  must  l>e  either  a  crcati-sf  in  flu-  first 
class  or  a  least  in  tiie  second  —  the  frontier — but  not  both  unless  the  frontier  is 
counted  twice,  once  In  each  class. 
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SO.  DBFnrmow  of  ▲  Limit.  I/mi»avariaH«wMehtake»  enMuecea- 
five  fHUueax^,  •  •  Xf,  Xj,  •  •  thevariaUex  u  mid  to  approcush  the  con- 
stant laaa  limit  if  the  numerieiU  deference  between  x  and  I  uUimateljf 
heeowiee,  and  for  ail  eueeeedi»»ff  vahtee  of  x  remanut  ,  , 

Uss  than  any  preassigned  number  no  matter  how    o  iii     '"j"' '  Xt' 
emalL  The  numerit-al  difference  between  x  and  I 
is  denoted  by  \je  —  f]  or  I'  — a*|  and  is  called  the  absolute  value  of  the 
difference.  The  fact  of  the  approach  to  a  limit  may  be  stated  as 

|ae  — 1|  <  c    for  all  x^b  subsequent  to  some  x 
or        xa/+i|^  for  all  OS's  subsequent  to  some  2, 

where  c  is  a  positive  number  which  may  be  assigned  at  pleasure  and 
must  be  assigned  before  the  attempt  be  made  to  find  an  x  such  that 
for  all  subsequent  a^a  the  relation  |as  —  /|  <  c  holds. 

So  long  as  the  conditiuiui  required  in  tlie  definition  of  a  limit  are  satisfied  tliere 
it  M  iMsd  «i  bothering  about  hew  the  vaitahle  approaches  its  Umtt,  whether  from 
oae  aide  or  alteniatdy  tram  one  aide  and  the  otber,  whether  dlaeonthkuoudy  as  in 

the  case  of  the  area  of  the  polygons  used  for  computing  the  area  of  a  circle  or 
continuously  as  in  the  case  of  a  train  broufrht  to  rest  by  its  braken.  To  speak 
geometrically,  a  point  z  which  changes  its  positiuu  upon  a  line  approaches  the 
point  I  ss  a  limit  if  the  pdnt «  ultlnuttelj  comes  into  and  remains  in  an  aadgned 
Ittterral,  no  matter  how  onall,  sonoondiog  i. 

A  variable  is  said  to  f/eromf  iujinite  if  the  iiuiiu'rical  valuf  of  the 
variable  ultimately  becomes  and  rttmains  greater  than  any  preassigned 
number  no  matter  how  large.*  The  notation  is  a;  =  oo,  but  had  best 
be  read  **  x  becomes  infinite/'  not  **  x  equals  infinity." 

Thsobem  1.  If  a  variable  is  always  ineteasing,  it  either  becomes 
infinite  or  approaches  a  limit 

That  the  variable  may  increase  indefinitely  is  apparent.  But  if  it  does  not 
beoome  infinite,  there  muit  be  nomben  JT  which  are  pester  than  any  value  of 
the  variable.  Then  any  number  must  satisfy  one  of  two  conditlonB:  either  there 
are  values  of  the  variable  which  arc  LTcater  than  it  or  there  are  no  valui-s  df  the 
variable  greater  than  it.  Moreover  all  numbers  that  satisfy  the  first  condition  are 
\me  than  any  number  which  satlefles  the  second.  All  numben  am  therefore 
divided  into  two  clswea  f ulfllUng  the  requirements  of  the  axiom  of  oontlnuity,  and 
there  must  be  a  number  N  such  that  there  are  values  of  the  variable  greater  than 
any  number  —  «  which  is  less  than  N.  Hence  if  t  be  aK«ii:nt'(l.  thi^f  is  a  value  of 
the  variable  which  lies  in  the  interval  jV  —  «<x^  A*,  and  as  the  variable  is  always 
ln€ffiialng,sH  aobaequent  values  moat  lie  in  this  interval.  Therefore  the  variable 
approaches  JTss  a  limit. 

*  This  definition  means  what  It  Mya,  and  no  more.  Later,  additional  or  different 
■esnings  amy  he  aaalgned  to  infinity,  bnt  not  now.  lx>o^te  and  c xtraneooa  conoepta  In 
tUaeoaBectlen  are  almoat  eaitaln  to  Introdooe  enon  and  eonluaion. 
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1.  If  X|,  Xfl,  •  •  •  •  *,  X.  ^.p,  •  •  •  Is  ft  Mite  approaching  a  limit,  apply  the  defi- 
nition of  a  limit  to  show  that  when  «  is  given  it  moat  be  poMiUe  to  find  ft  valoe  of 
»  80  gieftt  that  I —  4i  I  <  «  f  or  ftU  Tftluee  of  p. 

2.  If  Zi,  Zs,  •  •  •  is  a  suite  approaching  a  limit  and  if  yi,  yt,  •  •  •  is  any  suite  aueh 
that  I  —  a:. I  approaches  zero  when  n  becomes  infinite,  show  that  the  y*B  ftpproftdh 
a  limit  which  is  idontical  with  the  limit  of  the  j's. 

3.  As  the  definition  of  a  limit  is  phrased  in  terms  of  iuequaliUea  and  absolute 
Tmloea,  note  the  following  rules  of  operation : 

(or)  If  o > 0   and   c> 6,  then    -  >  -   and   -  < - . 

a    a  CO 

09)  |o  +  6  +  c+  •••!=!a!  +  |61 +  !'•!+  (7)  \iO)c.  . .  .\^\a\.\h\.\c\.  ■ 

where  the  equality  sign  in  ifi)  holds  only  if  the  numbers  a,  b,  c,  •  •  •  have  the  same 
sign.  By  these  relations  and  the  definition  of  a  limit  prove  the  fundamental 
tlieomiis: 

If  llmssX  end  limy  a  r,  then  Vasi{^^i)^X±  T  and  Unisys  JTF. 

4.  Praw  Theonm  1  when  leatated  in  the  alightly  changed  fonn :  If  a  varlnUe 

z  never  decreases  and  never  exceeds  JT,  then  Z  ftpproachea  ft  limit  N  and  2fSK. 
Illustrate  fully.  State  and  prore  the  ooireqtonding  theonm  for  the  caae  of  ft 

variable  never  increasing. 

5.  If  Zi,  Zj,  •  •  ■  and  i/i,  j/s,  •  •  •  are  two  suites  of  which  the  lirst  never  decreases 
and  the  second  never  increases,  all  the  ^'s  being  greater  than  any  of  the  z's,  and  if 
when  «  to  wiwignwd  an  %  can  be  found  muh  that  y*  —  x»  <  t,  ahow  thnt  the  Umlta 
of  the  mitea  are  Identtcal. 

6.  If  zi,  aS|,  •  •  •  and  yi,  yt,  •••aretwo  auiteawhieh  never  decieeee,  ahow  by  Bz.4 

(not  by  Ex.  3)  that  the  suites  ii  +  Vi,  Zj  +  y«,  •  •  •  and  x^j/i,  z^y,,  •  •  •  approach 
limits.  Note  that  two  infinite  decimals  are  precisely  two  suites  which  never  de- 
crease as  more  and  more  figures  are  taken.  They  do  not  always  increase,  for  some 
of  the  flgniea  may  be  0. 

7.  If  the  word'*  all**  in  the  hypothealB  of  the  aadom  of  continuity  be  aammed  to 
refer  only  to  rational  nnmbeca  eo  that  the  statement  beeomes :  If  all  rational 

numbers  be  divided  into  two  classes  -  ••,  there  shall  be  a  number  N  (not  neces- 
sarily rational)  such  that  •  •  • ;  then  the  conclusion  may  be  taken  as  defining  a 
number  as  the  frontier  of  a  sequence  of  rational  numl>er8.  Show  that  if  two  uum- 
ben  X,  7  be  defined  by  two  such  sequences,  and  if  the  sum  oi  the  numbers  be 

d^ned  as  the  number  defined  by  the  seijuence  of  the  sums  of  corresponding  terms 
as  in  Ex.  6,  and  if  the  prmluct  of  the  numbers  be  d^ned  the  number  defined  by 
the  sequence  of  the  products  as  in  Ex.  6,  then  the  fundamental  rules 

X  +  T  =  i'  +  X,         XY  =  YX,  {X  +  Y)Z  =  XZ  +  YZ 

of  arithmetic  hold  for  the  numbers  X,  Y,  Z  defined  by  sequences.  In  this  way  a 
complete  theory  of  irrationals  may  be  built  up  from  the  properties  of  raUonals 
eonbined  with  the  principle  of  continui^,  namely^  V  by  defining  irrattonala  aa 

frontiers  of  sequences  of  rationals,  2?  by  defining  the  operations  of  addition,  multi* 

plication,  •  •  •  as  operations  upon  the  rational  numbers  in  the  sequences,  8**  by 
showing  that  the  fundamental  rules  of  arithmetic  still  hold  for  the  irrationals. 
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8.  Apply  the  principle  of  continuity  to  show  that  there  is  a  pt^ttive  number  x 
each  that  =  2.  Tu  do  thin  it  should  be  shown  that  the  rationalK  are  divisible 
into  two  claiises,  those  whose  square  is  less  than  2  and  thoee  whose  square  is  not 
Um  tiiui  S;  ai^  that  tbaee  t\§mm wMtj  the  x«qiilramen(e of  the  aziom of  oontl- 
aaltj.  In  like  nuumer  if  a  Is  way  poritlTe  numbflfr  tad  %  It  any  poiitive  integer, 
dmr  that  them  la  an  s  raeh  that  dp  B  a. 

21.  Theorems  on  limits  and  on  sets  of  points.  The  theorem  on 
limits  which  is  of  fundaiuental  algebraic  importance  is 

ThbobbmS.  Uit(x,y, •  •)  beanyiatioiialfiinetioDof  thevariaUes 
*i  Vf*f'  *»       >^  these  TariaUeB  are  approaehing  limits  Xj  ■ 
th«i  the  value  of  R  approaches  a  limit  and  the  limit  is  •••), 
provided  there  is  no  division  sera 

As  any  nltooal  ezpimnlon  Is  made  np  from  Its  elements  hj  comWnattons  of 
addition,  subtraction,  multlpUeation,  and  division.  It  Is  anfleient  to  prove  the 

theorem  for  these  four  operations.  All  except  the  last  have  been  indicated  in  the 
above  Ex.  3.  As  multiplication  has  been  cared  for,  division  need  be  considered 
only  in  the  simple  case  of  a  reciprocal  \/z.  It  must  be  proved  that  if  lim  z  =  JT, 
than  Um  (1/s)  s  Now 

-  —     =  br  Bx.  8  (y)  aboTe. 

This  quantity  must  be  shown  to  be  less  Uian  any  assigned  t.  As  the  quantity  is 
eompMcated  It  wUI  he  replaced  fey  a  simpler  one  nhkStt  Is  greater,  owing  to  an 

Increase  in  the  denominator.  Since  z  =  X,  z  —  X  may  be  made  numerically  as 
small  as  desired,  say  less  than  e',  for  all  z's  subsequent  to  some  particular  x.  Hence 
if     be  taken  at  least  as  small  as  ^|XJ,  it  appears  that  (zj  must  be  greater  than 

|z-  Xl    |z-  X|  w  ^    o  /  V  1- 

sad  If  /  he  rsskrfotsd  to  being  less  than  ||X|s«,  the  diflerenoe  ia  lem  than  s  and 
the  theorem  that  Vm0/»)  =  1/X  la  proved,  and  also  Theorem  8.  The  neceml^ 

for  the  rentriction  X  91 0  and  the  coneqpmidiqg  zestriotion  in  the  statement  of 

the  theorem  is  obvious. 

Theorem  3.  If  when  c  is  given,  no  matter  how  small,  it  is  possible 
to  find  a  value  of  n  so  great  that  the  difference  [x^^p  —  ^^^1  between 
and  every  subsequent  term  x,^^  in  the  suite  t^,  Xt,       9^,      ia  less 
than  c,  the  suite  s^proaehes  a  limit,  and  conversely. 

The  converse  part  has  already  been  given  as  Ex.  1  above.  The  theorem  Itself  Is 
a  consequence  of  the  axiom  of  continuity.  First  note  that  as  jr,  ^.p  —  i,|  <  «  for 
tdl  z's  subsequent  to  z«,  the  z's  cannot  become  infinite.  Suppose  1°  that  there 
is  some  number  I  sooh  that  no  matter  how  remote  as.  b  in  the  suite,  there  are 
always  snbeequent  values  of  z  which  are  greater  than  I  and  others  which  are  leas 
than  /.  As  all  the  z's  after  z,  lie  in  the  interval  2i  and  as  I  is  less  than  some  z's 
and  greater  than  others,  I  must  lie  in  that  interval.  Hence  |(  —  Xn-tpi  <  ^  «  ^or  all 
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Z*B  nibiequent  lo  x^.  But  now  2  r  ran  be  made  as  small  as  desired  Wcause  e  can  be 
taken  as  small  as  desired.  Hence  the  definition  of  a  limit  applies  and  the  x*8 
approacli  I  as  a  limit. 

Suppose  2"  that  theve  is  no  ■nob  niunber  I.  Then  eveiy  nmnlwr  i;  ia  nidi  that 
either  It  ie  poadUe  to  go  ao  f ar  ia  the  suite  that  all  subsequent  numbers  x  are 
as  jjreat  as  k  or  it  is  possible  to  tro  m  far  that  all  subseijuent  x's  arc  Ics.-;  tlinn  k. 
Hence  all  nmubereik  are  divided  iuto  two  classes  which  satisfy  the  requirements  uf 
the  aziinii  of  oontliinitrt  and  thete  must  he  «  munher  N  meh  tiiat  the  x's  ultimately 
oome  to  lie  between  ^  and  Jf  +  no  matter  how  email  ^  is.  Hence  the  x*b 
approach  as  a  limit.  Thus  under  either  supposition  the  suite  approaches  a  limit 
an<l  the  theorem  is  proved.  It  may  be  noted  that  under  the  second  supposition  tiie 
z's  ultimately  lie  entirely  upon  one  side  of  the  point  N  and  that  the  condition 
|Za.|.|,  —  x«)<ci8  not  need  except  to  show  tliat  the  x*8  rnnain  finite. 

22.  Consider  next  a  set  of  point.s  (or  their  correlative  numbers) 
without  any  implication  that  they  form  a  suite,  that  is,  that  one  may 
Ix!  said  to  l>e  sub8c(pu'nt  to  another.  If  there  is  only  a  linitc  mimljer 
of  points  in  the  set,  there  is  a  point  fartliest  to  the  right  and  one 
farthest  to  the  left.  If  there  is  au  infinity  of  points  in  the  set,  two 
possibilities  arise.  Either  1*  it  is  not  possible  to  assign  a  point  K  so 
£ur  to  the  light  that  no  point  of  the  set  is  &rther  to  the  right — in 
which  case  the  set  is  said  to  be  wnlimiud  above — or  2*  there  is  a 
point  K  such  that  no  point  of  the  set  is  beyond  K — and  the  set  is 
said  to  be  UnUied  above.  Similarly/ a  set  may  be  iimUed  below  or  «»• 
limUed  behw.  If  a  set  is  limited  above  and  below  so  that  it  is  entirely 
contained  in  a  finite  interval,  it  is  said  merely  to  be  limited.  If  there 
is  a  point  C  such  that  in  any  interval,  no  matter  Iiow  small,  surround- 
ing C  there  are  ])oints  of  the  set»  then  C  is  called  a  jtoint  of  eondenta^ 
tion  of  the  set  (('  itself  may  or  may  not  belong  to  the  set). 

Thkokkm  1.  Any  infinite  set  of  ])oints  which  is  limited  has  an 
u])[>cr  frontier  (maximum?),  a  lower  frontier  (minimuui ?),  and  at 
least  one  point  of  condensation. 

Before  proving  this  theoran,  conaider  three  infinite  aeta  aa  iliaatnttooa: 
(a)  1, 1.9, 1.99, 1.999,  •  * .,  .  a, . . .  1.99,  - 1.9^  - 1, 

W  -1.- J.-*.  -.111.1. 

In  (a)  the  element  1  is  the  minimum  and  nerves  also  as  the  lower  frontier ;  it  is 
riearly  not  a  point  of  condensation,  but  is  isolated.  Tliere  is  no  maxinnini  :  but  2 
is  the  upper  frontier  and  also  a  point  of  condensation.  In  (fi)  there  is  a  maximum 
—  1  andamlnlnumi  •-i  (for<-S]mabeeninoorpi»«tedwfththeset).  In(Y)thei» 
ia  a  maadnwun  and  minlmnm ;  the  pdnt  of  oondenaatlon  la  0.  If  one  ooold  he  aura 
that  an  infinite  set  had  a  maximum  and  minimum,  as  is  the  case  with  flnit<> 
sets,  there  would  be  no  need  of  considering  upi)er  and  lower  frontiers.  It  is  clear 
that  if  the  upper  or  lower  frontier  belongs  to  the  set,  there  is  a  maximum  or 
minimum  and  the  frontier  ia  not  neceasariiy  a  point  of  oondenaatlon ;  wlieresa 
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^OtfimitUrdoeB  not  bekmg  to  the  ad^  U  i»  neeamtHfy  pobU  tf  eanienaaUon,  and 
lAe  comtpondiw/  vjtnnne  jmIr(  it  mining. 

To  prove  Uiat  there  is  an  upper  frontier,  divide  the  points  of  the  line  into  two 
claMea,  one  consisting  of  points  which  are  to  the  left  of  some  point  of  the  set,  the 
other  of  points  which  are  not  to  the  left  of  any  point  of  the  set — then  apply  the 
uiom.  SIndlulj  for  the  lower  frontier.  To  diow  the  existence  of  a  pcrfnt  of  eon- 
densation,  note  that  as  there  is  an  infinity  of  elements  in  the  set,  any  point  p  is  such 
that  either  there  is  an  infinity  of  poinLs  of  the  set  to  the  risxht  of  it  or  there  is  not. 
Hence  the  two  clasHes  into  which  all  points  are  tu  be  aHsurteU  are  suggested,  and 
the  application  of  the  azlom  oflen  no  difBcnltj. 

1.  In  a  manner  analogous  to  the  proof  of  Theorem  %  show  that 

/-All—*— ^       *  /x,v  II       ^-f—  1       *  /V     II       **+^  ^ 

JiJ  JTi = i-       w  i'S  TFT = j'       w  .ll».irn = -  >• 

2.  Given  an  infinite  aerlea  Sssui  +  Hi  +  itfix*'.  Conatmct  the  anlte 

«Si  =  1«lt  *  =  »i  +  «Si  «i  =  «x  +  «*s  +  Ms,  •  •  •»  fii  =  i»i +iis  +  ••  •  +  «i,  •  •  s 
wliere  5^  is  the  sum  of  the  first  I  terms.  Show  that  Theorem  8  gives :  The  neces- 
sary and  HuflRcieiit  condition  tliat  tlie  H»Tii'8  S  converge  is  that  it  is  possible  to  find 
an  n  so  large  that  |'S«-|.p  —  ^\|  shall  be  leKS  than  an  assigned  <  for  all  values  of  p. 
It  is  to  be  understood  that  a  series  conwrgt*  when  the  suite  of  ^'s  approaches  a  limit, 
and  oonvenely. 

5.  If  in  a  series  ui  —  tf«  +  ut  —  it«  4-  •  •  •  the  terms  approach  the  limit  0^  are 
altematelj  positive  and  negative,  and  each  term  is  less  iJian  the  preceding,  the 
aeries  converges.  Consider  the  suites  5i,  <8t,  <8t,  •  • '  and  Stt  'Si,  ;S«,  •  •  •. 

4.  Given  three  infinite  soites  of  numbers 

«i»  *tf  vii  ysf  *■*•  y«f  *■*;    «i» *•♦•••»*»»  ••• 

of  which  the  first  never  decreases,  the  second  never  increai»e«,  and  the  terms  of  the 
third  lie  between  corresponding  terms  of  the  first  two,  ^  x»  ^  Vn-  Show  that 
the  soite  of  s*s  lias  a  pdnt  of  oondensatioo  at  or  Iwtween  tiw  limits  approached  by 
the  «*s  and  by  the  y*s;  and  that  Iflimxslimyst,  then  the  s*s  approach  I  as  a 
limit. 

0.  Bestata  the  deflnittons  and  theorems  on  sets  iA  points  In  arithmetic  terms. 

6.  Give  the  details  of  the  proof  of  Theorem  4.  Show  that  the  proof  as  outlined 

gives  tilt'  jK)iiit  of  coiKlciisation.  How  would  the  proof  hi>  worded  so  as  to  give 
the  greatest  point  of  condensation  ?  Siiuw  that  if  a  set  is  limited  above^it  has  an 
upper  frontier  but  need  not  have  a  lower  frontier. 

7.  If  a  set  of  points  is  such  that  between  any  two  there  is  a  third,  the  set  is  said 
to  be  dense.  Sliow  thai  the  latlonals  form  a  dense  eet ;  also  the  Inationals.  Show 
that  any  point  of  a  dense  set  is  a  point  of  condensation  for  tlie  set. 

8.  Siiow  that  the  rationsis p/q  where q<K6ia  not  form  a  denee  set — in  fact 

are  a  finite  set  in  any  limited  Interval.  Hence  in  regarding  any  irrational  as  the 
limit  of  a  set  of  rationals  it  is  naecswiy  that  the  denominators  and  also  the  numer- 
ators should  become  infinite. 
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9.  Show  that  if  an  Infinite  set  of  potnt«       in  %  limited  region  ot  the  plane, 

Bay  in  the  reotantrle  a^x^h,  c'^y^d,  thtTf  nui8t  be  at  least  one  point  of 
coDdensation  of  the  set.  Give  the  neceasary  definitions  and  apply  the  axiom 
of  continuity  successively  to  the  abscissas  and  ordinatM. 

SIS.  RmI  fimctioiis  of  a  xwl  failAllto*      x  k$  a  variaMe  whieh 

takes  on  a  certain  set  of  valuet  of  whieh  the  totality  may  be  denoted 
by  [«]  and  if  y  is  a  seroml  variable  the  value  of  which  is  uniquely 
determined  for  each  x  of  the  set  [x],  then  y  is  said  to  be  a  function  of 
X  defined  over  the  set  [x].  The  terms  "  limited,"  "  unlimited,"  "  limited 
alK)ve,"  "unlimited  below,"  •••are  applied  to  a  function  if  they  are 
applieuble  to  the  set  [yj  of  values  of  the  function.  Hence  Theorem  4 
liUii  the  corollary : 

Theokkm  5.  If  a  function  is  limited  over  the  set  it  has  an 
upper  frontier  M  and  a  lower  frontier  m  for  that  set. 

If  the  function  takes  on  its  upper  frontier  J/,  tliat  is,  if  there  it  a 
▼Blue  in  the  set  [x]  sneh  that  /(x^  =  3/,  the  funetion  has  the  abso- 
lute maximum  M  at  a;,;  and  similarly  with  lespeot  to  the  lower 
frontier.  In  any  ease,  the  difference  M—m  between  the  upper  and 
lower  frontiers  is  called  the  oa^Uatian  of  the  fnnotioa  for  the  set  [as]. 
The  set  [a;]  is  generally  an  interval. 

Consider  some  illustnitions  of  functions  and  liets  over  whicli  they  are  defined. 
The  reciprocal  1/x  is  defined  for  all  Tallies  of  s  save  0.  In  the  ndghbortiood  of  0 
the  function  is  unlimited  above  for  poeitiTe  a*s  and  unlimite<l  below  for  negative  x's. 
It  should  Vh'  noted  that  the  function  is  not  limitod  in  the  interval  0  <x  ^  a  but  is 
limited  in  tlie  interval  c  ^  z  ^  a  where  t  is  any  aHsigned  positive  number.  The 
function  +  Vx  is  defined  for  all  positive  z^s  including  0  and  is  limited  below.  It 
is  not  limited  above  for  the  totalltj  of  all  podtiTe  numbers;  bot  if  JT  is  assigned, 
the  function  is  limited  in  the  interval  0  ^  z  ^  A".  The  factorial  function  z  1  is  de- 
fined only  for  positive  intepcrs,  is  limited  below  by  the  value  1,  but  Is  not  limited 
above  unless  the  set  [z]  is  Umited  above.  The  function  £(z)  denoting  the  integer 
not  greater  than  z  or  **thc  integral  part  of  s  **  ia  defined  for  all  poeitiTe  nnmbera 
— for  instance  E{Z)  =  =  8.  This  function  is  not  expressed,  like  the  elcmciH 
tary  functions  of  ral cuius,  as  a  "  formula  "  ;  it  is  defined  by  a  definite  law,  however, 
and  is  just  as  much  of  a  function  as  z'  +  8x  +  2  or  ^  sin'2z  +  logz.  Indeed  it 
abould  be  noted  that  the  elementary  functions  themselves  are  in  the  first  instance 
defined  by  definite  laws  and  that  it  is  not  until  alter  tliey  have  been  made  the 
subject  of  considerable  study  and  have  been  largely  developed  along  analytic  lines 
that  tliey  appear  as  formuhus.  The  idesLs  nf  function  and  fonnola  are  essentially 
distinct  and  the  latter  is  essentially  secondary  to  tlie  former. 

The  definition  of  f  onctlott  as  given  above  excludes  the  so-csUed  mtMph  vahisif 
functions  such  as  and  sin-i  z  where  to  a  given  value  of  z  correspond  more  than 
one  value  of  the  function.  It  is  usual,  however,  in  treating  multiple-valued  func- 
tions to  resolve  the  functions  into  different  parts  or  branches  so  that  each  branclt 
is  a  single-valued  function.  Thus  +  Vx  is  one  branch  and  —  V«  tlie  other  branch 
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of  Vz  ;  in  fact  when  x  is  poiitivf  the  gymlxil       is  usually  restricted  to  mean 
merely  +       iiml  thus  Jhtoiiihs  ;i  single-valued  svhiIm)!.  One  bnincb  of  »in-^z  con 
tusts  of  tlie  values  between  —  i  v  aud  +  ^  ir,  other  branches  jjive  valuM  between 
|r  and  i V  or  —  )r  and  —  |  v,  and  ao  on.  Henoe  tha  teim  "fnaetioa**  will  ba 
nalrioted  in  this  ohaptar  to  the  alngla-'valaed  f  unctkma  allowed  by  the  deflnMoii. 

24.  Ifx  —  a  U  nnij  point  of  tin  hiffrral  over  irhirh  us  defined^ 

the  Junction         is  luid  to  he  continuum  at  the  point  jc  =  a  if 

lim/(aB)  stf(a),  no  matter  haw  x^a. 

Till'  f uni  t i HI  is  sniil  to  be  rontinii<ni!i  in  the  interval  if  it  is  continuoutf 
tit  evert/  point  of  the  interval,  ii  Uiv,  iuuctiou  is  not  coutiuuouH  at  the 
point  a,  it  is  said  to  be  discontinuous  at  a;- and  if  it  fails  to  be  ocm- 
tiniunis  at  any  one  point  of  an  interral,  it  ia  nid  to  be  diaoontiniioaB 
in  the  intervaL 

Thbobrm  6.  If  any  finite  number  of  fimotionfl  are  oontinuoos  (at  a 
point  or  over  an  interval),  any  rational  expression  formed  of  tboee 
fonctions  is  continnons  (at  the  point  or  over  the  interval)  provided  no 
division  by  zero  is  called  for. 
Theorem  7.  If  y—fix)  is  continuous  at  and  takes  the  value 
=  and  if  z  =  ^iy)  is  a  continuous  function  of  y  at  ysy^  then 
z  ss  ^C/(a;)  j  will  be  a  coutinuom  function  of  a:  at  oi^. 

In  regard  to  the  definition  of  continuity  noto  tliat  a  Innetlfni  cannot  be  oon- 
tiniuma  at  a  point  unle8H  it  is  defined  at  that  point.  Thus  e-V-x*  Ig  not  continuous 

at  JT  —  0  iR'cuuse  division  by  0  is  inipKj^ible  and  the  function  is  undefined.  If,  how- 
ever, the  function  be  defined  at  0  as/(0)  =  0,  the  function  becomes  continuous  at 
X  =  0.  In  like  manner  the  function  1/x  is  not  continuous  at  the  origin,  and  in  this 
caae  It  is  impavible  to  aaign  to/(0)  any  value  which  will  render  the  function 
continuous ;  the  function  becomes  infinite  at  the  origin  and  the  very  idea  of  be- 
coming infinite  precludes  the  i>o}«ibility  of  approach  to  a  definite  limit.  Again,  the 
function  E{z)  is  in  general  continuous,  but  is  discontinuous  for  integral  values 
of  s.  When  a  function  is  disoon^uous  at  x  s  a,  the  amoviil  of  (Ae  <i<ioonltett<^la 
the  limit  of  the  oscillation  M  —mot  the  function  in  the  interval  a  —  <<x<a  +  l 
surrounding  the  jMiint  a  when  8  approaches  zero  m  itK  limit.  The  discontinuity 
of  E{x)  at  each  integral  value  of  x  is  clearly  1 ;  that  of  1/x  at  the  origin  is  infi- 
nite no  matter  what  value  is  assigned  to/(0). 

In  caae  tlie  interval  over  which/(x)  ia  defined  haa  end  points,  say  a  S  s  S  A| 
the  question  of  continuity  at  x  =  a  must  of  course  be  decided  by  allowing  x  to 
approach  a  frmn  tin-  rit;lit-liand  hiiU^  only  ;  and  similarly  it  is  a  question  of  left- 
handed  approacli  to  b.  In  general,  if  for  any  reason  it  is  desired  to  restrict  the 
approach  of  a  variable  to  its  limit  to  being  one^ded,  the  notatlona  s  &  a***  and 
X  =  6-  reHpectively  are  used  to  denote  approach  throQ^  greater  values  (right- 
handed)  and  through  lesser  vahu";  (k  ft-lianded).  It  is  not  neceiiary  to  make  this 
specification  in  the  case  of  the  ends  of  an  interval ;  for  it  is  understood  that  x 
shall  take  on  only  values  in  the  interval  in  question.  It  should  be  noted  that 
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llm  /(«)  whon  zA*t*  iano  wise  ImpUfls  the  oonttnnitj  of  /(*)  at  s» ;  m 

simple  example  is  that  of  E{i)  at  the  poeitlve  intefrral  points. 

The  proof  of  Theorem  6  i«  an  immediate  corollary  application  of  Theort  in  2.  For 

lim  R  [/(X),  ^{i)-.-]  =  R  [lim/(x),  Urn  ^(x),  • .  -J  =  it  (/(Urn  z),  f  (limx),  •  • 

and  the  proof  of  Theorem  7  is  equally  simple. 

Thsobbk  8.  If  /(z)  is  ooutiniunis  at  x  s  a,  then  for  any  positive 
c  which  has  been  assigned,  no  matter  how  small,  there  may  be  found  a 
number  I  such  that  /(a)|<c  in  the  interval  |x— a|<l;  and 

hence  in  this  interval  the.  oscillation  of  f(x)  is  less  than  2  c  And 
conversely,  if  these  conditions  hold,  the  function  is  oontinncns. 

This  theorem  Is  in  reality  notliiiig  but  a  netatement  of  the  deflnltioii  of  oonti- 
nuity  combined  with  the  definition  of  a  limit.  For  "  lim/(x)  =/(a)  when  2  =  0, 

no  mattfT  how  "  moans  that  the  differt'nct>  VM'tvvfen/(x)  and/f'j)  can  Ik*  made  as 
small  as  desired  by  taking  x  sufficiently  near  to  a ;  and  conversely.  The  reason 
for  tUs  restatement  is  diat  the  present  f oim  Is  saore  asafloalile  to  anslytlo  opera- 
tioDB.  It  ahri>  snggots  the  geometric  picture  whieh  ooire- 
gponds  to  the  u^ual  idea  of  continuity  in  graphs.  For  the 
theorem  Ktaten  tliat  if  the  two  lines  y  =  /(«)  ±  t  1m«  drawn,  « 
the  graph  of  the  fiuicliun  remains  between  them  fur  at  least  « 
the  short  distance  9  on  each  side  of  x  =  a ;  and  as  •  may  he 
assigned  a  value  as  small  as  de»«irid,  tUv  ^'raph  cannot  exhibit  -g 
breaks.  On  the  other  liaiui  it  slmuld  be  noted  that  the  actual 
physical  graph  is  not  a  curve  but  a  baud,  a  two-dimensional  region  of  greater  ur 
leas  breadtli,  and  tiiat  a  function  eouM  be  tfOsoontlnuoiis  at  every  point  of  an 
interval  and  yet  lie  entirely  witliin  tiie  limits  of  any  given  physiod  giaph. 

It  is  clear  that  2,  which  has  to  be  determined  sttbaequerdly  to  c,  is  in  general 
more  and  more  rei>tricted  as  c  is  taken  smaller  and  that  for  different  jKiints  it  is 
mure  restricted  as  the  graph  rises  more  rapidly.  ThoK  if /(x)  =  1/x  and  «  =  1/1000, 
I  can  he  neariy  1/10  if  =  100,  but  most  be  slightly  lees  than  1/1000  if  » 1»  and 
something  less  tlian  10-  *  if  z  is  10-  Indeed,  if  s  be  allowed  to  approach  zero,  the 
value  S  for  any  a.s.sitincd  t  also  approaches  zero ;  and  although  the  function 
/(x)  =  1/x  is  contiimous  in  the  interval  0  <  x  S  1  and  for  any  given  xo  and  c  a 
nnmbert  m^befoondoimh  that  |/(x)  — /(xo)|  <ff  wiMn|x  —  x«|  <  8,  yet  it  is  not 
poostUe  to  assign  a  number  t  whidi  shall  serve  un{fi>rmlif  for  all  values  of  z*. 

25.  Thkorem  9.  If  a  function  /(■'')  is  continuous  in  an  interval 
a  ^  T  ^  b  with  end  ]K)ints,  it  is  ]>ossible  to  find  a  S  such  that 
J/(x)  —  /(j^o)i  <^  <  when  jx  —  xq  |  <  8  for  all  points  x^ ;  and  the  function 
is  said  to  be  uniform  It/  continuous. 

The  proof  is  conducted  by  the  method  of  reductio  ad  absordum.  Suppose  c 
is  assigned.  Consider  the  suite  of  values  ^,  |,  ^,  or  any  other  suite  which 
approaches  sero  as  a  limit.  Suppose  that  no  one  of  these  values  will  serve  as  a  0 

for  all  points  of  the  Interval.  Then  there  nnust  be  at  lea.st  one  point  for  which  \ 

will  not  serve,  at  lexst  one  for  whii  h  \  will  not  st  rve.  ;it  Iciust  one  for  which  \  will 
not  serve,  and  so  uu  indeliuitely.  This  iutiuite  sel  uf  points  must  have  at  least  one 
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ptrfnl  of  comden—tlon  C  meh  that  in  any  Intonral  aamrandlng  C  fhiin  are  point*  for 
which  3-*  will  not  aenre  aa    no  matter  how  large  k.  But  now  by  hypoth«aiB/(x) 

i«  continuous  at  Cand  hence  a  number  a  can  be  found  such  that  — /(0!<  I  ' 
when  |x  —  Zo|  <  2  9.  The  oscillation  of /(x)  in  the  whole  interval  i^i  i&  letfii  than  c. 
Now  if  xo  be  any  point  in  the  middle  lialf  of  tliia  interval,  |zo  —  ^  |  <  ' ;  ftnd  if  ^ 
wtttfaatfao  relation  |«  —  «b|<*t  It  in  tlleinte^Tal4aMldtll•dilier- 

enee  |/(x)  —  /(xo)  I  <  (,  being  surely  not  greater  than  the  oscillation  of /in  the  whole 
interval.  Hence  it  is  possible  to  surround  C  with  an  interval  so  small  that  the 
same  9  will  serve  for  any  \mi\t  of  the  interval.  This  contradicts  the  former  con- 
(shMlon,  and  hence  the  hypothesis  upon  which  thai  oondualim  waa  baaed  muat  have 
been  fah»  and  it  moat  have  been  poaiiUe  to  find  a  t  which  would  aerve  for  all 
pointa  of  the  interval.  The  reason  why  the  proof  would  not  apply  to  a  fniicfion 
like  1/x  definetl  in  thi'  interval  0  <  x  ^  1  lacking  an  en<l  iM>int  is  precisely  that 
the  {Mjint  of  condensation  C  would  be  0,  and  at  0  the  function  is  not  continuous 
and  |/(x)-/(e)|<ic,  |x-  C|<SaoonldnotbeMUafled. 

Thkokem  10.  If  a  function  is  eontinuoua  ia  a  region  which  inoladOB 

its  end  points,  the  function  is  limited. 

Thkorkm  11.  If  a  fmictiim  is  contiininns  in  an  interval  which  incltules 
it.s  end  points,  the  fuin  tinu  takes  on  its  upper  frontier  and  has  a  maxi- 
mum M-y  siiuilarly  it  has  a  minimum  m. 

These  are  successive  corollaries  of  Theorem  9.  For  let  e  be  aKsipned  and  let  S 
be  determined  so  as  to  serve  tmilormly  for  all  points  of  tlie  interval.  Divide  the 
interval  b  —  a  into  n  sueoeasive  intervals  of  length  9  or  leas.  Then  in  each  neh 
interval/ cannot  Increaae  by  mora  than  c  nor  deereaae  by  more  than  «.  Henoe  / 
will  be  contained  between  the  values /(a)  +  tu  and  f{a)  —  n«,  and  is  limited.  And 
/(x)  has  an  upper  and  a  lower  frontier  in  the  interval.  Next  consider  the  rational 
function  \/{M—f)  of/.  By  Theorem  <i  this  is  continuous  in  the  interval  unless 
the  denominator  Taniahei,  and  if  continuooa  it  la  limited.  Tlus,  however,  ia  impoe- 
alble  for  the  reaatm  that,  aa  Jf^  la  a  frontier  of  valnea  of  /,  the  difEerence  M-S 
may  be  made  as  small  as  desired.  Hence  I/(Jlf — /)  la  not  oontlnooaa  and  there 
must  be  some  value  of  z  for  wliich/  =  M. 

Tbsobbm  12.  If  f(x)  is  ecmtmiioos  in  the  intenral  a  S  a;S  &  with  end 
points  and  if /(a)  ftnd/(6)  have  opposite  signs,  there  is  at  least  one 
point  ^,  a  <  ^  <  ^,  in  the  interval  for  which  the  function  vanishes. 
And  whether /(a)  and /(ft)  hare  opposite  signs  or  not,  there  is  a  point 
I,  a  <  ^  <  snch  that/(^)  =  ja,  where  /t  is  any  value  intermediate  be- 
tween the  maTimnm  and  minimnm  of /in  the  inter  vaL 

Vtor  oonvenlenoe  aapiMae  that /(a)  <  0.  Then  in  the  nelghboihood  of  x  =  a  the 

function  will  remain  negative  on  account  of  ita  continuity ;  an<l  in  the  neighbor- 
luMwl  of  h  it  will  remain  positive.  Let  f  W-  the  lower  frontier  of  values  of  x  which 
make /(x)  positive.  Suppose  that/({)  were  either  positive  or  negative.  Then  as 
/  is  continuous,  an  interval  could  be  chosen  surronnding  (  and  80  amall  that  /  re- 
mained positive  or  negative  In  that  interval.  In  neither  caee  could  |  be  the  lower 
frontier  of  positive  valnea.  Henoe  the  oontradletion,  and  /({)  moat  be  sero.  To 
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proye  the  aeoond  put  of  the  theorem,  let  e  end  d  be  the  Talnee  of  x  which  make 
/  a  minlnmBi  ind  nnzlmiiin.  Then  the  function  /— jt  hee  oppoette  dgns  at  e  and 

d,  and  rnn.ot  vanish  at  rotdp  point  of  the  interval  between  e  andd;  and  benoe  a 
fortiori  at  some  point  of  the  interval  from  atob, 

EXERCISES 

1.  Note  that  x  is  a  continuous  function  of  x,  and  that  consequently  it  follows 
from  Theorem  6  that  any  ntlonal  fraction  P(x)/g  (x),  where  P  and  Q  are  poly- 
nomlale  in  s,  most  be  oontlniioaa  for  all  x*b  except  roota  of       s  0. 

I.  Graph  the  function  s  —  f<»  x  S  0  and  show  tliat  it  Is  contlnnoos  except 
for  Integral  values  of  x.  Show  that  It  is  limited,  lias  a  mlnimom  0,  an  upper  fron- 
tier 1,  but  no  maximum. 

3.  Su])poRc  that/(x)  is  defined  for  an  infinite  sot  [r]  of  which  x  sale  a  point 
of  condensation  (not  necessarily  itself  a  point  of  the  set).  SupjMjse 

[/(aO -/(*")]  =  0  01  i/(«')-/(«")l<«.K-«l<«,l«"-«l<«. 

when  and  x"  regarded  as  tndepemfent  variables  approach  a  as  a  limit  (passing 
only  over  values  of  the  set  [x],  of  course).  Show  that  /(i)  approaches  a  limit  as 
I  i  a.  By  considering  the  set  of  values  of /(x),  the  method  of  Theorem  3  applies 
almost  verbatim.  Show  that  there  is  no  essential  change  in  the  proof  if  it  be 
MNumed  that  and  become  infinite,  the  set  [x]  beiiig  wnlimlted  instead  of 
having  a  point  of  ccmdensation  a. 

4.  From  the  fonnnlaslnx  <x  and  the  formulas  for  sin  u  —  sin  v  and  ooaii->  cose 

show  that  A  sin  x  and  A  cosx  are  numerically  less  than  21  Ax| ;  hence  Infer  tliat  sin X 

and  cosx  are  continuous  functions  of  x  for  all  values  of  x. 

5.  Wliiit  an-  the  intervals  of  continuity  for  tanx  and  esc  j:  ?  If  *  —  10-*,  what 
are  approxiinattly  the  largest  available  values  of  5  that  will  make  |/(x)  — /(Zo)|<« 
when  «o  =  l^  SO",  60°,  B9P  for  each  f  Use  a  f our-place  table. 

6.  Let  /(x)  be  defined  in  the  interval  from  0  to  1  as  equal  to  0  when  x  is  irra- 
tional and  equal  to  I/9  when  x  b  rational  and  expressed  as  a  fraction  p/q  in  lowest 

terms.  Show  that/  is  continuous  for  irrational  values  and  discontinuous  for 
rational  values.  Ex.  8,  p.  30,  will  be  of  assistance  in  treating  the  irrational  valaea. 

7.  Note  that  in  the  definitidii  of  continuity  a  genemlization  maj  be  introduced 
by  allowing  the  set  [x]  over  which  /  is  defined  to  Iw  any  set  each  point  of  which 
it  a  p(^t  of  condsnsaidon  of  the  set,  and  that  hence  continuity  over  a  dense  set 
(Ex.  7  above),  saj  the  rationale  or  imtlonals,  nnj  be  defined.  This  is  Important 
because  many  functions  are  In  the  first  instance  defined  only  for  rationals  and  ai^ 
suVwquently  defined  for  irrationals  by  interjwilation.  Note  that  if  a  function  is 
continuous  over  a  dense  set  (say,  the  rationals),  it  does  not  follow  that  it  is  unt- 
fonnly  contlnttoos  over  the  set.  For  the  point  of  oondensatkm  0  which  was  used 
in  the  proof  of  Theorem  9  may  not  be  a  point  of  the  set  (may  be  irrational),  and 
the  proof  would  fall  through  for  the  same  reawin  that  it  would  in  the  case  of  1/x 
in  the  interval  0  <.r  ^  1,  namely,  beca\ise  it  could  not  be  affirmed  that  the  function 
was  continuous  at  C.  Show  that  if  a  functi«)n  is  defined  and  is  uniformly  contini^- 
ons  over  a  dense  set,  the  value /(x)  wlU  apfnoach  a  limit  when  x  approaches  ui^ 
valoe  «  (not  necessarily  of  the  set,  bat  situated  between  the  upper  and  lower 


Digitized  by  Google 


FUNDAMENTAL  THEORY 


46 


fzontien  of  the  aet),  and  that  If  this  limit  be  defined  as  the  value  of  /(o),  the 
lanetioa  wfXi  nnudn  oontiinHNia.  Ex.  8  may  be  und  to  adTantage. 

8.  "By  factoring  <«+  Ax)"->a^,  ahow  for  Integral  Talnea  of  n  that  when 

OSx S  1^1  then  A  (z")  < nK*-^  Az  for  small  Az's  and  coiiMequently  x"  is  imifonnly 
continuous  in  the  interTal  0  s  x  s  /T.  If  it  be  assumed  that  z"  has  been  defined 
only  for  rational  x's,  it  follows  from  £z.  7  that  the  definition  may  be  extended 
to  all  s*a  and  that  the  remltlng  as^  will  he  conttnaooa. 

9.  Suppose  (a)  that/(z)  =/(z  +  y)  for  any  numbers  z  and  y.  Show  that 
/(n)  =        and  9^{l/n)          and  hence  Infer  that  /(c)  s  a/(l>  =  Ge,  where 

C  for  all  rational  z's.  From  Ex.  7  It  follows  that  if  /(x)  Ih  continuous, 

/(z)  =  Cz  for  all  z's.  Consider     the  fanction/(x)  such  that/(2)/(y)  s/(x  +  y). 

Show  that  it  is       =  a'. 

10.  Show  by  Theorem  12  that  if  y  =/(z)  is  a  continuous  constantly  increasing 
function  in  the  Interval  a  S  z  ^  6,  thentoeaehvalueof  yconeqymdaailng^e  value 
of  2  ao  that  tlie  funetion  x  b/->  ijfy  eslatB  and  ia  dngle-valned ;  ahow  alio  thiU 

it  is  rontinnnns  and  constantly  increasinj;.  State  the  rorrespondint:  tbcorpm  if 
/(x)  ia  constantly  decreasing.  The  function /->(y)  is  called  the  tncerse  function 
to/(z). 

11.  Apply  Ex.  10  to  discuss  y  =  Vx,  where  n  is  integral,  z  is  positive,  and  only 
podtlve  roots  are  taken  into  oomidesatlon. 

IS.  In  arithmetic  It  may  readily  be  ahovm  that  the  equatlona 

are  true  when  a  and  b  are  rational  and  positive  and  when  m  and  n  are  any  poaltl  ve 

and  negative  integers  or  zero,  (a)  Can  it  be  inferred  that  they  hold  when  a 
and  b  are  positive  Irrationals  ?  {fl^  How  about  the  exteneion  of  the  fundamental 
inequalities 

^>1,  when  x>l,         ^<1,  when  OSx<l 
to  an  ratioiiil  values  of  n  and  the  proof  of  the  inequalities 

s^>si^  if  m>n  and  x>l,        ^<af  if  m>n  and  0<s<l. 

(7)  Next  consider  z  as  held  constant  and  the  exponent  n  as  variable.  DlacoM  the 
exponential  function  a'  fn»m  this  relation,  and  Exs.  10, 11,  and  otiicr  tlieorems  that 
may  seem  necessary.  Treat  the  logarithm  as  the  inverse  of  the  exponential. 

9S.  TIm  dirlTAtlTe.  1/  x^a  i»  a  point  of  an  mterval  over  which 
f(x)  to  defined  and  if  the  quotient 

^. /("+*)-/(»). 

tqtproaehee  a  limit  when  h  approaehee  ttero,  no  matter  hoWf  thefknetion 
f^x)  i$  $a{d  to  be  differeniiabU  at  x^a  and  the  value  of  the  limit  of 
the  quotient  is  the  derivative  /' (a)  of  fat  X  saa.  In  the  case  of  differ- 
entiability,  the  definition  of  a  limit  gives 

Ii!t±^L=£i2l^f>^a)^r}  or  /(«  + A) -/(«)  =  A/'(«)  +  Vi,  (1) 
where  lim  If  8  0  when  lim  A  c3  0,  no  matter  how. 
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In  othor  words  if  c  is  given,  a  i  can  be  found  so  that  when  |A[<d.  Tbto 

shows  that  a  function  difTerentiable  at  a  ati  in  (1)  is  continuuiis  at  a.  For 

l/(a  +  h)  -/(a)  J  ^  |/'(a) )  J  +  *i5.         |  A  |<  «. 

If  the  limit  of  tho  quotient  exists  when  h  =  0  throuirh  jMisitive  values  only,  the 
function  has  a  right-hand  derivative  which  may  be  denoted  by/'  (a+)  and  similarly 
for  the  leftphuid  deriTfttiTe/'(a-).  At  the  end  potnte  of  an  Interval  tiie  deilvaltTe 
is  alwnje  conatdered  as  one-handed ;  bat  for  interior  points  the  right-hand  and  left- 
hand  derivativt's  must  be  equal  if  the  function  is  to  have  a  derivative  (unqualified). 
The  function  is  said  to  have  an  infinite  derivalire  at  a  if  the  quotient  becomes  infi- 
nite as  A  =  0 ;  but  if  a  is  an  interior  point,  the  quotient  must  become  positively 
infinite  or  negatively  Infinite  for  all  manners  of  approach  and  not  positlvelj  infinite 
for  some  and  negatively  infinite  for  others.  Greometrically  this  allows  a  vertical 
tangent  with  an  inflcrtinn  ix»int,  but  not  with  a  cusp  as  in  Fig.  3.  p.  8.  If  infinite 
derivatives  are  allowed,  tlie  function  may  have  a  derivative  and  yet  be  diseontin- 
nous,  as  is  suggested  by  any  figure  where /(a)  is  any  value  between  ]im/(x)  when 
xAn*-  and  llm/<x)  when  x  a  or. 

Theorem  13.  If  a  function  takes  on  its  maximum  (or  minimum)  at 
an  interior  [K)int  of  the  interval  uf  delinition  and  if  it  is  differentiable 
at  that  point,  the  (h>rivative  is  zero. 

Theorem  14.  h'o/le's  Theorem.  If  a  function /(jr)  is  continuous  over 
an  interral  x  ^  b  with  end  points  and  vanishes  at  the  ends  and  has 
a  deriyatiTe  al  each  interior  point  a<x  <b,  there  is  some  point  i, 
a<€<b,  such  \iitXf($)^0. 

TRBOBBif  IS.  Theorem  of  ike  Mean.  If  a  function  is  eontiniunis  over 
an  interval  a  S  »  S  ft  and  has  aderivativeat  each  interior  pointy  there 
is  some  point  t  such  that 

where  h  ^  b  —  a*  and    is  a  proper  fraction,  0  <    <  1. 

To  prove  the  first  theorem,  note  that  if /(a)  =  Jf,  the  difference /(a  +  h)  —/{a) 
cannot  be  positive  for  any  value  of  h  and  the  quotient  /h  cannot  be  positive 
when  h>0  and  cannot  be  negative  when  A < 0.  Hence  the  right-liand  derivative 
cannot  be  positive  and  the  leftJiand  derivative  cannot  be  negative.  As  these  two 
must  be  equal  if  the  function  has  a  derlvaUvCf  it  f<^owa  that  thej  must  be  sera, 
and  the  derivative  is  7fro.  The  second  theorem  is  an  immediate  corollary,  Fdras 
the  function  Is  continuums  it  must  have  a  maximum  and  a  Tiiiiiinuun  (Theorem  11) 
both  of  which  cannot  bu  zero  unless  the  function  is  always  zero  in  the  interval. 
Now  if  the  function  is  identically  sero,  the  derivative  is  identically  zero  and  the 
theorem  is  true;  whereas  if  the  function  is  not  identically  zero,  either  the  maximum 
or  minirnnm  must  be  at  an  interior  point,  and  at  that  point  the  derivative  will  vanish. 

*  That  tlia  tiieomn  Is  true  for  any  part  of  the  Interval  ftam  a  to  6  if  it  Is  true  for  tlie 

wbdif  interval  follows  from  the  fart  that  the  roiiditions,  namely,  that  /  bo  coBttnuoVB 
and  that/'  exist,  hold  for  any  part  of  the  iutorval  if  they  hold  for  the  whole. 
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To  pnm  the  laat  tbeorem  construct  the  anxillaiy  fanotlon 

As  \f' (a)  =  ^  (6)  =  0|  Rollers  Theorem  shows  that  there  is  some  point  for  which 
f  =  0,  and  if  thia  value  be  substituted  in  the  expreswion  f<>r  ^f' {t)  tin*  dilution 
for/'  (i)  gives  the  result  demanded  by  the  theorem.  The  proof,  however,  requires 
tbe  OSS  <rf  the  function  ^  (x)  and  Ha  derivative  and  is  not  eompleiemitilil  Is  diown 
that  f  (x)  lesllj  satisfies  tlie  conditions  of  Itolle*s  Theorem,  namelj,  is  continnoos 
in  thf  interval  a  ^xS^and  has  a  derivative  for  every  jxiint  n  <  r  <  h.  The  con- 
tinuity in  a  consequence  of  Theorem  fl  ;  that  tlie  derivative  exists  fullowH  from  the 
direct  application  of  the  dehnitiou  combined  with  the  assumption  that  ^e  deriva> 
tive  of /exists. 

27.  Theorem  16.  If  a  function  has  a  derivative  wlii«*h  is  identically 
zero  in  the  interval  a  ^  j-  ^  h,  the  fnnetion  is  oonstiint;  and  if  two 
functioHH  liavc  (h  i  ivatives  equal  throughout  the  interval,  the  functions 
differ  by  a  eonstant. 

Theokem  17.  If  J\j-)  is  differentiable  and  l)eeomea  infinite  when 
X  =  a,  the  derivative  cannot  remain  finite  as  x  =  a. 

Thbobbm  18.  If  the  derivative  /'(jt)  of  a  function  existe  and  is  a 
oratmiioiiB  function  of  z  in  the  interval  aSxS  b^ihe  quotient  A//A 
oonyerges  unifcmnly  toward  its  limit  /'  (jr). 

These  theoiems  are  consequences  of  the  Theorem  of  the  Mean.  For  the  flisti 
/{tt  +  h)^m^hria  +  0h)^^  if  ASb.fl,  or  /(a  +  A)s/(a). 

Hence /(«)  is  constant.  And  in  case  of  two  functions/and  ^  with  equal  derivatives, 

the  differf'nre  f  (/■)  =  /(r)  —  tf>(x)  will  have  a  derivative  thrit  is  rcrn  ami  the  differ- 
ence will  cotiHtant.  For  tiie  si  cond,  It-t  x,^  be  a  fixed  value  near  a  and  suppose  that 
in  the  interval  from     to  a  the  di  rivative  n-nmined  finite,  say  less  than  K,  Then 

|/(x«  +  A)  - /(xo) I  =  i h/'(xo  eh)\m\h\K. 

Now  let  +  h  approach  a  and  note  that  the  left-hand  term  l>ecomes  infinite  and 
the  supixNiition  that/'  remained  tinite  is  contradicted.  For  the  third,  note  that/', 
being  continnoos,  most  1w  unifoindy  continuoas  (Theorem  9),  and  hence  that  if  « is 
given,  a  I  may  be  found  such  that 

when  |A|<  9  and  for  all  x*s  in  the  interval ;  and  the  theorem  is  proved. 

Concerning  derivatives  of  higher  order  no  special  remarks  are  necessary.  Each 
is  the  derivative  of  a  definite  function  -  tlu*  ])revioiis  derivative.  If  the  deriva- 
tives of  the  first  n  orders  exist  and  are  continuous,  the  derivative  of  order  n+  1 
nay  or  may  not  exist.  In  practical  applications,  however,  the  functions  are  gen- 
enlly  indefinitely  differentiable  except  at  certain  isolated  points.  The  proof  d 
Leibniz's  Theorem  (§  8)  may  Ix'  n-visffl  s<>  as  tn  dejjend  on  eUMiientars-  j^rocesses. 
Let  the  formula  b«  assumed  for  a  given  value  of  n.  The  only  terms  which  can 
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contribute  to  the  term  DhiD^-*-^-*v  in  th«  formula  for  the  (n  4-  l)8t  derivative  of 
uv  are  the  terms 

n (n  -  1)  ■  ■  ■  (n  -  <  -f  8)  j,.,^, j.^.,^        n(n- 1)  •  .(a- i  +  1) 

ill  which  the  hrat  factor  is  to  be  differentiated  in  the  first  and  the  second  in  the 
second.  The  sum  of  the  coefficients  obtained  by  differentiating  ts 

n(n-l)  -  (n-i-|-2)    n(n- 1) •  • .  (n~  <  4- 1)  _  (a ■H)n. . . (n- i  +  «> 
1.2-..(i-l)  1.2...I  ~  1.2..-<  * 


which  is  precisely  the  proper  coefficient  for  the  term  TXuI^ 4- 1-<0  in  thiB* 
of  the  (n  +  1)  8t  derivative  of  uo  by  Leibniz's  Theorem. 

With  regard  lo  tlito  rale  wad  llw  odMr  dimcoltty  ralM  «r  opsnlion  (4)-(7)  of 
fbe  praviona  chapter  it  sbonld  be  rnnarked  that « theorem  as  well  as  a  rale  la  in- 
volved— thuA:  If  two  functions  u  and  r  are  differentiable  at  then  the  product 
uv  is  (lifferentiable  at  x^,  and  the  value  of  the  derivative  is  u (x^) (Zg)  +  u'  (r^)  r  (x^). 
And  aimiiar  theorems  arise  in  connection  witli  the  otiier  rules.  As  a  matter  of  fact 
the  otdineiy  proof  needs  imly  to  be  gone  over  with  can  in  ofder  to  ooomt  It  ii^ 
n  ligorone  demonstration.  But  care  doea  need  to  be  exercised  both  la  ilaAing  the 
theorem  and  in  looking  to  the  proof.  For  Instance,  the  alxive  theorem  cnnceminp 
a  product  is  not  true  if  infinite  derivatives  are  allowed.  For  let  u  be  —  1,  0,  or  +  1 
aocording  as  x  is  negative,  0,  or  positive,  and  let «  =  x.  Now  v  has  always  a  deriva> 
tive  which  is  1  and  u  lias  ■Iwaje  n  derivatlTe  wUeh  la  0,  ob,  or  0  necxirdlng  aa  s 
Ib  negative,  0,  or  positive.  The  product  wt  is  |x|,  of  which  the  derivative  is  —  1  for 
negative  x's,  +  1  for  positive  x's,  and  nonezistent  for  0.  Here  the  product  has  no 
derivative  at  0,  although  each  factor  has  a  derivative,  and  it  would  be  useless  to  have 
n  fonnaht  for  attempting  to  evahiate  ■omeUiing  that  did  not  i 


1.  Show  that  if  at  a  point  the  derivative  of  a  function  exists  and  is  positive,  the 
function  must  be  increasing  at  that  point. 

2.  Suppose  that  the  derivatives  /'{a)  and  /'(6)  exist  and  are  not  zero.  Show 
tfaat/(a)  and/(6)amrelatiTemaadmaoraiininiaof/lntheinterral  aSsS&k  and 
detemlne  the  predee  eriteria  in  tenne  of  the  dgne  of  the  derlratlveB/'(a)  and/'^). 

t.  Show  that  if  a  ooatinaoas  fnnetlon  has  a  positive  right-hand  derivative  at 
eveiy  point  of  the  interval  aSsS^  thiB/(B)  is  the  maximum  Taloe  of/.  Slml- 
lai^,  If  the  ri^t-hand  deriTttiTe  la  nqgatlTe,  ahow  thet/(b)  is  the  minlmnm  of/. 

4.  Apsij  the  Themem  of  the  Mean  to  ahow  that  if /'^)  la  oootlniioiisat  a,  then 

^  and  ^  being  regarded  ae  independent. 

f.  Form  the  tnerementa  of  a  function/for  equiereieenl  'nivm  of  the  vailahlet 

A|/=:/(a  +  ft)  -  /(a).  A./ /(a  4-  2  A)  -/(a  +  A), 

V'  =  /(a  +  8A)-/(a  +  2A),.... 
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Theae  m  called  flnt dMBmiaw;  tlw  dUlnwioM of  tlieae  diilerBiioM an 

A,V=/(«  +  2*)  -  «/(«  +  *)  +/(a). 
A,V  =/(a  +  8  *)  -  « /(«  +  31  A)  +  /(a  + 

which  are  called  the  second  differences ;  in  like  maimer  there  an  third  difleranoea 

A,*/  =  /(a  +  8/(a  +  2  A)  +  3 /(a  +  A)  -  /(a), . .  • 

and  so  on.  Apply  the  Law  uf  the  Mean  to  all  the  differenre8  and  show  that 

Hence  ahow  that  if  the  fitat »  derivatlvea  of /an  oontlnnoiia  at  a,  then 

/^(o)  =  liin^.        /"'(a)  =  Uin^,  /(-)(a)  =  Urn 

6.  Cauchif'B  Theortm.  If  /(x)  and  ^  (z)  are  continuous  over  a  ^  x  ^  6,  have 
derivatiTca  at  each  interior  point,  and  if  ^'  (x)  does  not  vanish  in  the  interval, 

m-fjn)  /(a-H)-/(a)     /(a  +  Sh) 

— — — -  ■■  ■-       —   or    ■  ■  ■    ■■  -  -  ■■— 1  ^  • 

^(6)-^  (a)     ^'({)         ^(o  +  A)-0(a)     4»'{a  +  $h) 
Prove  that  this  f oUoivs  from  the  aqipUcaticm  ol  RoUe'a  Tlieorem  to  the  function 

7.  One  application  of  Ex.  0  is  to  the  theorj'  of  indeterminate  fonnx.  Shnw  that 
if /(a)  =  ^(a)  =  0  and  if /'(x)/^'(«)  approaches  a  limit  when  x  =  a,  then/(x)/^(x) 
will  approach  the  same  limit. 

8.  Taylor' »  Theorem.  Note  that  the  fonn  =/(a)  +  (&—  way 
<rf  writing  the  Theorem  of  the  Mean.  By  the  applioation  of  Solte^s  Theorem  to 

ahow  /(/.)  =/(a)  +  (6  -  a)/'(a)  + 

and  to  ^(a)«/(6)-/(x)-.(&-x)/'0e)-^:i£>!rW  ^I^T-^-^^W 

- [/(ft)  -  /(a)  -  (6  -  a)/'(a) 

 (^.^L!^/0.-„(«)l. 

8     ^  '  (n-l)l  J 

ahow  /(6)  =/(o)  +  (6  -  a)/'(a)  +  ^:i2l!/"(a)  +  . . . 


What  an  the  reatrlctiona  that  must  he  impoeed  on  the  f  nnction  and  ita  derivatives  t 

9.  If  a  eontinuous  function  over  a^x^b  has  a  right-hand  derivative  at  each 

j»oint  f)f  thi-  inti-rval  which  Ir  zero,  show  that  the  function  is  constant.  Apply  Kx.  "2 
to  the  f unctions /(z)  +  f  (jc  —  rt)  and/(x)  —  *  (/ —  o)  Ut  show  that  the  maximum 
difference  between  the  functions  is  8«(fr>-  o)  and  tliat/  must  therefore  be  constanL 
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10.  8Ute  Mid  prove  the  tbeoieins  implied  in  tlie  formulas  (4)-(0),  p.  S. 

11.  CoDBider  the  extension  of  Ex.  7,  p.  44,  to  derivatiTes  of  functions  defined 
over  a  dense  set.  If  the  derivative  exists  and  Is  unifonnly  continuous  over  the  dense 
set,  what  of  the  existence  and  continuity  of  the  derivative  of  the  function  when  its 
deflnitioii  is  extended  u  tliere  tndieated  ? 

12.  II  /(x)  h'A6  A  Unite  derivative  at  each  point  of  the  interval  a  ^  x  ^  6,  the 
deii wttve  /'(«)  mmt  take  on  eyery  valoe  intermediate  between  taxj  two  of  iti  Talma. 
To  ibow  ^is,  take  first  the  case  where /'(a)  and/'^)  liave  oppodte  algnaaaddiow, 

by  the  continuity  of  /  and  by  Theorem  18  and  Ex.  2,  that  /'({)  =  0.  Next  if 
f'{(i)<  n</'(b)  without  any  restrictions  on /'(a)  and  /'(b),  consider  the  function 
/(X)  —  ftx  and  its  derivative  /'{x)  —  ft.  Finally,  prove  the  complete  theorem.  It 
ahodd  be  noted  that  the  continuity  of  /'(x)  la  not  aammedi  nor  la  it  proved;  for 
there  are  functions  which  take  eveiy  valiie  intermediate  between  two  given  valnea 
and  yet  are  not  continaoaa. 

28.  Summatloii  and  integration.  Let  /(x)  be  defined  and  limited 
over  the  interval  aSxSb  and  let  M,  m,  and  O s Jf — m  be  the 
upper  frontier,  lower  fron- 
tier, and  oscillation  of  f(x) 
in  the  interval.  Let  n  —  1 
points  of  division  be  intro- 
duced in  the  interval  divid- 
ing it  into  n  consecutive 
intervals  8,,  S,,  ••,  8,  of 
wliicli  tlic  largest  has  the 
hnigth  A  and  h't  .U,,  O., 

and  J\$,)  Ixj  the  upi)er  and  lower  frontiers,  the  oscillation,  and  any 
value  of  the  function  in  the  interval  8,.  Then  the  inequalities 

will  hold,  and  if  these  terms  be  snmmed  up  for  all » intervals, 

wiUalsohold.  Let  a  s  Sm  A,  (r  »  S/(^<)^>  uid  5  a  23/,^.  From  (^) 
it  is  dear  that  the  difference  S^s  does  not  exceed 

(3/"  —  vi)  {h  -a)  =  0(b-  rt), 

the  product  of  the  length  of  the  interval  by  the  oscillation  in  it.  The 
values  of  the  sums  .S',  o-  will  evidently  de])end  on  the  number  of  parts 
into  which  tin*  interval  is  divided  and  on  the  way  in  which  it  is  divided 
into  that  nuinU'r  of  |xirts. 

Thkokkm  19.  If  n'  additional  ]K)ints  of  division  In-  intrcHlueed  into 
the  interval,  the  sum  6'  constructed  for  the  n  -f-  »'  —  1  points  of  division 
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caimot  be  greater  than  8  and  oannot  be  less  tban  S  by  more  than 
a'OA.  Similarly, «'  cannot  be  less  than  s  and  cannot  exceed  «  by  more 
than  n'OA. 

Thbosbm  20.  There  exists  a  lower  frontier  L  for  all  possible  methods 

of  constructing  the  sum  A'  and  an  upper  frontier  /  for  s. 

Theokem  21.  DarboHjr'H  Thforem.  When  e  is  assigned  it  is  possible 
to  find  a  A  so  small  that  for  iiu'thods  of  division  for  whirh  S,  ^  A, 
the  sums  S  and  s  shall  differ  from  their  frontier  values  L  and  /  by  lesa 
than  any  preassigned  c 

To  prove  the  first  tlieorem  note  that  although  {A)  is  written  for  the  whole  Intt-r- 
v:iJ  from  a  to  b  ami  for  tlie  sums  constructed  on  it,  yet  it  applies  e(iually  to  any 
part  of  the  interval  and  to  the  Huuut  constructed  ou  that  part.  Uence  if  Si  =  Mfii  be 
the  part  <A  8  dm  to  the  interval  <r  and  If  be  the  part  of  S'  doe  to  this  interval 
alter  the  introduction  of  some  of  the  additional  points  into  it,  =  S'f  ^  Si  =  Mi9i. 
Ilfnre  is  not  greater  than  Si  (and  a«  this  is  true  for  each  interval  3,,  S'  is  n<»t 
greater  than  S)  and,  moreover,  St  —  S'^  i»  not  greater  tiiau  0,-54  &i>(i  &  fortiori  not 
gTMtwtfaaaOA.  Aa  tiiere  are  only  «' new  polnta,  not  more  than  »' of  the  intervals 
9t  GBD  he  alleeled,  and  lience  the  total  decreaae  8  —  S'ln8  eannot  he  more  than 

vfOAm  The  tteatrnent  of  s  is  anal()<;nii.s. 

Inasmuch  bm  (A)  shows  that  the  suniK  .S  and  «  are  liniitctl,  it  follows  froniThfo- 
rem  4  that  tiiey  potshesH  the  froutieni  required  in  Theorem  20.  To  prove  Theorem  21 
note  firat  that  aa  £  la  a  frontier  for  all  the  mum  8,  there  is  some  particular  aom  8 
which  differs  from  Z  by  as  little  as  detfred,  say  \  t.  F«»r  this  S  let  rt  be  the  number 
of  divisi(Jiis.  Now  consider  iS"  a«  any  sum  for  which  rarli  3,  is  li  ^^s  tlian  A  —  J  t/nO. 
If  the  sum  S"  be  constructed  by  adding  the  n  points  of  division  for  6'  to  the  points 
of  dtvidon  for  8^,  ff*  eaaiiot  be  greater  than  8  and  henee  eanaot  diffnr  from  X  by 
80  mnch  aa  | «.  Abo  8^  eannot  he  greater  than  8^  and  eanaot  he  lev  than  8^  Iqr 
more  than  nOA,  which  is  \  t.  Aa  S"  differs  fmm  L  by  less  than  \t  and  .S'  differs 
from  S"  by  less  than  {  «,  >"  cannot  differ  from  L  by  more  than  c,  vrtucb  was  to  be 
proved.  The  treatment  of  a  and  I  is  analogovis. 

29.  If  indices  are  introduced  to  indicate  the  interval  for  which  the 
frontiers  L  and  /  are  calculated  and  if  fi  lies  in  the  interval  from  atob, 
then       and  /f  will  Ik*  functions  of  ^. 

Theokem  L'2.  The  cjuatioiis  /.^*  = +  Z*,  «  <  <•  <  ft ;  L^=:-L;^; 
—  ^i(Jt  —  (I),  ni  ^  M,  httld  for  L,  and  similar  equations  for  I.  As 
functions  of  )3,  and  arc  continuous,  and  if  /(-r)  is  continuous, 
they  are  differcntiable  and  have  the  common  derivative  J\fi). 

To  prove  that  X  *  =  +  L^,  consider  r  as  one  of  the  points  of  division  .if  the 
interval  from  a  to  6.  Then  the  sums  S  will  satisfy  S^  =  S^  +  S^^  and  as  the  limit 
of  a  mm  ia  the  aom  of  the  llmita,  the  corresponding  relation  muet  hold  for  the 
frontier  £.  To  show  that  £^  s«->  it  ia  merely  necessary  to  note  that  5*8—  ^ 
because  in  passing  from  6  to  a  the  intervals  3j  must  be  taken  with  the  sign  opposite 
to  that  which  they  have  when  the  direction  is  from  a  to  b.  From  (A)  it  appears 
that  m{b-  a)^S^^M{b'-  a)  and  hence  in  the  limit  m{}t  -  a)  ^        M  {b  —  a). 


62 


INTBODUCTOKY  KEVIEW 


Henco  there  is  a  value  ft^  M,  such  that      =  ^^ (f>     n) .  To  show  that 

is  a  continuouB  function  of  ^,  Ukt>  A'  >|3/|  and  |m|,  aud  consider  the  relations 

i*-*  -  L»  =  x^*-*  -  LS''  -      =-  Lf.^  !✓!<  jr. 

Henm  if  c  ii  anigiMd,  a  S  maj  be  found,  namely  9<c/ir,  eo  tl»t|£f  —  £jf  |<« 
wben  A<tf  and     la  tbenfon  oontlnuona.  Finally  omMlder  tiie  qnotiente 

where  n  is  aome  nnmber  1)etween  the  maarinram  and  minimum  of  f{x)  in  the  inter- 
val /9  ^  z  ^  /3  +  A  and,  if  /  ia  oontinaous,  is  some  value  /(D  of  /in  that  Interval 

and  where  n'  =/(f')  is  some  value  of  /  in  the  interval  ^  —  h^x^p.  Xow  let 
A  0.  As  the  function /is  continuous,  lim/({)  =  f{fi)  and  liin/(f^  =/0S).  Hence 
the  right-hand  and  left-hand  derivatives  exist  and  are  equal  and  the  function  Xjf 
liaa  the  derivative /(/I).  Hie  treatment  of  1  is  analogone. 

Theorem  23.  For  a  given  iiit«'i  val  ami  function  /,  the  quantities  / 
and  L  satisfy  the  I'elatiou  I  ^  L-,  and  the  necessary  and  sufficient  con- 
dition that  XsZis  that  thene  shall  be  some  division  of  the  interval 
whioh  shall  make  S(Aff  —  m.) ^  =  SO^  <  e 

If  Li  ss     the  fonetion  /  is  said  to  be  integrable  over  the  interval 

from  a  to  b  and  the  integral      /(x)dx  is  defined  as  the  commou  value 

£^  Bs  1^,  Thus  tbB  definite  int^gial  is  defined. 

Thxoxbm  24.  If  a  function  is  integraUe  over  an  interval,  it  is  inte- 
giaUe  over  any  part  of  the  interval  and  the  equations 

•/a  t/s  %/• 

£f(x)dx  -  -£fi»)dx,      jf /(x)dSr  a) 

hold ;  msametyj  f(x)dx  sa  F(fi[)  is  a  continuous  function  of  /S;  and 

if /(x)  is  continuous,  the  derivative  F'(fi)  will  exist  aud  be 

By  {A)  the  sums  S  and  a  constructed  fur  the  same  division  of  the  interval  satisfy 
the  rehition  S  —  0.  By  Darbonx's  Theorem  the  sums  S  and  a  will  approach  tlie 
values  L  and,  I  when  the  divisions  are  indefinitely  ducreat>ed.  Hence  L  —  { ^0. 
Now  if  £  SB  I  and  a  A  be  fooad  so  that  when  S(  <  A  the  inequalities  S  —  L<\i  and 
(  — <<!«  hold,  then  8  —  »asX{Mt^mt)tisX0A<  i;  and  henoe  the  oondltion 
ZOjd,-  <  e  is  seen  to  be  necessary.  Conversely  if  there  is  any  method  of  division  such 
that  ZOiii  <  t,  then  .s  —  s  <  f  and  the  lesser  quantif  y  L  —  I  must  also  be  less  than  e. 
But  if  the  difference  between  two  consunt  quantities  can  be  made  less  than  c, 
wliere  « is  aititrarily  aarigned,  the  oonataat  quantities  are  equal ;  and  hence  the 


i^idui^co  Uy  Google 


FUNDAMENTAL  THEORY 


68 


oonditfon  te  seen  to  be  al»o  gufficient.  To  show  that  if  a  function  is  int^^^rable  over 
an  interval,  it  is  integrable  over  any  part  of  tlie  interval,  it  is  merely  ueceaaary  to 
dMmlhat  if  =  C.  thenX^f  =  iS  where  or  Mid /I  are  two  poiiite  of  41m  Jntervil. 
Ben  the  oondltlon  2(Mi<«  ^ipUee;  for  if  Z<kk  cea  he  made  leei  then  •  for  the 
whole  Interval,  its  value  for  any  part  of  the  interval,  being  less  than  for  the  whole, 
must  be  leaa  than  c*  The  reat  of  Theorem  24  is  a  ooroUaiy  of  Theorem  32. 

SOi  TiuoBnc26.  AfnnotiimisintegiaUeoTertheinterTalaSxsA 
if  it  is  oontiniioiia  in  that  interval 

Thbosbm  26.  If  the  interval  a^xSh  over  which  /(x)  U  defined 
and  limited  eontaina  only  a  finite  number  of  points  at  which  /  is  dia- 
continaoiia  or  if  it  contains  an  infinite  number  of  points  at  which  /  is 
discontinuous  but  these  points  have  only  a  finite  number  of  pointo  of 
condensation,  the  function  is  integrable. 

Thbobbm  27.  If /(ac)  ia  integrable  over  the  interval  aSx^b,  the 


vidual  intervals  S,  approach  the  limit  zero,  it  being  inuiiaterial  how 
they  approairh  that  limit  or  how  the  points      are  selected  in  their 
resp^tive  intervals  ^. 
Tbtoksm  28.  If  /(x)  is  continnofas  in  an  interval  a^x^b,  then 


/(x)  has  an  indefinite  integral,  namely  j  fix)dj:,  in  the  interval. 


Theoran  S6  maj  be  reduced  to  Theorem  28.  For  as  the  function  la  eraUnuoua, 
It  b  poarible  to  find  a  A  so  small  that  the  oeeniation  of  the  f  onetira  in  any  interval 
of  lei^tii  A  shall  be  aa  small  an  cle.sired  (Theon  in  9).  Suppose  A  be  chosen  so  that 
the  oscillation  is  less  than  t/{b  —  a).  Then  20,a,-  <  t  when  8,  <  A ;  and  the  function 
is  integrable.  To  prove  Theorem  26,  take  tirst  the  case  of  a  finite  number  of  discon- 
timilties.  Cntootthedlaoontlnuitfeaaorioaiidiiigeachvalneof  sat  which/ iBdla> 
eootimioiia  bj  aa  Interval  of  lengdi  t.  Ae  the  oadUatlon  in  each  of  these  intervale 
is  not  greater  than  O,  the  contribution  of  these  intervals  to  the  mm  30,8,  is  not 
greater  than  OnS,  where  n  is  the  number  of  the  discontinuities.  By  taking  S  small 
enough  this  may  be  made  as  small  as  desired,  say  less  than  ^  c.  How  in  each  of  the 
lemalntng  parte  of  the  Interval  a^sSl^t  the  fnnetlon/ls  eontinnoiie  and  hence 
Integrable,  and  consequently  the  value  of  Z0,3,-  fur  these  portions  may  be  made  aii 
■mall  as  desired,  say  \  <.  Thus  the  sum  ZO,9,  for  the  whole  interval  can  be  made 
ae  email  as  desired  and/(x)  is  integrable.  When  there  are  points  of  condensation 
they  may  he  treated  just  as  the  iaolated  points  of  diaoonthiui^  were  treated.  After 
they  have  been  siuroiuided  hy  intervals,  there  will  remain  over  only  a  flntto  nnm- 
ber  of  discontinuities.  Further  details  will  be  left  to  the  reader. 

For  the  prcK*!  of  Theorem  27,  appeal  may  be  taken  to  tlu-  finulamental  relation 
(A)  which  shows  that  Now  let  the  number  of  divisions  increase  indefi- 

nite and  eaoh  division  heeome  Indefinitely  small.  As  the  function  is  Integrable, 

8  and  •  approach  the  seme  limit  f  f{x)dx,  and  consequently  r  which  Is  Included 


between  them  must  approaeh  that  limit.  Theorem  28  is  a  corollary  of  Theorem  24 
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wlifdiMilMtltMa8/(aOUooa(lnaoaa,^dmlTfttiT0of  J"/{3^ii3ti»f^).  Bjdeft* 

nitioii,  the  Indtflnito  integnl  is  aoy  f nneUom  whoae  deriTative  li  the  integnuid. 

Hence  J  /{z)d3s  ie  mn  Indeflnile  intognd  ni       and  any  other  taaj  be  ohtelned 

by  adding  to  thia  an  arbitrary  constant  (Theorem  16).  Thus  it  ia  seen  that  the 
proof  of  the  existence  uf  the  indefinite  integral  for  any  given  oontlmUMU  fonotioin 
is  made  to  depend  on  the  theory  of  definite  integrals. 

BXBRCISB8 

1.  Rework  some  of  the  proofs  in  Uiu  tv\l  with  I  replacing  L. 

2.  Sliow  that  the  L  obtained  from  C/(x),  where  C  is  a  constant,  i»  C  times  the  L 
obtained  from/.  Alio  if  u,  o,  lo  are  ali  limited  In  the  interval  a  ^  x  ^  6,  the  Xfor 
tlie  eomHnati«m  «  +  «  —  ta  will  be  £(tt)  •f  L{9) X(i0),  where  L (u)  denotes  tlie  L 

fur  u,  etc.  State  and  prove  the  curresponding  theorems  for  definite  Integrals  and 

hence  the  corre.sponding  theorems  for  indefinite  integrals. 

3.  Show  that  20,3,-  run  l>f  made  less  than  an  assigned  t  in  the  of  the  func- 
tion of  Ex.  6,  p.  44.  Note  tliat  I  =  0,  and  hence  infer  that  the  function  is  integrable 
and  the  integral  Is  seio.  The  proof  may  be  made  to  depend  on  the  fact  that  there 
are  only  a  finite  nomber  of  valnes  of  the  functifm  greater  than  any  assigned  value. 

4.  State  with  care  and  prove  the  nonlts  of  Ess.  8  and  fi,  p.  29.  What  restrio- 
tUm  Is  to  be  placed  on/(x)  If /(Q  may  rqriaoe  |t  ? 

5.  State  with  care  and  prove  the  results  of  Ex.  4,  p.  S9l,  and  Bz.  18,  p.  80. 

6.  If  a  function  is  limited  in  the  interval  a^x^b  and  never  decreases,  show 
that  the  f uncaon  is  integrate.  This  follows  from  the  fact  that  ZOt  S  0  is  finite. 

7.  More  generally,  lt't/(x)  be  8uch  a  function  that  SO,  remains  less  than  some 
number  Jl,  no  matttr  how  the  interval  ))e  divided.  Show  that/isintegrable.  Such 
a  function  is  tailed  a  function  of  limitid  variadon  (§  127). 

8.  Change  qf  variable.  Let  /(x)  be  continuous  over  a  ^  x  ^  b.  Change  the 
variable  to ^as  ^(t),  where  it  la  wippoeed  that  a  =  and  b  =  ^(t,)}  and  that 
#(0t  ^  oontlnuouB  In  I  over  f,  Si  t  S  ((.  Show  that 

f{x)dx=^     /[if,{t)]H,'(t)dt    or    /      /[x)cU  =  /[i>{t)]<p\t)dt. 

Do  this  by  showing,'  that  the  derivativt-s  of  the  two  sides  of  the  hist  equation  with 
respect  to  t  exi^t  and  are  equal  over  t^^t^l^  that  the  two  sides  vanish  when 
t  =  t^  and  are  equal,  and  henee  that  th^  most  be  equal  throo^ioiit  the  interval. 

9.  Olgood's  neoran.  Let  art  be  a  set  of  qoantitieB  which  dlller  uniformly  from 
/{kt)9t  by  an  amoont  fA,  that  is,  suppose 

m~fift)9i  +  m»  where  |M<«  and  aS(S». 
Prove  that  If /is  Integrabte,  the  sum  Xot  approaches  a  limit  when  if^O  and  thai 
thelimltof  thesun  is  J*  /(s)dlse. 

10.  Apply  Ex.  0  to  the  ease  ^=fLz  +  ^lr  where  f  is  contlntioua  to  show 
directly  that/(6)  -  f{a)  =  J  f(x)  dx.  Also  by  regarding  Ax  =  0'  (0  At  +  f  AT,  apply 
to  Ez.  8  to  prove  the  rule  for  change  of  variable. 
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CHAPTER  III 

TAYLOR'S  FORMULA  AND  ALLIED  TOPICS 

31.  Taylor's  Ponnula.  The  object  of  Taylor's  Formnla  is  to  expiess 
the  TBliie  of  a  funotioa  f(x)  in  termB  of  the  values  of  the  fonetion  and 
its  deriyatives  at  some  one  point «  s  a.  Thus 

m  ^A«) + (*  -  •)/*(«) + ^^^^fV) + •  • 

Sudi  an  expansion  is  necessarily  true  because  the  remainder  R  niny  lie 
considered  as  defined  by  the  equation ;  the  real  significance  of  tlie 
loriiiula  must  therefore  lie  in  the  possibility  of  finding  a  simple  ex- 
pression for  Rf  and  there  are  several. 

Theorem.  On  the  hypothesis  that  f(x)  and  its  first  n  derivativee 
exist  and  are  oontinuons  over  tiie  interval  a  s  z  S  ft,  the  fnnotion  may 
be  expanded  in  that  interval  into  a  polynomial  in  «  —  a, 

/(«)  -/(«) + («  -  •)  A«) + ^fi^Vw + •  •  • 

with  the  remainder  R  expressible  in  any  one  of  the  forma 

=(i3i)ijrw^"v+^--o*^^.  (2) 

where  A  =  a;  —  a  and  a  <  ^  <  x  or  ^  =  a  -f  d/t  where  0  <  d  <  1. 

A  first  proof  msy  be  made  to  depend  on  Solle*s  Theorem  is  indicated  in  Ex.  8, 
p.  40.  Let  z  be  rogsided  for  the  moment  si  oonstsnt,  aaj  equal  to  6.  Constmel 

M 
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Utv  luuv  u«.ut  y  {jc)  there  indicated.  Note  that  f  (a)  =  f  (6)  =  0  and  thai  the  deilT»> 
us«  ^      U  merely 

"^'^'^ + •  V-^v'T'^^^^  ''^^"^ 

By  RoUe's  Theorem  ^'({)  =  0.  Henoe  if  |  be  substituted  above,  the  remit  ie 
/(ft)  =/(a)  +  (ft  -  a)/'(a)  +  •  •  •  +  <^J^V-»>(«)  +  ^^^/*>({>. 

(n  —  1)  :  Ml 

after  strikini:  out  tlic  f:x.  tor  —  (h—  {)"-',  nniltiplyiug  by  (6—  ri)"/n,  and  transposing 
/('•).  Tlie  iheortni  is  therefore  proved  with  the  first  form  ot  llie  remainder.  ThU 
proqfdoet  not  rtquin  UUeontimiUy  q/  ihemUkitekMiUmmorUM 
TbB  Moond  form  of  the  reinaindw  nay  be  found  by  applying  Rolie^a  Theorem  to 

f  (')  =/(*)- /I') -    - ')/' W - : •  •  -  W 

whpre  r  is  determined  so  that  Rss(^^a)P*  Kole  tbat  f{b)sO  and  that  by 
Taylor's  Formula^ (a)  =  0.  Now 

Henoe  U  {  be  written  |sa+i4  where  Asft^o,  then  ^|=6~a<-Ms(6~aKl~^* 

AM         P. ^^- ,) '^°>-;;;^^-«>-/.->(t) - -  *>•"/■•'«)■ 

The  second  fonn  of  R  is  thus  found.  In  this  work  :is  In-fon-,  the  result  is  proved 
for  I  =  b,  the  ond  pi»int  of  the  interval  a^x^b.  Bni  a.«  the  intf^rval  could  be 
cousidertHl  m  terminating  at  any  of  its  paints,  the  proof  dearly  applies  to  any  x 
in  the  tntenral. 

A  second  im>of  of  Taylor's  Formula,  and  the  easieat  to  remember,  eoniiita  in 
integrating  the  nth  deiivative  a  times  from  « to  «.  Tim  anooearive  lesnltaare 


=/^-«>(x)  -/<—•(•)  -  (X  -  «)/<-«(•). 

(r-a)« 


J'. . .  J>)(x)*c-  «/(»|  -/(•)  -  ^  -  a)/*!*) 


The  iofmnia  Is  thmfore  proved  with   hi  the  fotm  J*' ••J*'/(*H<>^< 
fonithlstotheofldinaiyfonn,theLawof  the  Mean  may  be  applied  «66),f  10).  Fat 

■•^  -  a)< / /^-V)«i*  < -  a).    ai^^^I^ < J    •  •  f  A-\t)di' < if 

n!      </•  ni 
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whwd  «t  to  tha  loat  md  Jf  the  greatert  value  of /<■)(<)  ffom  •  lo  »«  TlierelathMi 
■OHM  intonnediate  value /(")({)  =  ^  such  that 

This  proof  requires  that  the  nth  derivative  be  continuouii  and  Ih  less  general. 
The  third  proof  is  obuiined  by  applying  BUccefwive  integrations  by  parts  to  the 

obviousidentity/(a  + A)— /(a)= J  /'(a-|- A— t)d(toiiiak«ttieinteQ;raiidconteiii 
higher  derivaiiTea. 

Jv  J  0  •'0 

Thtat  however,  to  prectoely  TlayUn^e  Fonnalft  with  the  third  form  of  ramalnder. 

If  the  point  a  about  which  the  function  is  expanded  is  «  s  0,  the 
exponiioii  will  tike  the  form  known  as  Madaurin**  F<»nuila: 

A«)-/W+^(«)+fjr(«)+ ••  +(£Fjji/*->  (0)+J»,  (S) 

88.  Both  Taylor's  Formnla  and  its  special  case,  Hadanrin'Sy  express 
a  funotion  as  a  polynomial  in  htax^a^  of  which  all  the  coefficients 
except  the  last  are  constants  while  the  last  is  not  constant  but  depends 
on  h  both  explicitly  and  through  the  unknown  fraction  B  which  itself  is 
a  function  of  h.  If,  however,  the  nth  derivative  is  continuous,  the  coeffi- 
eient  f^'\a-\-6h)/n  \  must  remain  finite,  and  if  the  form  of  the  deriva- 
tive is  known,  it  may  be  possible  actually  to  assign  limits  Ix'tween 
which  /^">(a -f  ^/^)/n !  lies.  This  is  of  great  in)iK)rtiinc'e  in  making 
approximate  calculations  as  in  Kxs.  8  ff.  below;  for  it  sets  a  limit  to 
the  value  of  R  for  any  value  of  n. 

Thkoukm.  There  is  only  one  possible  expansion  of  a  function  into 
a  polynomial  in  A  =  x  —  a  of  which  all  the  coefficients  except  the  last 
are  coosteni  and  last  finite  ;  and  hence  if  such  aa  expansion  is 
found  in  any  manner,  it  must  be  Taylcw's  (or  Madaorin's). 

To  prove  this  theorem  consider  two  polynomials  uf  the  nth  order 
Ct A + e^A^  •»••••  +  Ci,-iA^-»  +  c.*"  =  C,  +  C,A  +  CgA«  +  •  •  •  +  C.-jA^-»  +  CJk», 

which  represent  the  same  function  ami  lienoe  are  equal  for  all  values  of  h  from  0 
to  6  —  a.  It  follows  that  the  ooefficienu  muat  he  equal.  For  let  A  approach  0. 
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Tbe  tenni  oonUlning  h  will  approach  0  and  henoe  and  may  be  mada  at 
nearly  equal  aa  desired ;  and     they  are  cotiMtants,  they  must  be  equal.  Strike 

them  out  from  the  equutinn  and  divi-lf  tiy  h.  'V\w  new  equation  must  hold  for  ali 
values  of  h  from  0  to  6  —  a  with  the  pu«8ible  exct^ptiuu  of  0.  Again  let  A  ^  0  and 
«nr  It  foUowa  that  Cj  a  C}.  And  so  on,  with  all  the  coeffidenta.  The  two  devel- 
opnientB  are' seen  to  be  identical,  and  hence  identical  with  Taylor's. 

To  illustrate  the  application  of  the  theorem,  let  it  be  required  to  find  the  expan- 
sion of  tanx  about  0  when  the  expansions  of  sin x  and  oosx  about  0  are  given. 

8inx  =  x-|x^  +  Th«^-(-ft^  oaexal«-|^-|>,^s*-|-Qc*, 

where  P  and  Q  remain  finite  in  the  ne^hborhood  of  x  ss  0.  In  the  flrrt  place  note 
that  tan  X  clearly  has  an  expansion  ;  for  the  function  and  Its  derivatives  (which 
an>  cr)mbinationaof  tan  x  and  sec  x)  are  finite  and  oontinuons  until  x  apptoaohea |  w. 

By  division, 

ix>~  t  x»;  +  AxT4-iQz» 

A«»L  

Hence  tan  z  =  x+  Jx'  +  ^z*  +  —  x^  where  5  is  the  remainder  in  the  division 

COKX 

and  is  an  expression  containing  P,  ^,  and  powurs  of  x ;  it  must  remain  finite  if  P 
and  Q  remain  finite.  The  quotient  S/oos  x  which  is  the  coeilcient  nt  x'  therefore 
remains  finite  near  x  =  0,  and  the  expression  for  tan  x  ta  the  Ifaolaniin  ezpaasion 

up  to  terms  of  the  sixth  onler,  \Ans  a  remainder. 

In  the  case  of  functions  couiix»unded  front  Hiuiple  functions  of  wliich  tlie  expan- 
sion is  known,  this  method  of  obtaining  the  expansion  by  algebraic  processes  upon 
the  known  expandona  treated  as  polynomials  is  generally  slwrter  than  to  obtain 
the  result  by  differentiation.  The  computation  may  be  abridged  by  omitting  the 
last  terms  and  work  such  as  follows  the  dotted  line  in  the  example  above  ;  but  if 
this  is  done,  care  must  be  exercised  against  carrying  the  algebraic  operations  too 
far  or  not  far  enough.  In  Ex.  6  below,  the  list  terms  should  be  put  in  and  carried 
far  enough  to  insure  that  the  desired  expansion  has  nether  more  nor  fewer  terms 
than  the  drcumstanoei  warrant. 

BZXBCISES 

1.  Awune  B  =  (5 -  a)»P;  riww  B  s  ^"0  - 

(n  -  1)!  * 

2.  Apply  Ex.  f>,  p,  29,  to  compare  the  third  form  of  remainder  with  the  first. 

3.  Obtain,  by  differentiation  and  Hub^titution  in  (1),  three  nonvanishing  terms: 

(tr)  Kin-'x,  a  =  0,      (p)  tanh  x,  a  =  0,        {y)  tan  z,  a  —  \  ir, 
(3)  cscx,  a  =  j^r,     (c)e'»',a  =  0,         (f)  logsinz,  a  =  ^tr. 

4.  Find  tbe  nth  deilvativei  In  the  following  caaee  and  write  the  expansion: 

(a)  sin  z,  a  =  0,    -  (/I)  sins,  a s  | v,      (>)  c,  a  =  0, 
(l)tf-,a  =  l,         (t)logx,asl,        (I)  (l  +  s)*,a  =  0. 
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<«  By  algebwJc  piocMw  find  tlw  Madwuto  eipmlon  to  the  term  in  a^; 

(or)  Mos,  tanhc,  (7)  —  Vl  —  a^, 

(I)  e-dns,  (f)  [log(l - tt)  +  V55hi. 

(f)  «'^*.  (<)  l<«ooe«.  (1)  logVT+j?.  ' 

The  expanflions  needed  in  this  work  may  be  found  by  difft  n  iitiatioii  or  taken 
from  B.  O.  Peirce's  "Tables."   In  {7)  and  (f)  apply  the  luiioinial  theorem  of  Ex. 
4  {{),  In  (i|)  let  y  =  dnXf  expand  e",  and  substitute  for  y  the  expansion  of  sinx. 
In  (#)  let  etMx  —  l  —  y.  In  all  oMes  ahow  that  the  oodBcient  of  the  term  in 
raally  nmaina  flnita  whan  «  ^  0. 

6.  If  /(a  +  A)  =  Co  +  c,A  +  c,A«  +  . . .  +  ew-i +  ejk^,  ahow  that  in 

r /(a  +  A)dA  =      +  ^  A«  +  5 A«  +  . . .  +  5l=l*i  +  T'cji^ 
•'e  *       '  a        8  %  J* 

tiie  laattaim  may  really  be  pat  in  the  fonnPA*-*-!  with  P  finite.  ApplyBx.  fi,p.i9. 

/**  da 

7.  Apply  £x.  6  to  ain-^x  =  J  _ _t  etc.,  to  find  deTelopments  of 

vT-j? 

(a)ain->Xf  ((i)  tan'^s,  (7)  ainh-*ix, 

(a)iogl±|,         (.) /V^'cte, 

I  —  X  o  •'0  « 

In  all  thaaa  caaea  the  reanlta  may  be  found  If  deatred  to  %  teima. 

8.  Show  that  the  remainder  in  the  Maclattrin  development  of  ^  la  leai  than 

a^e*/n  ! ;  and  hence  that  the  error  introduced  by  disre^jardinp  the  remainder  in  mni- 
puting  c  is  less  than  x'tf^/n  I .  How  many  terms  will  suffice  to  compute  e  to  four 
decimals  ?  How  many  for  e*  and  for  ? 

9.  Show  that  the  error  introduced  by  disregarding  the  remainder  in  comput- 
ing log  la  not  greator  than  i^/n  if  e>0.  How  many  torma  are  required  for 
thaeompatatfonof  Icgll^tofoor  plaeaaf  of  log  1.8?  Ckmipato  the  latter. 

10.  The  hypotenuae  of  a  triangle  is  80  and  one  angle  la  81^  Find  the  atdee  by 

expanding  sinx  and  cosx  about  a  =  J  ir  as  linear  functions  of  z  —  jj  ir.  Examine 
the  term  in  (z  — 1«>)*  to  find  a  maximum  Talue  to  the  error  introduced  by 

neglecting  it. 

11.  Compute  to  6  places:  (a)  e^,  log  1.1,  (y)  sinSO',  (i)  cos  SO'.  During 
the  oompatation  one  place  more  than  the  desired  nombar  dwnld  bo  carried  along 
In  tha  arithmatie  work  for  aaf 0^. 

U.  Show  that  the  remainder  for  log(l  «)  ia  leaa  than  «*/n(l  -l-  z)»  If  »<0, 
Compato  (a)  log  0.0  to  6  plaeea,  (fi)  log  0.8  to  4  plaoaa. 

IS.  Show  that  the  rramlnder  for  tan->s  la  leaa  than  z^/n  where  n  may  alwaya 
betakaaaaodd.  Computo to4piaeeataa->|. 

14.  The  relation  J  w  =  tan-^  1  =  4  tan-i  |  —  tan-*  ,  J,  enables  }  v  to  be  found 
easily  from  the  aeriea  for  tan-*z.  Find  ^  w  to  7  plaoee  (intermediate  work  carried 

to  8  places). 

15.  Computation  of  logarithms,  (a)  If  a  —  In;;  h  —  log  J^,  r  =  log  j  J,  then 
logs  s  7a- 26  + 8c,      log3  =  11a- 36  +  6c,      log 6  =  16a- 46  +  7c. 
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How  a  =-  log  (1  -  6  =  -  log  (1  -  x^b),  c  =  log  (1  +  ue  ntOXlj  oompatad 
and  hence  log  2,  log  8,  log  6  may  be  found.  Cany  the  calculations  of  a,  &,  e  to 
10  places  and  deduce  the  logarithms  o(  S,  S,  6, 10^  xetaining  only  8  places.  Coah> 

pare  Peirce's  "Tables,"  p.  109. 

ifii  Show  that  the  error  in  the  aeries  f or  kg  ?    ^  is  less  than  .  »  Com- 

^'  1  — «  11(1  — »y» 

pato  IqgS  coCTSHwndlug  to  x  s  |  to  4  places^  log  1|  to  6  places,  log  l  !|  to  6  places. 

w  Show  iflgi = + 1  (^y+ . . . + (prjy-^ 

q       Lp  +  g    8\p  +  9/  2n-lVp  +  «/ 

give  an  esUmate  of  and  compute  to  10  figona  lof  S  ttid  kg?  from  log  a 

and  kg  6  of  Felico*s  **Tables  **  and  fram 

81  7* 
4  log  3  —  4  log  2  —  1(^6  slog  — •      41og7>-  51og2  —  logS  —  2  log6  =  log 


16.  OompataEz.  7  (t)  to  4  plaoas  f or  s  s  1  and  to  6  places  for  s  s  |. 

17.  Coupata  aln-to.!  to  aeoonda  and  ain-t  |  to  minntes. 

18.  Show  that  in  the  expansion  of  (I    «)*  the  remainder,  ass  ls>or  <0^  la 
Jt.(t-1>...^-.»1)^|  „^  B.J*-(*-»>-<*-^'>      «•  1. 

19.  Smnatimea  the  remainder  cannot  be  readily  found  bnt  the  tnma  of  the 

eTpansion  appear  to  be  diminishing  so  rapidly  that  all  after  a  certain  piiiit  appear 
negligible.  Thus  use  Peirce's  "TableA/'  Nos.  774-789,  to  compute  to  four  places 
(eatimated)  the  values  of  tan  0".  lop  cos  IC,  esc  3°,  sec  2P. 

80.  Find  to  within  1%  the  area  under  cos  (x*)  and  sin  (j**)  from  0  to  )  w. 

21.  A  unit  magnetic  pole  is  placed  at  a  distance  L  from  the  center  of  a  magnet 
of  pole  strength  M  and  length  2 1,  where  l/L  is  small.  Find  the  force  on  the  pole 
if  (a)  the  pole  is  in  tha  Una  of  tlia  magnet  and  If  </l)  it  k  in  tha  perpendicular 
bkador. 

^ns.  («)  i^(l  +  «)wltlifaboat2Q'.     ^  ?^(l-f)  with,  about 

S8.  The  formula  for  the  distance  of  the  horiason  is  I>bV|A  where  D  is  the 
distance  In  milas  and  A  k  the  altitoda  of  the  obserrer  In  feet.  Prove  the  formula 
anddiowthMtba«twtoalMmt|%forlMigbtanptoafawmlle8.  Take  tha  radiua 
of  the  earth  as  8900  miles. 

23.  Find  an  approximate  formula  for  the  dip  of  the  borlson  In  mlnntes  bdow 
the  horizontal  if  A  In  feet  k  the  height  of  the  obaerrar. 

24.  If  5  is  a  circular  arc  and  C  its  chord  and  c  the  chord  of  half  the  am,  pvovs 

.S  =  >  (8  c  -  C)  (I  +  »)  wher«  <  is  about  S*/7680  i;«  if  B  is  the  radius. 

25.  If  two  quantities  differ  from  each  other  by  a  Rmall  fraction  eof  their  value, 
show  that  their  geometric  mean  will  differ  from  their  arithmetic  mean  by  about 
I    of  Ita  value. 

26.  The  algebraic  method  may  be  applied  to  iinding  expanKions  of  some  funo- 
tiona  whidh  baooma  infinite.  (Thna  If  the  aeries  for  ocas  and  sins  be  dtvldad  to 
find  coiS|  the  initial  farm  k  l/at  and  baeomaa  infinite  at  r%  0  just  aa  cots  doaa. 
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Back  expuMlom  are  not  Ifadaarin  devalopmentt  trat  are  analogous  to  them. 

The  function  x  cot  x  would,  however,  have  a  Maclaurin  development  and  the 
expansion  found  for  cot  x  is  UiiM  development  divided  by  x.)  Find  the  develop 
ments  about  z  =  0  to  terms  in  for 

(a)  cotx,  (/3)  cot'x,  (y)  cscz,  (<)  ac^x, 

(f)  cotzcecc,         (f)  l/(tan-ix)«,  (if)  (sinx ->  tanz)-* 

27.  Obtain  the  expansions  : 
(a)  log8lnx  =  logx-ix«-yJ,x*  + fi,     ip)  log t«nx  =  logx  +  Jx*  +  ^x*  +  •  • 

(y)  Ukewlae  for  log  Tens. 

33.  Indeterminate  forms,  infinitesimals,  infinites.  If  two  functions 
f{x)  and  aie  defined  for  x  =  a  and  if  ^(«)  ^  0,  the  quotient //^  is 
defined  for  x  =  a.  But  if  ^  (a)  =  0,  the  quotient  //^  is  not  defined  for  a. 
If  in  this  case  /  and  ^  are  defined  and  continnoiu  in  tbe  naighborhood 
of  a  and  /(a)  ^  0,  the  quotient  will  become  infinite  as  x  ±  a ;  whereas 
if /(a)  ss  0,  the  behavior  of  the  quotient//^  is  not  immediately  appar* 
ent  bat  gives  rise  to  the  indeterminate  form  0/0.  In  lilie  manner  if/ 
and  ^  become  infinite  at  a,  the  quotient  //4  is  not  defined,  aa  neither 
its  numerator  nor  its  denominator  is  defined ;  thus  arises  the  indeter- 
minate form  00 /ao.  The  question  of  determininpf  or  evaluating  an 
indeterminate  form  is  merely  the  question  of  iindlnL,'  r)ut  whether  the 
quotient //<^  approaches  a  limit  (and  if  so,  what  limit)  or  becomes 
positively  or  negatively  infinite  when  x  approaches  ir. 

Thkokkm.  L' /fns/ntors  Jxiilf.  If  the  functions  /"(  '• )  and  ^(j"),  which 
give  rise  to  the  indeterminate  form  Oy  0  or  »/x  when  x  =  n,  are  con- 
tinuous and  differentiahle  in  the  interval  a  <  x  ^  h  and  if  can  l)e 
taken  so  near  to  a  that  ^'(-r)  does  not  vanish  in  the  interval  and  if  the 
quotient  f'/^'  of  the  derivatives  approaches  a  limit  or  becomes  posi> 
tively  or  negatively  infinite  aa  x  ^  a,  then  the  quotient  //^  will  ap- 
proach that  limit  or  become  positively  or  negatively  infinite  as  the  case 
may  be.  Hence  an  indeterminate  form  0/0  or  eo  /oo  may  be  replaced  bjf 
the  quotient  ef  the  derieatieet  ef  numwaiboT  and  denomi$tator. 

Case  I.  /(o)  =  ^  (a)  =  0.  The  proof  follows  from  Cauchy's  Formula,  Ex.  6,  p.  40. 

For  /lx),/(^)-/(a),/M, 

^(x)  ♦(x)-^(a) 

Now  If  X  A  a,  BO  mtut  f  ,  whleb  liee  between  x  and  a.  Hence  If  the  quotient  on  the 
ri^t  approaches  a  limit  or  becomes  positively  or  negatively  inflnite,  the  same  la 
true  of  that  on  the  left.  Tlie  necessity  of  iiiHerting  the  restrictions  f!i;if  /  and  ^ 
■hall  be  continuous  and  differentiable  and  tliat  4>'  shall  luit  iiave  a  root  indefinitely 
near  to  a  Is  apparent  from  tbe  fact  that  Cauchy's  Formula  is  prove<i  only  for  func- 
tions that  nttafy  these  conditions.  If  the  derived  tmmf/^'  dionld  alao  be  Inde- 
terminate, the  rule  could  again  be  applied  and  the  quoUent  f"/ip"  would  replace 
y/^'  with  the  undemanding  that  proper  restrictions  were  Batisfied  by/',  and 
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Cask  II.  /(a)  =  0(a)  =  oo.  Apply  Cauchy's  Funuula  a«  follows: 

f{x)-f(b)  ^  f(x)  1  _/(;,)//( J)  /'(f) _  o<x<is 
0(x)-0(6)      0(X)  1  -  00)/<p(^)  x<f<ft, 

where  the  middle  expreHsion  is  merely  a  differeut  way  of  writing  the  first.  Now 
suppose  that  /'(x)/^'(x)  approaehM  ft  limit  when  x  i&  a.  It  nost  then  he  pofttiUe  to 
take  5  so  neftr  to  a  thftt/'(D/4''(|)  diffen  from  that  limit  hy  m  Utae  m  deslrad,  no 

matter  what  value  f  may  have  between  a  and  h.  Ndw  ivk/  and  ^  Ik^coiiic  infinite 
when  X  =  a,  it  i«  jMwsible  to  take  x  so  near  to  a  l\\9X  /(f>)/ f{x)  and  (p(h)/tp{x)  are 
as  near  zero  as  desire<l.  The  second  equation  above  then  shows  that /(x)/^  (x), 
multiplied  \gf  ft  qmuitl^  whieh  diffen  from  1  by  fts  little  as  desired,  is  eqoftl  to 
ft  quantity  /'(;)/0'(^  which  diffen  from  the  limit  of  f'{x)/<p'{x)  as  x  =  a  bj  ae  little 
as  desired.  Hence  f/ip  nnisf  approach  the  same  limit  a.s  f  /4>' .  Siiniliir  reawnnnt: 
would  apply  to  the  supposition  that/y^'  became  positively  or  negatively  infinite, 
And  thetiimtemisptoinBd.  ItmftfbeiiotedthatibjThecwemMol  §27,thefanii 
f*fif  ii  nre  to  he  indetermlmrte.  The  adTftntege  of  being  ftUe  to  dlflerentlile 
therefore  lies  wholly  in  the  poNKibility  that  the  new  form  be  more  ftmenftUe  to 

algebraic  transformaticm  than  the  old. 

The  other  indeterminate  forms  0-  go,  O*',  1*,  ob'*,  co  —  co  may  lie  reduced  to  the 
foregoing  by  Tarloas  derioee  whloh  may  be  indicated  ae  foUowa : 

0>a»SY=Y*   0'»  =  «»«<^  =  ^>«»  =  «»— ,  ao=log«»-»  slog  — . 

00  7 

Tlie  eaae  where  the  variable  becomes  infinite  instead  of  approaching  ft  finite  Talae 

a  is  covered  in  Ex.  1  below.  The  theory  i.s  therefore  completed. 

Two  methods  which  frequently  may  be  UHed  to  shorten  the  work  of  evaluating; 
an  indeterminate  form  are  (Ae  meUuxi  qf  E-functiona  and  the  applicaiion  qf  Taylor's 
Fornmla.  Bj  defMUtn  an  E-/midiaii  fir  the  pa^ 

which  approaches  a  finite  limit  other  than  0  when  r  =  n.  Suppose  then  that/(x)  or 
4>{i)  or  both  may  be  written  as  the  products  J?,/,  and  E^<f>^.  Then  the  methiMl  of 
treating  indetiTniinate  forms  need  be  applied  only  to/|/^|  and  the  result  multiplied 
bfUmSi/E^.  For  example, 

Hm  =  lim  (««  +  a»  +  o«)  Urn  ^      "    =  8o« Urn    ' ~    ^  =  8a«. 

«*«iin<x->a)  «rA«Bin(x  — a)        c*«iin(x— a) 

Again,suppoae  that  In  the  form  0/0  both  somenftor  and  dmioiidnfttor  maj  be  de» 
Vfllopod  ftboat  X  s  a  by  Taylor's  Formulft.  The  evalofttloii  Is  immedlftte.  Thus 

tonx  -  sing  _(x+|x«4'Px')-(g-|g*+Qg*)_i  +  (P-  . 
^log(l-|-z)  2^(2-|deP-|-iZx>)  l-i«  +  JBxP' 

and  now  If  «  ^  0,  the  limit  is  at  onoe  shown  to  be  sbnply  |. 

When  the  functions  become  infinite  at  x  =  a,  the  conditions  requisite  for  Tiller's 
Formula  are  not  present  and  there  is  no  Taylor  expansion.  Nevertheless  an  expan- 
sion may  sontetinie.s  be  obtained  by  the  algebraic  method  ($  S2)  and  may  frequently 
be  used  to  advantage.  To  Ulostrate,  let  It  be  required  to  evaluate  oots  —  lAewhleb 
isof  the  form  •—00  when  s  AO.  Here 

^^^^c<^^l4-ix»-hPx^^ll-ix«.fiV^l/      1  X 
sinx    x-|x*+Qc>    xl-tx«+^    xV     8    ^  J* 
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where  8  ranaiiiB  finita  when  x  =  0.  If  this  value  be  eabsUtuted  for  ootx,  then 
liin  fcota -  i\  s  Ilm  (1  -  ^ X  +  Ac* -       lim ^«  +  Ac^W  0. 

84.  An  ii^finitenntal  u  a  variaNe  tohieh  it  n^mately  to  approach  the 
limit  xero  ;  an  vi^nk^  u  a  variabU  vfhieh  it  to  beeoms  oither  potiiUfely 

or  nr'jaflrt'ly  infinite.  Thus  the  increments  At/  and  At  are  finite  quan- 
tities,  but  when  they  are  to  aenre  in  the  definition  of  a  derivative  they 
must  ultimately  approach  zero  and  hence  may  l>e  called  intinitesimalH. 
Tlie  form  0/0  ^'presents  the  quotient  of  two  infinitesimals  ;  •  the  form 
x/x,  tlie  (juotient  of  two  intiuites ;  and  0  «,  the  i)i<Mlui*t  of  an  intin- 
itesinuil  by  an  infinite.  If  any  infinitesimal  a  is  chosen  as  {\w  j}rimnnf 
injinitrsimitl^  a  second  intinitcsinial  /3  is  said  to  l)e  of  the  s<n>n'  order  as 
a  if  the  limit  of  the  quotient  ^ja  exists  and  is  not  zero  when  «  =  0; 
whereas  if  the  quotient  ^ja  becomes  zero,  ^  is  said  to  be  an  infinites- 
imal of  higher  order  tium  or,  but  of  lower  order  if  tiie  quotient  becomes 
infinite.  If  in  paiticnlar  tJio  limit  fi/of^  exists  and  is  not  aero  when 
a&Of  then  fi  is  said  to  \»  of  the  nth  order  rdoHve  to  et.  The  deter- 
mination ci  the  ofder  of  one  infinitesimal  lelatiTe  to  another  is  there- 
fore essentially  a  problem  in  indeterminate  f6rms.  Similar  definitions 
may  be  giren  in  regard  to  infinites. 

Theorem.  If  the  quotient  ^/a  of  two  infinitesimals  approaches  a 
limit  or  becomes  infinite  when  a  ==  0,  the  quotient  fi'/a'  of  two  infin- 
itesimals which  differ  respectively  from  p  and  a  by  infinitesimals  of 
higher  order  will  approach  the  same  limit  or  liecome  infinite. 

Thkokkm.  I>i()inmel^s  Theorem.   If  the  sum  S^r,  —  (x^-{-     +  ■  ■  ■  -\- 
of  n  positive  infinitesimals  apjiroai'hes  a  limit  when  their  number  n 

Iw'comes  infuiite,  the  sum  2j8,-  =  jS,  -}-  /3^H  1-      where  ea<  li  ^,  ditTers 

uniformly  from  the  (*orresponding  a^  by  an  infinitesimal  of  higher 
order,  will  approai-h  the  same  limit. 

As  a'  —  a  to  of  higher  oider  (haa  a  sad  fi'^  ft  of  higher  order  than  fi, 

Mm5-^  =  a^    Um5-=^«0    or    -  =  l  +       ?  =  l  + 
a  fi  a  fi 

where  fud  fare  Inflniteelinsls.  Vow  oT  =  a{l  +  ^)^xkifir  ssfi{l+ f),  Henoe 

provided  a])i'rfmclip.s  a  limit;  whereas  if  p/a  becomes  Infinite,  80  will  p'/oc'. 
In  a  more  complex  fraction  such  as  (jS  —  y)/a  it  is  noi  permlMlble  to  replace  fi 

•  It  <'ann*>t  b©  emphuized  ti>oHtronply  tbrit  in  thf  synihul  0/0  th«*  0'n  arv  tiuTfly  sym- 
bolic for  a  mode  of  variatioD  Just  as  «  ia;  tbey  are  not  actual  0'«  and  some  otber  not*' 
tiMi  wouM  be  farprefecable,  ltkewt«elorO*«ef  O^i  etg. 
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and  Y  iudividually  by  infiuitusiiuaU  of  higher  order ;  for  /3  —  >  may  itself  be  of 
higher  order  than  ft  or  y.  Thus  tan  a;  ~  ains  is  sn  Inflnitednnal  of  the  third  order 

relative  to  x  although  tan 2  and  sin  i  are  only  of  the  first  order.  To  replace  tans 
and  sin  x  by  infinitesimals  wliioh  diflfer  from  them  by  those  of  the  second  order  or 
even  of  the  third  order  would  generally  alter  the  limit  of  the  ratio  of  tanx  —  ainx 
to    wlieD  x^O. 
To  prove  Duhamel*!  Theorem  the  fPu  may  he  written  in  the  form 

where  the  Vs  are  inflniteainialB  and  where  all  the  f  *s  rimnltaneoosly  may  be  made 
leas  than  the  aaiigned  «  owing  to  the  uniformly  required  in  the  theorem.  Then 

10*1  +  /■§  +  •••  +  Ai)-<«i  +  ttf  +     +       ss  ItjjOTj  +  ii^ff,  I  <«Zar. 

Hence  the  aom  of  the  fC»  nuj  he  made  to  differ  from  the  anm  of  the  <r*a  hf  Um 
than  cZa,  a  qoantity  as  nail  as  derired,  and  as  Xa  approaeliea  a  limit  bj  hypoth* 

esis.  so  2/3  must  approarli  (he  same  limit.  The  theorem  may  clearly  be  extended 
to  the  case  where  the  a'.s  are  not  all  positive  provided  the  BUm  Xja^ |  of  the  abso- 
lute values  of  the  a'8  approachen  a  limit. 

35.  If  y  »/(x),  the  e^fferwtiai  of  y  is  defined  as 

dp^/*{x)AXf      and  hence      i&sl.As.  (4) 

From  thiB  definition  of  <fy  and  dx  it  appears  that  djf/dx  ssf(x)j  where 
the  quotient  dy/dx  is  the  quotient  of  two  finite  quantities  of  which  dx 
may  be  assigned  at  pleasure.  This  is  true  if  x  is  the  independent 
variable.  If  x  and  y  are  both  expressed  in  terms  of  t, 

X^x(i),       y  —  y{t)j       dxeaDfedtf  dy^D^d$\ 

■nd  by  virtue  of  (4),  1 2. 

From  this  appears  the  important  theorem:  Tlir  qnofirtif  ihj'dx  h  the 
derii'ative  of  y  trith  respect  to  x  no  matter  what  the  indfjH'ndmt  ntr  'uihle 
may  be.  It  is  this  theorem  which  really  justifies  writing  the  derivative 
aa  a  fraction  and  treatittg  the  component  differentials  according  to  the 
rules  of  ordinary  ftaotions.  For  higher  derivativee  this  is  not  so,  as 
may  be  seen  by  reference  to  Ex.  10. 

As  Ay  and  ^  axe  regarded  aa  infinitesimals  in  defining  the  deriva- 
tivCi  it  is  natural  to  regard  dy  and  dx  as  infinitesimals.  The  diilerenoe 
Ay—dy  may  be  put  in  the  form 

wherein  it  appears  tha^  when  Ax  :±:  0,  the  bracket  approaches  zero. 
Hence  arises  the  theorem:  ^x  u  the  independent  variable  and  if 
and  dy  are  regarded  ae  vi^futeeimaiay  the  difference  £ky  —  dyie  an  tf|/ti»- 
iteeimal  of  higher  order  Matt  Aar.  This  has  an  application  to  the 
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rabrject  of  change  of  yarisble  in  a  definite  integraL  For  if  x^^(i), 
then  dx  =  and  appaiently 

where  ^  (t^  —  a  and  ^  (t^  =  b,  so  that  t  ranges  f  rum  to  when  m 
langee  from  a  to  A. 

But  this  Bnbetitation  is  too  hasty ;  for  the  dx  written  in  the  int^;rand 
is  really  Ax,  which  differs  from  «2x  by  an  infinitesimal  of  higher  order 
when  X  is  not  the  independent  variable.  The  true  oondition  may  be 
seen     comparing  the  two  sums 

the  limits  of  which  are  the  two  integrals  [ilH)ve.  Now  as  Ax  differs 
from  (It  =  ^\t)dt  by  an  infinitesimal  of  higher  order,  so /(ar)Ax  will 
differ  frotn  /'[«^(0] </»'(/) r/^  l)y  an  infinitesimal  of  higher  order,  and 
with  the  proper  assiuuptions  as  to  continuity  the  difference  will  be  uni- 
form. Hence  if  tlic  intinitesimals  f(r)Xr  Vh?  all  positive,  Duhamel's 
Theorem  may  he  ap})lied  to  justify  the  formula  for  change  of  variable. 
To  avoid  the  restriction  to  jwsitive  infinitesimals  it  is  well  to  replace 
Duhamel's  Theorem  by  the  new 

Theorem.  Osgood? a  Theorem,  Let  tr^,  a^,  •  •  a.  be  n  infinitesimals 
and  let  ori  differ  uniformly  by  infinitesimals  of  higher  order  than  Aa$ 
from  the  elements  f{x,)iw^  of  the  integrand  of  a  definite  integral 

^  /(j")  dx,  where  f  is  continuous  ;  then  the  sum  la  =  a^-\-  a^-\  \-a^ 

approaches  the  value  of  the  definite  integral  as  a  limit  when  the  num- 
ber n  becomes  infinite* 

Let  ai  ssfixi^Axfi-fiAxt^  where  |  M  <«  owing  to  the  uniformity  denuudecL 

Bat  ss/is  oonUnnou,  tiia  definite  Intsgrsl  exists  and  one  ean  mske 

I X  •^^'^•^  ^*  ^Sm"^^^^    J  <  «»  1 2)*"  ~  X*"^^'^  di  I  <  » (6  -  a  +  1 ). 

It  therefore  appears  that  Zat  may  be  made  to  differ  from  the  intepral  by  as  little 
as  desired,  and  Zm  mviKt  llien  approach  the  Integral  ^  ^  limit.  Now  if  this  theo- 
rem be  applied  to  the  case  of  the  change  of  variable  and  if  it  be  assumed  that 
/[^(Ol  and  ^'(0  are  oontlnuons,  the  inflnlterimals  Axt  and  dk/ s  ^'(l«)d(f  will 
differ  unlfonnlj  (compare  Theorem  18  of  S  27  and  the  above  theorem  on  Ay  —  dy) 
by  an  Infiiiiffsimal  of  hi<;her  order,  and  »»  will  the  infinitesimals /(j,)  Aj,  and 
/[i>  iU)]  <P'(ti) iU».  Uence  the  change  of  variable  suggested  by  the  hasty  subetitution 
is  ju«tilied. 
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1.  Show  that  rHoepUal's  Rule  applies  to  evaluating  the  indeterminate  form 
/(x)/^ (x)  when  s  beoomes  Inlliilte ftod  both/and  ^  either  beoome sero  or faflnite. 

2.  Evaluate  the  following  forms  by  differentiation.  Examine  the  quotients 
tor  left-hand  and  for  right-band  approach ;  slietoh  the  grapha  in  the  neighborhood 
of  the  poinla. 

<!'  —  6*  tang  « 1 

^''^  ^^^r-T"*  ^1?  >     I,  '  (>)  lim    log X, 

1 

(«>  llmxe-*,  («)  Iim(cot«)^,  (f)  limx^^* 

xAO  «Jil 

3.  Evaluate  the  foUovdng  forms  by  Uie  metnod  of  e^^anaions : 


(a)  lim  f  1  -  cot«  x^ .  {S\\im- — .  (y)  Urn      *  . 

/.V  »•  /  u  V  /  V  SI  « «in(8inx)  — aln>»  «^»  — «-•— 1 
(d)  lim  (cechx  —  cacx),     (c)  lim  ^ — ^  »     (f)  Um  


4.  Erahute  by  any  method: 

,  .      ^— «-»  +  aaln»— 4» 

^'*>   ^  ' 


5.  Civp  (lefinitioiis  for  order  !V8  applied  to  infinites,  noting  that  higher  order 
would  wean  becoming  infinite  to  a  greater  degree  just  as  it  means  becoming  zero 
to  a  greater  degree  for  inflniterfmaia.  State  and  prove  tiie  theorem  relative  to  quo- 
tients of  inflnitsa  analogous  to  that  given  in  the  text  for  infinitesimals.  State  and 
prove  an  analt^gooa  theorem  for  the  prodnet  of  an  inflnltesimai  and  infinite. 

6.  Note  that  if  the  quotient  of  two  infinites  has  tlie  llntt  1,  the  dilEereooe  of 

the  infinites  is  an  infinite  of  lower  order.  Apply  this  to  the  proof  of  thf  resolution 
in  partial  fractions  of  tho  (iuotipnt/(r)/F(j)  of  two  jmiI ynoiniiilH  in  ca.se  the  roots 
of  the  denominator  are  all  real.  For  if  Fix)  =  (x  —  a)*i\(x),  the  quotient  is  an 
Infinite  of  Older  tin  tlienelghboriiood  of  s  =  a;  but  tiie  difltorenoe  of  the  qootieiit 
(u>d/(a)/(x  —  a)*l\  (a)  will  be  of  lower  intsgxal  order — and  ao  on. 

7.  Show  that  when  x^-^to,  the  function  Is  am  infinite  of  higher  order 
than  z"  no  matter  how  laxge  n.  Henoe  show  that  If  P(x)  is  any  pdynoniial, 
lim  P(x)r-«  =  0  when  s  s  ^. «». 

mm  m 

S.  Show  that  (log  b)f  when  s  la  infinite  Is  a  weaker  infinite  than  «^  no  matter 
how  laige  m  or  how  small  %,  anppoaed  positive,  may  be.  What  la  the  graphioal 
Interpretation? 

/1\  -1 

9.  If  P  la  a  polynomial,  show  that  lim  P(-ie     s  0.  Henoe  show  that  the 

Maclaurin  development  of  e  "  i8/(x)  =  c  *•  =  — /f">(^x)  if /(O)  is  defined  as  0. 
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10.  The  Mgher  diflereatials  are  detined  as  d*y  =  /("^(x)  (dc)»  where  x  is  taken 
M  toe  Independent  Tuiable.  mow  tluit#s  s  0  for  ifc>l  If  x  Is  the  Independnt 
Tftfiable.  Show  that  the  higher  dtrlTMlves  D^,  J^l^i***  m  not  the  qnotientB 
(Py/di^,  d^/(L^,  •  •  •  if  s  and  y  aie  eq^wed  in  tenne  of  » tUid  TsrlaUe,  bat  tint 

the  relations  are 

.     d«ydg~d^aw^y              cb((tod»y  —  d^x)  -  3 (Pa(dlaMPy  —  dycffx) 
x>,-r  ^  .     xi;v=  ^  »  .... 

The  fact  that  the  quotient  fhy/dx",  n  >  1,  is  not  tlie  fieri vative  when  r  and  y  an 
expreased  parauiethually  militates  against  the  usefulness  of  the  higher  differentials 
and  emphariwe  die  adventage  of  woikiqg  wttli  derivatives.  The  notation  d^/dx" 
ie,  however,  need  for  the  derivative.  Nevertheleaii  aa  indicated  In  Exs.  16-19, 
h^iher  dUEexentlab  may  be  uaed  if  proper  ean  is  emetaed. 

11.  Chioiparetheooneeptionof  lilgher^UlbrentlalivriththevroriEof 

12.  Show  that  in  a  circle  the  difference  between  an  inlinitesimai  arc  and  Ite 
ehotd  is  of  the  third  order  relative  to  either  are  or  chord. 

13.  Show  that  if  /3  is  of  the  nth  order  with  respect  to  a,  and  7  is  of  the  first 
order  with  respect  to  <r,  then  /lis  4rf  the  nth  order  vrith  respect  to  y. 

14.  Show  that  the  order  of  a  product  of  infinitesimals  is  equal  to  the  sum  of  the 
ordets  of  the  inflniteshnals  vriien  aU  are  referred  to  the  same  primary  inflnltesbnal 
a.  Infer  that  In  a  product  each  infinitesimal  may  be  replaced  by  one  which  diHen 

from  it  hy  mst  inftnltorfmal  tti  hlf^MW  ftwlw  than  It  ft^ln^n^  ^l^^ng  tfni  jf^ffr  1?f  thft 

product. 

15.  Let  A  and  B  be  two  points?  of  a  unit  circle  and  let  the  angle  ^  OA  subtended 
at  the  c«'Mt*r  be  the  primary  inlinitesimai.  Let  the  tangents  at  A  and  B  meet  at 
r,  and  or  cut  the  chord  AB  in  M  and  the  arc  AB  iu  C.  Find  the  trigonometric 
egprcwion  for  the  Inilnlteslmai  dUferaioe  TO  —  CJt  and  determine  Its  order. 

16.  Compute  cP  (z  sin  x)  =  (2  cos  z  —  x  sin  x)  dx>  -f  (sin  x  +  x  cos  x)  d^x  by  taking 
thediffeientialof  thedifltoential.  ThosUnd  the  seoond  derivative  of  s  sin « if  sis 
Oe  independent  variable  and  the  second  derivative  with  reipeet  totlfx  =  l  +  (^. 

17.  Compote  the  flnt,  second,  and  third  dllbrentials,  iffa  0. 

(a)  x'cosx,  (/9)  Vl  —  X  log  (1  —  «),  (7)  xe**8inx. 

18.  In  Ex.  10  take  y  as  the  independent  variable  and  hence  express  J)Jy,  i>/y 

in  teruLs  uf  D^,  D*x.  Cf.  Ex.  10,  p.  14. 

19.  Make  the  chanpen  of  variable  in  Exs.  8,  9,  12,  p.  14,  by  the  method  of 
differentials,  that  is,  by  replacing  the  derivatives  by  the  corresponding  differential 
ecspressions  where  z  Is  not  assumed  as  independent  variaUe  and  by  replacing  these 
dlflerentials  by  their  values  in  terms  of  the  new  variables  where  the  higher  dlffer- 
cntisla  of  the  new  taidependent  variable  are  est  eqnal  to  0. 

10.  Beoonrider  some  of  the  easrcisss  at  the  end  of  Chap.  I,  say,  17-10,  S2, 28^ 
S7,  fram  the  point  of  riew  of  O^good^s  Theorem  instead  of  tlie  Tlworem  of  the  Mesa. 

81.  find  the  areas  of  the  hounding  snifaces  of  the  solids  of  Ex.  11,  p.  18. 
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82.  Assume  the  Iftw  Fsabmm^/t*  Ckf  attxaetloa  beCwMO  putiolM.  Find  tin 

attraction  of : 

(a)  a  circular  wire  of  radius  a  and  of  mass  Jkf  oa  a  particle  m  at  a  distance  r  from 
the  center  of  the  wire  along  a  perpendicular  to  ita  plane ;    Ana.  kMmr{a*  +  r*)"^. 

^  m  draular  didc,  etc,  as  in  (a) ;  ^m.  SUriM-*(l  -  r/Vt*  + 

{y)  a  semicircular  wire  on  a  particle  at  its  center  ;  Ant,  %kMm/wa*. 

(3)  a  fiiiito  rod  upon  a  partirle  not  in  the  lino  of  tho  rod.  The  aosww  should 
be  expressed  in  terms  of  the  angle  the  rod  subtends  at  the  particle. 

(()  two  parallel  equal  rods,  forming  the  opposite  sidee  of  a  rectangle,  on  each 
other. 

fil.  Oomparethemetliodof  derlTatlTeB(S7),  themethodof  theTheoian<rfthe 

Mean  (§17),  and  the  method  of  infinitesimals  above  as  applied  to  obtaining  the  forw 
midax  for  (<r)  area  in  jwlar  cofirdlnates,  (P)  mass  of  a  rod  of  variable  density,  (7)  pres- 
sure on  a  vertical  submerged  bulkhead,  ifi)  attraction  of  a  rod  on  a  particle.  Obtain 
the  resolts  by  each  method  and  etate  which  method  seems  preferable  for  each  case. 

24.  Is  the  KubHtitution  dx  =  ^'{t)dt  in  the  indefinite  integral  ^/(x) dx  to  obtain 
the  indetiuite  iutegral  y/[^(Qj0'(t)ctt  justifiable  immediately  ? 

36.  Inftittealiiial  analyilB.  To  work  xapidly  in  the  applieatioiis  of 
calculus  to  problems  in  geometry  and  physics  and  to  follow  readily  the 
books  written  on  those  subjects,  it  is  necessary  to  have  some  familisxity 
with  working  directly  with  infinitesimals.  It  is  possible  by  making  use 

of  the  Theorem  of  the  Mean  and  allied  theorems  to  retain  in  every  ex- 
pression its  com])lete  exact  value;  but  if  that  exjjression  is  an  infini- 
t^'siinal  which  is  ultimately  to  enter  into  a  quotient  or  a  limit  of  a  sum, 
any  intinitesinial  which  is  of  higher  order  than  that  which  is  ultimately 
kept  will  not  influence  the  result  and  may  be  discarded  at  any  stage  of 
the  work  if  the  work  may  thereby  Ixj  simplified.  A  few  theorems 
worked  through  by  the  infinitesimal  method  will  serve  partly  to  show 
how  the  method  is  used  and  partly  to  estaUisli  lesnlts  whidi  may  be 
of  nse  in  further  work.  The  theorems  which  will  be  ehoaen  are : 

1.  The  increment  Aas  and  the  differential  dix  of  a  Tariable  differ  by 
an  infinitesimal  of  higher  <nder  than  either. 

2.  If  a  tangent  is  drawn  to  a  onrre^  the  perpendicular  from  the  carve 
to  the  tangent  is  of  higher  order  than  the  distance  from  the  foot  of  the 
perpendicular  to  the  \xm\t  of  tangency. 

3.  An  infinitesimal  arc  differs  from  its  chord  by  an  infinitesimal  of 
higher  order  relative  to  the  arc. 

4.  If  one  angle  of  a  triangle,  none  of  whose  angles  are  infinitesimal, 
differs  infinitesinially  from  a  rii,'ht  angle  and  if  h  is  the  side  opposite 
and  if  4*  another  angle  of  the  triangle,  then  the  side  opposite  <^  is 
h  sin  <^  excej)t  for  an  infinitesimal  i»f  the  second  order  and  the  adjacent 
side  is  h  cos  ^  except  for  an  luhuitesimal  ui  the  tirst  order. 


i^iyiu^ca  L/y  Google 


TAYLOB'S  FOEMULA}  ALLIED  TOPICS 


69 


Tlie  llzst  of  thcM  fheoieiM  hiw  been  proved  in  §  86.  The  wcond  foUowi  f ran 
It  and  from  the  idea  of  tangency.  For  take  the  c-ojcls  coincident  with  the  tangent 
or  parallel  to  it.  Then  the  perx)endicular  is  Ay  and  the  distance  from  its  foot  to  the 
point  of  tanpencT  is  Ar.  The  quotient  Ay/Aj  approachejj  0  oh  its  limit  because  the 
tangent  is  horizontal ;  and  the  theorem  i»  proved.  The  theorem  voould  remain  true 
iftkeperpendteular  were  rqptaeed  dy  a  Kne  makbiff  a  emUUmi  angle  vtUh  the  tmgent 
and  the  distance  from  the  point  of  tangency  to  the  foot  of  the  perpendiatkar  tocrv  rs- 

PJreio#  _  ^  PIT  cee# 


PJf 
TM 


1~  ^s***' 
Tlf 


■nd  therefore  when  P  approaches  T  with  ooottMtt,  Pjr/rafftppiMalMBseiOftnd 

PM  is  of  higher  order  than  T^f. 

The  third  theorem  follows  without  difficulty  from  the  aanunption  or  theorem 
that  the  arc  has  a  length  intermediate  between  that  of  the  chord  ttnd  that  et  the 
Ktm  of  the  two  tangenH  at  the  ends  of  the  chord.  Let  0^  end  tf,  be  the  anglce 
between  the  diord  and  the  tengente.  Then 


e'-AB    ^AT■^'TB^AB_A^[{8ecff^-l)+  .V/i  (nee  g..  -  1) 


^ir+JfJl  AM+MB 


AM-i-MB 


Htm  m  AB  approaohee  d,  botb  aeo#|— 1  and  aeo#g~  1  appvoaoh  0  and  their 
ooeffldenti  lemaln  necoirily  finite.  Henoe  the  difference  between  the  arc  and 

the  chord  is  an  Inflnitesiinal  of  higher  order  than  the  chonl.  As 
the  arc  and  chord  are  tlierefore  of  the  same  order,  the  difference 
is  of  higher  order  than  the  arc.  This  result  enahles  one  to  replace 
tbeaie  by  ite  chord  and  vice  Teraa  in  diacnaeing  inflniteriinala  of 
tfie  fliat  order,  and  for  such  purposes  to  consider  an  infinitesimal 
arc  as  strai^;ht.  In  diMcusnini;  infinitesimals  of  the  second  onler,  this  substitution 
would  not  be  permissible  except  in  view  of  the  further  theorem  given  below  in 
i  37,  and  even  then  the  subetitntion  wHI  hold  only  aa  far  aa  the  lengths  of  area  are 
eoooemed  and  not  In  regard  to  dlreeUona. 

For  the  fourth  theorem  let  9  be  the  angle  by  which  C  departs  from  90°  and  with 
ttie  pezpendioular  BM  aa  radiua  strike  an  arc  cutting  BC.  Then  by  trigonometry 

AC  »  AM-^  MC  s  AcoB^  +  Birtan#, 
£C  a  Aaln^  4- Ajr(see«  - 1). 

Vow  tan  ^  la  an  inllnitealnial  of  the  firat  otder  with  reapeet  to  ^ ; 

for  it«  Maclaurin  development  begins  with  9.  And  sec  ^  —  1 
is  an  infinitesimal  of  the  second  order;  for  its  development 
begins  with  a  term  in  9*.  The  theorem  is  therefore  proved. 
Thla  theorem  la  frequently  applied  to  infinitesimal  triangles, 
that  is,  triangles  In  which  A  is  to  approach  0. 

37-  As  a  further  discussion  of  the  thin!  the«>rem  it  may  be  recalled  that  by  defi- 
nition the  len^tti  of  the  arc  of  a  curve  is  the  limit  of  the  length  of  an  inscribed 
polygon,  namely, 


«  s  Um  ( Vaz*  +  Ayj*  +  Vax,*  +  Ay|  +  . .  •  +  Vat,*  +  Ay, 
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VAX*  +  Ai/^  +  \dx^  +  dy» 
_  <Ag^ig)(Ax  +  dx)  +  (Ay-  dy){Ay  4-  dy) 
VAx*  +  Ay*  +  Vdx*  +  dy» 
^       VAat^  + Ay^-vW-f  (Ax-dx)  Aat  +  4g  


VAX' +  Ay*  Va«»  +  Ay*  VAx^  +  Ay*  +  Vdx«  +  dy« 

(Ay  -  (iy)  Ay -f  dy  

VAx*  + Ay*  Vax*  +  Ay*  +  Vd*«  +  dy* 

But  As->4ls  and  Ay  —  dy  am  inlliiitMliiMls  erf  higher  order  than  6z  end  Ay. 
Henoe  the  ili^t-hand  ride  must  approach  sero  w  its  Umlt  and  henoe  VAx^  +  A|^ 
difTers  from  Vd^^'f  <^  hgr  an  inflnitaelmaJ  of  higher  order  and      replaoe  It  in 

the  sum 

s  =  lim  T  VaX|*  +  Ay(*  =  Urn  2  Vdx»  +  dy>  =  f"  VT+y^dx. 

The  length  of  the  aio  mearared  from  a  fixed  pdnt  to  a  variahle  point  is  a  fonc- 
tioD  of  the  upper  Unit  and  the  differential  of  an»  la 

dssd  f  Vl  +  y^dx  =s Vl  +  y^dx  -Vdx'*  +  dy«. 

To  find  the  order  of  the  difference  between  the  arc  and  it«  chonl  let  the  origin 
be  taken  at  the  initial  point  and  tlie  /-axin  tangent  to  tlie  curve  at  tbal  point. 
The  expansion  of  the  arc  by  Maclaurin's  Formula  gives 

« (X)  =  «  (0)  +  jrs'(0)  +  J  X  V(0)  +  i  x\h"'<(?j-), 


=  0. 

« 


Owing  to  the  choice  of  axeA,  the  expansion  of  the  curve  reduces  to 
y  =  /(X)  =  y  (0)  +  xy'(0)  +  J  xV'(^*)  =  i  *V'(tfx), 
and  henoe  the  chord  of  the  curve  is 

where  P  la  a  oomplicated  ezpresilon  artaing  In  the  expanakm  of  the  radical  hf 
Maolanrin*a  Voimola.  The  difference 

s^).  e(B)  =  [«  +  ia*s-(fc)]-       +  aPP)]  »«^tt«^W- 

This  is  an  inflnitesimal  of  at  lea^t  the  third  order  relative  to  x.  Now  ia  both  a{x) 
and  c  (j-)  are  of  the  first  nnler  relative  to  x,  it  follows  that  the  differenre  x  (x)  —  c  (x) 
must  also  b«  of  the  third  order  relative  to  either  a(x)  or  c(x).  Note  that  the  proof 
•sBumes  that  y"  is  finite  at  the  point  considered.  This  result,  which  has  been 
found  analytfasaUy,  foUowa  mcce  rimply  though  perhapa  lea  rfgoraualy  from  tlie 
fact  that  eeo^i  —  1  and  eee^,  —  1  in  (8)  are  inflniterimala  of  the  aeoood  order  frith 

88.  The  tlMQiij  of  «mtaet  ofpUms  emrviu  may  be  treated  by  meant 
of  Taylor's  Fbrmvla  and  stated  in  tenna  of  infinitesiinals.  Let  two 
owes  yB/(a;)  and  ^^ff(x)  be  tangent  at  a  giiren  point  and  let  the 
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origin  be  chosen  at  that  point  with  ths  MuciB  tuigent  to  the  caxvBB. 
The  Maolaorin  developnieiitB  are 

y=/(*)  =  •  •  •  +  ^r=i)i^"'-^""''<^>  ^^^-y^'W +••• 

If  these  developments  agree  up  to  but  not  including  the  term  in  af,  the 
diffnenoe  helwm  the  ordUnaibM  of  the  eurvei  is 

fix)  -  9ix)  -  ^^-Cy^W  -  tf«(0)]  + . . /«(«)  ^0), 

and  is  an  infinitesimal  of  the  nth  order  with  respect  to  x.  The  curves 
are  then  said  to  have  mntart  of  order  n  —  1  at  their  point  of  tangency. 
In  general  when  two  curves  are  tangent,  the  derivatives  /"(O)  and  y"(0) 
are  unequal  and  the  cui'ves  have  simple  contact  or  contact  of  the  JirH 
order. 

The  problem  may  be  stated  differently.  Let  PM  be  a  line  which 
makes  a  constant  angle  9  with  the  u--axis.  Then,  when  P  approaches  2', 
if  RQ  be  regarded  as  straight,  the  proportion 

lim  (PR :  Pd)  »  lim  (sin  Z  PQiS :  sin  Z  P£ a)  »  sin  ^ :  1 

shows  that  PR  and  PQ  are  of  the  same  order.  Clearly  also  the  lines 
TJf  and  TJV^  are  of  the  same  order.  Heneeif 

PR  PQ 
lim  ^  0. 00.  then  lim  — ^—  4b  0.  eo . 

Hence  if  two  curves  have  contact  of  the  (n— l)st 
order,  the  segment  of  a  line  intercept<^^d  V)etween 
the  two  curves  is  of  the  nth  order  witli  respect  to 
the  distance  from  the  point  of  tangency  to  its  foot.  It  would  also  be 
of  the  nth  order  with  respect  to  the  perpendicular  TF  from  the  point 
of  tangency  to  the  line. 

In  Tiew  of  these  results  it  is  not  neoessary  to  assume  that  the  two 
cunres  have  a  special  relation  to  the  axis.  Let  twoenrves  y  =  f(x)  and 
y  =  g(x)  interaeet  when  x^a,  and  assume  that  the  tangents  at  that  pdnt 
are  not  poiallel  to  the  y«zis.  Then 

y  -  if. + -  •)/'(«) + •  •  •+  ■^^^^/^'""W + ^^^V«W+ •  •  • 
y  -  y. + -  «)  y '(a)  +  •  •  +  ^^0^f^-'\^) + f^if^) + •  •  • 
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win  be  tihs  Taylor  developmento  of  the  oums.  If  the  dHbrenoe 
of  the  oidinates  for  equal  ▼aluea  of  «  is  to  be  an  infinitosiinal  of  the 
nth  order  with  respect  to  s  — a  which  is  the  perpendicular  firom  the 
point  of  tangenqy  to  the  ordinate,  then  the  Taylw  dereloinwntB  mnst 
agiee  np  to  bat  not  including  the  terms  in  a^.  This  is  the  condition  lor 
contact  of  order  ii —1. 
As  the  differance  between  the  ordinates  is 

/(X)  -  y  (X)  =  i  (a:  -  ay  [/(->(a)  -  y<->(«) J  + .  •  • , 

the  difference  will  change  sign  or  keep  its  sign  when  x  passes  through 
a  according  as  n  is  odd  or  even,  becanse  for  valnas  sufficiently  near  to 
X  the  higher  terms  may  be  neglected.  Hence  the  curves  will  crou  each 
other  if  the  order  of  eoiUaet  i$  even,  but  wUl  mot  erou  eaeh  other  if  the 
order  of  contact  it  odd.  If  the  TslueB  of  the  ordinates  are  equated  to  find 
the  points  of  intersection  of  the  two  cnrres,  the  result  is 

0 = ^   -  «)"  JU'"  W  -  i^'\«)J  +  •  • 

and  shows  that  osBsa  is  a  root  of  multiplicity  n.  Hence  it  is  said  that 
two  curves  have  in  common  as  many  coincident  points  as  the  order  of 
their  contact  plus  one.  This  fact  is  usually  stated  more  graphically 
by  saying  tint  the  ourvee  have  n  eoneeeutlve  pointe  m  eommou.  It  may 
be  remarked  that  what  Taylor's  development  carried  to  n  terms  does,  is 
to  give  a  polynomial  which  has  contact  of  order  with  the  funetifm 
that  is  developed  by  it. 

At  a  problem  on  contact  conilder  the  deteimlnatloii  of  the  dide  whkh  dull 
have  eontaot  of  the  aeoond  order  with  a  enrve  at  a  g^ven  point  (a,  yi*).  Let 

y  =  Ite  +  («  -  a)r(a)  +  i  («  -  uy»r(a)  +  •  •  • 

he  the  development  of  the  enrve  and  let    s/'(a)  s  tanr  be  the  dope.  If  the 

circle  la  to  hare  contact  with  the  curve,  its  center  most  be  at  Bome  point  of  the 
normal.  Then  if  B  denotea  the  ammmed  rediua,  the  eqnatioii  oi  the  oUele  may  be 

written  as 

(X  -  a)«  +  2  K  sin  t  (/  -  a)  +  (y  -  j/o)^  -  2  «  cos  t  (y  -  yo)  =  0, 

where  it  remains  to  determine  R  so  that  the  development  of  the  circle  will  coincide 
with  that  of  the  enrve  as  far  aa  written.  Differentiate  the  equation  of  the  elrele. 

dy     R  sin  T  +  (x  —  a)         /dy\        ^        ^,  . 
dK  Jteoar~(y-yo) 

^  _  [R  COST  -  (y  -  y^)]'  4-  [R  aln  t  +  {x-  a)]«  1 
dS«*  [Keo«r-(y-yo)]»  *       WUt^"  Bco^r 

•nd  y  =  y„  +  (x-o)/'(a)  +  i(x-a)«^^^  +  ... 
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is  the  development  of  the  circle.  The  equation  of  the  coefflcienta  of  (x  —  a)-', 

This  is  the  well  known  furuiula  for  the  radius  of  curvature  and  shows  that  the  cir- 
deof  eoiratuTO  baa  oootact  of  at  leaittlwaeoood  Older  with  theeni^  Theelnda 
ia  aometinMa  oaUad  tba  nawilatliig  olrde  Imtead  of  tha  olida  of  onrvatnia. 

39.  Three  theorems,  one  in  geometry  and  two  in  kinematics,  will 
now  be  proved  to  illustrate  the  direct  application  of  the  infinitesimal 
methods  to  Bndk  problems.  The  ehmoe  wiU  be: 

1.  The  tangent  to  the  ellipse  is  equally  inelined  to  the  fooal  ladii 
dxawn  to  the  point  of  contact 

2.  The  dispboement  of  any  rigid  body  in  a  plane  may  be  regarded 
at  any  instant  as  a  rotation  through  an  infinitesimal  angle  abont  some 
point  nnkas  the  body  is  moving  parallel  to  itself. 

3.  The  motion  of  a  rigid  body  in  a  plane  may  be  regarded  as  the 
rolling  of  one  cur?e  upon  another. 

Tor  tha  fliat  problem  oonaidar  a  aeeant  PP*  which  may  be  oooTOVled  faito  a 
tanir^nt  TT*  hj  letting  tha  two  polnta  apptoaeh  miltl  they  oolnolde*  Draw  the 

foral  nvdii  to  P  and  P'  and  strikt-  artu  with  F  and  F'  as 
centers.  As  FT  +  PF  =  +  /"F  =  2 a,  it  follows 
that  NP  =  MP'.  Now  consider  the  two  triangles  PP'M 
and  RPN  neariy  rlght^uigled  at  Jf  and  IT.  The  aldea 
PP*,  PM,  PA',  P'Af,  P'K  are  all  InfinitesimalH  of  the 
same  order  and  of  the  name  order  aa  the  aqgles  at  F  and 
F'.  By  proposition  4  of  §  36 

jrP'sFP'ooaZPP'Jr-I.e^,        JTPs  PP'ooeZP'PJir+ €^ 

where  e|  and    are  inftnltwdiwala  rdattve  to  MP*  and  NP  or  PP'.  Therefore 

lim  [coeZPP'Jtf-  coaZ  P'P^V]  =  cmZ  TPF- cmZ  TPF'  =  liui  =  0, 

and  the  two  angles  TPF'  and  T'PF&re  proved  to  he  eqnal  as  dcslrpd. 

To  prove  the  second  theorem  note  first  that  if  a  body  is  rigid,  it*  position  is  com- 
pletely determined  when  the  position  AB  of  any  rectilinear  segment  of  the  body 
ia  known.  Let  the  potnte  A  and  B  of  the  hody  be  de- 
scribing curves  AA'  and  BR  so  that,  in  an  infinitesimal 
interval  of  time,  the  line  A  B  takes  the  neighlx)rinR  posi- 
tion Erecttheperpendicular  bisectors  of  the  lines  »\\  ^^>>r^""^:>^P^^ 
<iUl'aiid BB'saidletdNn intBEMetatO.  Thenthetii- 
anf^  AOB  and  A'OBT  have  the  three  aldee  of  the  one 
equal  to  the  three  sides  of  the  other  and  are  equal,  and 
the  second  may  be  obtained  from  the  first  by  a  mere  rotation  about  O  through  the 
angle  ^  0^'=  iJO^.  Except  for  intinitesimals  of  higher  order,  the  magnitude  of 
the  angle  la  AA'/OA  or  BBT/OB,  Next  let  the  Interval  of  time  approaeh  0  ao  that 
^'approaohea^aDd  B'apfnoacbea  A  The  perpendicular  htoeetora  will  ^iproaeh 
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the  normals  to  the  arcs  A  A'  and  BS^  at  A  and  B,  Mid  the  point  0  will  appraadi 

the  intersection  of  those  normals. 

The  theorem  may  then  be  stated  that :  Al  any  instant  of  lime  the  motion  qf  a 
rigid  body  in  a  piane  ma^  be  eamMend  <m  a  rotaNon  iknmgk  an  inftnttttimat  tmgk 
obowC  the  lntUneeUon  of  tte  wmalt  to  the  path*  of  any  two  <^  iU  j>oiiite  ol  ikat  iNr 

stant ;  the  nmouni  of  the  rotation  mill  h-  thr  diMnnce  d»  that  any  point  moves  dbMed 
by  the  distance  of  that  point  from  the  iiuttantaneoru  center  of  rotation;  the  anguktt 
vdocily  about  the  instanlaneoiu  center  will  be  this  amount  of  roUtiion  dUrided  by  tk$ 
InCerool  ^  (ime  Mot  fe,  tt  i0itt  v/r«  wAaw  «  to  tt<  vdte^ 
and  r  i»  its  distance  from  the  indmdoneoua  center  of  rotation.  It  is  therefore  seen 
that  not  only  is  flic  ilt-sin'd  tliporptn  proved,  but  numerous  other  details  are  found. 
As  has  been  stated,  the  point  about  which  the  body  is  rotating  at  a  given  instant 
if  called  tilt  hukaUaimia  eeiUer  for  tbat  instant. 

A»  time  goes  on,  the  pooition  of  the  instantaneous  center  will  generally  change. 
If  at  each  instant  of  time  tlie  position  of  the  center  is  marked  on  the  moving  plane 
or  IkmIv.  then-  results  a  U>eu8  wliich  is  called  the  moving  centrode  or  t>ody  centrode; 
if  at  eacli  instant  the  position  of  the  center  is  also  marked  on  a  fixed  plane  over 
wliich  the  moving  plane  may  be  considered  to  glide,  there  results  another  locus  which 
is  called  the.^ed  ccnlroilc  or  the  space  centrode.  From  thise  definitions  it  follows 
that  at  viu  h  instant  of  time  the  bo<Iy  oetitrode  and  tlie  space  centrode  intersect  at 
the  instantaneous  center  for  that  instant.  Consider  a  series  of 
poritionscf  the  instantaneous  center  aeP-gP-iPPiP,  marked 
in  space  and  Q^tQ-iQQxQt  marlced  in  the  body.  At  a  given 
instant  two  of  the  points,  say  P  and  Q,  coincide  ;  an  instant 
later  the  Ixrwiy  will  have  moved  m  as  to  brinj;  Q^  into  coin- 
cidence with  P^ ;  at  an  earlier  instant  ^-i  was  coincident  with 
P-i.  Now  as  the  motion  at  the  instant  wlien  P  and  Q  are  together  to  one  of 
rotation  through  an  infinitesimal  angle  about  that  i)oint,  tlie  angle  between  PP^ 
and  QQ^  is  intiiiitesimal  and  tin-  len-rtlis  ami  QQ^  are  eijual  ;  for  it  is  by  the 
rotation  alxiut  P  and  that  is  to  be  brought  into  coincidence  with  P^.  Hence 
it  follows  1*  that  the  two  centrodea  age  tangent  and  y  that  the  distances  PP^  =  QQi 
which  the  point  of  contact  moves  along  the  two  curves  during  an  Inflnltesinial  biter- 
val  of  time  are  the  same,  and  this  means  that  the  two  curves  roll  on  one  another 
without  slipping  —  because  the  very  itlea  of  slipping  implies  that  the  point  of  con- 
tact of  the  two  curves  should  move  by  different  amounts  along  the  two  curves, 
the  difference  in  tlie  amounts  being  the  amount  of  the  dip.  The  third  tbeoiem 
to  therefore  proved. 

EXERCISES 

1.  If  a  finite  parallelogram  is  nearly  rectangbMl,  what  is  the  order  of  infinites- 
imals neglected  by  taking  the  area  as  the  product  of  the  two  sides  ?  What  if  the 
figure  were  an  Isoseeies  trapeaoid  9  What  if  it  were  any  rectilinear  quadrilateral 
all  of  whose  angles  differ  from  rij^t  anises  by  infiniteslmato  of  the  same  order  t 

S.  On  a  q^here  ci  ladlusr  the  area  of  the  sone  between  the  parallds  ot  latitude 
X  and  X  +  dX  to  taken  as  SvrcosX*  rdX,  the  perimeter  of  the  base  times  the  slant 

hri<:ht.  Of  what  order  relative  to  d\  is  the  infinitesimal  neglected  ?  What  if  the 
periint'ter  of  the  middle  latitude  were  taken  so  that  2«t*cob(X+  |dX)dX  were 

assumed  ? 
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S.  What  Is  tlw  order  of  the  Inflniteeimal  neglected  In  taking  4in*dr  w  the 

▼olume  of  a  hollow  sphere  of  interior  radius  r  and  thickness  dr  ?  What  if  the  mean 
radiiis  were  taken  Initead  of  the  interior  radius  f  Would  anj  particular  radius  be 
best? 

4.  DiscuKs  the  li  rmth  of  a  space  curve  y  — /(-r),  gssg^)  analytically  as  the 
lengtl)  of  the  plane  curve  was  discussed  in  ttie  text. 

5.  Discuss  proposition  2,  p.  fiR,  by  Maclaurin's  Formula  and  in  particular  show 
that  if  the  second  derivative  is  continuous  at  the  point  of  taugency,  the  infinites- 
imal In  qoeitioa  ii  of  the  aeoond  order  at  least.  HowabottttiiefMynof  tbetraetviz 

If  = -log  -+Va«-<^, 

*     a  +  V  o«  — 

■adililM^ffitattlMTerteKssaf  How  aboats(c) "€(2)01 1  S7f 

6.  Show  that  If  two  carves  have  contact  of  order  a— 1,  thdr  derlvathree  will 
have  contact  of  order  11  —  S.  What  la  the  order  of  contact  of  the  ftth  derivatlTes 

7.  State  the  conditions  for  maxima,  minima,  and  pointj^  of  inflection  in  the 
neighborhood  of  a  point  wliere/(^)(a)  is  the  first  derivative  that  does  not  vanish. 

8.  Determine  tlie  <nder  of  contact  of  these  enrves  at  their  inleiaections: 

'*^<*"  +  **  +  ^  =  *<*  +  >'>     /A    =  /vx     +    =  » 

9.  Show  that  at  points  where  the  radius  of  curvatnre  is  a  maximum  or  mini- 
mum the  contact  of  the  osculatintr  rin-lo  with  the  corve  must  he  of  at  least  the 
third  order  and  must  always  be  of  o<l(i  order. 

10.  Let  Py  Ix'  a  normal  to  a  curve  an<l  7*'.V  a  neighborin;^  normal.  If  O  is  the 
center  of  the  osculating  circle  at  show  witli  the  aid  of  £x.  6  tliat  ordinarily  the 
perpendicular  from  0  to  PTITIsof  the  second  <nder  r^tlve  to  the  are  PP*  and  that 
the  distance  ON  Is  <tf  the  flnt  order.  Hence  interpret  the  statemoit :  Craaecntlve 
normals  to  a  carve  meet  at  the  oenter  of  the  osculating  circle. 

11.  Does  the  osculating  circle  cross  the  curve  at  the  point  of  oeoolation  ?  Will 
the  oanwlating  cirdee  at  neighboring  points  of  the  curve  Intersect  In  real  pointaf 

18.  In  the  hyperbola  the  focal  radii  drawn  to  any  point  make  equal  angles  with 
the  tangent.  Prove  this  and  state  and  prove  the  corre^nding  theorem  for  the 

parabola. 

13.  Given  an  infinitesimal  arc  AB  cut  at  C  by  the  perpendicular  bisector  of  its 
cboni  AJi.  What  is  the  onler  of  the  difference  AC  —  BC  ? 

14.  Of  what  onier  Ih  the  area  of  the  segment  included  between  an  infiniteeimai 

arc  and  its  chord  compared  with  the  H(}uare  on  the  chord  ? 

15.  Two  sides  AB,  AC  of  a  triantjle  are  finite  and  differ  intlnitesimally  ;  the 
angle  ^  at  is  an  iutiiiitesimal  of  the  same  order  and  the  side  BC  is  either  recti- 
linear or  curvilinear.  What  is  the  order  of  the  neglected  inflnitesimal  if  the  area 
IsaHamodaslZlPtff  What  If  the  assumption  Is  }^B>^C.tfr 
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16.  A  cjcloirl  18  the  loctu  of  s  fixed  point  apon  a  circumference  which  rolls  on 
a  straight  line.  Show  that  the  tangent  and  nnrmal  to  the  cycloid  pass  through  the 
highest  ami  ioweM  points  of  the  roiling  circle  at  each  of  its  instantaneous  positions. 

17.  Show  that  the  increment  of  arc  As  in  the  cycloid  differs  from  2  a  Kin  \  9d9 
\fj  an  infiniteirimal  of  higher  order  and  that  the  increment  of  area  (between  two 
consecative  normals)  differs  from  3  a'  sin'  \  BdB  bj  an  infinitesimal  of  liigher  order. 
Henw  Aovr  tbat  tlw  foul  length  and  mm  we  8a  and  8«a^.  Here  a  to  the  xedloe 
ef  the  generating  circle  and  ^  is  the  angle  mbtended  ttt  the  oenter  hf  the  loweit 
point  and  the  fixed  point  which  traoee  the  ^doid« 

18.  Show  that  the  radios  of  conrainre  of  the  cycloid  to  htoeeled  at  the  loweet 
point  of  the  genetatfaif  drcto  and  hence  to  4a«in  |#. 

19.  A  triangle  ABO  to  olfcomecribed  ahont  any  oval  enrre.  Show  that  if  the 
aide  BC  i«  bisected  at  the  point  of  contact,  the  area  of  the  triangle  will  be  chaiik't'd 
by  an  Infinitesimal  of  the  second  order  when  ttC  is  replaced  by  a  neighliorinf;  tan- 
gent li'C\  but  that  if  BC  be  not  bisected,  tlie  change  will  be  of  the  first  order. 
Henee  infer  that  the  mlninnun  tiiai^ple  dreomacrihed  about  an  oral  will  have  ita 
thiee  aidea  taiaected  at  the  pointa  of  contact. 

80.  If  natring  to  wrapped  about  a  drde  of  radlua  a  and  then  nnwoond  ao  that 
Ita  end  deaeribea  a  conre,  show  that  the  lei^  of  the  cnnre  and  the  axea  between 
the  cnnre,  the  drde,  and  the  string  are 

»'f'<Mt,    J  =jr'j 

where  #  to  the  angle  that  the  unwinding  atring  baa  turned  through. 

SI*  Show  that  the  motion  In  apace  of  a  rigid  body  one  point  of  which  is  fixed 

maybe  reganlfil  as  an  instantaneous  rotation  about  some  axis  tluniiL'li  tlie  given 
point.  To  do  this  examine  the  dispiacements  oi  a  unit  sphere  surrounding  the  fixed 
point  as  center. 

22.  Suppose  a  fluid  of  variable  density  I>(x)  Is  flowing  at  a  i;ivfii  iiisfaiit  ilimugh 
a  tui>e  surrounding  the  z-axis.  Let  the  velocity  of  the  fluid  be  a  function  c(x)  of  x. 
Show  that  during  the  Inflnltedmal  time  It  the  diminution  of  the  amount  of  the 
fluid  whioh  Ilea  between  s  s  a  and  «  s  «  ^.  A  to 

B  [a(a    &)!>(«         -  v{a)B{a)9t\, 

where  8  is  the  cross  section  of  the  tube.  Henee  show  that  D(z)v(x)  =  const,  is  the 
eondition  that  the  flow  of  the  fluid  ahall  not  change  the  dendty  at  any  point. 

23.  Consider  the  curve  y  =/(z)  and  three  equally  spaced  ordinates  at  z  =  a  — 
sso,  ssa«fl.  Inscribe  a  trapezoid  by  joining  the  enda  of  the  oidinatea  at 
s  B  a  dk  I  and  dreumscribe  a  tiapeadd  by  drawing  the  tangent  at  the  end  of  the 
ordinate  at  s  s  a  and  producing  to  meet  the  other  ordlnatea.  Show  that 

A»  B  8  if  (a),        5  =  8  «[/(a)  +  ^  /"(a)  +  j^/^">«)]  • 
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«•  tlie  «rew  of  the  circmMeilbed  trapezoid,  the  curve,  the  inscribed  trapezoid. 

Hence  infer  that  to  compute  the  area  under  the  curve  from  the  inscribed  or  cir- 
cumscribed trapezoids  introduces  a  relative  error  of  the  order  If^^  but  that  to  com- 
pate  from  the  rohitlon  S  =  ^  (2    +  ^i)  introduoM  an  error  of  only  the  order  of  I*. 

24.  Let  the  interval  from  a  to  b  he  divided  into  an  even  number  2n  of  equal 
parts  i  and  let  the  2  n  -f  1  urdinaies  yo«  Vi*  " 't  V»m^^  the  extremities  of  the  inter- 
Till  be  dnwn  to  the  enrvi  y  ssfdt),  Imsribe  tupeioldi  by  joining  the  endi  of 
erery  other  oniinate  beginning  with  y^,  y,,  end  going  to  i^j,.  Circomieiibe  tnpe> 
Koids  by  drawiii<:  tan^rentA  at  the  ends  of  eveiy  other  oniinate  y^,  y^t  *  *  *i  Vka-i* 
Compute  the  area  under  the  curve  M 

«  =jr ^ C4<y,  +  y, +  ...  + yk.-i) 

+  « (vo  +   +  •  +  Wn]  -  Vo  -     +  * 

bjndng  the  work  of  Ex.  23  and  infer  that  the  error  R  is  less  than  (b—a)  3</0'')({)/46. 
TUi  method  of  oompotatkm  Ii  known  ii  StmptonCB  JRhIb.  It  nmillj  givii  aeeap 
racy  sufficient  for  vrork  to  four  or  even  fire  llgurei  when  t  s  0.1  and  6 — a  s  1 ;  f«r 
/c*)(x)  usually  ii  small. 

tS.  Coaqptm  thaw  lnt«t^«li by  Bbnpion*i  Bull.  TkkeSns  10  equal  intorrili. 
Cmy  nnmerlcil  work  to  riz  flguiei  except  wherotilriii  muit  be  nied  to  llnd/(i) : 

(a)  r'^s  logs  =  0.00816,  {fi)  =  tan-»l  =  Iw  =  0.7868^ 

(y)  ^ *'dna«i  s  l.OOOOOi  {i)     '  log,«ads  s  S iogu*  -  Jf  s  0.10770^ 

(.)  jr ^  <b  =  0 JTSMy        (T)  jr '  i28(L±i) tf,  =  0.82841. 

The  answers  here  given  are  the  true  values  of  the  integrals  to  five  places. 
S6.  Showthatthaqqadiantof  theelUpiexsadn^yssftooif  Ii 

ts«J^*Vl-^iIn«*d0=iwoJ^'Vj(2-  e'')  +  i^ooemiAi. 

* 

Compute  to  four  flgoree  by  Simpeon'i  Rule  with  six  divisioni  the  quadranti  of 

the  elUpees : 

{a)  e-\V8,   »  =  1.211  a,  (/s)  e  =  |  V^,   a  =  l.d61a. 

t7.  Bzpiiid  a  in  Ex.  80  into  a  MriM  and  diaeoM  the  remiinder. 

•=H[>-©-G-^n-c;:;3"f--(4far^)'iei-«-] 

«-<Tr^G:!:::|'"t2|)'£?T  s«»i.i^p.«^«*m».-."t*m-."p.«. 

Kstimate  the  number  of  terms  necessary  to  compute  Ex.  2fi  (/3)  with  an  error  not 
greater  than  2  in  the  last  place  and  compare  the  labor  with  that  of  Simpson's  Rule. 

28.  If  the  eccentricity  of  an  elllpie  II  g^,  find  to  five  dednuls  the  percental 
error  made  in  taking  2 ira  as  the  perimeter.  Aw.  0.00004% 
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M.  If  tlie  oateiukiy  y  s  eoo8h(s/e)  giyw  Che  shape  of  %  wire  of  length  L  mm- 
pended  betwe«n  two  points  at  the  Mine  level  and  at  a  distance  I  nearly  equal  to 

And  the  first  approximation  connecting  L,  /,  andd,  Where  d  is  the  dip  of  the 
wire  at  its  lowest  point  below  the  level  of  support. 

30.  At  its  middle  point  the  parabolic  cable  of  a  suspension  bridge  1000  ft.  long 
between  the  8upp<^rtA  sags  60  ft.  below  the  level  of  the  ends.  Hind  the  length  of 
the  cable  correct  to  inches. 

40.  Some  differential  geometry.  Suppose  that  between  the  innre- 
menta  of  a  aet  of  variables  all  of  which  depend  on  a  single  variable  f 
there  exists  an  equation  which  is  true  except  for  infinitesimals  of  higher 
order  than  =  dt,  then  the  equation  will  be  exactly  true  for  the  differ- 
entials of  the  variables.  Thus  if 

is  an  equation  of  the  aort  mentioned  and  if  the  ooefficientB  axe  any  fnno- 
tiona  of  the  variables  and  if  e^* are  infiniteaimala  of  higiier  order 
than  di,  the  limit  of 

Al*  ^(  g  e 

or  /rfx  +  <7rfy  +  A</«  +  Mif  =  0; 

and  the  statement  is  proved.  This  result  is  very  useful  in  writing 
down  various  difTereivtial  formulas  of  geometry  where  the  apyiroximate 
relation  Ijetweeii  tlie  iiu  reiuents  is  obvious  and  where  the  true  relation 
between  the  differentials  can  therefore  be  found. 

For  instance  in  the  case  of  tlie  differential  of  arc  in  rertiinj^ular  coor- 
dinates, if  the  increment  of  are  is  known  to  differ  from  its  chord  by  an 
infinitesimal  of  higher  order,  the  Pythagorean  theorem  shows  that  the 

equation  aj.*  =  Ar"  +  or  =  Aj-»  +  Ay^ -|- (7) 
is  tone  except  for  infinitesimals  of  higher  order;  and  henoe 

<ii*BdbB*+<V   ot  d^tadaf  +  d^+d:^,  (7*) 

In  the  case  of  plane  polar  co&rdinates,  the  triangle  PP^N  (see  Fig.) 
baa  two  curvilinear  aides  PP*  and  PN  and  is  right- 
angled  at  N,  The  Pythagorean  theorem  may  be 
applied  to  a  oorvilinear  triangle,  or  the  triangle  may 
be  xephoed  the  rectilinear  triangle  PP'N  witii  "Zx 
the  angle  at  N  no  longer  a  right  angle  bnt  nearly  aa  In  eitiier  way  of 
lookingatthefigoreyitiseaaily  seen  that  the  equation  ^sAr*+r*A^* 
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which  the  fignie  suggests  differs  from  a  true  equation  by  aa  infinitesi- 
mal of  higher  order;  and  henoe  the  inferenoe  that  in  poJair 

The  two  most  used  systems  of  coordinates 
other  than  rectang^ar  in  space  are  the  polar 
or  spherietU  and  the  rylindrual.  In  the  first 
the  dist{ince  r^sOP  from  the  pole  or  center, 
the  lon^tude  or  meridional  angle  ^,  and  the 
colatitude  or  jwilar  angle  $  are  chosen  as  coor- 
dinators;  in  the  second,  ordinary  jMilar  (•o<)r(linatcs  r=OM  and  ^  in 
the  a-y-plane  are  combined  with  the  onlinarv  rectangular  x  for  distance 
from  that  plane.  The  formulas  of  transformation  are 

«  =  r  cos  , 


z 

jpsrsin^sin^ 
»s>rsin^oos^ 


r=«  V*"  +  y*  +  «"» 


■-1 


for  polar  ooflvdinates,  and  for  oylindrical  ooQvdinates  tiiey  are 

aais,   ysr  sin       xssrcos^,    r  =  Vx^-j-y*,    ^=stan~^-*  (9) 

Formulas  such  as  that 
for  the  differential  of 
are  may  be  obtained  for 
these  new  coordinates  by 
mere  transformation  of 
according  to  the  rules 
for  change  of  variable. 

In  both  these  cases, 
however,  tlie  value  of 
ds  may  be  found  readily 
by  direct  inspection  of 
the  figure.  The  small 
parallelepiped  (figure 
for  pokr  case)  of  which 
is  the  diagonal  has 
some  of  its  edges  and 
ftMA  onrred  instead  of 
straight;  all  the  angles, 
however,  are  right  angles, 
and  as  the  edges  are  infinitesimal,  the  equations  certainly  suggested  as 
holding  except  for  infinitesimals  of  higher  order  are 
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dj^=Aj*+f»Bisi*$A^*-^t*A^  and  Ai'+f'A^+Ai^  (10) 

or  di^^df»-^t»B\n*&d^*'^Aie    and    d^^dt^-^f^d^-^di^,  (IC) 

To  make  the  proof  complete,  it  would  be  necessary  to  show  that  noth- 
ing but  infinitesimals  of  higher  order  have  been  neglected  and  it  might 
actually  be  easier  to  transform  V^+y/T^  rather  than  give  a 
rigorous  demonstiatioa  of  this  fiutt  Indeed  the  infinitesimal  method  is 
seldom  used  rigoronsly;  its  great  use  is  to  make  the  fsets  sodear  to  the 
rapid  worlcer  that  he  is  willing  to  take  the  eridenoe  and  omit  the  proof. 

In  the  plane  for  rectangular  coordinates  with  rulings  parallel  to  the 
y^aia  and  for  polar  coordinates  with  rulings  issuing  hvm  tlie  pole  the 
ineramento  of  area  differ  from 

dA^ydx  and   dA  =  \ii^^  (11) 

respectively  by  infinitesimals  of  higher  order,  and 

A=  J"t/dx  and   -4  =  J ^^^'^ 

are  therefore  the  formulas  for  the  area  under  a  curve  and  between  two 
ordinates,  and  for  the  area  between  the  curve  and  two  radii  Ifthephme 
is  ruled  by  lines  parallel  to  both  axes  or  hj  lines  issuing  fhnn  the  pole 
and  by  circles  ooncentrio  with  the  pole,  as  is  customary  for  double  inte- 
gration (§§  131,  134),  the  increments  of  area  differ  respectively  by 
infinitesimals  of  higher  order  from 

dA^daedy   and   dA^rdrd^  (12) 

and  the  formulas  for  the  area  in  the  two  cases  are 

il  =  lim  5)  = ^JilA  = ^j^dy,  (12') 

A  =  limJ^A/l  = ^JdA  = jjrdrd^ 

where  the  double  integrals  are  extended  over  the  area  desired. 

The  elemento  of  volume  which  are  required  for  triple  intsgration 
(f 1 133, 134)  over  a  volume  in  space  may  readily  be  written  down  ior 
the  three  cases  of  rectangular,  polar,  and  cylindrical  coordinates.  In  the 
first  case  space  is  supposed  to  be  divided  up  by  planes  «sa,  y^b, 
Mtac  perpendicular  to  the  axes  and  spaced  at  infinitesimal  intervals;  in 
the  second  case  the  division  is  made  by  the  spheres  r  =  a  concentric 
with  the  pole,  the  planes  <fi  —  h  through  the  polar  axis,  and  the  cones 
0sse  of  revolution  al)out  the  polar  axis ;  in  the  third  case  by  the  cylin- 
ders rssa,  the  planes  ^  =  0,  and  the  planes  «  »  e.  The  infinitesimal 
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▼oliiiiieB  into  which  space  is  divided  tiien  differ  from 

dvssdxdydXf       dvssi^fmi0drdt(>rl$,       dv^rdrd^dm  (13) 
respectively  by  infinitesimals  of  higher  order,  and 

JJJdxdjfdx,      JJJf»smBdrd^e,      JJJrdrd^  (IS") 

are  the  formulas  for  the  volumes. 

41.  The  direekion  of  a  line  in  space  is  represented  by  the  three  angles 
which  the  line  makes  with  the  positive  directions  of  the  axes  or  by  the 
cosines  of  those  angles,  the  directi<m  cosines  of  the  line.  From  the  defi- 
nition and  figure  it  appears  that 

dx  dy  dz 

l  —  Qma  =  -^f      mssscoafi  —  -^f       n  =  cosy  =  —  (14) 

are  the  direction  cosines  of  the  tangent  to  the  arc  at  the  point;  of  the 
tangent  and  not  of  the  chord  for  the  reason 
that  the  increments  aw  replaced  by  thediffer- 
entials.  Hence  it  is  seen  that  for  the  dino- 
Hon€o§me»  of  the  tangent  the  proportion 

Ixmm^dxidy.dx  (14') 

holds.  The  equations  of  a  sjmce  curve  are 

y^9(t),  *=h(t) 

in  terms  of  a  variable  parameter  At  the  point  (z^  where 
t^t^  the  equaiitnu  of  the  tangent  linee  would  then  be 

W.    (rfy).  AO    yW    *'(*•)'    ^  ^ 

As  tiie  cosine  of  the  angle  $  between  the  two  directions  given  by  the 
direction  cosines  /,  m,  n  and     m',  n*  is 

cos  e  =  //'  +  ?«//*' -}-n»',    80    //' 4- /«/«'-}- nn'  =  0  (16) 

is  the  condition  for  the  pcriKMulicularity  of  the  lines.  Xow  if  (r,  y,  z) 
lies  in  the  ])lane  nornuil  to  the  curve  at  .r  ,.  v^.,  z^,  the  lines  determined 
by  the  ratios  a-  —  j-^  :  //  —  //„ :  z  —  and  i '/./■).  :  {<hj\^  \  {dx)^  will  be  per- 
pendicular. Hence  the  f/juntion  <>/  the  normal  pltine  is 

(X  -  x;^(dx\  +  (y  -  y^(rfy).    (*  -  z^(dz).  =  0 


*  For  the  Mke  of  Renerallty  tho  pAmmetrle  form  In  t  In  uraned ;  in  a  particolu  caM  A 

liimplifiration  miKht  be  miuto  by  Inking  one  of  th«>  variRhle**  a«  t  nnd  OM  of  the foaetiOM 
g'»  A'  would  ttwo  be  1.  Thus  iu  Ex.  8  (<),  y  should  be  taken  as  (. 
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The  tangml  piam  to  the  eanre  is  not  detemimfte ;  any  plane  thitnigh 
the  tangent  line  will  he  tangent  to  the  eoire.  If  A  he  a  paxameteri  the 
peneil  of  tangent  planes  is 

There  is  one  partioQiar  tangent  plane,  called  the  otmlatmg  jilaiM,whidh 
is  of  especial  importance.  Let 

with  similar  expansions  for  ij  and  z,  l)e  the  Taylor  developments  of 
Xf  y,  X  about  the  point  of  taugency.  When  these  are  substituted  iu  the 
eqnation  of  the  plane,  the  result  is 

This  expression  is  of  course  projwrtional  to  the  distance  from  an}-  point 
sr,  y,  z  of  the  curve  to  the  tangent  plane  and  is  seen  to  \w  in  general  of 
the  second  order  with  respect  to  t  or  cU.  It  is,  however,  possible  to 
choose  for  X  that  value  which  makes  the  first  bracket  vanish.  The  tan- 
gent plane  thus  seleeted  has  the  property  that  ths  distance  qfthe  atrw 
JHm  iiiniKit  neighborhood  iiif  the  poiMt  of  tangency  U  of  Uts  third  ordm' 
andioeaUodthoooeulatinffj^ane,  Thesnbstitntionof  thsTalneof  Xgives 


y-2/o  «-«o 

f\Q  ffXQ  ^'(0 
rXQ  9"iQ 


=  0  or 


(^'^)o      (d'A  (''*)o 
(rf«y),  (<Pz\ 


=  0  (18) 


or         (dytPz  -  d*d^\{x  -  Xj  +  {dziPjr  -  iij-<Pz\{y  - 

+  idxd'y  -  <hj^PxX{z         =  0 

as  the  equation  of  tlie  osculating  plane.  In  case  f"(t^=g"(t^  =  ^  "('o)  =  ^> 
this  equation  of  the  osculating  plane  vanishes  identically  and  it  is  neces- 
sary to  push  the  development  further  (Ex.  11). 

42.  For  the  case  of  plane  curves  the  curvature  is  defined  as  the  mte 
at  which  the  tangent  turns  compared  with  the  description  of  arc,  that 
is,  as  d^/di  if  c/^  denotes  the  differential  of  the  angle  through  which 
tiie  tangent  tuns  when  the  point  of  tangency  advances  along  theenrve 
by  do.  The  radius  of  curvature  R  is  the  reciprocal  of  the  curvature, 
that  is,  it  is  Then 

dx*       dM      dxdo     [l  +  y'j"  y"      ^  ' 
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whete  aooento  denote  differentiaftMiii  with  respect  to  x.  For  spaoe  curves 
the  same  definitions  are  given.  If  /,  m,  n  and  l-^dl,  m-^dm,  n-irdn 
are  the  diieetion  cosines  of  two  suooessive  tangents, 

cos  (/<f>  =  1(1  -\-  dl)  +  in  (in  +  dm)  +  »(»  -f  dn). 

But     P  +  m,*-^n*^l   and   (I -k- dl)* (m  +  dm)* (n dn)*  ^  1, 

Hence      dP dm* dn?  ^  2  —  2  ooa  d<^  =  (2  am  ^  d<l>y, 

where  accents  denote  differentiation  with  respect  to  «. 

The  torsion  of  a  space  curve  is  defined  as  the  rate  of  turning  of  the 
osculating  plane  compared  with  the  increase  of  arc  (that  is,  d\p/ds,  wliere 
d^  is  the  differential  angle  the  normal  to  the  osculating  j)lane  turns 
tlirough),  and  may  clearly  Ixi  cakulated  by  the  same  formula  a^  the 
curvature  provided  the  direction  cosines  L,  M,  N  of  the  normal  to  the 
plane  take  the  places  of  the  direction  cosines  »  of  the  tangent  line. 
Hence  the  torsion  is 

dL*^dM^^dN*  ^      ^       ^      .  ^20) 


\d»J 


and  the  radius  of  torsion  R  is  defined  as  the  reciprocal  of  the  torsion, 
wiiere  fsom  the  equation  of  the  osculating  plane 

L  _  3/  N 

dfftP»  —  dxtPy  ~  dtuPx  —  dxePm  ~  dxd^  —  dpePx 

=    ,       ^  .  (20") 

v  sum  of  squares 

The  actual  computation  of  these  quantities  is  somewhat  tedious. 

Thp  vectorial  flisciission  of  curvaturo  and  torsion  (§  77)  tjivos  n  hotter  insight 
intu  the  principal  directiuiw  connected  with  a  space  curve.  These  are  the  direction 
of  the  tangenif  that  of  the  normal  in  the  osculating  plane  and  directed  towards 
the  coooKve  dde  of  the  enrre  and  called  the  prfoe^al  noraurf,  and  that  of  the 
normal  to  the  osculating  plane  drawn  upon  that  side  which  makes  the  three  direc- 
tions form  a  r{ght-hande<l  system  and  called  the  MnonmiU.  In  the  notations  there 
given,  combined  with  those  above, 

r  =  xi  +  yi  +  «lc,     t  =  tt  +  rnj  +  nk,     c  =  Xl  +  mJ  +  n  =  Li  +  3f J  +  iVk, 

where  X,  r  are  talcon  a.s  tlu>  direction  cosines  of  the  principal  normal.  Now  dt 
is  parallel  to  C  and  dn  is  parallel  to  —  c.  Hence  the  results 

dl    dm    dn     ds       .   dL    d.V    dX  d» 


  lU) 
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follow  fiom  itV>b  a  C  and  dn/iM  =  T.  Now  dc  is  perpendloular  to  c  and  heaoe  in 

the  plane  of  t  and  □  ;  it  may  Ixj  written  as  dc=(Uie)t-(-(aHle)B.  But  M  t<=ll>C=Ot 
t*dc  =—  c.tit  and  n.(/c  =  —  c.'in.  Hence 


dc=-(c«dt)t-(c«dii)B       Ctd«+  2^=--ids  +  ^^ 


Henoe 


da        H  R 


dr  __  n  2^ 

d8~  R  ■ 


(22) 


l\)rmuliis  (22)  are  known  as  i-Vcncf"*  Formulas;  they  are  usually  written  with  —  R 
in  the  place  of  R  because  a  lef  l-banded  system  of  axes  is  used  and  the  torsion,  being 
an  odd  function,  changes  its  sign  when  all  tbeaxetarerereraed.  If  accents  denote 
differentiation  by  a, 


If 


r 


z"' 


above  fomralaiu  —  =  — 
lightJiMided  «  «^+ir"«+*"« 


X' 


V 

r 


usuai  formulas,  ^  =  -  ^^^^^ 


(2S) 


1.  flbow  tliat  to  pidar  ooOrdinates  in  tlie  plane,  tlw  tangent  of  the  indination 
of  tlie  Gvrve  to  tlie  tadina  vector  is  r4^/dr, 

2.  Yerifjr  (10),  (10^     direct  tranaformatlon  of  ooiSrdlnateB. 

S.  Fill  in  tlie  eteiie  omitted  in  the  text  in  regiud  to  the  proof  of  (10),  (UT)  bj 
the  method  of  Inllnltedmal  analysis. 

4*  A  rinimhllneon  a  sphere  iu  a  line  which  cut«  all  the  meridians  at  aeonetant 
angle,  say  a.  Show  that  for  a  rhumb  line  sin  6d<p  =  tan  aritf  and  d»  =  rascadO. 
Uence  find  the  equation  of  the  iiue,  show  that  it  coils  indetiniteiy  around  the 
poles  of  the  sphere,  and  that  its  total  length  is  wr  sec  a. 

5.  Show  that  the  surfaces  represented  by  F(^,  ^  s  0  and  F(r,  ^)  =  0  in  polar 
cottrdinatea  in  space  are  xeqpeetiTely  cones  and  snifaccs  of  revolution  about  the 
pohur  azis.  What  aort  of  aoiface  would  the  equation  F(r,  #)  as  0  repreaent  f 

6.  Show  accurately  that  the  expression  given  for  thf  diffi  ri  ntiul  of  area  in 
polar  cottrdinates  in  the  plane  and  for  the  diffenMitials  of  volunu'  in  }K)iar  and 
pylindricai  oodrdiuates  in  space  differ  from  the  corresponding  increments  by  in- 
flniteslaiala  of  higher  order. 

lb"     d^  d^ 

7.  Show  that  ~»  r-r-$  raintf  ^  are  the  direction  cosines  of  the  tangent  to  a 

dt    di  ds 

space  curve  relative  to  the  radius,  meridian,  and  parallel  of  latitude. 

8.  Find  the  tangent  line  and  normal  plane  of  these  curves. 

(or)  xyt  =  1,     =  s  at  (1, 1, 1),     (A  s  =  oosi,  p  s  sinC,  a  ss  AC, 

(y)  2ay  =  z«,  6a'z  =  a^,  (8)  x  =  e cos f,  y  =  «  sin t,  z  =  kt, 

(f )  y  =  x«,  z«  =  1  -  y,  (f)  x^  +  y-^  +     =      x^  +  j/*  +  2  ox  =  0. 

9.  Find  the  t'qnation  of  the  osculating  plane  in  the  examples  of  Ex.  8.  Noto 
that  if  /  is  tlie  independent  variable,  the  equation  of  the  plane  is 
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10.  A  agmoe  cunre  pMses  through  the  origin,  Is  tmnguA  to  the  and  haa 
s  s  0  aa  ita  oaoolating  plaiw  at  the  origiii.  Show  that 

will  be  the  f oim  of  Ita  Madanrfn  devdopment  If  (  s  0  glvaa  s  a  y  at  t »  0. 

11.  If  the  9d,  8d,       (a—  l)Bt  darivatlvea  of /,     A  vaiilah  for  ( s    hot  not 

all  the  nth  derivatives  vanish,  show  that  there  is  a  plane  from  which  the  curve 
departs  by  an  infinitesimal  of  tiie  (n  +  l)Kt  onler  and  with  whii-li  it  therefore 
has  contact  of  order  n.  Such  a  piaae  is  called  a  hyperosculatlng  plane.  Find  ita 
eqoation. 

12.  At  what  points  If  any  do  the  correa  (/B),  (y),  (•),  (j-),  Ex.  8  have  hyperoecu- 
lating  planea  and  what  ta  tiM  degiee  of  oootaet  In  each  eaae  f 

13.  Show  that  the  expreHsion  for  the  radius  of  curvature  is 


where  in  the  flxet  oaae  aocenta  denote  diilerentiation  by  a,  in  the  aeoond  by  U 

14.  Show  that  the  radius  of  curvature  of  a  space  curve  is  the  radius  <A  curra- 
tnze  of  ita  projection  on  the  nsnnlating  plane  at  the  point  in  queetion. 

18.  From  Frenet'e  Fonnalaa  show  that  the  snooesslTe  derivatlTes  of  c  are 

wbnre  aofleots  denote  diilerentiation  by  «.  Show  that  the  results  for  y  and  a  are 

the  same  except  that  m,  m.  n.  ^  ^  take  the  plaoea  of  X,  L.  Henoe  infer 
that  for  the  nth  derivativen  the  renulta  are 

afr)  =  fp,  +  XP,  +  iP„      y<-)  =  mPj  +  mP,  +  Af    ,      2<">  =  nP,  +  rP,  +  ifP„ 
where  P|,  P,,  Pg  are  ntionai  f  uncUona  of  B  and  R  and  their  derivativea  by  «. 
16.  Apply  the  foregoing  to  the  eqpaodon  of  Bx.  10  to  show  that 


9»  '      '    8J2    oil*  '  «itR  ■ 

where  R  and  R  are  the  Talnes  at  the  origin  where  s  =  0,  <  =  m  =  -2^=1.  Mid  the 
other  six  direction  coeines  9,     M  Tanlah.  Find  a  and  write  the  expaii> 

sion  of  the  curve  of  Ex.  8  (y)  in  this  form. 

17.  Note  that  the  distance  of  a  point  on  the  curve  a^  expanded  in  Ex.  10  from 
the  ^here  through  the  origin  and  with  center  at  the  point  (0,  ii,  £'R)  ia 

V:^  +  (y-  H)*  +  («  -  JfR)*  -  VJP  +  fJ'SR* 

 (i«  -t-     -  2  Ry  -f  2»  -  2  R'Rt) 

Vz2  +  (y  -       +  (z  -  /?'R)«  +Vfi«  +  B'«R»' 

and  consequently  is  of  the  fourth  order.  The  curve  tlierefore  ha«  contact  of  the 
third  order  with  this  sphere.  Can  the  equation  of  this  sphere  be  derived  by  a 
ItnitlvfprooeM  like  that  of  Bx.  18  as  applied  to  the  oaoolating  plane 
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18.  The  osculating  plane  may  be  regarded  m  the  plane  paaaed  thiough  three 
consecutive  pointa  of  the  curve  i  in  fact  it  is  easily  shown  that 


IB.  Itxpam  the  tmUob  of  toirion  in  tenns  of  the  d«rlvfttlve«  of  s,  y,  s  I7 1 
(Bs.  10^  p.  67). 

10.  Had  the  dlnetion,  cumtxm,  OMsnlating  plane,  tonion,  and  osonletiiig 
qilMra  (Bx.  17)  of  tho  oonical  holix  s  =  (  ooB  (,  y  s  t  sin  (, «  s  Jt(  at  (  s  Sr. 

SI.  Upon  »  piano  dlhgiam  whleli  diowB  As,  Ax,  Ay,  ozhiUt  the  Unee  which 
rapMsent  dt,  4b,  dhf  nnder  the  dlfferant  bypoCheees  that  a,  y,  or  •  ia  the  Independ- 


Um 


X  y  c  1 

«o  «•  1 

aco  +  te   yo+*y   «»  +  ««  1 


/-a,  y-y« 

=  5     ('i')o     mo  i^)o 
*     ((fte),  i(P»U 


=  0. 
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PARTIAL  DDiSRSVTIATIOV;  IXPUOT  FUVCTIONS 

43.  Functions  of  two  or  more  variables.  The  detinitions  and  theo- 
rems about  iunctiona  of  more  than  one  independent  vaiiable  are  to  a 
large  extent  similar  to  those  given  in  Chap.  II  for  functions  of  a  single 
▼ariable,  and  the  changes  and  difficulties  which  oomur  are  for  the  most 
part  amply  iUnstiated  by  the  case  of  two  variables.  The  work  in  the 
text  will  therefore  be  confined  largely  to  this  case  and  the  generaliza- 
tions  to  fnnotions  involving  more  than  two  variables  may  be  left  as 
exercises. 

If  the  valne  of  a  variable  «  is  uniquely  determined  when  the  values 
(Xf  y)  of  two  variables  are  known,  «  is  said  to  be  a  function  z  — /(x,  y) 
of  the  two  variables.  The  set  of  values  [(x,  y)]  or  of  points  P(xy  y)  of 
the  ary-plane  for  which  z  is  defined  may  be  any  set,  but  usually  consists 
of  all  the  points  in  a  certain  area  or  region  of  the  plane  Ixmnded  by 
a  curve  which  may  or  may  not  Ixdong  to  the  region,  just  ;us  the  end 
points  of  an  interval  may  or  may  not  iM-long  to  it.  Tlius  tlie  function 
1  /  Vl  —  ar*  —  y  is  defined  for  all  points  within  the  circle  -\-  t/  =  1, 
but  not  for  points  on  the  jx^rimeter  of  the  circle.  For  most  })urpo8es  it 
is  sufficient  to  think  of  the  boundary  of  the  region  of  definition  as  a 
polygon  whose  sides  are  straight  lines  or  such  curves  as  the  geometric 
intuition  naturally  suggests. 

The  first  way  of  representing  the  function  «  =/(a',  y)  geometrically 
is  faj  M«  mafacB  z  y)»  just  as  y  was  represented  by  a  curve. 
This  method  is  not  available  for  «  a  function  of  three  vari- 

ables, or  for  functions  of  a  greater  numbcor  <^  variables ;  for  space  has 
only  three  dimen8i<m8.  A  seo(md  method  of  representing  the  function 
M  sBf(Xf  y)  is  by  its  contour  lines  in  the  a-y-plane,  tliat  is,  the  curves 
y)  =  const,  are  plotted  and  to  each  curve  is  attached  the  value  of 
the  constant.  This  is  the  method  employed  on  maps  in  marking  heights 
above  sea  level  or  depths  of  the  ocean  l)elow  sea  level.  It  is  evident  that 
these  contour  lines  are  nothing  but  the  projections  on  the  xy-plane 
of  the  curves  in  which  the  surface  z  =f{T,  y)  is  cut  by  the  planes 
z  =  const.  This  method  is  applicable  to  functions  n  =  f(x,  y,  z)  of 
three  variables.  The  contour  surfaces  u  =  const,  which  are  thus  obtained 
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^(a.b}-« 


an  fiequently  called  equ^xOeniial  amfiuet.  It  the  fonctioii  is  single 
valued,  the  contour  lines  or  sur&oes  caanol  intersect  one  another. 

The  JkmeHon  «  ^/(x,  y)  it  coniimunu  fur  (a,  b)  when  either  of  the 
following  equivalent  ocmditions  is  satisfied : 

lim/(«^  y)  — /(ce,  ft)   or  lim/(»,  y)aB/(limx,  limy)» 
no  matUr  how  the  variailep<nni  P(x,  y)  tgtproaehM  (a,  w). 
2*.  J^for  any  atngned  ^  a  mmber  8  may  he  found  eo  that 

l/(*»y).- /(«,*)!<«  ^fA**  \x^a\<^\y-b\<t 
Qeometrically  this  means  that  if  a  square  with  (a,  b)  as  center  and 
with  sides  of  length  21  parallel  to  the  axes  be  drawn, 
the  portion  of  the  sur&ce  «  y)  above  the 

square  will  lie  between  the  two  planes  » »/(a,  h)^€. 
Or  if  contour  lines  are  used,  no  line  /(j*,  y)  =  const, 
where  the  constant  differs  from  //)  by  so  much 
aa  c  will  cut  into  the  square.  It  is  clear  that  in  place    ^^1  s8  X 

of  a  square  surroundinj,'  ('/,  //)  a  circle  of  radius  &  or  any  other  figure 
which  lay  within  the  square  might  be  used. 

.  44.  Continuity  examined.  From  the  definition  of  continuity  ju«t  given  and 
from  the  corresptjndinp  definition  in  §  '24,  it  follows  that  if  /(x,  y)  is  a  continuous 
function  of  x  and  y  fur  (a,  b),  then  /(x,  6)  is  a  continuous  function  of  x  for  x  =  a 
>nd/(a,  y)  Is  s  continaoos  fnnetlon  of  y  for  y  s  (.  That  Is,  If  /  Is  oontlnnoui  In 
S4Hnd  y  jointly,  it  is  continuous  In  z  snd  y  severally.  It  might  be  thought  that 
conversely  if  /(x,  h)  is  continuou.s  for  z  =  a  and  /(a,  i/)  for  y  =  6,  /(x,  would 
be  continuous  in  (x,  y)  for  (a,  That  is,  if  /  is  continuous  in  x  and  y  severally, 
It  would  be  continuoui  in  n  sod  \f 


jointly.  A  simple  emuple  wOl  show 

that  this  is  not  nseeatorfl^  (rue.  Coo- 
aider  the  case 

end  examine  z  for  continuity  at 
(0,  0).  The  functi(>n«  /(x,  Qi)-T, 
and/(0,  y)  =  V  are  surely  continuous 
in  (heir  rnpeetlTe  variables.  But  the  snrteoe  s  =/(x,  y)  is  a  conical  soxftee  (except 
for  the  points  of  the  »«3d8  oCher  than  the  origin)  and  it  Is  dear  that  y)  may 
approiii  h  the  origin  in  such  a  manner  that  z  shall  !ii)proach  any  desired  value. 
Moreover,  a  glance  at  the  contour  lines  shows  tliat  they  all  enter  any  circle  or 
square,  no  utatter  how  small,  concentric  with  the  origiu.  If  P  approaches  the  origin 
akmg  mie  of  these  lines,  c  renalne  constant  and  Its  limiting  value  is  that  eonstant. 
In  fact  by  approaching  the  origin  aloDig  a  si't  uf  points  which  jump  from  one  con- 
tour line  to  uimthtT,  a  iiicthod  of  approach  may  Im»  found  siuli  tluit  z  approaches 
no  limit  whatiiuever  but  oscillates  l)«tween  wide  limits  or  becomes  infinite.  Clearly 
the  conditions  of  continui^  are  not  at  all  fulfilled  bj  s  at  (0,  0). 
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IktAk  UmiU».  Then  often  »rlae  for  ooiurideratlon  expreaslomi  Uln 

gimrUm/(x,  yn,      Urn  riim/(jE,y)1,  (1) 

when  the  Units  taint  wlMther  z  fltst  approaches  its  limit,  and  then  y  its  limit,  or 

vice  versa,  and  where  the  question  arises  as  to  whether  the  two  limits  thiis  obtained 
are  equal,  that  is,  whether  the  order  of  taking  the  limits  in  the  double  limit  niay 
be  interchanged.  It  is  clear  that  if  the  function /(x,  y)  is  continuous  at  (a,  the 
limits  approached  by  the  two  eapresslonB  will  be  eqod ;  for  the  limit  of  /(x,  y)  Is 
/(Oib)  no  matter  how  (z,  y)  approaclus  (a,  /').  If  /  is  discontinuous  at  (a,  b),  It 
may  Btill  happen  that  the  order  of  tlif  limit-s  in  tlic  ilouMc  Innit  may  be  inter- 
changed, as  was  true  in  the  case  above  where  the  value  in  either  order  was  zero; 
bat  this  cannot  be  affirmed  in  general,  and  special  considerations  most  be  applied 
to  each  case  when/ is  discontinuous. 

VarteUa  <ff  reffions*  For  both  pure  mathematics  and  physics  the  classification 
of  regions  according,'  to  their  connectiviti/  is  important.  Consider  a  finite  region  R 
bounded  by  a  curve  which  nowhere  cutsit«elf.  (l<'or  the  present 
purpoeee  it  Is  not  ncccmsiy  to  enter  upon  the  subtleties  of  the 
meaning  of  "curve"  (see  §§  127-128);  ordinary  intuition  will 
suflBce.)  It  is  clear  that  if  any  closed  curve  drawn  in  this  region 
bad  an  unlimited  tendency  to  contract,  it  could  draw  together 
to  a  point  and  disappear.  On  the  other  hand,  if  fi'  be  a  region 
like  S  except  that  a  portion  has  been  removed  so  that  Bf.  is 
bounded  by  two  curves  one  within  the  other,  it  is  clear  that 
some  closed  curves,  namely  those  wliii  li  did  not  encircle  the 
portion  removed,  could  shrink  away  tu  a  point,  whereas  other 
dosed  canrea,  namely  those  which  encircled  that  jwrtion,  could 
at  most  shrink  down  Into  ooinddence  with  the  boundaiy  of  that 
portion.  Again,  if  two  portions  are  removed  so  as  to  give  rise 
to  the  region  R'\  there  are  circuits  around  each  of  the  portions 
which  at  most  can  only  shrink  down  to  the  boundariee  of  those 
portions  and  cironits  around  both  portions  which  can  shrink  down  to  the  bounda- 
ries and  a  line  joining  them.  A  region  like  R,  where  any  closed  curve  or  circuit 
may  be  shrunk  away  to  nothing  is  called  a  simply  connected  rejion  ;  whereas  regions 
in  which  there  are  circuits  which  cannot  be  shrunk  away  to  nothing  are  called 
mttttip^  cofmeefsii  Tsglons. 

A  multiply  connected  region  may  be  ma^le  simply  cnmected  by  *  simple  device 
and  convention.  For  snppf^w  that  in  1!'  a  line  were  drawn  connecting  the  two 
bounding  curves  and  it  were  agreeil  that  no  curve  or  circuit  drawn  within  W  sliould 
cross  this  line.  Then  the  entire  region  would  be  surrounded  by  a 
single  boundary,  part  of  which  would  be  oounted  twice.  The  figure 
indicates  the  situation.  In  like  manner  if  two  lines  were  drawn  in 
fl"  connecting  inith  interior  boiindaripR  to  the  exterior  or  connecting 
the  two  interior  l>ounUaries  together  and  either  of  them  to  tlie  outer 
boundary,  the  region  would  be  rendered  simply  connected.  The  entire  region 
would  have  a  single  boundary  of  which  parts  would  be  eoantod  twice,  and  any 
circuit  which  did  not  cross  the  lines  could  be  shrunk  away  to  nothing.  The  lines 


•The  disensskn  from  tUs  point  to  the  end  of  f  45  may  be  eemieeted  with  that  of 
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thus  drawn  In  the  region  to  mako  it  simply  connected  are  called  euU.  There  ia  no 
need  that  the  region  Ik-  finite  ;  it  miixht  extend  off  indefinitely  in  eome  directions 
like  the  region  between  two  parallel  lines  or  between  the  aides  of  an  angle,  or  like 
the  entile  half  <rf  the  sy-plane  lor  which  y  b  poeltive.  In  audi  eaiM  the  enta  magr 
be  drawn  either  to  the  boundaiy  or  off  tndeBnitely  in  eiieh  a  vnj  aa  not  to  meet 
the  boundary. 

46.  Multiple  valued  JunctioM.  If  more  than  one  value  of  z  corre^nde  to  the 
pair  of  values  (z,  y),  the  funetlon  a  is  multiple  valued,  and  there  are  aome  iiot»* 
worthy  dlflereiicee  between  multiple  valued  f  nnctlona  of  one  vailahle  and  of  aevend 

variables.  It  w:ls  stated  (§  23)  that  multiple 
valued  fuiunion.s  were  divided  into  branches 
each  of  which  was  single  valued.  There  are 
two  oaaee  to  oonaider  when  there  is  one  vari- 
able, and  they  are  illustrated  in  the  figure. 
Either  there  is  no  value  of  x  in  tlie  interval 
for  which  the  different  values  of  the  function 
are  equal  and  there  la  oonaequently  a  number 
D  which  givea  the  least  value  of  the  difference 
between  any  two  branches,  nr  there  is  a  value  of  x  for  which  different  branches 
have  the  same  value.  Now  in  the  first  ca«e,  if  x  change.^  il«  value  continuously  and 
if  /(z)  be  constrained  also  to  change  continuously,  there  is  no  possibility  of  passing 
from  one  branch  of  the  f unetimi  to  another ;  but  In  the  eeeond  caee  eneh  diange  la 
possible  for,  when  z  passes  through  the  value  for  which  the  branches  have  the  same 
value,  the  function  while  corutrained  to  change  its  value  continuously  may  turn  off 
onto  the  other  branch,  although  it  need  not  do  so. 

In  the  caee  of  a  function  t  =/(x,  y)  of  two  variablea,  it  le  not  true  that  if  the 
values  of  the  function  nowhere  become  equal  in  or  on  the  boundary  of  the  region 
over  which  the  funetion  is  defined,  then  it  is  impossible  tO  paiB  OOntlnUOUSly  from 
one  branch  to  another,  and  if  P{x,  y)  describes  any 
continuous  closed  curve  or  circuit  in  the  region,  the 
value  of  /(«,  v)  changing  oontinuoudy  muat  return  to 
its  original  value  when  P  has  completed  the  descrip- 
tion of  the  circuit.  For  supjutse  the  function  z  be  a 
helicoidal  surface  2  =  u  l&ii-^(y/x),  or  rather  the  por- 
tion of  that  surface  between  two  cylindrical  surfaces 
concentric  with  the  azia  cf  the  helicnid.  as  is  the  ca^e 
of  the  surface  ()f  the  screw  of  a  jack,  and  the  eireuit 
be  taken  around  the  inner  cylinder.  The  multiple  num- 
bering  of  the  contour  lines  tndicatee  the  fact  that  the 
function  is  multiple  valued.  Cleariy,  each  time  that 
the  circuit  is  described,  the  value  of  z  is  increased  by  the  amount  Ix'twecn  the  suc- 
cessive branches  or  leaves  of  the  surface  (or  decreased  by  that  amount  if  the  circuit 
is  described  in  the  opposite  direction).  The  region  here  dealt  with  is  not  simply 
connected  and  the  circuit  cannot  be  shrank  to  nothing — which  Is  the  key  to  the 
idtnation. 

Theorem.  If  the  difference  between  the  different  values  of  a  continuous  mul- 
tiple valued  function  is  never  less  than  a  fiuite  number  D  for  any  set  (z,  y)  of 
valoaa  of  the  variables  whether  in  or  upon  the  boundaiy  of  the  r^on  of  defini- 
tion, then  the  value  /(«,  y)  of  the  funetlon,  conitralned  to  change  contlnnooaly, 
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wiU  raton  to  its  initial  Tains  when  tlie  point  P(x,  y),  deaerfUqg  a  olond  curve 
wUeh  ean  be  aimuik  to  noUiiog,  oompletee  tlw  drauit  and  letnns  to  its  ataiting 
point. 

Now  owing  to  the  continuity  of  /  throughout  the  region,  it  is  possible  to  find  a 
nomber  t  so  that  |/(x,y)— /(x',y^|<c  when  |x  —  z'|<8  and  \y  —  y'\<i  no  matter 
wliatpcrinli  of  tlie  region  (s,  y)  and  (x',  may  be.  Henoe  the  values  of /at  aiqr 
two  polnUf  of  a  small  region  which  li<>s  within  any  circle  of  radius \t  cannot  differ 

by  HO  much  as  the  amount  I).   If,  then,  the  circuit  is  m  small 
that  it  may  be  inclused  witliin  such  a  circle,  there  is  no  posel- 
Uli^  of  piussi  I from  <Hie  value  of /to  another  when  tlMctreuit    f  i^^^J 
is  described  and  /  must  return  to  it«  initial  value.  Next  let    /  ^^jB^ 
there  be  given  any  circuit  such  that  tlic  value  of /starting  from  V 
a  given  value /(x,  y)  returns  to  that  value  when  the  circuit  has  ^""^^ 
been  completely  described.  Suppoee  that  a  modification  were 
introduced  in  tlie  dreuit  by  enlaiftiing  or  diminiehing  the  indoesd  area     a  small 
area  lying  wholly  within  a  circle  of  radius  |  J.  Consider  the  circuit  .1  BCDEA  and 
the  mo<lificd  circuit  A  HC'DKA .  As  theiw?  circuits  coincide  except  fur  the  arcn  JiCD 
and  BC'Dy  it  ia  only  necessary  to  show  that  /  takes  un  the  same  value  at  D  whether 
J>  is  reached  from  H  by  the  way  of  C  or  by  the  way  of  C,  But  tUs  is  neoeeearily 
so  for  the  reason  that  both  area  ars  witliin  a  circle  of  radius  \  t. 
Then  the  value  of  /  nuist  still  return  tf»  itn  initial  value  /(x,  y) 
when  the  nuHlitied  circuit  is  described.   Now  to  complete  the 
proof  of  the  theorem,  it  suffices  to  note  that  any  circuit  which 
can  be  shrunk  to  nothing  can  be  made  up  \tj  piedng  together  a 
number  of  small  circuits  as  shown  in  the  figure.  Then  as  the 
chano:c  in/ around  any  one  of  the  small  circuits  is  zero,  the  chantre  must  be  zero 
around  2,  3,  4,  •  •  •  adjacent  circuits,  and  thus  finally  aruuud  the  complete  large 
dreuit. 

J?e>fndWHftf  i^efnmUa.  If  a  circuit  can  be  shrunk  away  to  nothing,  it  is  said  to 
be  reducible ;  if  it  cannot,  it  is  wiicl  to  he  irredurihh-.  In  a  simply  (  "nnected  rcfjion 
all  circuits  are  reducible ;  in  a  multiply  connected  region  tliere  are  an  infinity  of 
irreducible  circuits.  Two  circuits  are  said  to  be  equivalent  or  reducible  to  each 
othmr  when  dther  can  be  expanded  or  shrunk  into  the  other.  The  ehaoge  in  the 
value  of /on  paasing  around  two  equivalent  circuits  from  A  to  A 
is  the  same,  provided  the  circuits  are  described  in  the  same  direc- 
tion. For  consider  the  figure  and  the  equivalent  circuits  AC  A 
and  .ACTil  described  as  indicated  by  the  laige  arrows.  Itisdear 
that  dther  nay  be  modified  little  by  little,  as  indicated  in  the 
proof  above,  until  it  has  been  changed  into  the  other.  Hence  the 
change  in  the  value  of /around  the  two  circuits  is  the  siime.  ()r,  as  another  proof, 
it  may  be  observed  that  the  combined  circuit  AC  AC  A,  where  the  second  Is 
deeeribed  as  indicated  hj  the  small  arrows,  may  bs  regarded  as  a  redudble  dreuit 
which  toudieiitadf  at^.  Then  the  change  of  /  around  the  circuit  is  zero  and  / 
must  lose  as  much  on  passing  from  -1  to  .1  by  C"  as  it  gains  in  passing  from  .1  to 
A  by  C.  Hence  on  passing  from  ^  to  ^-1  by  C  in  the  direction  of  the  largo  arrows 
the  gain  in/must  be  the  same  as  on  paaeing  by  C. 

It  is  now  pQsdbls  to  see  that  mqf  dmtU  ABC  matt  6s  rtdnuud  to  ekraiU*  around 

the  portions  cut  out  of  the  rrrjinn  combined  with  Jinr.'i  rjning  to  and  from  A  and  the 
ftoujidariea.  The  figure  shows  this;  lor  the  circuit  ABC B ADC" DA  is  clearly 
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reducible  to  the  circuit  ACA»  It  must  not  be  forgotten  that  although  the  UncK  A  B 
and  BA  coincide,  the  values  of  the  function  are  not  nocexsarilj  the  MUDO  OH  AB 
as  on  BA  but  difiur  by  the  amount  of  cliaQge  iutnxluced  in 
/on  passing  Mound  the  imdndble  dreolt  BCB,  One  <tf  the 
cases  whioh  arises  mmt  frequently  in  practice  is  that  In 
which  the  Rucci'ssive  branches  of  f{x,  y)  differ  by  a  constant 
amount  in  tlie  case  z  =  tan-  ^  (j//x)  where  2  «-  is  the  differ- 
ence between  successive  values  of  t  for  the  same  valnes  of  the 
TftctaMes.  If  now  a  dronit  such  as  ABCBA  be  oonslderBd,  where  it  Is  imagined 
that  the  origin  lies  within  BCD,  it  is  clear  that  the  values  of  z  aloqg  AB  and 
alonp  BA  differ  by  2ir,  and  wliatever  z  gaina  on  pa«8in^  from  A  to 
B  will  be  lost  on  passing  from  B  to  although  the  values  through 
which  s  diangea  will  be  dlffemit  in  the  two  oases  by  the  amount 
2ir.  Hence  the  circuit  ABCBA  gives  the  same  changes  for  z  as 
the  simpler  circuit  BC'B.  In  oflicr  words  the  result  is  obtained 
that  if  the  different  vcUttet  of  a  muUiple  valued  /unction  /or  the  aame 
mihmtf  U^mrtalbleB  differ  bf  a  eonttaidindq^^ 
flhs  iMi'faftlOT,  My  ckrutM  may  bs  ndufmd  to  dnuUt  about  tts  bottni- 
aria  of  the  pordmvi  removed ;  in  this  case  the  lines  going  from  the  point  A  to  the 
boundaries  and  back  may  be  discarded. 


SZERCISES 

1.  DfftW  the  contour  lines  and  sketch  the  sorfacee  corresponding  to 

(a>«  =  |^,  s(o.a)»o.      (^s=-^.  «(a,o)=o. 


Note  that  here  and  in  the  text  only  one  of  the  contour  lines  passes  through  the 
origlB  altbooj^  an  infinite  number  have  It  as  a  frontier  point  between  two  parts 
of  the  Mune  etmtonr  line.  Dlseosi  the  doable  limits  Um  lim  z,  lim  lim  t. 

SAO  irakO       ir  AO  XibO 

t.  Draw  the  oontour  lines  and  alcetdi  the  suifaoss  oorreeponding  to 

(a)  X  =   .  s  =  (y)  «  =  ^'I,  \ — r- 

Examine  particularly  the  behavior  of  the  function  in  the  neighborhood  of  the 
apparent  points  of  intersection  of  different  oontour  lines.  Why  apparent  ? 

3.  State  and  prove  for  functions  of  two  independent  variables  the  generaliza- 
tions of  Theorems  (Hll  of  Cixap.  II.  Note  that  the  theorem  on  uniformity  is  proved 
for  two  variables  bj  the  application  of  Ex.  9,  p.  40,  in  almost  the  idsntloai  maimer 
•B  for  the  case  of  one  vailable. 

4.  Outlino  definitions  and  tlieoremB  for  functions  of  three  TariaUes.  In  partio* 
ular  indicate  the  oontour  surfaces  of  the  functions 

(rt)u-  — ,  tt  =  ,       (7)  M  = 

and  discuss  the  triple  limits  as  z,  y,  z  in  different  orders  approach  the  origin. 

5.  Let  z  =  P{t,  j/)/Q(/,  {/),  where  P  and  Q  are  polynomials,  bo  a  rational  func- 
tion of  X  and  y.  Show  that  if  the  curves  P  =  0  and  =  0  intersect  in  any  puinta, 
all  tlie  contour  lines  of  s  will  conveiy  toward  these  pdnts ;  and  oooTorsely  ahoir 


Digitized  by  Google 


PARTIAL  DIFFERED  XlAllO^i  ;  EXPLICIT  98 


that  If  two  different  contour  linoH  of  z  apparently  cut  in  sonip  point,  all  the  contour 
lines  will  coD^eige  towMd  that  point,  P  and  Q  will  there  vauiah,  and  z  will  be 
undefined. 

6.  If  D  is  the  minimum  difference  between  different  values  of  a  multiple  Talued 
faaotion,  aa  in  the  text,  and  if  tin  foxiotion  retaraa  to  to  Initial  Talne  ptoaXK^D 
when  P  dMcribw  a  ciranit,  Aum  thai  k  will  ntnxn  to  to  iaitlat  value  ptos  I/^p 

when  P  describcfl  the  new  circuit  formed  by  piedllg  OH  to  the  given  drcoitaSDuill 

region  which  lies  within  a  circle  of  radiuM  \  i. 

7.  Study  the  function  z  =  tan-'(y/jr),  noting  especially  the  relation  between 
contour  lines  and  the  surface.  To  eliminate  the  origin  at  which  the  function  is  not 
deflned  drew  »  mall  drcle  about  the  point  (0,  0)  and  obierve  that  the  region  of 
the  whole  xy-pUne  ontitde  this  oirole  la  not  simply  connected  but  maj  be  made  so 

bj  drawing  a  cut  from  the  circumference  off  to  an  Infinite  **fl1limflti  Stody  the 
variation  of  the  function  att  P  descril^es  various  circuits. 

8*  Study  (he  contour  lines  and  the  eorf aces  due  to  the  functlone 


Cut  out  the  points  where  the  f  unctioius  are  not  deflned  and  follow  the  changes  in 
the  functions  about  such  drcults  aa  indicated  In  the  figures  of  the  text.  How  may 
tlM  region  ol  definition  be  made  simply  oonnecfeed  f 

0.  Consider  the  fonotlon  t  ss  tan-  >  (P/Q)  where  P  and  Q  are  potynomiale  and 

where  the  curves  P  =  0  and  Q  =  0  intersect  in  n  i)nints  (a,,  (a^,  •  •  •,  (a,,  6,) 
but  are  not  tangent  (the  polynninials  have  common  Holutions  which  are  not  mul- 
tiple roots).  Show  that  the  value  of  the  function  will  change  by  2kir  if  (x,  y) 
describee  a  etrenit  which  indodee  t  (tf  the  points,  niustrate  hy  taking  for  P/Q 
tiie  fraetlone  in  Ex.  S. 

10.  Oomider  vegimie  or  volnmse  in  space.  Show  that  tiiere  are  regtoos  fan  which 

some  circuits  cannot  be  shnmk  away  to  nothing ;  also  regions  In  which  all  circuits 
may  be  shnmk  away  but  not  all  closed  surfaces. 

46.  FInt  partial  derlyatives.  Let  z  =f(x,  y)  ha  a  single  valued 
function,  or  one  branch  of  a  multiple  valoed  function,  defined  for  (a,  h) 
and  for  all  poiiits  in  the  neighlxirhood.  If  y  he  given  the  value  A, 
then  »  becomes  a  function  /(x,  b)  of  x  alone,  and  if  that  function  has  a 
derivative  for  x  =  a,  that  derivative  is  called  the  partial  derivative  of 
z  =f(r,  y)  with  respect  to  x  at  (<7,  h).  Similarly,  if  x  is  held  fast  and 
equal  to  a  and  if  f(a,  y)  has  a  derivative  when  y  =  f>,  that  derivative  is 
called  the  partial  derivative  of  z  with  respect  to  y  at  (a,  b).  To  ohUiin 
these  derivatives  formally  in  the  ca.se  of  a  given  function  /{^x,  y)  it  is 
merely  necessary  to  differentiate  the  function  by  the  ordinary  roleSi 
treating  y  as  a  constant  -when  finding  the  derivative  with  respect  to  x 
and  «  as  a  constant  for  the  derivative  with  reepect  to  y.  Notations  are 


(a)  sstan'^ay,     (|Q  sstan-> 


(7)s  =  sln-t(s-|(). 
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for  the  anlerivBtive  with  similar  ones  for  the  ^erinUaTe.  The  partial 
derivatives  are  the  limits  of  the  qnotients 

^^Aa  +  h,h)-Aa.i),     1U„ /(".*  + (2) 

provided  those  limits  exist  The  application  of  the  Theorem  of  the 
Ifean  to  the  functions  f(r,  b)  and  /(a,  y)  gives 

f(a  +  h,  h)  -/{n,  h)  =  hf^(a  +  dj,,  h),     0  <      <  1, 

under  the  proper  but  evident  restrictions  (see  S  26). 

Two  miiniicntj^  may  He  made.  First,  some  writers  denote  the  partial  derivatives 
by  the  Kiint'  K>Mnbol8  dz/dx  and  dz/dy  as  if  z  were  a  function  of  only  one  variable 
and  were  flifferenUate<l  with  respect  to  that  variable ;  and  if  they  desire  especially 
to  csll  atlMitton  to  the  other  variables  which  are  held  oonatant,  thej  afflx  thrai  as 
nibacriptit  as  nhown  in  the  last  symbol  given  <p.  This  noution  is  particularly 
prevah-rit  in  th»'rmo<lynamics.  As  a  matter  nf  fact,  it  would  probaV)ly  hv  inijwie. 
siblu  tu  devihi-  a  siniple  notation  for  partial  dtrivaiives  which  should  be  batL^ao- 
toiy  for  all  purposes.  The  only  safe  rule  to  adopt  is  to  nee  a  notation  which  is 
sttflkiently  explicit  for  the  purposes  la  hand,  and  at  all  times  to  pay  careful  atten- 
ti(»ii  to  wliat  the  (U-rivafivc  actually  means  in  each  oiisi'.  Second,  it  sliouli!  he  noted 
ttiat  for  jxiintH  on  tiie  iHiuiidarj'  of  the  region  of  definition  of /(x,  y)  there  may  lie 
merely  right-hand  or  left-hand  partial  derivatives  or  perhaps  none  at  all.  For  it 
is  necewsry  that  the  lines  y  s  6  and  s  s  a  cut  into  the  region  on  one  side  or  tlie 
other  In  the  neighborhood  of  (a,  b)  if  there  is  to  be  a  derivative  even  one-sided; 
and  at  a  comer  of  the  boundary  it  may  happen  that  neither  of  these  lines  cuts 
into  the  region. 

Thborbm.  If/(a',y)  and  its  derivatives  and  yj|  are  continuous  func  - 
tions of  (j*,  y)  in  tlie  neighborhood  of  {a,  6),  the  increment  ^  may  be 
written  in  any  of  the  three  forms 

=  hf,(n  -I-        f>)  -f  kt;(fr  -I-  //,  A  -I-  ejc) 

=  hf,{a  -f  eb,  h  -f  6k)      hj\(n  +  6h,  6  +  *  A)  ^  ' 

where  the  ^s  are  proper  fractions,  the  {'s  infinitesimais. 
To  prove  the  flvrt  fonn,  add  and  subtraot/(a    A,  6) ;  then 

Ar  =  [/(a  +  A,  6)  -  /(a,  m  +  [/(« +  A,  + *)  -/(« + K  m 

by  the  application  of  the  'I'lieorem  of  the  Mean  for  functions  of  a  single  variable 
(If  7,  26).  The  application  may  be  made  because  tlu^i  function  is  continuous  and 
the  indicated  derivatives  exist.  Kow  if  the  derivatives  are  also  continuous,  they 
msj  hn  nTpjnwfMl 

/;(a  +      6)  =/;(a,  6)  +  r,.     /; (a  +  ».  6  +  •vt)  =//(«»    +  tt 
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wlien       may  be  made  m  niall  m  itosind  by  taUng  h  and  k  sofliciantly  nnall. 

Hence  the  third  form  follows  from  the  first.  The  wcoiid  form,  which  is  symmetric 
in  the  increments*  A,  k,  may  Ik-  obtaiueii  by  writing?  i  —  a  +  th  umi  y  —  h  -\-  tk. 
Theii/(j,  y)  =  ♦(().  As  /  is  continuous  in  (x,  y),  the  function  ♦  continuous  in  I 
and  Ita  Increment  Is 


A»  =/(«  +  «  +  AtA,  6  +  i  +  A<Jc) -/(o  +  tt,  »  +  tt). 

This  may  be  reguded  m  the  incxement  of  /  taken  from  the  point  (z,  y)  wtth  M  •  k 
and  Al'ktm  inorementa  In  a  and  y.  Hence  M  may  be  written  as 

A»  =  ^ .  A/;  (a    Uk,  6  -f  tt)  +  d<  •     (a  •!>  tl,  ft    tt»      .  A  +      •  ft. 

Now  if  ^  be  divided  by  At  and  At  be  allowed  to  approach  aero,  it  Is  seen  that 

lira—  =  A/;(a  +  »,»+  Oc)  +  k/;(a  +  tA,  6  +  0:)  =  ^. 

The  Theorem  of  the  Mean  may  now  be  qiplled  to*  toglTC       -  «(0)  s  1  •  *^(^, 

and  hence 

♦  (1)  -  ♦(0)  =/(«  +  h,h+  A)  -  /(a.  h) 

=  A/  =  A/;  (a  +  6IA,  6  +  6k)  +  A,/,'  (a  +  A,  6  +  M). 

47.  The  partial  differmtiaia  of  /  may  be  defined  as 


dg/— fg^j    so  that    dx  =  Aj*, 
^J=^f,^y,   80  that   rfy-Ay,      ^  = 


(6) 


where  the  indices  ,3-  and  ^  intrcxluced  in  <l,f  and  r/^/ indicate  that  x  and 
y  respectively  are  alone  allowed  to  vary  ia  forming  the  eomaponding 
partial  differentials.  The  total  differential 

df  =  dj  +  d,f  =  ^    +  ^  ^y,  (6) 

which  is  the  snm  of  the  partial  differentials,  may  be  defined  as  that 
som;  but  it  is  better  defined  as  that  part  of  the  increment 

A/=  1^      +  ^  Ay  +  {.Ar  +  {^y  (7) 

which  is  obtained  by  neglecting  the  terms  +  t^Vt  which  are  of 
higher  order  than  Aor  and  Ay.  The  total  differential  may  therefore  be 
computed  by  finding  the  partial  derivatives,  multiplying  them  respec- 
tively by  dx  and  dy^  and  adding. 

The  total  differential  <rf  a          y)  may  be  formed  for  (x^  as 


where  the  values  ss  —  r^  and  y  —  y,  are  given  to  the  independent  differ- 
entials dx  and  dy,  and  dfssdz  is  written  as  a  —  a^  This,  however,  is 
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<v  oviuattvHi  i\(  a  plane  since  x  and  y  are  indeix^ndent.  The  difference 
which  me;vsures  the  distance  from  the  phme  to  the  surface 
«wiHt^  «  j>iu»llel  to  the  «-axis  is  of  higher  order  than  VAx"  +  Apj  for 


<lc.l+lc,l=*=o. 


C.Ar  +  CA'f 

H«iio»  tlie  pbme  (8)  will  be  defined  as  the  tangmt  phm  at  (s^  «J 
li>  the  aurftuie  c         y).  The  nonnal  to  the  plane  is 


C^).  (I). 


whioh  will  be  defined  as  the  norma/  to  the  surface  at  (x,,  z^.  The 
tangent  plane  will  out  the  planes  y^y^  and  «  s  in  lines  of  which 
the  slope  is  fl^  and  f^.  The  sorfaoe  will  cnt  these  planes  in  eorves 
whioh  are  tangent  to  the  lines. 

In  the  figure,  PQSR  is  a  portion  of  the 
surfiMe  s  y)  and  PT'TT"  is  a  oor- 
reH])onding  portion  of  its  tangent  plane 
at  P(x^  z^.  Now  the  various  valQes 
may  be  read  off. 

P'Q  =  A^, 
P'T'  =dj, 
P"R  =  A^, 
P"T"  =  dj, 
X'S  =  A/i 

48.  If  the  variables  x  and  //  aif  ('X]>re8sed  as  x  =  and  y  =  ^(/) 
so  that/(.r,  y)  becomes  a  funi-tion  of  t,  the  derivative  of  /  with  respect 
to  <  is  found  from  the  expression  for  the  increment  off. 


P»T'/pp'=f;, 

PP"  =  Ay, 

p"r"/pp"  =f,, 

P'T'  +  P"T"  =  X'T, 


or 


dx  ^     dyAt         At  At 


Alio  Af     f/^     ax  df  '  dii  dt 

The  conclusion  requires  tliat  j-  and  ij  should  have  finite  derivatives  with 
respect  to  t.  The  differential  of  y  as  a  function  of  t  is 

df  =  ^dt  =  :    ,  dt  -i-   -     dt  =  ^dx  -i-f- dy  (11) 

and  hence  it  appears  that  the  different  ml  hna  the  samefioirm  at  the  total 
differoHtioL  This  result  will  be  generalized  later. 
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As  a  paxtioalar  oaae  of  (tO)  suppose  that  x  and  y  aie  ao  related  that 
the  point  (x,  y)  moves  along  a  line  inclined  at  an  angle  r  to  the  x^aoB, 
If  s  denote  diatanoe  along  the  line,  then 

x^x^-^tcoBT,  y>B{f,  +  «8nir,  d!»B008r<lt,  djf^tmrda  (12) 

The  derivatiTe  (13)  is  called  the  directional  derivatioe  of  /  in  the  dino- 
tion  of  the  line.  The  partial  derivatives  /|  are  the  particular  direo- 
tional  derivatives  along  the  diieotions  of  tiie  «4ais  and  y«xia.  The 
dureetional  derivative  of  /  in  any  direction  is  the  rate  of  inoronso  of 
/along  that  direction  ;  if  x  ss/(a-,  y)  be  inter- 
preted as  a  surfEusei  the  directional  derivative  is 
the  slope  of  the  curve  in  which  a  plane  through 
the  line  (12)  and  perpendicular  to  the  ry-jdane 
cuts  the  surface.  If  f(j-,  ij)  ha  represented  by 
its  contour  lines,  the  derivative  at  a  point 
(a*,  y)  in  any  direction  is  the  limit  of  the  ratio 
A//A«  =  AC'/A^  of  the  increase  of  /,  from  one  contour  line  to  a  neigh- 
boring one,  to  the  distance  between  the  lines  in  that  direction.  It  is 
therefore  evident  that  the  derivative  along  any  oontour  line  is  sero  and 
that  the  derivative  along  the  normal  to  the  contour  line  is  greater  than 
in  any  other  direction  because  the  element  dn  of  the  normal  is  less  tiuui 
d»  in  any  other  direction.  In  &ct,  apart  firom  infinitesimals  of  higher 
ovder. 


—  ==COS^,  -^  =  -^008^,  ^  =  f-C0Sf. 
A*  ^     A«      An      ^     <M     a»  ^ 


Hence  it  is  seen  that  the  derimfirr  nlnnq  nnif  dirprtion  mny  hp.  found 
hy  multipli/inf/  fhp  derivntire  <ili>nr/  the  ivirmnl  hy  the  cosine  of  the  angle 
between  that  dirertinn  and  the  normal.  The  derivative  along  the  normal 
to  a  contour  line  is  called  the  normal  derivative  of  /  and  is,  of  course, 
a  function  of  {Xj  y). 

49.  Next  suppose  that  n  =/(j:,  -  •  •)  is  a  Itanetion  of  any  number 
of  variables.  tDie  reasoning  of  the  fooregoing  paragraphs  may  be 
repeated  without  change  except  for  the  additional  number  of  variables. 
The  increment  of  /  will  take  any  of  the  fonns 

V=/(a  +  h,b  +  h;  f  +     ...)  -/(«,  b,  r,  ...) 
-  A/x'(«  +  ^lA,  b,  €,-  •)  +  kf;(a  +  ^  6  +  B^t  c, 

+      +         «  +  —)+••• 


•) 


Digitized  by  Google 


98 


DIFFERENTIAL  CALCULUS 


and  the  total  difEeiential  will  naturally  be  defined  as 


df        cf  cf 


and  finally  if  z,  y,  «,  •  •  •  be  fonetions  of  t,  it  follows  that 

^  ^^f.^±  ^^X^  ^^f.±  ^ 

dt      dx  (it     d;/  f/f      dz  dt 


(17) 


and  the  differential  of  fus  a  function  of  f  is  still  (16). 

If  the  variables  x,  //,  ~,  •  were  expressed  in  terms  of  several  new 
variables  r,  s,  ■  ■  ■,  the  function  /  would  Wcoiiie  a  function  of  those  vari- 
ables. To  find  the  partial  derivative  of  /  with  resjKjct  to  one  of  those 
variables,  say  r,  the  remaining  ones,  .s,  ,  would  be  held  constant  and 
/  would  for  the  moment  become  a  function  of  r  alone,  and  so  would  x, 
yt»i" Hence  (17)  may  be  applied  to  obtain  the  partial  derivatives 

dr     dxdr     dydr     dx  dr  ' 

Bf    dfdx  .  dfdf,  .  dfdz  .        ,  ^  ' 

and  "flr  =  ^a-+ +  a  '5-  +  -**»«*o- 

d$     dx  OS     Cy  cs     dz  dg  ' 

These  are  the  formulas  for  rliunye  of  varinble  analogous  to  (^4)  of  §2. 
If  these  equations  be  multiplied  by  Ar,       •  •  •  and  added, 

or  +  +  + 

for  when  r,  s,  ■■■  arc  the  independent  variables,  the  jiarentheses  above 
^are  <ix,  dy,  dz,  ■  ■  ■  anil  tiie  expression  on  the  left  is  df. 
^      Theorem.  The  expression  of  the  total  dififerential  of  a  function  of 
N  X,  y,  «,  ..•  as  df—J^dx  -^fgdy  -^-f^dx  +     is  the  same  whether  a-,  y, 
/  «y  •  •  •  are  the  independent  variables  or  functions  of  other  independent 
j  variables  r, «,  •  •  • ;  it  being  assumed  that  all  the  derivatives  which  occur, 
/  whether  of /by  x,  y, «,     or  of    y, «,     by  r,  s,      are  continuous 
functions. 

By  the  same  reasoning  or  by  virtue  of  this  theoiem  the  rules 

d(eu)  ss  eduy   d(u  +  v  — 19)  =  Ac    tfv  —  dw, 

vdu  —  udv  (19} 

of  the  differential  calculus  will  apply  to  calculate  the  total  differential 
of  combinations  or  functions  of  several  variables.  If  by  this  means,  or 
any  other,  there  is  obtained  an  expression 


d(uv)  =  udv  +  vdUf    d^^  = 
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df^R{r,  tf,t,-.  ■)dr  +  S{r,  s,t,-.  .)(h  +  T{r,  s,  t,  •  ■)dt  +  •  •  •  (20) 

for  the  total  clitY«'ieutial  in  which  r,  t,  ■  ■  ■  are  iiulejjendent  variables, 
the  ooefficients  R,  S,  T,  --  are  the  derivatives 

For  in  the  equation  <if=  Nr/.s- -f  T(it  -\  =  J^r f/ls  +  f^dt -\  , 

the  variables  r,  t,  ■  ■  ■,  being  intlejH  iulent,  may  Ik^  assigned  increments 
absolutely  at  ple^usure  and  if  the  particular  choice  dr=  1,  dj<  =  dt=  '  =  0, 
be  made,  it  follows  tliat  R  =f^  -^  and  uu  on.  The  single  equation  (20)  is 
thus  equivalent  to  the  equations  (21)  in  number  eqml  to  tiie  munber  of 
the  independent  variables. 

Aa  an  example,  consider  the  cam-  of  the  function  tan-  *  (y/x).  By  the  rules  (19) 
dXMSk-^^  -   ^^^^'^^    _dy/x-vdx/x*  xdy-yiU 

If  y  md  s  mte  ezpraMd  as  y  =  dnh  rd  and  z  —  coflh  rsl,  then 

xdy-ydx  _  [itit  +  fid»  +  ndt] [ccwh Vrf - ■inh'riq 
x~  z'-fy*  «MhVi(  +  Binh*ra< 

if         tt  df        H  If  n 


dr     oosh2r<t         U     cotih2rst  co8h2raC 


1.  Find  the  partial  derivatives Z^',  f'^  or/,',  /^',     of  these  functions: 
(ff)  log(x»  +  y«),  ccoeysin*,  (7)  x»  +  8xy  +  y«, 

a:  ^  '  X  ^  '  Vx^  +     +  2*/ 

2.  Apply  the  lieflnition  (2)  directly  to  the  following  to  find  the  partial  deliver 
tives  at  the  indicated  points  : 

(a)         at  (1, 1),  -f  8  xy  4  y*  at  (0, 0),  and  (y)  at  (1, 1>, 

(a)  izJf  at  (0,  0);  also  try  dlUnrentiating  and  nitietltatlng  (0^  0). 

z  +  y 

S.  Find  the  partial  derivativee  and  benoe  the  total  differential  of : 

(a)r-«atny,        (e)  e^dnhay.        (f)  +  ^»)» 
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4.  Find  the  genend  equations  of  the  tangent  plane  and  normal  line  to  these 
miftow  and  flod  the  equMtons  ct  the  plane  end  line  for  the  Indiceted  (x^,  : 

(a)  the  belioold  e  =  l;tan->(y/x),  (1, 0),  <1,  - 1),  (0, 1), 

(P)  the  paraboloid  4jW  =  (ai^  +  y»),  (0,  p),  (2p,  0),  (p,  -  p),  _ 

(-y)  the  hemisphere  z  -  Vtfi  .     .  yl,  (0,  -  )  a),  (J  a,  )  a),  (J  V3  a,  0), 

(«)  the  cubic  xyz  =  1,  (1,  1,  1),  (-  J,  -  J,  4),  (4,  i,  i). 

ft.  Find  the  deiivetive  with  reqieci  to  t  in  theie  cases  by  (10): 

(a)/s^-l>y*,s  =  aoaei,y  s6dnt,  (fii  tnn-i'^t  y  (s«Mh(,ssalnh<, 
{y)  sin-i(z-y),x  =  8<,y=:4(^,        (S)  oos2acy,X3tftn-Hy»o(A-M. 

6.  Find  the  directional  derivative  in  the  direetion  indicated  and  obtain  its 
anmeiloel  vnlne  e(  the  polntB  Indfasated: 

7.  (a)  Determine  the  maximum  valoe  of  4f/^  ifom  (18)  by  regarding  r  as 
Tftriable  and  laying  the  ordinary  ndos.  Show  that  the  direction  that  glvee  the 

(/})  Show  that  the  nun  of  the  eqnerei  of  the  dertvatlm  tlong  any  two  petpen- 
diottlw  dlreetiona  Is  the  iMne  end  to  the  aqoftra  of  the  normal  derlyatlTe. 

I.  Show  that  (/;  +  y/;)/Vr+7«  and  (/.V  -/;)/Vr+7»  aie  the  deriTa- 
tivfi  of /along  the  euire  y  s       and  normal  to  the  carve. 

f .  If  d^/da  to  defined  by  the  work  of  Ex.  7  (a),  prove  (14)  aa  a  eonaeqnenoe. 

10.  Apply  the  formulas  for  the  change  of  variable  to  the  following  cafles : 

(y)  aBar>8t+7,yB-r<|-8«*9.  Vlnd  ^  =  4x  +  Sy  If  ttaa^-y*. 

(0  Prove  ^  +  f^  =  0  If  /(«,  r)=/(a!-y,y-.«). 

(f )  Let  X  =  ax'  +  <v'  +  cz',  y  =  +  6y  +  cV,  «  =  a"*'  +  b"y'  +  c'V,  where 
1^  K  ^1  o',  b',  c',  a",  6",  e"  are  the  direction  oodnea  of  new  rectangular  axes  with 
wapeol  In  thn  n1>l  Thtotranrformation  to  called  an  ovtJtoyoNallraiif^hrmatton.  Show 

11.  Define  directional  derivative  in  space ;  also  normal  derivative  and  eatab> 
Ilk  (14)  for  thto  caae.  Find  the  normal  derivative  of/s  xys  at  (1, 2, 1^4 

II,  find  the  total  dlllerential  and  hence  the  partial  derivatives  In  BxB.l,S|  and 
W  lfl|l(*^  +  li*  +  «^t  Wa^,      (I)  aciMbgai*, 
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(c)  «  a  S  SB  roMlC,  y  =  $dafi.  Find  du/tr,  ifu/Sa,  9u/H, 

(f )  u  =  y/a,  z  =  r  cos  0  sin  ^,  y  =  r  sin  ^  sin  ^.     Find  u/,  u^',  u^', 
<9)  « s      s  =  logVf«  +  «^,  y  =  tan-^t/r).    find  <,  ii,'. 

13.  If  1^  =  g  and  ^  =- ^,  rf.ow^  =  l^  and  1^  =- ^  if  r.  ♦arepolT 

as    ly      ay      te         dr  rd^      9r  * 

OQgwlfaittiW  and/  y  an  aof  two  fnnotloiiB. 

14.  U]»(a^y,f;,Oiith6inwBii]«lnafiiiid,or(i^y,s,QistlMd0nrfty,dciM^ 
ing  on  the  position  in  the  fluid  and  on  the  tiiQe,  and  tf  ii,  «^  w  an  the  valooltiet  of 
theiiarticles  of  the  fluid  along  the  axe% 

dp      bp  ,    dp  ,     cp  ,  bp       ,   dp       9p  ,         ,     bp  bp 

—  =  u— +  t— +  «?— +  —   and   -I- =  u-i- +  r— +  w— +  — . 
dt       bz      by       bz     bt  dt       bx      by       H  dL 

Explain  the  meaning  of  each  derivative  and  prove  the  formula. 

15.  If  z  =  ly,  interprpt  z  the  area  of  a  rectangle  and  mark  d^,  Az  on  the 
figure.  Cunsider  likewise  u  =  xyz  as  the  volume  of  a  rectangular  parallelepiped. 

16.  Small  errnrn.  If  /(x,  y)  be  a  quantity  determined  by  mpasurpmentR  on  x 
and  y,  the  error  in  /  due  to  small  errors  dz,  dy  in  z  and  y  may  be  estimated  as 
df  =fi,dx-k-fydy  and  the  relative  error  may  be  taken  as  df  -«-/=  dlog/.  Why 
lathis? 

(o)  Suppose  5  =  }  ad  sin  C  be  the  area  of  a  triangle  with  a  =  10,  b  =  20,  C  =  80". 
Find  the  error  and  the  relative  error  if  a  is  subject  to  an  error  of  0.1.  ..4ru».  0.5, 1%. 

(jS)  In  (a)  suppose  C  were  liable  to  an  error  of  lO'  of  arc.  Am.  0.27,  \%. 

(7)  If    ft,  C  an  UaUe  to  errors  of  1%,  the  oombined  error  in  8  nay  be  S.1%. 

(<)  The  radius  r  of  a  capillary  tube  la  determined  from  18.6«t4a:  w  bj  flndp 
ing  the  weight  to  of  a  column  of  mercury  of  length  I.  If  mj  =  1  gram  with  an  error 
of  10-'  gr.  and  i  =  10  cm.  with  an  error  of  0.2  cm.,  determine  the  possible  error 
and  niatlve  ertor  in  r.  Amim,  1.06%,  6  x  10-«,  mostly  due  to  emrin  1. 

(•)  The  forannia  c^asa>4A^  —  SflbooaCia  need  to  detennioe  e  when  a  a 
6  =  20,  C=  00°  with  possible  errateof  0.1  in  aaodfrandM'ln  C.  Find  the  possible 
absolute  and  relative  errors  in  c.  An».  \,  \\%. 

(f)  The  possible  percentage  error  of  a  product  is  the  iom  of  the  percentage 
«non  bCtiie  faeiors. 

(if)  The  oonetant  g  of  gravity  is  determined  from  y  s  8«(-'  by  observing  a  body 
fall.  If  »  is  set  at  4  ft.  and  I  determined  at  about  }  sec.,  show  that  the  error  In  g 
is  almost  wholly  due  to  the  error  in  t,  that  is,  that  s  can  be  set  very  much  more 
aeoorately  tlian  t  can  be  determined.  For  example,  find  theemrln  i  wUeh  would 
make  the  same  error  in  g  as  an  error  of  \  inch  in  s. 

(9)  The  constant  g  is  determined  by  gt?  =  ir^l  with  a  pendulum  of  length  /  and 
period  (.  Suppose  ( Is  detenuined  by  taking  the  time  100  sec.  of  100  beats  of  the 
pendolom  with  a  atop  watch  tliat  meaaures  to  |  see.  and  that  I  may  be  meaaoied 
aa  100  em.  aeeniate  to  |  millimeter.  Dieenm  tiie  mm  in  y. 

17.  Let  the  coordinate  z  of  a  particle  be  z  9s)  and  depend  on  two  hade* 
9»»d«iil  Tailahies     9,.  Show  that  tlw  nlodty  and  Idnetic  energy  an 
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where  dote  denoia  difieteatiation  by    and  a,|,  o^,  a^^  are  funetlons  of  {q„ 
Show  —  =  — .  I  =  1,  S,  and  stmilaily  for  any  nmntier  of  vaxlafclet  q. 

18.  The  helix  x  —  a  coh(,  y  =  aaint,«  =  at  tan  a  cuta  the  q^here  +  y'''  4-  — 
0*8ec'^  at  sin-  *  (sin  a  sin  /5). 

19.  Apply  the  Theort'iu  of  thu  Meaii  to  prove  that  /(x,  y,  z)  is  a  constant  if 
=/y  =    =  0  b  telle  for  all  Talma  of    y, «.  Compare  Theoran  16  (|  27)  and 

make  the  atatement  accurate. 


20.  TrHn>ionn  ^=  ^  1^)^'*'  ^  cylindrical  and  {fi)  polar 
c<>^4rdii»at«  s  -40). 

21.  Fiiul  the  AWi^Xv  of  inlerst-ctitin  of  tlio  helix  j-  =  2co.s<,  y  =  2sini,  <  =  (  and 
the  surfai  f  lyz  —  1  at  their  tirst  intt'rst'clion.  that  is,  with  0  <  <  <  j  tt. 

88.  Let/,  y,  A  be  thrve  functions  of  (x,  y,  z).  In  cylindrical  coordinates  (§  40) 
fonn  tha oombinattons  Fs/cos^  +  ysin^  6  =— /sin^  +  ycoe^,  JSTasA.  Trana- 

Aa  2|f    te  ftc  iy 

to  cjllndxioal  ooOrdinalea  and  exprev  in  tanns  <tf  F,  O,  A*  in  atmpleife  f oim. 

tt.  GlTon  tha  fnnetiona  y>  and  and  aCi^.  Find  the  total  diHSerentiala  and 
hence  obtain  the  derivatiTea  of    and  and 

50.  Derivatives  of  higher  order.  It  the  tirst  derivatives  be  agaiu 
difforentiatedy  there  arise  four  derivatives  fj^  of  the  second 

order,  where  the  first  sttbscript  denotes  the  first  differentiation.  These 
may  also  be  written 

-^^aJ*'  A»-ai^'  ^^dxdy'  ^~df' 

where  tlu*  derivative  of  Cj'^  cy  with  respect  to  jc  is  written  ^f/cxcy 
with  the  variables  iii  the  same  order  as  required  iu  D^^'  and  opposite 
to  the  order  of  the  snfaaeripts  in  f^.  This  matter  of  order  is  nsnally  of 
no  importance  owing  to  the  thBorem :  ^  the  denvatwe$  f^,  J\  ham 
derwativtt  J^,  which  are  eantmmout  m  (jr,  y)  m  the  neighborhood 
of  any  point  {jt^  y^  the  derivatitee       and      are  equat,  that  is, 

The  theorem  nu^r  be  proved  by  tapeKMl  implication  of  tha  Thanem  of  the 
Mean.  For 

[/(Xo+     Vo  +  *)-/('o,  Vo  +  +     yo)-/(-Co'  Vo)]  =  [*(l'o  +  *)- W] 

=  [/('o  +  A.     +  A) - /(-r.  +  A,  Vo) ]  -  [/(Jt^  yo  +    - /(-^ ^o)]  =  [^('o  +  *) " ^('o)) 

where  #(y)  atands  for  /(a,  +  A. »)-/(«.,  y)  snd  f  (*)  for  /(jb,  y«  +  *)  -/(a,  y,). 
Now 

♦  (y,  +  t)  -  ^ (yj  =         +  §k)  =  t [/, (X,  +  A,  y„  +  ek) -r,{x^  y,  +  tf*)], 
1^*«e  +  *)-lKi^  =  ^A)  =  +  ^A,  y,  +  iQ-/:(Xo  +  *'A. 
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by  applTfaig  the  Theorem  ot  the  Meen  to  ^(y)  and       ve^utded  ae  fonetions  of  a 

sinple  variable  and  then  salwtitutinp.  The  results  obtained  are  necefsiarily  equal 
to  each  other  ;  but  each  of  these  is  in  form  for  another  application  of  the  theorem. 

A  [/;(x„  +  A,  +  ^A)  -/;(/o.  Vo  +  ^*)]  =  w;;(xo  +  vh,  y,  +  ek). 

Hence  {x^  +      y„  +  $k)  =  /^^ (x„  +  B'h,  y„  +  V*)- 

As  the  derivatives/^/^  are  supposed  to  exist  and  be  continuous  in  the  variables 
^  y)  at  and  in  the  sei^borhood  of  yo)f  ^  Umit  of  each  ride  of  the  equatkm 
edete  ea  A  ^  0^  I;  s:  0  and  the  equation  Ik  tnie  in  the  limit.  Henee 

The  diif eientiation  of  ihe  three  deriyatiTee  »  will  give 
Biz  deriTafcives  of  the  third  order.  Coneider  fl^  and  These  may 
be  written  as  (/|)^  and  (J^)'^  and  are  eqtial  by  the  theorem  just  proved 
(provided  the  restrictions  as  to  continuity  and  existence  are  Batistied). 
A  similar  conclusion  holds  for  and  the  number  of  distinct 
derivatives  of  the  third  order  reduces  from  six  to  four,  just  sis  the 
numlit^r  of  tlie  second  order  reduces  from  four  to  three.  In  like  manner 
for  derivatives  of  any  order,  thi-  ra/nr  of  t/w  drrirdtirr  (Icpt-nds  not  on 
the  ordtr  In  ifliuli  tlw  indli'idudl  (lilffrenfliifions  icith  nsji'tt  tit  x  <tml 
y  are  jjerforim  il ,  hut  oiilif  on  tlw  total  nambtr  of  d Ifferent iat iojls  witli 
respect  to  eacA,  auu  the  result  may  Ite  written  with  the  differentiations 
collected  as  >»  + "  ^* 

KJ>;f=         =fXr\  ete.  (22) 


AnalogooB  results  hold  for  functions  of  any  number  of  variables.  If 
several  derivatives  are  to  be  found  and  added  together,  a  symbdio 
form  of  writing  is  frequently  advantageous.  For  example, 

or        (2).  +  i>,)y  «  {Di  +  2  DA  +  +  +>S' 

51>  It  is  sometimes  necessary  to  change  the  variable  in  higher  deriv- 
atives, particularly  in  those  oi  the  second  order.  This  is  done  by  a 
repeated  application  of  (18).  Thus  fZ  would  be  found  hy  differentiat- 
ing the  first  equati<m  with  respect  to  r,  and     by  differentiating  the 

first  by  s  or  the  second  by  r,  and  so  on.  Compare  p.  12.  The  exercise 

U'lnw  illustrates  the  method.  It  may  be  remarked  that  the  use  of  higher 
differentUiU  is  often  of  advantage,  althon^'h  these  differentials,  like  the 
higher  differentials  of  functions  of  a  single  variable  (Exs.  10,  lt>  19, 
p.  67),  have  the  disadvantage  that  their  form  depends  on  wliat  the 
indejwndeiU  variaMes  are.  This  is  also  illustrated  U'low.  It  should  l)e 
particulai'ly  borne  in  miud  that  the  great  value  of  the  first  differential 
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liflo  in  fhe  &oto  tliat  h  msj  be  treated  like  a  finite  qnentilgr  tad  that 
ita  form  is  independent  of  tiie  ▼uiafaleB. 

To  change  the  variable  inr^  +      to  polar  c<>5nlinaU«  and  show 
5*B     f*r     tH     I  dv     1  d'h         f  x  =  r ooe 0,       y  =  rBin^, 

do  dr        0^       9o    00  fr    00  0^ 

°  S"0rS  0r~0rS 

tj  appl^ii  (18)  diteetly  with  y  teUng  the  pleoe  of  r,  •  •  •  and  r,  #  the  plaoe 
of  ac^y,         Tbeoe  e^wtona  may  be  reduced  lo  thet 


0o_0o     z        00  --y  _0o»  0o-'y 
0a'~0rV«*4.yt    0^a^  +  y«'"0rr    0#  f«  * 

Next        —  =  =  +  

dl"     tx  cT     cr  cx  ?x     ?0       f / 

[g^D  j;  tip  ^  X  c'^c  —  y  cv  c  —  y"]x 
a»«r    irarr    0r0^  *«  a*ir~r*"Jr 

The  diflerentiations  of  z/r  and  —  y/r*  may  be  perfornieil  a8  iiidicate<l  with  respect  to 
r,  ^  Temembering  that,  m  r,  ^  are  independenti  the  deziTative  of  r  by  ^  is  0.  Then 

e«r_x«e»o    i^go^^gy  g«g     ^^xydv  y*i*t 
hx*"  f^tr*     r*  dr"    r"  ?r^^     "  r*         r*  * 

In  like  manner  c*v/cy*  may  be  found,  and  the  sum  of  the  two  derivatives  reduces 
to  the  desired  expreeaion.  This  method  is  long  and  tedious  though  straightforward. 
It  ia  eonaiderebly  ihoiter  to  itut  with  the  expnHioii  In  pirinr  ooflKdiBetae  tod 
by  the  Mune  method  to  the  one  in  rectangnlar  eoSidinateo.  Tboa 


00 

0r 


 h  ^=:— coe*  +  —  sln*  =  -l  — »  +  — yl* 
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cr-D      c-p       1  0  /  0O\       I  0^      0*0  .  1  00       1  a»» 

0^«+v=;5^ra-'^ia;5==si+-r«^^;i0i*- 

The  dellnltlons  d*f=f;^dx*,  d^a/J^dody,  ^f^f^^A^  weald  aalnially  be 

given  for  partial  differentials  qf  the  Herond  ordfr,  each  of  which  would  vanish  if  / 
reduced  to  either  of  the  independent  variables  x,  y  or  to  any  linear  function  of 
them.  Thus  the  second  differentials  of  the  independent  variables  are  zero.  The 
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noond  total  dUbrentlal  would  be  obtained  by  diflerentiBting  the  flrat  total  dUbr* 
eotial. 

Hf^  dl^-^dx  +     (ij/W  (i     dx  +  d  ^dy  +  +  ^d«y ; 

\tz        c'y    /       cz  by  dy 

The  iMt  two  tenM  vftnbii  ftnd  the  total  differential  rednoee  to  the  flnt  tbree  terae 

if  z  and  y  are  the  Independent  variables  ;  and  in  this  case  the  second  derivatives, 
/sx* fwr  ^'^^       coefficients  of  djr*,  2dzd^,  dy'^,  which  enables  those  derivatives 
to  be  found  by  an  extension  uf  ttie  method  of  finding  the  tirHt  derivatives  (§  49). 
The  method  to  particularly  lueful  when  all  the  aeoond  derivatives  are  needed. 
The  piohlem  of  the  change  d  vailaMe  may  now  be  treated.  Let 

cPd  =      dj^  +  2    'dxdy  +     r  dy* 
bx^  cx*  3y' 

—  —  dr^  +  2  —  drdA  +  — -d*«  +  — dV  +  d**, 

where  z,  y  are  the  independent  variables  and  r,  <p  ottx-r  variables  dependent  OO 
them  —  in  this  case,  detined  by  the  relaiiunn  for  polar  ccjordinates.  Then 

dx  —  cos  <pdr  —  r  sin  4td<t>,       dy  =  sin  <l>dr  +  r  cos  0d^ 
or  dr  =  coH  ^dx  -{-  Mu  ^^y,       rd^  =  —  sin  ^dx  +  cos  ^y.  (26) 

Then         dVs(-rin#(b+ eos^d^df  snt^Kfl^, 
dMf         s  ~  (ooa^  +  ain  ^)d^  B  —  drdf, 

where  the  diflerentiato  of  dr  and  rd^  have  hem  found  nlijoet  to  #■  s  d^r  s  0. 
Hence  dV  s  rd^  and  nP#  s  —  Sditf^.  Theaa  may  he  intaMitnted  In  tPv  wUeh 


Kext  the  values  of  dr*,  drd^,  d^fl  may  bt>  substituted  from  (25)  and 

Thus  finally  the  derivatives  r_^^,  r_^,  are  the  three  bracket*  wlileh  am  the 
ooefficienta  oL  ds*,  2  disdy,  dy*.  The  value  of  e^j^  +  «^  ia  aa  found  before. 

52.  Tlie  oondition  f^^f*^  which  Bubsists  in  aooordanoe  with  tha 
fundamental  theorem  of  §  50  gives  the  condition  Mot 
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h$  ih0  MeU  differerUial  of  some  function  fix,  y).  In  foot 

dydx      Cy      dx  cxcy 

The  second  form,  wlieie  th»'  variables  which  are  constant  during  the 
differentiation  are  explii  itly  indicated  as  suhscrijiti),  is  more  common  in 
works  on  thermodynamics.  It  will  Ix;  proved  later  that  conversely  if 
this  relation  (26)  holds,  the  expression  Mdx  +  Ndy  is  the  total  differ- 
ential of  some  function,  and  the  method  of  finding  the  fonction  wiU 
also  be  given  (S§  92, 124).  In  ease  Udz  +  JVtfy  ie  the  difreiential  of 
some  fonction /(x,  y)  it  is  usually  called  an  eaxui  diffeninlM. 

The  applici^<m  of  the  condition  for  an  exact  differential  may  be 
made  in  connection  with  a  problem  in  thermodynamics.  Let  S  and  U 
be  the  entropy  and  energy  of  a  gas  or  vapor  inclosed  in  a  receptacle  of 
volume  t'  and  subjected  to  the  pressure  /»  at  the  temperature  T.  The 
fundamenUd  equation  of  thermodynamics,  connecting  the  differentials 
of  energy,  entropy,  and  volume,  is 

dU^TdS—pdv'y  and 

IS  the  condition  that  if    be  a  total  differential.  Koir,  any  two  of  the 

five  quantities  U,  S,  r,  T,  p  may  be  taken  as  indei)endent  variables.  In 
(27)  the  choice  is  S,  v;  if  the  equation  were  solved  for  dS,  the  choice 
would  be  U,  V ;  and  U,  S  if  solved  for  Ut\  In  each  case  the  cross  differ- 
entiation to  express  the  condition  (26)  would  give  rise  to  a  relation 
between  the  derivatives. 

If    T  were  derftedMlndependeiii  variables,  the  efaange  of  variable 

should  be  made.  The  expression  of  the  (-oiulitioii  is  then 


where  the  differentiation  on  the  left  Is  made  with  p  conrtaat  and  that  on  the  rl|^ 

with  r  constant  and  where  the  subscripUii  have  lM>en  dropped  from  the  aeoond 
({eri  vat  i  vf  s  and  the  usual  noution  adopted.  Everything  cancels  ezoepi  two  temw 

which  give 
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Tbe  importaiioe  of  the  teit  for  u  exact  differential  Ilea  not  only  in  tbe  relatlom 
oliCained  between  the  derlvattvea  aa  above,  but  also  in  the  fact  that  in  applied 

inatlieniatirs  a  preat  many  expresfsions  aro  written  jus  diffi;rential8  wliicli  are  not 
the  total  difierentiaia  uf  anj  functiuiui  and  which  must  be  distinguished  frciui  exact 
diffeieutlili.  Vor  fautance  if  dS  denote  the  Inflnlteslnial  portion  irf  heat  added 
to  tbe  gas  or  vapor  above  considered,  the  fundamental  equation  is  expressed  as 

dlT  =  dU  +  pdv.  Tliat  is  to  nay,  the  amount  of  heat  added  is  equal  to  the  increase 
in  the  energy  plus  the  worlc  done  by  the  ga«  in  expanding.  Now  dll  is  not  the  dif- 
ferential of  any  function  H{U,  v)  ;  it  is  dS  —  di//r  which  hi  the  differential,  and 
tUs  iaone  reason  for  introdndngthe  entropy  8.  Again  if  the  forces  X,  Y  act  on  a 
particle,  the  work  done  during  the  di8i)liU'ement  through  the  arc  ds  =  V dx"  +  dy* 
iH  written  d  W  =  Xdx  +  Ydy,  It  may  iiappen  that  this  is  the  total  differential  of 
some  function ;  indeed,  if 

cx  dy 

where  the  negative  sign  is  Introduced  in  accordance  with  custom,  the  function  V  is 
ealled  tbe  potenOal  energif  of  the  partide.  In  general,  however,  there  Is  no  poten- 
tial eneigy  function  F,  and  dlTis  not  an  exact  differential ;  this  is  always  true 

■when  part  of  the  work  is  due  to  ff)rrcs  of  friction.  A  notation  which  shoidd  dis- 
ttnguish  between  exact  differentials  and  those  which  are  not  exact  is  much  more 
needed  than  a  notation  to  distinguish  between  partial  and  ordinary  derivatives ; 
but  there  appears  to  be  none. 

Many  of  the  physical  magnitudes  of  thennodynamics  are  expressed  as  deriva- 
tives and  such  rdaUons  as  (26)  establidi  relations  between  the  magnitodea  Some 
detinitions : 


apeoiflc  lieat  at  constant  volume 

is 

speeifle  heal  at  eonatant  preasnre 

is 

c. 

latent  heat  of  expansion 

is 

U 

\dt  Jt  Xdv/T 

coefficient  of  cubic  expansion 

U 

<»> 

modulus  of  elaatidty  (isotbenna]) 

is 

Et 

modulna  of  elaslidty  (adiabatic) 

is 

Ea 

—a- 

53.  A  polynomial  is  said  to  lie  homo|feneous  when  each  of  its  terms 
is  of  the  same  order  when  all  the  variables  are  considered.  A  defini- 
tion of  homogeneity  which  includes  this  case  and  is  a])})licable  tf)  more 
general  eases  is:  A  fitnrfinn  /(-r,  »/,  z,---)  of  nmj  nnmher  of  variables  is 
called  homogeneous  if  the  f tinrtion  is  vi  ultijdied  by  some  power  of  \  when 
all  the  variables  are  multiplied  by  A;  and  the  power  of  X  wlliek  faotors 
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out  ia  called  the  order  of  homogeneity  of  the  functioiL  In  symbolB  the 
oonditioii  for  homogeneity  of  order  n  is 

/(Xx,  \y,  Az,  . . .)  =  X"/(ar,  y,  «,  •  •  ).  (29) 
Thus  gJ-k-^f     ^  +  tMi-^-»      ,  ^  (29*) 

are  homogeneous  functions  of  order  1,  0,  —  1  respectively.  To  test  a 
function  for  homogeneity  it  is  inert'ly  necessary  to  replace  all  tlie  vari- 
ables by  X  times  the  variables  and  see  if  X  fux'tors  out  completely.  The 
homogeneity  may  usually  Ix^  seen  without  the  test. 

If  the  identity  (29)  be  differentiated  with  respect  to  X,  with  a:'=Xz,  etc., 

A  second  diffecentiation  with  respect  to  k  would  give 

/    ^  5*        \     /      ^         3*         8^  \ 

■*" ^J^'"*"'  Y'^ ••— »(n-l)X"-'/(i,y, *,•••) 
«  8  +  j^l^  -H ...)/—(»- 1)  H    .. .). 

Now  if  X  be  set  equal  to  1  in  these  equations,  then  «'  8«  and 

In  words,  these  equations  state  that  the  sum  of  the  partial  derivatives 
each  multiplied  by  the  variable  with  respect  to  which  the  differentia- 
tion is  performed  is  n  times  the  function  if  the  function  is  homogeneous 
of  order  n;  and  that  the  sum  of  the  second  derivatives  each  multiplied 
by  the  variables  involved  and  by  1  or  2,  according  as  the  variable  is 
repeated  or  not,  is  n(n  —  1)  times  th»'  function.  The  general  formula 
obtained  by  differentiating  any  nunil»er  of  times  with  respect  to  X  may 
be  expressed  symbolically  in  the  convenient  form 

(3-D,  +  yZ>,  +  ar/).  +  . .  .)*/=  n(»  -  1). . .(»  -  A;  +  1)/.  (31) 

This  is  known  as  Eul^t  Formula  on  homogeneous  fnnctiona. 


It  Is  worth  while  noUns  that  In  a  certain  sense  ereiy  eqostioik  whidi  repraseots 

a  geometric  or  physical  relation  Is  hoinopcncous.  For  instance,  In  geomptry  the 
magnitudes  that  arisi-  may  Iw  IcnRths,  arca-s,  volumes,  or  anples.  These  mapni- 
tude«  are  expressed      a  number  times  a  unit ;  thus,  V2  ft.,  8  sq.  yd.,  v  cu.  ft. 
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In  adding  and  subtracting,  the  tpmis  must  be  like  quantities  ;  lengths  added  to 
lengths,  areas  to  areas,  etc.  The  fundamental  unit  is  talien  as  length.  The  units  of 
area,  volume,  and  angle  are  derived  therefrom.  Thus  the  area  of  a  rectangle  or 
tlM  Toluine  of  ft  rectangnlsr  punlleleplped  is 

il  =  aft.  x6ft.  =a6ft.*  =  a68qft.,    F=oft.  xftft.  X  eft.  =  a6cft.»  =  a6ccu.  ft., 

and  the  unite  sq.  ft.,  cu.  ft.  are  denoted  as  ft.'',  ft.'  just  as  ii  the  simple  unit  ft. 
had  been  tareated  m  ft  literal  qnanti^  and  inclnded  in  the  multtpUcation.  An  area 
or  yolume  to  theraftne  eooaidered  ae  a  componnd  qnanti^  oonatoting  of  ft  number 

which  gives  its  magnitude  and  a  unit  which  gives  its  quality  or  (linienMions.  If  L 
denote  length  and  [L]  denote  "of  the  dimensions  of  length,"  and  if  similar  nota- 
tions be  introduced  for  area  and  volume,  the  equations  [A]  =  [LJ^  and  [  V}  =  [L]' 
State  that  the  dimensions  of  area  are  squares  of  length,  and  of  volumes,  cnbes  of 
lengths.  If  it  be  recalled  that  for  purposes  of  analysis  an  angle  is  measured  by  the 
ratio  of  the  arc  subtended  to  the  radius  of  the  cirele,  the  dimensions  of  angle  are 
seen  to  be  nil,  as  the  definition  involves  the  ratio  of  like  magnitudes  and  must 
therefore  be  ft  jmre  mmter. 

When  geometric  facte  ftie  represented  ftnalytically,  dfher  of  two  alternatives  to 
open  :  1",  the  equations  may  be  regarded  as  existing  between  mere  numbers ;  or 
2^,  as  between  actual  magnitudes.  Sometimes  one  method  is  preferable,  sometimes 
the  other.  Thus  the  equation  z*  +  =  of  a  circle  may  be  interpreted  as  1°,  the 
amn  of  the  aqnareo  of  the  coordinates  (nombers)  to  cmiatftnt ;  or  S",  the  aom  of  the 
squares  on  the  legs  of  a  right  triangle  is  equal  to  the  square  on  the  hypotentise 
(Pythagorean  Theorem).  The  second  interpretation  better  seta  forth  tlje  true 
inwardness  of  the  equation.  Consider  in  like  manner  the  parabola  =  4jxt.  Gen- 
erally y  and  X  are  regarded  as  mere  nvmben,  bat  tiiej  may  equally  be  looked 
upon  as  tongtha  and  then  the  atatement  to  that  the  equare  upon  the  ordinate  equato 
the  rectangle  upon  the  absci.ssa  and  the  constant  lenf^th  4p  ;  this  may  be  inter- 
preted into  an  actual  construction  for  the  parabola,  because  a  square  equivalent 
to  a  rectangle  may  be  constructed. 

In  the  last  Inteipretatioa  the  oonstant  p  was  aarfgned  the  dlmenslonB  of  length 
so  as  to  render  the  equation  homogeneous  in  dimenakos,  with  each  term  of  the 
dimensions  of  area  or  [/.]'.  It  will  be  recalled,  howe\'er,  that  in  the  definition  of 
the  parabola,  the  quantity  p  actually  has  the  dimensions  of  length,  being  half  the 
distance  from  the  fixed  point  to  the  flsced  line  (focus  and  directrix).  Thto  to  merely 
another  conoboratlon  of  the  initial  atatement  that  the  equations  which  actoally 
arise  in  considerint'  penmetric  problems  are  homogeneous  in  their  dimen.sions,  and 
must  be  so  for  the  reason  that  in  stating  the  first  equation  like  magnitudes  must 
be  compared  with  like  magnitudes. 

The  qaesUon  of  dimensions  may  be  carried  along  through  aneh  pneeases  as 
dlftrantiation  and  integration.  For  let  y  have  the  dimensions  [y]  and  z  the  dlmen- 
idons  [x].  Then  Ay,  the  difference  of  two  y's,  must  still  have  the  dimensions  [y] 
and  At  the  dimensions  [zj.  The  quotient  Ay/A2  then  has  the  dimensions  [y]/[x]. 
Vor  example  the  rdatlmu  for  area  and  for  volume  of  revolution. 


and  the  dimensions  of  the  left-hand  side  check  with  those  of  the  right-iiand  side. 
Am  Integration  to  the  Undt  of  nanm,  the  dtmenrfons  of  an  Intagnd  an  the  pcodvot 
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of  the  dimendoiM  of  the  funetloii  to  be  Integnfted  end  of  the  dUbieDtiel  db 
Thus  if 

Jf*   dx        1 ,      ,  z  . 
— — -3  =  -  tan->  -  +  « 
•  o^-f^    a  a 

wen  en  Intsgnl  eiUqg  in  eetoel  pnetiee,  tlie  yrj  feet  that  #  end  sfi  ue  added 
would  show  thet  thej  moat  have  the  aame  dimenaiona.  If  the  dimenaknia  of  x 
be  IL],  then 

and  tlila  elieeha  with  the  dimenalonB  on  the  right  wliidi  an  [.^1'^  alnoe  angle  haa 

no  dlmensionB.  As  a  rule,  the  theory  of  dimensions  Is  neglected  in  pure  math^ 
matics ;  but  it  can  nevertheless  be  made  exceedingly  useful  and  instructive. 

In  mechanics  the  fundamenlal  units  are  length,  mass,  and  time ;  and  are  denoted 
by  [L],  [M],  IT].  The  following  uUe  oontaine  some  derived  unite: 

velocity  acoeleration  r^^t         force        ^^fl.[^^  * 

anal  velocity  denrftj       ^]»'  momentam 

angnlar  velocity  — ,     moment      t  ^J^V  J.,    eneigy        [77  * 

WiUi  the  aid  of  a  table  like  thie  it  ie  ea^y  to  convert  magnitndea  In  one  eet  ol 
unit* aa  ft,  Ib^,  aee.,  to  aaotherigratmn,  saf  cm.,  gm.,  aec.  All  that  te  neoeaiaiy  ia 
to  anbrtitQle  for  each  individual  unit  Its  value  in  the  new  ijatem.  Thus 

g  =  82i^.      lft.sW.48om.,      y  =  32i  x  30.48 =  flflOJ 

EXERCISES 

I.  Obtain  the  derivativee/;;;,      /;;,      and  verify/;;  =f^, 
<a)  aln->?.       (fi)  iog?^\       (7)  4>h  + 

S.  Oompute  d^v/t}/'^  in  pi)lar  codrdinates  by  the  straightforward  method. 

a.  8howthata<^^  =  ^if  vs/(«  +  a04-^(s-a0* 

4.  Show  that  this  equation  is  unchanged  in  form  by  the  transformation : 

5.  fapolareotMlnateassrooB^,  ssriln^cos^,  y  =  raintf  ain^  in  qpaoe 

it^'*' 9^^ H*" f*l9r\  W  ain^atfV  WJ' 

The  work  of  tiamffmnation  may  be  ahortened  by  aobstituting  aucoemtvely 
s^fiooaf,  ysBr,4n^  and  a  =  rooe#,  i^srdn#. 

9.  Let  as,  V,  a,  I  be  four  independent  variables  and  x  =  rcos^,  y  =  r  sin  ^gsa 
the  eqnationa  for  tranaf orming  «,  y,  a  to  ^lindrical  oottnUnatea.  Let 
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t^tz  dvdz       aat*   ay*       aydt  ^xh' 

r  CT"  r  ?z  r  ?t 

where  r-^Q  =  df/cr.  (Of  inijxjrtHiict'  for  the  Hertz  oHfillator.)    Tike  i//c<p  =  0. 

7.  Apply  the  test  for  an  exact  tliffcrciitial  to  each  of  the  folh)\ving,  ftnd  wiite 
by  inspection  the  functions  corre-^pontling  to  the  exact  differentials: 

(a)  3xdx  +  y-dy,       (^)  Sxydx  +  x^dy,       (y)  x^dx  +  y«dy, 

8.  Express  the  conditions  that  P(z,  y,  z)dx  +  Q{x,  y,  x)dy  +  R{x,  y,  t)it  be 
an  exact  differential  dF(x,  y,  z).  Apply  these  conditions  to  the  differentials  : 

(a)  Sx^xdx  +  2 s^xdy  +  x»i/«<it,      (fi)  {y  +        +  («  +  <)(ly  +  («  +  y)<l*. 

10.  If  three  functions  (called  thennodynamic  potentials)  be  defined  aa 

^  ^  r 7  _  TS,  X  -  f  ''  +  pv,  f  =  U  -  TS  +  pr, 

show  =  -  SdT  -  jxlv,    dx  =  TdS  +  ivfp,    f/f  =  -  SdT  +  ivf/;, 

and  exproKK  the  mnditions  that  d^.  dx,  d^  be  exact.  Coiupan'  witli  ^;x.  9. 

11.  State  in  words  the  definitions  correHjXjnding  to  the  defining  formulae,  p.  107. 

12.  If  the  sum  (Jfdx  +  Ndy)  +  (Pdx  +  l^y)  of  two  differentiala  is  exact  and  one 
of  the  differentials  in  exact,  the  other  is.  Prove  this. 

13.  Apply  £uler*s  Formula  (31),  for  the  simple  case  ic  =  1,  to  the  three  func- 
tfODS  (29^  and  verify  the  fonnida.  Apply  it  for  jfc  =  S  to  the  lint  funetion. 

14.  Yerify  the  homogeneity  of  these  functions  and  determine  their  order : 
(a)        +  x(logx  -  iQgy),      0)    5?^,        (7)  ^  * 

(a)xye5  +  *«.  (t)Vicot-»^.  (f) 

15.  State  the  dimenalons  <tf  OMmient  of  inertia  and  conTert  a  unit  of  moment  of 
inertia  in  ft.-lb.  Into  ita  eqaivalent  in  cm.-gm. 

16.  Dieena  for  dImenaioiiB  Pdroe^a  formulae  Noa.      1S4-1S6,  SSO,  MO. 

17.  Continue  Ex.  17,  p.  101,  to  show  —  —  —  —  and  =  m* —  A  

18.  If     s=  —  In  Ex.  17,  p.  101,  show  without  analysis  that  2  7  =        +  7,  p.. 

If  T'  denote  T'  =  T,  where  7'  is  considered  as  a  function  of  p,,  pj  while  T  is  con- 
sidered as  a  function  of  prove  from  T'  =  q^p^  +  q^p^  —  T  that 

^   *'*    eji   "  «w* 
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19.  U  (aB|,  y,)  and      y^)  mra  Um  ooOrdiiulai  of  two  moving  partiolM  and 

•M  the  eqnaltoM  of  motion,  and  U  S|,  |f|,       u«  arpwlble  as 
In  tarma  of  Ihne  indapendent  variaUaa  q^,  9g,  4^  draw  that 

where  T  =  |  (m|«,*  -f  m|«t)  —         ft*  9r  <^  i>  honiQgeneoiu  of  the 

aeoond  degree  in  ^„  The  work  may  be  carried  on  as  a  generalization  of 

Ex.  17,  p.  101,  and  Ex.  17  above.  It  may  be  further  extended  to  any  number  of 
particles  whose  positions  in  space  depend  on  a  number  of  variables  q. 

50.  InEx.  19if  jM^lf  I  ganeimUxeBz.  18  to  obtain 

The  equations     =  and  Q<  =  —  ^  are  reepecUvely  the  Lacran- 

gian  and  Hainiltoiiian  equations  of  motion. 

51.  If  rr'sl^ and ^' stands' a v(r,#),ahow 

SS.  U  fKsl^,  ^s^,  rs#,  and  tKiK,     ^  =  ^ e(r,    ^,  show  that  the 

expression  of  Ex.  6  in  the  primed  letters  is  ler*/r^  of  its  Taloe  for  the  unprimed 
leitaiB.  (Useful  In  flM.) 

S4.  Haka  tho  Indteated  ehangss  of  variaMe : 

te^  +  ^  =  ^  +  ^)  if  X  =  e-  coet.  y  =  ^-sins. 

25.  For  an  orthogonal  transformation  (Ex.  10  (t),  p.  100) 
^     ^     a'r  _  ^     ^  iH 

54.  Taylor'tPoramlaaiidasplkatioiit.  Thedevelopineiitof/(«,y) 
is  found,  as  was  the  Theotem  €/t  the  Mean,  from  the  relation  (p.  95) 
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If  •(Q  be  expanded  by  ICadauiii't  IVxnniila  to  •  tenns, 

♦(*)  -  •(0)  -        +  +  •  •  +  (1^31)1  + f  J 

The  expressions  for  4>'(/)  and  ^'(0)  may  be  found  as  follows  by  (10) : 

=  ♦'(0)= [A/; 

then    no-A(Ac+*c)+*(^/;;+v^  "* 

«tO(|)  =  (Ax>.  +  AD,)*/,   «<0(0)  «  [(AX>.  +  */),)'/3.... 
And  /(a  +  A,  ft  +  *)  -/(a,  *)  =  V-  •a)-«(0)« (AD«  +  *) 

+  ^  (Ai>.  +  A^,)y(«,  6)  +  •  •  •  +  ihD,  +  kD,y-Via,  b) 

+  i  (AD,  +  kD;ff{a  +  Bh,b  +  6k),  (32) 

In  this  expansion,  the  increments  A  and  k  may  be  replaoed,  if  de- 
sired, by  «  —  a  and  y  —  ft  and  then  f(x,  y)  will  be  expressed  in  terms 

of  its  value  and  the  vahies  of  its  derivatives  at  (a,  b)  in  a  manner 
entirely  analogous  to  the  case  of  a  single  variable.  In  jMirticiilar  if  the 
point  (a,  b)  about  which  the  development  takes  place  be  (0,  0)  the 
development  becomes  Maelaurin's  Formula  for  /(x,  y). 

/(^,  y)  =/(o,  0)  +  (xD,  +  yX),)/(0, 0)  + 1  {xD,  +  yz>,)y(0, 0)  +  •  •  • 

+  (^TTT)!  ^)  +  ^ {xD,  +  yD,Yf{$x,0yy  (82') 

Whether  in  Madaurin's  or  Taylor's  Formula,  the  sucf^ssive  terms  are 
h<Hiiogeneous  polynomials  of  tlu*  1st,  2(1,  ■,  (n  —  l)8t  order  in  y  or 
in  X  —  a,  y  —  ^.  The  formulas  are  unique  as  in  §  32. 

SiipiKiae  Vl  — a^  — is  to  be  derdoiMd  about  (0, 0).  The  moeeMiTe  deilvi^ 

lives  are 

Jat  —   T'    /rv  =  J* 


And   Vl  -  x«  -  y''  =  1  4-  (0 J  +  Oj/)  +  i  (-  i«  +  0x1/  -  I/')  +  i  (Ox«  +  ...)  +  ..., 
or      Vl  —  x«  —  v«  -  1  —  ^  (j-^  4-      +  U-niiH  of  fourth  onler  +  ■  •  • . 

In  this  cai^c  the  expaniUun  may  found  by  treatiii]^  x^'  +  as  a  single  term  Wtd 
espandlng  by  the  Unomtal  theorem.  The  remit  would  be 
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[l-(a!"  +  ^]»  =  l-i(aj«  +  fn-H««  +  «*V  +  »«)-A(a^  +  fV  

That  the  development  thus  obtained  is  identical  with  the  Maclaurin  development 
that  might  be  ha<l  by  the  niPthod  above,  followK  from  the  onlqiMIMM  of  the  dOTel- 
opmeut.  Some  such  short  cut  is  usually  available. 

55.  The  condition  that  a  fanction  »  t/)  have  a  laininmm  or 

Biaximiim  at  {a,  b)  is  that  A/  >  0  <»  ^<  0  for  all  values  of  A  =  A» 
and  Jb  s  Ay  which  are  svfflciently  smalL  From  either  geometrical  or 
analytic  considerations  it  is  seen  that  if  the  surfkoe  s  ""/(Xf  y)  has  a 
minimum  or  maximom  at  (a,  h),  the  carves  in  which  the  planes  y^h 
and  OS  s  a  cut  the  surface  have  minima  or  maxima  at  a;  =  a  and  y  =  b 
respectively.  Hence  the  partial  derivatives  and  must  both  vanish 
at  (a,  h),  provided,  of  course,  that  exceptions  like  those  mentioned  on 
page  7  be  made.  The  two  simultaneous  equations 

/;«o,  /;«o,  (88) 

corresponding  to  f(x)  ss  0  in  the  case  of  a  fonotion  of  a  single  varia- 
ble, may  then  be  B<dved  to  find  the  positioas  (k,  y)  of  the  minima 
and  maxima.  Frequently  the  geometric  or  physical  interpretation  of 
X  ^f(Xf  y)  or  some  special  device  will  then  determine  whether  tiiere 
is  a  maximum  or  a  minimum  or  neither  at  each  of  them  pdnts. 

For  ezampla  let  it  be  required  to  find  tbe  niMdmim  reotangnlar  pundlelepiped 
which  hae  three  faeee  in  the  eoflrdlnate  planes  and  one  vertex  in  the  plane 
x/a  +  y/b    s/e  B 1.  The  volume  Is 

0B         a       0  ey        o  a 

The  Boltttkm  of  these  equations  ie«B|a,ys|fr.  Tbe  oomepondlng  «  is  f  e  and 

the  volume  Vis  therefore  ahc/27  or  j|  of  the  volume  cut  off  from  the  first  octant  hy 
the  plane.  It  is  evident  that  this  nolution  is  a  niaxinuun.  There  are  otiier  eolations 
of  Vg  s=      =  0  which  have  been  discarded  because  they  give  V  =  0. 

The  conditions/;  ss/^'  s  0  may  be  established  analytically.  For 

V-  (/;  +  C.)  Ax  -H  (/;;  +  Ay. 

Now  as  {j,  are  iiilniitr.sinial.s,  the  signs  of  thv.  jKirciitlu'ses  arn  deter- 
mined by  the  signs  of  J,,/^  unless  these  derivatives  vanish;  and  hence 
unless/^  wi  0,  the  si^  of  A/  for  Aa;  suiRciendy  small  and  positive  and 
Ay  s  0  would  be  u|ii)osite  to  the  sign  of  A/  for  Ax  sufficiency  small  and 
negative  and  Ay  =  0.  Therefore  for  a  minimum  or  maximum  s  0 ; 
and  in  lik9  maimer  ^  —  0.  Considerations  lilce  these  will  serve  to 
estsblish  a  criterion  for  distinguishing  between  maxima  and  «iinima 
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aoalogona  to  the  criterion  fuinislied  by  in  the  case  of  one  vaii^ 
able.  Forif/;8/;sO,then 

by  Taylor's  Formula  to  two  terms.  Xow  if  the  second  derivatives  are 
continuous  functions  of  (x,  y)  in  the  neighl)orho(Hl  of  («,  b),  each  dt'i  iv- 
ative  at  («  -\-  6h,  b  -f-  dk)  may  be  writteu  as  its  value  at  (a,  plus  aa 
infinitesimal.  Hence 

Now  the  sign  of  ^  for  snlBeiently  small  values  of  A,  k  must  be  the 
same  as  the  sign  of  the  first  parenthesis  provided  that  parenthesis  does 
not  iwiish.  Henoe  if  the  quantity 

ihU"  ^9  hi. _i_  >  ^      ®^      *)'  * 

+  J  iiKj^  +  <  0  for  every  (A,  *),  a  maximum. 

As  thf  (ierivatives  are  taken  at  tlie  jMtint  («,  6),  they  have  certain  constant 
Tallies,  say  B,  C.  The  question  of  distiugiUBhiiig  between  minima  and  maxima 
theraf on  redncM  to  the  dtaerarion  ot  the  posilUe  dgu  of  a  ^piadincrffc  /om 
iU*+  SBjU;<f  Cli^  for  dUtermt  valun  of  h  and  ft.  The  emnplee 

*i  +  |e,  ^k*-lfl,  Jfl-^lfl,  :k(A-ft)* 

diow  that  a  qoadratle  f onn  may  be :  either  1^  poattive  for  every  (A,  ft)  eieept  (0,  €) ; 

or  2*,,  negative  for  cvfry  (A,  k)  except  (0,  0) ;  or  8°,  jKisltlve  for  some  values  (A,  k) 
and  negative  for  otht-rs  anil  zero  for  others ;  or  finally  4°,  zero  for  values  other  than 
(0, 0),  but  either  never  negative  or  never  pOHitive.  Moreover,  the  four  possibilities 
here  mentioned  are  the  only  caeee  oonoelvaUe  except  (P,  that  Ass  Bos  CssO  and 
the  form  always  Is  0.  In  the  first  case  the  form  is  caI1e<l  a  d^nite  positive  form,  in 
the  second  &  d^nite  ne/jative  tona,  in  the  thinl  an  indefinite  fonn,  an<l  in  the  fourth 
and  fifUi  a  tutffular  form.  The  fitst  case  assures  a  minimum,  the  second  a  maxi- 
mnm,  the  third  neither  a  mlnlmnm  nor  anuudmum  (aimietlmee  called  a  ndnlmax) ; 
hot  the  eaae  of  a  rfngniar  fonn  leavea  the  queetlon  entirely  undecided  Joat  aa  the 

condition /"(/)  =  0  did. 

The  coiiditioiiK  whicli  distinguish  between  the  different  possibilities  may  be  ex- 
pressed in  temu^  of  the  coefficients  A,  B,  C, 

V  po«.  def B'kAC,  -4,0  0;  8°  indef.,  B^>AC; 
a^neg.def.,   V<AC,  ^,  C<0;      4«flb|g.,  JB^ssAC, 

The  conditions  for  distinguiiihing  l)etween  nuixinui  and  minima  are : 

>;  =  0  ;       "^^'^^  \  <  0  maxinmm  ;  ^  '  ' 

C>/^  minimax  ;   /^^  =/;;/;;  (:>). 

It  may  be  noted  that  in  applying  these  conditions  to  thf  rast-  of  a  definite  form  it 
is  sufficient  to  show  that  either/^  "'/^  P^^ve  or  negative  because  they  necee- 
MiOy  have  the  aame  ilgn. 
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1.  Wzitt  at  liogth,  without  symbolic  abortening,  the  expMuton  of  /(z,  y)  by 
Taylor's  FormaU  to  and  inclading  the  temui  of  the  third  oxder  In  z  —  a,  y  —  k 
Write  the  f  onnnlft  alao  with  the  tenna  of  the  thlid  osder  aa  the  ramalnder. 

2.  Write  by  analogy  the  proper  form  of  Taylor's  Fonniila  for/(X|  y,  a)  and 
prove  it.  Indicate  the  result  for  any  number  of  variables. 

9.  Obtain  the  quadrntie  and  lower  terms  in  the  development 

(a)  of  aty*'!' ainsy  at (1,  }r)  and       of  tan-i(y/x)  at  (1, 1). 

4.  A  rectangular  parallelepiped  with  one  vertex  at  the  origin  and  thfee'teoea 
in  the  ooOrdinate  planea  has  the  opposite  vertex  upon  the  ellipsoid 

a^/a«  +  y«/6"  +  «Vc«  =  l. 

Find  the  volnme. 

5.  Find  the  point  within  a  triangle  snob  that  the  awn  cf  the  squares  of  its 
distances  to  the  vertices  nhall  be  a  niiniiimm.  Note  that  the  point  is  the  intersec- 
tiun  of  the  niediaiiK.  Is  it  ubviou.s  that  a  miiiiimini  ami  not  a  niaxinumi  is  present  ? 

6.  A  floating  aucborage  iii  to  be  made  with  a  cyliudrical  bu<ly  and  equal  coni- 
cal ends.  Find  the  dlmendons  that  make  the  snrf aee  least  for  a  given  Tdame. 

7.  A  cylindrical  tent  has  a  conical  roof.  Find  the  Ix'st  dimenBions. 

8.  Apply  the  test  by  second  derivatives  to  the  problem  iu  the  text  and  to  any 
of  Bib.  4-7.  Dlacoaa  for  mazlma  or  minima  the  following  functions : 

(a)  x*y  +  xv*-x,  (fi)  x> -\- y»  -  x^y*  -  i  (x«  + 

(t)  **  +  f*  +  »  +  F.         («)  iy»-«i(«  +  ««y-«, 
(t)^H-y*-»^-l>S7,      it)  s«4>y«.S4i>  +  4av^2y*. 

9.  State  the  conditions  on  the  first  derivatives  for  a  maximum  or  minimum  of 
function  of  three  or  any  number  of  variables.  I^rove  in  the  case  of  three  TariaUea. 

10.  A  wall  tent  witli  recfariiriilar  Ivxly  ami  ^n\ble  roof  is  f.i  sn  constructed  aa 
to  use  the  least  ainoiint  of  t^'ntiii^  for  a  ^iven  volume.  Find  tlie  dimeniiionii. 

11.  Given  any  number  of  masses  m,,  in.,.  •  •  •,  m^,  situated  at       j/,).  (J".,.  j/.,).  •  •  •, 
Km)'  Show  tiiat  the  point  about  wliidi  tln  ir  moment  of  inertia  is  Ivixnt  is  their 

center  of  gravity.  If  the  points  were  (Z|,  y^^  Sj),  In  space,  what  pofait  would 
make  Zmt*  a  minlmnm  f 

18.  A  test  for  maTlmnm  or  minlmnm  analcgons  to  that  «i  Sx.  97,  p.  10,  may 

be  given  for  a  function  f{x,  y)  of  two  variables,  namely  :  If  a  function  is  positive 
all  over  a  region  and  vanishes  upon  the  contour  of  the  region,  it  must  have  a  max- 
imum within  the  region  at  ttie  point  for  which  =/y'  =  0.  If  a  fimction  is  finite 
all  over  a  region  and  becomeo  inflnlte  ormr  the  contour  of  the  region.  It  must  hava 
a  minimum  within  the  region  at  the  point  for  which  /J  =f^  =  0.  These  testa  are 
subject  to  the  proviso  that  =f^  =  o  has  only  a  single  aolution.  Comment  on  the 
test  and  apply  it  to  exorcises  above. 

13.  If  a,  b,  c,  r  are  the  sides  of  a  given  triangle  and  the  radius  of  the  inscribed 
etrele,  the  pyramid  of  altitude  A  constructed  on  the  triangle  as  base  will  have  ita 
maadmum  aiirfaca  when  the  surface  l8|(a  +  6  +  c)Vr«  +  ji^. 
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PARTIAL  DIFFERENTIATION;  IMPUaX  FUNCTIONS 
N.  TlwiimflflttcaM;  ^(jr,  jr)«0.  Th«  totel  diffnential 

aa  the  derivative  of  y  by  r,  or  of  a*  by  i/,  where  ?/  is  defined  as  a  function 
of  r,  or  X  us  a  function  of  y,  by  the  relation  F^x,  >/)  =  0 ;  and  this  method 
of  obtaining  a  derivative  of  an  im^l'uit  fujution  without  solving  expli- 
citly for  the  function  has  probably  been  familiar  long  before  tiie  notion 
of  a  ])artial  derivative  was  obtained.  The  relation  F(x,  y)  =  0  is  pictured 
as  a  curve,  and  tiie  funotkm  y  =  ^(x),  which  would  be  obtained  by  eola- 
tion, is  considered  as  multiple  valued  or  as  restricted  to  some  definite 
portion  or  branch  of  the  curve  F(x,  y)  »  0.  If  the  results  (1)  are  to 
be  applied  to  find  the  derivative  at  some  point 
(x^  ^o)  curve  F(pe,  y)  =  0,  it  is  necessary 

that  at  that  point  the  denominator  F^  or  F^  should 
not  vanish. 

These  pictorial  and  somewhat  vague  notions 
may  be  stated  precisely  as  a  theorf^m  susceptible 
of  proof,  namely :  Let  be  any  real  value  of  x 
such  that  1°,  the  equation  F(x^,  y)=0  has  a  real  solution  ;  and  2°,  tlie 
function  F(x,  y)  regarded  as  a  function  of  two  independent  variables 
(j-,  y)  is  continuous  and  has  continuous  first  partial  derivatives  F^,  F^  in 
the  neighborhood  of  (r^,  yj ;  and  3",  the  derivative  F^ (x,,  y^"^^  does 
not  vanish  for  (x^,  yj ;  then  F{xy  y)  »  0  may  be  solved  (theoretically) 
as  yss^(«)  in  the  vicinity  of  x^x^  and  in  such  a  manner  that 

B         that  ^(x)  is  continuous  in    and  that  ^(«)  has  a  derivative 
a  »  F'g/F^ ;  and  the  solution  is  unique.  This  is  the  fundamental 
theorem  on  implicit  fonctions  for  the  simple  case,  and  the  proof  fdlows. 

9r  the  conditioDi  on  F^,  F^',  the  Theorem  of  the  Mean  Is  applicable.  Hsnoe 

V)  -  F(x^,  y„)  =  F(x,  y)  =  (AF;  +  tF^)^  +     ^  +  (2) 

Furthermore,  in  any  square  |A|<i,  \k\<6  surrounding  (x^,  y^)  and  suiBciently 
■iisll,  the  oontinulty  of     Innnm  |  f;  |<  IT  and  the  oonthmity  of  F,  taken  irtth 
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the  fact  that  F^{Iq,  Vq)  0  inmirfs  [F^|>m.  ConBlder  the  range  of  z  u  farther 
restricted  to  values  such  that  [x  —  x^\<mS/M  ii  m<M.  Now  oonaider  the  valuA 
of  F(x,  y)  for  any  x  in  the  permiHlble  intMral 
ttad  for  ysyo  +  aorysye-l.  AB\kF^\>mt 

imt  \{Z  -  XQ)F^\<m9,  it  follows  from  (2)  that 

^(a^i  Vo  +  I'd  ~ 

has  the  sign  of  ~  iF^ ;  and  as  the  sign  of  F^  does 

nol  ohug«»  Ff^  Ve  +  i)  «a4  F(s,  ffo"  *> 

opposite  signs.  Hence  by  Ex.  10,  p.  45,  there  is 
one  and  only  one  value  of  y  between  y^,  —  8  and 
such  that  F{x^ y)  =  0.  Thus  for  each  x  in 
the  Inteml  then  !■  one  end  only  one  y  each 
that  F(ic  y)  =  0.  The  e<iaation  F(x»  y)  s  0  has  m 
unique  solution  near  (s^  y,).  Let  y  =  ^(j-)  denote  th»'  wilutiim.  The  solution  Ls 
continuous  at  x  =  x,  because  |  y  —  y^l  <  3.  If  (x,  y)  are  restricted  to  values  y  =  ^(x) 
such  that  F(x,  y)  =  0,  equation  (2)  gives  at  once 


h~  z^z^~  lu~        (X  +  tfA,  y  +.^4c) '  dx 


As  F^.  F^  are  continuous  and  F'^  0,  the  fraction  k/h.  approaches  a  limit  and  the 
derivative  ^'(x^)  exists  and  is  given  by  (1).  The  same  reasoning  would  apply  to 
any  point  x  in  the  interval.  The  theorem  is  completely  proved.  It  may  be  added 
that  the  ezpnerion  for  ^(x)  to  soeh  as  to  show  that       hsetf  b  ooothnoaa. 

The  values  of  higher  derivatives  of  implicit  fouctioiis  we  obtainabki 
by  suooeesive  total  differentiation  as 

F:+Fy=a, 

etc.  It  is  noteworthy  that  these  su<'<*essive  equations  may  be  solved  for 
the  derivative  of  liighest  onler  by  dividiii';  by  F^  which  has  lieen  a^isuined 
not  to  vanish.  The  question  of  whether  the  function  i/  =  ^y/)  detined 
implieitly  by  F^x,  =  0  has  derivatives  of  order  hiijher  than  the  tirsi 
uuiv  ln'  seen  by  these  eijuiitions  to  dejiend  on  whether  F(x,  }f)  has 
higher  partiid  derivatives  which  are  continuous  in  (^jr,  y). 

57.  To  find  the  MoriJiMi  amA  wUtUma  of  y  =  ^  (x),  thai  is,  to  find  the 
points  whexe  the  tangent  to  F(x,  y)  s  0  b  panllel  to  the  r^aia,  obeenre 
thai  at  aoeh  points       OL  Eqoations  (3)  give 

r^^O,  (4) 

Hence  ahnjs  under  the  aasomption  that  F^^(^  there  are  Moarumi  of 
the  kUeneetiamM  o/F^  0  amd  F^ss  0  ifF^        F*,  hare  the  tawte  si^ 

mmi  wumima  at  th^  iHtmeetMns  for  tch  u-h  F^  amd  F^  hate  <y 
the  cue  F^  »  0  still  remains  undecided. 
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For  exBniple  if  ^(x,  y)  ss  ds"  +  y*  —  Soa^  ^  0,  the  dMivativea  an 

8(i8«-ay)  +  8(i^-«t)ir'  =  a, 

(u       y*  —  ax 

Ito  And  the  maxima  or  minioia  of  y    a  lanctlon  of  2,  aoWe 

li;^sOB«P->oy,      FsOss^  +  yi  — S«v,  Fy^O. 

rhe  real  «oluti<nis  of     =  0  and  Fs  0  are  (0,  0)  and  (v^ a,  -^ia)  of  whleh  the 

first  Tnu.Ht  be  discarded  because  Fy(0,  0)3  0.  At  (j^^Ci%  "via)  the  derivatives 
FJ  And  F\\  an>  ]x>.sitive;  and  the  point  is  a  maximom.  The  curve  F  =  0  la  the 

folium  of  Dftsciirtt's, 

The  rSle  of  the  variables  and  \j  may  be  interchanged  if  =^  0  and 
the  equation  y)  =  ^  ™3,y  be  solvt  il  for  x  —  ^(y),  the  functiona  ^ 
and  ^  being  inverse.  In  this  way  tht;  vertical  tangents  to  the  curve 
f  =  0  may  U'  discussed.  For  the  jioiiits  of  F=  Oat  which  ixtth  =  0 
and  F'^  ~  0,  the  equation  cannot  Ik'  .solved  in  the  sense  hne  dctiued. 
Such  points  are  caHed  singular  }><>intx  of  tlie  curve.  The  (juestions  of 
the  singular  points  of  F=  Oand  of  maxinui,  minima,  or  luinimax  (§  55) 
of  the  surface  x  =  Fix,  y)  are  related.  For  if  Fj  =  F^  =  0,  the  surface 
has  a  tangent  plane  paiallel  to  s  s  0,  and  if  the  condition  « ss  0  is 
also  satisfied,  the  surface  is  tangent  to  tiie  ory-plane.  Now  if  s  s  F(x,  y) 
has  a  maximum  or  minimum  at  its  point  of  tangeney  with  «  s  0,  the 
surface  lies  entirely  on  one  side  of  the  plane  and  the  point  of  tangeney 
is  an  isolated  point  of  F(x,  y)  ss  0;  whereas  if  the  surface  has  a  mini- 
max  it  cuts  throu^'h  the  plane  «  =  0  and  the  point  of  tangeney  is  not 
an  isolated  point  of  F(ar,  y)  =  0.  The  shape  of  the  curve  F  =  0  in  the 
neighl)orliood  of  a  singular  point  is  discussed  by  developing  F(x,  y) 
about  that  poi^t  by  Taylor's  Formula. 

For  example,  omuider  the  eonre  F(z,  y)  =  -I-  y*  —  2*|f*  i  (1^  +  y*)  »  0  and 
the  anrf ace  X  =  F(as,  y).  The  o(nnmon  real  edntioiia  of 

are  the  singular  points.  The  real  aoluttons  of  F^  =  0,  Fy  ss  0  are  (0,  0),  (1, 1), 
(I,  i)  and  of  these  the  flnrt  two  satisfy  F(«,  y)  »  0  bat  the  leat  does  noC  The 

elnf^ular  pointB  of  tin-  curve  are  tlierefore  (0,  0)  and  (1,  1).  The  test  (34)  of  §  55 
■hours  that  (0,  0)  i.s  a  inaximum  for  2  =  F{t,  y)  and  hence  an  isohited  \Mn\\i  of 
F(ae,  y)  =  U.  Tlie  tcKt  alw)  bIiows  thai  (1,  1)  is  a  minimax.  To  discuss  the  curve 
F(s,  y)  —  0  near  (1, 1)  apply  Taylor's  Formula. 

Os  F(z,     =  |(8A« -  8AJk  +  8ib>)  +  i (OA'-  1SA*A;-  Uhk^  +  6ft>)  +  remainder 
=  |(8oo^^~  Sdn^coe^  8dn*^) 

+  r  (ooi^  #  -  8  ooi^  #  tin  ^  ~  8  ooB^  rin*  #  +  alii*  ^)    •  •  •  I 
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If  polar  coordinates  h  =  r  cosi^,  )t  =  rsin^  he  intnMinrod  at  (1,  1)  and  r*  be  can- 
celed. Now  for  very  small  values  of  r,  the  equation  can  be  satisfied  only  when 
the  first  parenthesiH  is  very  small.  Hence  the  solutions  of 

8-4sin2^  =  0,      8in2^  =  },     or     ^  =  24"  17>',  05'42J', 

and  ^  4-     are  the  directions  of  the  tangenta  to  F{x,  y)  =  0.  The  equation  F  =  0  is 

0  =  (IJ  —  2  8in2  0)  +  r{co8^  +  sin  ^)  (1  —  1 J  sin  2^) 

if  only  the  first  two  terms  are  kept,  and  this  will  serve  to  sketch  F(x,  y)  =  0  for 
vtiy  muXl  tifaMB  of  r,  that  la,  for  ^  fwy  near  to  the  tangent  directfona. 

58*  It  19  iinp<">rt4Viit  to  oV)tain  conditions  for  the  maximum  or  minimum 
of  a  function  s  =  /(j™,  y)  where  the  variables  x,  y  are  connected  by  a 
relatioii  F(j;,  y)  =  0  so  that  z  really  becomes  a  function  of  x  alone  or  y 
alone.  For  it  is  not  alwaj  s  possible,  and  frequently  it  is  inotniTenient, 
to  solve  F(7,  s  0  for  either  variable  and  thus  eliminate  that  variable 
firom  c  y)  by  snbetitation.  When  the  variables  y  in  «  ^/{x^  y) 
are  thus  connected,' the  minimum  or  maarimum  is  called  a  emutraUt/ad 
mialnMim  or  maatimum  /  when  there  is  no  equati(m  F{x^  y)  =  0  between 
them  the  minimum  or  maximum  is  called  fm'  if  any  designation  is 
needed.*  The  conditions  are  obtained  by  difEerentiating  » ss/(a^  y) 
and  F(x,  y)  s  0  totally  with  respect  to  z.  Thus 

where  the  first  equation  arises  from  the  two  above  by  diminating  dy/dx 
and  the  second  is  added  to  insure  a  minimnm  or  maximum,  are  the  con- 
ditions desired.  Note  that  all  singular  points  of  F(^,  y)  ^  0  satisfy  the 
first  condition  identically,  but  that  the  process  by  means  of  which  it 
was  obtained  excludes  such  points,  and  that  the  rule  cannot  be  expected 
to  apply  to  thi'm. 

Another  method  of  treating  the  problem  of  constrained  maxima  and 
minima  is  to  introduce  a  multiplier  and  form  the  function 

«  as       y)         y)  +  AF(x,  y),      X  a  multiplier.  (6) 

Now  if  this  function  «  is  to  have  a  free  maximum  or  minimum,  then 

♦;=/:  +  xf;  =  o,        =y;  +  A/-v  =  o.  (7) 

These  two  equations  taken  with  F  =  0  cDnstitute  a  set  of  three  from 
which  the  three  values  ar,  y,  A  may  be  obtained  by  solution.  Note  that 

•The  adjective  "relative"  insnmetimes  used  for  mnstrainod.  :ind  "  :»1is<ilutf  "  for 
free;  but  the  term  "absolute  "  is  best  kept  for  the  greatest  of  the  maxima  ur  least  of 
the  Binlma,  aad  the  term  "  relathre  "  for  the  other  maxiina  aad  lainiina. 
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Acannofebe  obtained  from  (7)  if  both  andF,  Tuushi  and  bence  this 
method  also  lejeots  the  singular  points.  That  this  method  really  deter- 
mines the  eonstrained  maiinia  and  minima  of  /(x,  y)  subjeot  to  the 
constiaint  F(Xf  y)  s  0  is  seen  from  the  fact  that  if  X  be  eliminated  turn 
(7)  the  condition  /;f;  s  0  of  (5)  is  obtained.  The  new  method 

is  therefore  identical  with  the  former,  and  its  introduction  is  more  a 
nuatter  of  eonvenience  than  necessity.  It  is  possible  to  show  directly 
that  the  new  method  gives  the  constrained  maxima  and  minima.  For 
the  conditions  (7)  are  those  of  a  free  extreme  for  the  function  ♦(ar,  y) 
which  depends  on  two  indc|)endent  variables  (jr,  i/).  Now  if  the  equa- 
tions (7)  lie  solved  for  (y,  tj),  it  ai)j)ears  that  the  position  of  the  maximum 
or  minimum  will  be  expressed  in  terms  of  X  ;is  u  i)uriiniet«'r  and  that 
consequently  the  point  y{^))  (^not  in  general  lie  on  the  curve 

F(Zf  y)  ss  0 ;  but  if  X  be  so  determined  that  the  point  shall  lie  on  this 
enrve,  the  function  y)  has  a  free  extreme  at  a  point  for  which 
Fa  0  and  hence  in  partioolar  must  have  a  eonstrained  extreme  for  the 
partienlar  Talnes  for  which  F(s,  y)  k  Oi  In  speaking  of  (7)  as  tiie  eoof 
ditions  for  an  eztremoi  the  conditions  which  should  be  imposed  on 
the  second  derivatlTe  have  been  disregarded. 

Vor  example,  mippose  the  mazhnam  ndliu  Tector  ffom  the  orlglii  to  the  foUuin 
of  Dascsrtss  were  desired.  The  problem  is  to  render /(x,  y)  s  4.  y>  ms¥tmnm 
sahleet  to  the  condition  F(^V)  =  a^  +  y'  — 8  osysO.  Heooe 

or  S8>8^  — ose)  — S|f>8(s*  — fV)sO^     fl^<f    — SosysO 

sre  the  oonditions  ia  the  two  csms.  These  equation!  va$j  be  aolTed  lor  (Qi  0), 

(1 J  fi,  1 J  a),  and  mmo  imaginary  values.  Tbf  vahie  (0,  0)  is  singular  and  X  cannot 
be  determined,  but  tlie  point  is  evidently  a  minimum  of  z*  -t-  by  inspection.  The 
point  (IJ  a,  1|  a)  gives  X  =  —  1|  a.  That  the  point  is  a  (relative  oonitrsined)  maxi- 
mom  of  -I-  If*  Is  also  seain  hy  tnspeeUon.  There  is  no  need  to  ezsmlne  ifi/.  Ini 
meet  practical  problems  the  examination  of  the  conditions  of  the  second  order 
may  be  waive<l.  This  example  is  one  which  may  be  treated  in  polar  cri^rdinates 
by  the  ordinary  methods ;  but  it  is  noteworthy  that  if  it  could  not  be  treated  that 
way,  the  method  of  lolation  eliminating  one  of  the  variaUos  \j  lolTlng  the 
cubic  F(x,  i^)  =  0  would  be  unav^lalile  and  the  methods  of  oonstiaiaad  maadma 
would  be  requiied. 

1.  By  total  differentiation  and  diridon  obtain  dy/dx  in  Umm  oases.  Do  not 
aubetitute  in  (1),  but  use  the  method  by  which  it  was  derived. 

(a)  oj-'  +  2  toy  +  ci^«  -  1  =  0,  (P)  r*  +  V*  -  *  a^ry,  {y)  (cos  t)"  -  (sin  y)*  =  <V 
(a)  (z»  +  y'y  =  a«(j:«  -  1/2),       (*)  c  +     =  2/y,        (f)  x-*y-'  -  tan->zy. 

2.  Obtain  the  second  derivative  d*j//di»  in  Ex.  1  (ct),  (;?),  («),  (rt  by  diffeien* 
tlaiing  the  value  of  dy/dx  obuined  above.  Compare  with  use  of  (3)f 
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3  Prove  ^  =  - ^2^^^ll^^^'S±i2S 

4.  nnd  the  nidiiu  of  carratare  of  these  enrvw  :* 

(or)  «l  +  yl  =  ai,  li  =  3 (>uy)K       (fi)      +  i/'  =  ai,     =  2  \/(x  +  y)Va, 
(7)  6V  +  c'i,-  s=  as;/!,       (3)  II/-'  =  «2  (rt  -  X),       (f)  (ajr)>  +         =  1. 

5.  Find  /,  y",  y"'  in  case  x»  +  y*  -  8«y  =  0. 

6.  Extend  equatione  ^  to  obtain     and  reduce  by  Ex.  8. 

7.  Find  tangent!  panllel  to  the  s-axis  for  (x*  +  y*)*  =  So^Cx^  -  y*). 

8.  Tlnd  tangents  parallel  to  the  y-axis  for  (j-^  +  y'^  +  ojt)*  =  a*(x*  +  y*). 

9.  If  6*  <  ac  in  ojt*  +  2  Isry  +  cy^'  +  /r  +  flry  +  *  =  0,  circumscribe  about  the 
carve  a  rectangle  parallel  to  the  axes.  Check  algebraically. 

10.  Sketch  X*  +  1^  =  J-y-  +  \  (^^  +  y-)  near  tlie  singular  point  (1,  1). 

11.  Find  the  sin^mlar  i)oints  and  discuM  the  curves  near  thcrn  : 

(a)  x^  +  y»z=Saxy,  (x»  +  y-f  =  2  u-  {x'  -  y«), 

(r)  »*  +  y*  =  a(x-y)S        («)  y*  +  2xy«  =  »''  +  y«. 

18.  Make  these  functions  maxima  or  minima  subject  to  the  given  eonditiona. 
Diacuas  the  vrork  both  with  and  without  a  multiplier: 

(a)  1  -,  atuis«f  5tany sc.  Ant.   = 

UC0S2     vcusy  siuy  v 

+       <ui*  + 8tey  +  «y*=/.  Find  axes  of  conic 

(y)  Und  the  ahorteet  distance  from  a  point  to  a  line  (In  a  plane). 

18.  Write  the  second  and  third  total  differentials  of  F(x,  y)  s  0  and  compare 
with  ^  aad  Ex.  6.  T17  thia  method  of  calculating  in  Ex.  2. 

14.  Show  that  +  F^dy  s  0  does  and  should  give  the  tangent  line  to 
F(s,  y)sOat  the  pointe  <«b,  y)  if  de  ss  {  —  «  and  dSy  s         where  |,  11  Me  the 

co<irdinates  of  points  other  than  (x,  y)  on  the  tangent  line.  Why  Is  the  equation 
inapplicable  at  eingular  pointe  of  the  curve  ? 

58.  More  general  cases  of  implicit  functioiis.  The  problem  of 
implicit  fonetions  may  be  generalized  in  two  ways.  In  the  first  place 
a  greater  number  of  vaxiablea  may  ooeor  in  the  fonction,  as 

y» «)  =  0,  y»  «.•••,«)  =  0 » 

and  the  question  may  lie  to  solve  the  etjuatioii  for  oiif  of  the  varial)h»s 
in  terms  of  the  otliers  and  to  determine  the  ])artial  (U'rivatives  of  the 
chosen  dependent  variable.  In  the  second  place  there  limy  be  several 
eqtiations  connecting  the  variables  and  it  may  be  required  to  sdve  the 
equationa  for  some  of  the  variables  in  tenns  of  the  others  and  to 
detonnine  the  partial  derivatiTeB  of  the  dtosen  dqpendent  variables 
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with  respect  to  the  iudepeudeut  variables.  In  both  cases  the  formal 
diflenntiatioii  and  attempted  fonnal  eolution  of  the  equations  for  tlM 
derivatives  will  indicate  the  xesnlts  and  the  thecwem  under  which  the 
eolation  is  proper. 
Consider  tiie  case  F(x,    c)  ss  0  and  form  the  difierentiaL 

dF{x,  y,  x)  =  F'^dx  +  f;<;/  +  F'^dz  =  0.  (8) 

If  «  is  to  be  the  dependent  variaVile,  the  partial  derivative  of  «  by  a;  is 
found  by  setting  cfy  »  0  so  that  y  is  constant  Thus 

are  obtained  hy  ordinary  division  afttT  stating  dij  =  0  and  dx  =  0  re- 
spectively. If  this  division  is  to  Ik*  legitimate,  F^  must  not  vanish  at 
the  point  considered.  The  immediate  suggestion  is  the  theorem:  If, 
when  real  values  (r^,  are  chosen  and  a  real  value  is  obtained 
frcnn  F(s,  r^,  =  0  by  solution,  the  function  F(ar,  y,  z)  regarded  as 
a  function  of  three  independent  variables  (ar,  y,  «)  is  continuous  at 
and  near  *^  and  has  continuous  first  partial  derivatives  and 

F^ix^t  ^  0,  then  F(xt  y,  «)  =  0  may  be  solved  uniquely  for 

2  =  ^(j-,  y)  and  ^{x,  y)  will  be  continuous  and  have  partial  derivatives 
(9)  for  values  of  (x^  y)  sufficiently  near  to  {x^  yj. 

The  theorem  is  again  proved  by  the  Law  of  fhe  Mean,  and  !n  %  aiinOar  manner. 

F(i,  V,  z)  -  i/o,  X,)  =        V,  z)  =  (hF^  +  kF^  +  IF^)^  +       +  w.  -„  + 

As  F^,  F^,  Fj'  are  continuous  and  F.'(j"„,  v„,  z„)  ^  0,  It  is  possible  to  take  S  so 
small  tbat^  when  |    <  0, 1 4c |  <    |  / 1  <  2,  the  derivative  |  F^,' |  >  m  and  |  i", |  <  M«  |  -^y  |  < 
Now  it  is  desired  m  to  restrict  A,  k  thai  ±  9F^  ahall  determine  the  sign  of  the 
paraitiieils.  Let 

and  the  signs  of  the  parentheMs  for  (x,  y,  2,  +  8)  an<l  y,  Zq  —  i)  will  be  opposite 
rince  I  F,'|  >  m.  Hence  if  (z,  y)  be  held  fixed,  there  is  one  and  only  one  value  cl  c 
for  which  the  parenthesis  vanishes  between  Zq  +  d  and  z„  —  6.  Thus  C  to  defined  as  a 
•in^  valued  inaction  of     y)  for  snlllclently  small  values  of  = x — le  =  y — Vg. 

h       r,{x^  +  tf*,  y,  +     «o  +  *  '.'(•••) 

when  k  and  A  respectively  are  aadfned  the  values  0.  The  limits  exist  when  A  =  0  or 
X;  ^  0.  But  in  the  first  case  i  s  As  =  4aS  is  the  increment  of  t  when  x  alone  varies, 
and  in  the  second  case  I  =  Az  =AgZ.  The  limits  are  therefore  the  desired  partial 
derivatives  of  s  fay  «  and  y.  The  proof  for  anj  number  of  variables  would  be 
similar. 
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If  none  of  the  derivatives  F^,F^,  F',  vanish^  the  equation  F(z,  y,x)  =  0 
BHj  be  solved  for  any  one  of  the  vamfales^  and  formulas  like  (9)  will 
ezpiees  the  partial  derivatives.  It  then  appean  that 


d£\     dz^  F^F^ 

dx  i\dx  )j^9zdM^  f: 


=         =  (10) 


and 


\dx 


in  like  manner.  The  fiist  equation  is  in  this  ease  identiflal  inih.  (4) 
of  S  2  beeanse  if  y  is  oonstant  the  relation  F(Xf  y,  «)  s=  0  reduces  to 
Cf(ap,  «)  =  0.  The  second  equation  is  new.  By  virtue  of  (10)  and  simi- 
lar relations,  the  derivatives  in  (11)  may  be  inverted  and  transfonned 
to  the  right  side  of  the  equation.  As  it  is  assumed  in  thermodynamics 
that  the  pressure,  volume,  and  temperature  of  a  ^jiven  simple  substance 
are  connected  bv  an  equation  F(/>,  v,  T)  =  0,  called  the  characteristic 
equation  of  the  substance,  a  relation  between  different  thermodynamic 
magnitudes  is  furnished  by  (11). 

60.  In  the  next  place  suppose  there  are  two  equaticms 

'F(«iy»«»f)  =  0,      C(a,y,f*,v)«0  (12) 

between  foor  variables.  Let  each  equation  be  differentiated. 

=  0  -  F^dx  +  F^dy  -H  F,du  +  F^dv, 
(i(7  »  0  »  (7;tfo  +  G^p  +  G;fiu  +  Oiiv.  (IS) 

If  it  be  dflsifed  to  consider  v  as  the  dependent  variables  and  x,  y  as 
independent,  it  would  be  natural  to  solve  these  equations  for  the  differ- 
entials du  and  dv  in  tnnis  of  dx  and  ify ;  for  example. 

The  differential  dv  would  have  a  different  numerator  but  the  same  de- 
nominator. The  solution  requires  F^  —  F',G^=^  0.  This  suggests  the 
desired  theorem  :  If  (t/^,  v^)  are  solutions  of  F  t=  0,  ^  =  0  corresponding 
to  (a-g,  y^)  and  if  F^G^  —  F'Jil  does  not  vanish  for  the  values  (x^,  ij^,  n^,  r^), 
the  equations  F  =  0,  G  =  0  may  be  solved  for  u  =  <^(ar,  y),  v  =  \l/(jr,  y) 
and  the  solution  is  unique  and  valid  for  (x,  y)  sufficiently  near  (x^,  y^ 
—  it  being  assumed  that  F  and  G  regarded  as  functions  in  four  variables 
are  oontinuons  and  have  eontinuoiis  first  partial  derivatives  at  and  near 
(x,,  y,,  r  J }  moreover,  the  totid  differentials  du,  dv  are  given  by  (IS') 
and  a  similar  equation. 
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The  proof  of  this  theorem  may  be  deferred  (§  64).  Some  observations 
Bhould  be  made.  The  equatioiui  (13)  may  be  Bolved  for  aay  two  vari- 
abilee  in  terms  of  the  other  twa  The  partial  derivatives 

fe     '  dx     '  du     *  du 

of  u  by  X  or  of  3"  by  u  will  naturally  depend  on  whether  the  solution 
for  u  is  in  terms  of  (j,  y)  or  of  (x,  i'),  and  the  solution  for  x  is  in  (u,  v) 
or  (u,  y).  Moreover,  it  must  not  be  assumed  that  du/dx  and  dx/du  are 
redprooalf  no  matter  which  meaning  is  attached  to  each.  In  obtaining 
relaftioiit  between  the  derivatives  analogous  to  (10),  (11),  the  values  <^ 
the  derivatives  in  terms  of  the  derivatives  of  F  and  O  may  be  found  or 


the  equations  (12)  may  first  be  oonsidered  as  solved. 

Thuaif 

du  ss  ^^dt  +  ift^dy. 

Tim 

flX  —  ~  —  1 

and 

HewM 

fx  iu 

—  — = It 

bz  bv 

(18) 


as  may  be  seen  by  direct  HuUtitution.  Here  u,  v  are  expressed  in  terms  of  z,  y  for 
the  derlvativas  u^,  ;  and  z,  y  are  eonaldered  aa  exproaiod  in  tannaof  a, «  for  the 
derlTattvaa  s^,  s^. 

61.  The  (}Ui'sti()ii.s  of  free  or  constrained  nixixima  and  niiniina,  at  any 
rate  in  so  far  as  tlie  determination  of  the  conditions  of  the  hrst  order  is 
concerned,  may  now  be  treated.  If  F{x,  y,  «)  =  0  is  given  and  the  max- 
ima and  minima  of  is  as  a  function  of  (j-,  //)  are  wanted, 

F;(x,  y,  z)  =  0,       /; (X,  y,  z)  =  0,       F{x,  y,  «)  =  0  (16) 

are  three  equations  which  may  bo  solved  for  x,  y,  z.  If  for  any  of  these 
solutions  the  derivative  jP,'  does  not  vanish,  the  surface  z  =  y)  has 
at  that  point  a  tangent  plane  parallel  to  ;:  =  0  and  there  is  a  maximum, 
minimum,  or  minimax.  To  distinguish  between  the  possibilities  further 
investigation  must  be  made  if  necessary  ;  the  details  of  such  an  investi- 
gation will  not  be  outlined  for  the  reason  that  special  methods  are 
usually  available.  The  conditions  for  an  extreme  of  «  as  a  fiinction  of 
{x,  y)  defined  implicitly  by  the  equations  (13')  are  seen  to  be 

F;(?;-F;r;;  =  o,  F;r;;-FX  =  o,  f=o,  g  =  o.  (17) 

The  four  equations  may  be  solved  for  ar,  y,  m,  u  or  merely  for  a:,  y. 
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Suppose  that  tiie  maxima,  minima,  and  minimax  of  u  =f(x,  y,  z)  sub- 
ject either  to  one  equation  Fix,  i/,z)  =  0  or  two  equations  F(x,  *)  =  0, 
G(x,  y,  «)  =  0  of  constraint  are  desired.  Note  that  if  only  one  equation 

of  constraint  is  imposed,  the  function  u  =  /(.r,  y,  «)  becomes  a  function 
of  two  v;irial)les;  whereas  if  two  equations  are  imposed,  the  function  u 
n-ally  contains  only  one  variable  and  the  (piestion  of  a  miiiiniax  does 
not  arise.  The  met/iod  of  multipliers  is  again  employed.  Consider 

♦(jt,y,«)-/+XF  or  ♦=/+XF+MGf  (18) 

as  the  case  may  be.  The  conditions  for  a  free  extreme  of  4>  are 

♦;  =  o,    ♦;«o,    ♦;  =  o.  (i9) 

These  three  equations  may  be  solved  fen*  the  coordinates  ar,  z  which 
will  then  be  expressed  as  functions  of  X  or  of  A  and  ft  according  to  the 
esse.  If  then  X  or  X  and  fi  be  determined  so  that  (x,  y,  s)  satisfy  0 
or  F  s  0  and  Cr  »  0,  the  constrained  extremes  of  «  ^/(Xf  y,  z)  will  be 
found  except  for  the  examination  of  the  conditions  of  higher  order. 

A»  a  proUem  in  constrained  nuudma  and  minima  let  the  axes  of  the  aecklon  of 
aa  ellipsoid  by  a  piano  throned  tho  origin  be  deteiminod.  Form  the  function 

♦  =  »^  +  F«  +  ««  +       +  g  +  ^  -    +  M  (to  +     +  ««) 

by  adding  to  +  + 1\  wtiich  is  to  be  made  extreme,  the  e(]iiatioii8  of  the  ellipsoid 
and  plane,  wliieh  are  the  equations  of  constraint.  Tben  apply  (10).  Henoe 

taken  with  the  eciuations  of  ellipsoid  ami  plane  will  (It'ttTiiiinc  /,  y,  z,  X,  ft.  If  the 
equations  are  multiplied  by  x,  z  and  reduced  by  the  equations  of  plane  and 
elUpioid,  tiie  aotutioa  for  X  to  X  f«  (ae^  •!>  if).  The  three  eqnatlooa 
tben  beoome 

1   ida*  1  iimb^  1  line*  , 

Hence  ^ — +  — — -5  +  — — —  =  0  determmes  r*.  (90) 

The  two  roots  for  r  are  the  major  and  minor  axes  of  the  ellipse  in  which  the  plane 
oats  tiw  olUpMrfd.  The  aubstitatioii  of  2,  y,  s  above  in  tlio  dlipsold  detennines 

Now  when  (20)  is  solved  for  any  particular  root  r  and  tho  value  of  n  is  found  by 
(21),  the  actual  codrdinates  x,  y,  z  of  the  extremities  of  the  axes  may  be  found. 
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1.  Obtain  tlM  partial  derlvatim  of  «  by  s  and  y  dbeotly  from  (8)  and  not  hj 
mbititntion  In  (9).  Where  does  the  lolatloo  fail  t 

2'     1/*     z*  1 

(^»)  -„  +  ^  +  ^  =  l,  W  «  +  »+!  =— , 

(I-     h-  ayg 

(7)  (J-'  +  i/'  +  z'y  =       +       +  cV,       (a)  xyr  =  c. 
8.  Find  the  aecond  derivativee  in  £z.  1  (a),      (I)  by  repeated  differentiation. 

3.  State  and  prove  the  theorem  on  the  aolntion  of       y,  s, »)  s  0. 

4.  Show  that  the  ptodnet  coeffldent  of  ezpanaloa  by  the  modnloe 
of  elasticity  (§  52)  in  equal  to  the  rate  of  rite  of  preaBore  with  the  temperature  If 

Ui«-  volume  is  constant. 

6.  Eotabbah  the  proportion  SsiEr—  C, :  C»  (lee  |  O). 

.  If  F(x,  y,  z,  u)  =  0,  show  '  —  =  1,  =1. 

7.  Write  the  cquationH  of  tangent  plane  and  normal  line  to  z)  s  0  and 
find  the  tangent  plauee  and  normal  lines  to  Ex.  1      (I)  at  x  =  1,  y  s  1. 

8.  Find,  by  using  (13),  the  indicated  derivatives  on  the  aaminptlon  that  either 

X,  y  or  u.  r  are  dependent  and  the  otlu-r  pair  independent : 

(rt)  u»  + r«  +  3-*-Sy  =  0,       u»  +     +  J/»  +  82  =  0,  w^,;,  C 

{^)  x  +  y  + u+ e  =  a,  x»  +  y»  +     +     =  6,       ^li,  u^,  e^, 

(7)  Find  dy  in  both  caeee  If  z, «  are  Independent  wialileB. 


(KB  0U  CT> 

10.  Find  du  and  llu-  derivatives  uj,  »^',      in  case 

i2  +  y2  +  2^  =  ~  »2  4.  ,,2  4.  u,s,       xyz  =s 

11.  If  F(x,  y,  z)  =  0,  6(2,     c)  =  0  define  a  curve,  show  that 


\m  the  tangent  line  to  the  curvH  at  (x„,  j/^,,  z,,).  Write  the  normal  plane. 

12.  Formulate  the  problem  of  implicit  functions  occurring  in  Ex.  11. 

13.  Find  the  perpendicular  distance  f  rcnn  a  point  to  a  plane. 

14.  The  sum  of  three  positive  numbers  is  z  +  y  +  z  =  vV,  where  N  is  ^ven. 
Determine  x,  y, «  so  that  the  product  xf^z'  shall  b4>  maximum  if  p,  q,  r  are  civen. 

A  UK.  X  :  y  :  z  :  N  =  p  :  q  :  r  :  (p  -\-  fj  -\-  r). 

15.  The  sunt  of  three  positive  numbers  and  the  sum  of  their  squares  are  both 
given.  Make  the  pnKluct  a  maximum  or  minimum. 

16.  The  surface  (x«+y»+««)»=axHbj/*+«'  i«  cut  by  the  plane  £z+my+»u=0. 

—  =  (X 

r"  —  tt 
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17.  In  case  F(z,  y,  u,  v)  =  0,  G  (x,     u,  t)  =  0  consider  the  differentialB 

Substitute  in  the  first  from  the  last  two  and  obtain  relations  like  (15)  and  Ex.  0. 

18.  If  /(x,  y,  z)  is  to  be  maximum  or  minimum  subject  to  the  constraint 
F(Xt  y,  t)  =  0,  show  that  tlie  conditions  are  that  dx :  dy  :  dx  =  0 : 0 : 0  are  indeter- 
miiMtir  when  thdr  solation  \m  attampted  from 

Kdz  +  f'^dy  +  /Id*  =  0   md    FjU  +  F'^dy  +  F'^dz  =  0. 

From  what  geometrical  considerations  should  tiiis  be  obvious  ?  Discuss  in  connec- 
llim  with  the  problem  of  Inaerlbing  the  nwiTtmnin  xectaqgular  pmlldepiped  in 
the  elUpioid.  These  equations, 

maj  lonieUmee  be  need  to  edviaitege  for  each  proUemt. 

19.  Given  the  curve  F(x,  y,  c)  =  0,  0  (x,  y,  t)  =  0.  Discuss  the  conditione  for 
the  hl^ieet  or  lowest  pointa,  or  more  geneimlly  the  polniR  where  the  tugent  Is 

parallel  to  z  =  0,  by  treating  u  =/(x,  y,  x)  =  z  an  a,  maximum  or  minimum  sub- 
ject to  the  two  constraining  equations  F=0,  G  =  0.  Show  that  the  condition 
FgOg  =  F^G^  which  is  thus  obtained  is  equivalent  to  setting  dz  =  0  in 

F^dz  +  F^dy  +  F.'dx  =  0   and   Gjlz  +  G^y -^^  G^dg  =  0, 

20.  Find  the  higheat  and  lowest  points  of  thfleeemvie: 

{a)  z>  +  ya  =  <*  +  l,  x  +  y +ScsO,      (fi)  !^ +  ^  +  ^  =  l,  te  +  my  +  i««©. 

a'    0"  c* 

21.  Show  that  F^dx  +  F^dy  +  F^dz  =  0,  with  djr  =  (  -  i.  dy  =  v  -  y,  dz  =  f-^t, 
is  the  tangent  plane  to  the  surface  F(x,  y,  s)  =  0  at  (x,  y,  z).  Apply  to  £z.  1. 

88.  Given  F(aB,  y, «, «)  =  0,       y, «,  v)  =  0.  Obtain  the  equatioos 

^^^^^  +  ^  —  +      +  ft 

&c     du  dx     dv  ds "         ^     d»  2y     c'o  5y  ~ 

and  explain  their  significance  a«  a  sort  of  partial-total  differentiation  of  F  =  0 
and  G  =  0.  Find  from  them  and  compare  with  (13  ).  Write  similar  equations 
where  x,  y  are  oouMered  aa  ftonetlona  of  (u,  r).  Hence  prove,  and  compare  with 
(16)  and  Ex.  ft, 

tuBy  ,  h)?y    -       tudz     ?f  fee  ^ 

 —-f-  -  =  1,  -f  —  —  =  0. 

ey  tu     ty  dv  tydu  dydv 

83.  Show  that  the  differentiation  with  respect  to  x  and  y  of  the  four 
under  Ex.  22  leads  to  eight  equations  f  mm  which  the  eight  derivatives 

Sz**      bxiy'      tytt'       n?'      ex» ay* 
may  be  obtained.  Show  thus  that  formally  — 
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6t.  Fuactional  detennlmuits  or  Jaoirtriaiii.  Let  two  functioiu 

«  =  <^(x,y),  v=.^ix,y)  (22) 

of  two  independent  variables  be  giTon.  The  continuity  of  the  functions 

and  of  their  first  derivatives  is  assumed  throughout  this  discussion 
and  will  not  he.  mentioned  again.  Suppose  that  there  were  a  lelation 
F(u,  v)    0  or  Ff^i^f  ^)  —  ^  between  the  functions.  Then 

The  last  two  equations  aiise  on  differentiating  the  first  with  respect  to 
X  and  y.  The  elimination  of     and     from  these  gives 


The  detenninant  ib  merelj  another  way  of  writing  the  fixst  expreasion ; 
the  next  form  is  the  cnstomary  short  way  of  writing  the  determinant 

and  denotes  that  the  elements  of  the  dett>rminant  are  the  first  deriva- 
tives of  u  and  r  with  respect  to  x  and  y.  This  determinant  is  called  the 
funrtionnl  drtervihiant  OX  Jaeobian  of  the  functions  u,  v  or  ^,  xj/  with 
respect  to  the  variables  x,  y  and  is  denoted  by  ./.  It  is  seen  that :  //' 
there  is  a  ftinrti/mil  n  hit  ion  F(<^,  \p)  —  Q  hctirrrn  Tn'o  fttnrtium,  the 
Jaro/ii4/n  nf  the  fitni  tinnn  vanishes  xderjtii  tiU i/,  that  is,  vanishes  for  all 
values  of  the  variables  (x,  »/)  under  considenition. 

Conversely,  if  the  Jacobian  vanishes  identically  over  a  two^imemiunal 
region  for  (x,  y),  the  function$  are  connected  by  a  funetitnuU  relation. 
For,  the  fonctions  v  may  he  assomed  not  to  rednoe  to  mere  constants 
and  hence  there  may  be  assumed  to  be  points  for  which  at  least  one  ci 
the  partial  derivatiyes  does  not  vanish.  Let  ^  be  the 

derivatiTe  which  does  not  vanish  at  scnne  particQlar  point  of  the  region. 
Then  u  =  ^(x,  y)  may  be  solved  as  x  =  xi*h  If)  ^  ^  vicinity  <^  that 
point  and  the  lesnlt  may  be  substituted  in  v, 

by  (11)  and  substitution.  Thus  dc /di/  =  J /«^'^;  and  if  J  =  0,  then 
dr/dy  =  0.  This  relation  holds  at  least  throughout  the  region  for  which 
=^  0,  and  for  jx)ints  in  tins  region  cr/ci/  vanishes  identically.  Hence 
V  does  not  {le})end  on  y  but  becomes  a  function  of  u  alone.  This  es- 
tablishes the  fact  that  v  and  u  are  functionally  connected. 
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Tbete  oonaideratioiiB  may  be  extended  to  other  caMO.  Let 

u  =  4>(t,  y,  z)y       v  =  ^(x,  ij,  z),       w  =        1/,  z). 
If  there  is  a  functioDal  relation  F{Uf    to)  =  0,  differentiate  it. 


^.  ^«  X* 


=  0, 


(25) 


(26) 


or 


The  resnlt  is  obtained  by  eliminalang  F^,  F^,  from  the  three  equations. 
The  assuinption  is  made,  here  as  above,  that  F^,  F^',  do  not  all  vanish ; 
for  if  they  did,  the  three  equations  would  not  imply  0.  On  the 
other  hand  their  vanishing  would  imply  that  F  did  not  oontaan  «,  v,  tt, 
—as  it  must  if  there  is  mlly  a  rdation  between  them.  And  now  con- 
versely it  may  be  shown  that  if  J  vanishes  identically,  there  is  a  func- 
tional relation  between  u,  r,  w.  Hence  again  the  nere*»ary  ami  suffirient 
conil'ifiom  thai  the  three /unetion$  (25)  be  functianaUy  emmeeted  i$  that 
their  Jaoobian  vanish. 

The  ptoet  of  the  oonveise  part  Is  about  as  before.  It  tasy  be  uannied  that  at 
least  one  of  the  derivatives  of     v,  w  or  ^  ^,  x  IV     l'^  ^        not  vanlah.  Let 

0  hv  that  dcrivntivc.  T)i)-n  u  —        y,  z)  may  be  flolved  M  X^m{Ut  y, 

and  the  result  may  ho  .substitutt-d  in  v  and  to  as 

t  =  ^  (jr,  J/,  z)  =  f  («,  y,  z)y       tD  =  x      2/,  2)  =  X  K  V,  2). 
Mezt  the  Jaoobian  of  v  and  lo  relative  to  y  and  t  may  be  written  as 


air 

1^;  x; 

1  f,'  X,' 

Xr 

Xz 


Xv 
X.' 


+  x; 


4>: 


^  ^^11  _ 


As  J  Tanishes  identically,  the  Jacobian  of  v  an<l  tr  expremnl     f  unctiong  of  y, 
atao  vaoiabes.  Hence  by  the  caae  preYioiuly  discussed  there  is  a  functional  rela- 
tion     w)  s  0  Independent  of  y,  x ;  and  as  «,i0  now  contain  «,  this  relathmoBay 
be  conddend  as  a  f  uiictlonal  relation  between  a, w. 

63.  If  in  (22)  the  variables  u,  v  be  assigned  constant  values,  the 
equations  define  two  curves,  and  if  u,  v  be  assigned  a  series  of  sueh 
values,  the  equations  (22)  define  a  network  of  curves  in  some  part  of  tiie 
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aey-phnB.  If  tliem  is  a  functiooal  relation  u  xb  F(v),  that  is,  if  the 
Jaoolnaa  vaaishes  identically,  a  constant  value  of  v  implies  a  oonstant 

value  of  u  and  hence  the  locus  for  which  v  is  constant  is  also  a  locus 
for  which  u  is  constant ;  the  set  of  ^-curves  ooincides  with  the  set  of 
M-curves  and  no  true  network  is  formed.  This 
case  is  uninteresting.  Let  it  lie  a.ssnmed  that 
the  Jacobian  does  not  vanish  identically  and 
even  that  it  does  not  vanish  for  any  jioint  (x,  y) 
of  a  certain  region  of  the  j-//-j»lane.  The  indi- 
cations of  §  60  ai-e  that  the  equations  (22)  may 
then  be  solved  for  ar,  y  in  terms  of  v  at  any 
ptunt  of  the  region  and  that  there  is  a  pair  of 
the  curves  through  each  point  It  is  then  proper  to  consider  (u,  v)  as 
the  coordinates  of  the  points  in  the  region.  Tb  anj  point  there  corre- 
spond not  only  the  reotangolar  coordinates  (x,  y)  but  also  the  ewrv^ 
linear  eoSrdmaUt  («,  v). 

The  equations  connecting  the  rectangular  and  cunriltnear  coordinates 
may  be  taken  in  either  of  the  two  forms 

«  =  V\  v  =  ^{x,  y)  or  X  =fl,u,  v),  y  =  y{u,  v),  (22') 
each  of  which  are  the  soluti<ms  of  the  other.  The  Jaoobians 


(27) 


(u,  v+dv) 


are  reciprocal  each  to  etu;h  ;  and  this  rela- 
tion may  Ir*  reg-arded  as  the  analogy  of 
the  relation  (4)  of  §  2  for  the  case  of 
the  function  y  =  <t>{j')  and  the  solution 
X  =/(y)  =  ^"*(y)  in  the  case  of  a  single 
variable.  The  differential  of  arc  is 

*  (^) (If ) »  ^"^^il'^'hi^' 

The  differentifil  of  area  included  l)etween  two  neighboring  u^urvesand 
two  neighboring  v-curves  may  be  written  in  the  form 


dA 


=  j{^^dudv  =  dudv  -^ji^^' 


(29) 


These  statements  will  now  be  proved  in  detail. 
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To  prore  (S7)  write  oat  the  JaooMMM  at  length  and  reduce  the  remlL 


9u 

bz 

by 

dx  Bx 

bu 

bu 

tz 

by 

by  by 

rv 

dc 

bubx  ^ 

?t  (fx 

?u  ?y 

bz  bu 

bx  cv 

bz  du 

bubz    bv  bz 


^  btby 
bz  dv 
buby^bvby^ 


1  0 


0  1 


where  the  rule  for  multiplying  detenninante  has  been  applied  and  the  redaction 
Itti  been  a»d6  by  (16),  Bz.  0  sbonre,  Mid  dmilftr  fonnulM.  If  tbe  tula  for  mnltl- 
plylng  detMmliiinto  Is  onfamiliar,  the  Jaoobians  may  be  written  and  molUpUed 
without  that  notation  and  the  radnction  maj  be  made  bj  the  same  fonnnlaa  ae 

before. 

To  establish  the  formula  for  the  differential  of  arc  it  is  only  necessary  to  write 
the  total  differentials  of  dz  and  dy,  to  square  and  add,  and  then  ooUeot.  To  obtain 

the  differential  area  between  four  adjacent  curves  consider  the  triangle  determined 
by  (»,  r),  (u  +  du,  t),  (u,  v  +  dp),  which  is  half  that  area,  and  douWe  the  result. 
The  determinantal  form  of  the  area  uf  a  triangle  is  the  best  to  use. 


Ads2 


d«s  day 


— dtt 

bz 

by 

bu 

cu 

bu 

bz. 

bz 

cv 

CP 

(bids. 


The  subscripts  on  the  differentials  indicate  which  variable  changes;  thus  daZ, 
are  the  coordinates  of  (u  +  du,  v)  relative  to  (u,  v).  This  method  is  easily  extended 
to  determine  the  analogous  quantities  tai  three  dimendons  or  mors.  It  maj  be 
noticed  tliat  the  triangle  does  not  look  as  if  it  were  half  the  area  (ezoqit  f or Infln- 
itesimala  of  higher  order)  in  the  figure ;  but  see  Ex.  12  below. 

It  sbould  be  lemaxked  that  as  the  diffetential  of  ana  dA  is  usually 
considered  positiTe  when  du  and  dv  are  positiTe,  it  is  usually  better  to 
replace  /  in  (29)  by  its  absolute  value.  Instead  of  regarding  (u,  v)  as 
curvilinear  coordinates  in  the  xy--ph.no,  it  is  possible  to  plot  them  in 
their  own  ««-plane  and  thus  to  establish  by  (22')  a  tnuuffermathn  of 
the  o-y-plane  over  onto  the  i/r-plane.  A  small  area  in  the  yy-plane  then 
becomes  a  small  area  in  the  wr-plane.  If  7  >  0,  tlie  transformation  is 
called  direct;  but  if  7  <  0,  the  transformation  is  ciilled  perverted.  The 
significance  of  the  distinction  can  Ix'  made  clear  only  when  the  ques- 
tion of  the  signs  of  areas  luis  been  treated.  The  transforuuition  is  called 
conformal  when  elements  of  arc  in  the  neighborhood  of  a  point  in  the 
zy-plane  are  proportional  to  the  elements  of  arc  in  the  neighborhood  of 
the  cwresponding  point  In  the  «(«-plane,  that  is,  when 


d^ 


(30) 
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For  in  this  oaae  any  little  toiongle  will  be  tianaf ovmed  into  a  little  tri- 
«n^e  eimilar  to  it^  and  henoe  anglee  will  be  unchanged  by  the  transfor- 
mation. Thattbe  ttansfonnationbeconfornialnquiret  that  FsOand 

E  =  G.  It  is  not  necessary'  that  E  =:  G  =  k  be  constants ;  tiie  latio  of 

similitude  may  be  different  for  dififerent  points. 

64.  There  remains  outstanding  the  proof  that  equations  may  be  solved 
in  the  neighborhood  of  a  point  at  which  the  .lacobian  does  not  vanish. 
The  fart  was  indicated  in  §  GO  and  used  in  §  03. 

TuEo&EM.  Let  p  equations  inn-^-p  variables  be  given,  say, 


^«     «■»•••»  *ii     =  ^»      F,  =  0,  . . ,     =  0. 


(81) 


Let  the  p  functions  be  soluble  fw  ar^,  x^,  -  -  - ;  -^j*,  when  a  particular  set 
^(j>4i).'  "  >  ^(»+i>)«  ^  other  n  variables  are  given.  Let  the  functions 
and  l^ir  first  derivatiTes  be  continuoiis  in  all  tiie  n  +p  variables  in  the 
neighborhood  of  (x^  x^  •  •  x^^g^i*  Let  the  Jaeobian  of  the  fonotionB 
with  leBpeot  to 


i  .  . 


dr. 


dx. 


dx 

m 

cFj, 


^0, 


(32) 


£eu1  to  vanish  for  the  particular  set  mentioned.  Then  the  p  equations 
may  be  solved  for  the  j)  variables  j-,,  x.^,  •  •  •,  3*^,  and  the  solutions  will  Ix? 
continuous,  unique,  and  differentiable  with  continuou.s  tirst  pirtial 
derivatives  for  all  values  of  ar.j.,,       x^^,  sufficiently  near  to  the 


valnes  ^^(,+1),,  • 

Thiouii.  The  necessary  and  soffident  condition  that  a  functional 
relation  exist  between  p  functions  of  p  variables  is  that  the  Jaeobian 
of  the  functions  with  respect  to  the  variables  shall  vanish  identically, 
that  is,  lor  all  values  of  the  variables. 

The  proofs  of  these  theorems  will  naturally  be  given  by  mathematical  induction. 
Isdi  of  the  theorasM  hss  besn  proved  tai  the  sinqilest  easaa  sad  It  remalni  only  to 
show  that  the  theorems  arstros  lor  pfuiotloiis  in  esse  thsj  are  f or  —  Bipsnd 
tiiedetsnnlneiit  J. 


7or  the  lUst  ttMONBi      0  sad  henoe  at  Isoat  one  of  the  minors  Ji,";Jp 

fail  to  vanish.  Let  that  one  be  J,,  which  is  the  Jaeobian  of  F,,  Fp  with  respsot 
to  X,,  •  •  a^.  By  the  assumption  that  the  theorem  holds  for  the  case  p  —  1,  these 
p—l  equations  may  be  solved  for  x,,  •  •  • ,  2^  in  terms  of  the  n  +  1  variables  x^, 
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Xp+i,  •  ,  jr,+p,  and  the  results nuij te mbitittited  in  F|.  UreiDAliuitodumtldL 

J^l  s  0  is  soluble  f <)r    .  Nuw 

(tti  CSC,  ftc,  f/p  * 

For  tlie  derivatives  of  x,,  •  •  • ,  Xp  with  respect  to  x^  are  obtained  from  the  equations 

ftCj       ^X,  ?X|  ciXj  JSCj       ax,  CX,  ?Xp  ?x, 

resultiug  from  the  differentiation  of     =  0,  •  •  ,  Fp=zO  with  respect  to  Xp  The 
derivative  dxi/ix^  is  thefefoie  merely  Jt/Jn  end  benee  dF^/dz^  =  J/J^  and  dose 
nofcVftnish.  The  equation  therefore  may  be  M>lTed  for      in  tennH  nf  a^^i, 
X,  +  p,  and  this  reKuIt  may  be  Hulwtituted  in  the  soIutionH  above  found  for  X|,  •  •  Xp, 
Hence  the  equations  liave  been  bolved  for  Xj,  z^t  "  t<erms  of  Xy •  •  Xm^.p 

end  tlie  theorem  is  proved. 

For  the  second  thi-orem  tlie  pmieedare  is  analogous  to  that  previondj  followed. 
If  there  is  ft  relation  ^(H|,      i^)  =  0  between  the  pfuncticnis 

dillerentlatlon  with  reject  to  X|,  •  •  •»  a^glveep  equatiuuH  from  wliioh  the  dexivft- 

tlvee  of  F  bj  «!,•••,    may  be  eliminated  and  /( '    j  =  0  becomes  the  eon- 

dition  desired.  If  oooversely  this  JacoUan  vanishes  identicallj  and  it  be  asnmed 
that  one  of  tlie  derivatives  of  u,  by  xj,  my  lu^/lx^,  dues  not  vanish,  then  the  solatlon 
X|  =  w(U|,  X.,.  •  x^)  may  be  effected  and  tJie  result  may  be  snlistihiled  in  w^, 
•  ••f  Up.  The  Jacobian  of  u,,  with  respect  to  x,,  •  •        will  then  turn  out 

to  be  J  -I-  dui/dXi  and  will  vanish  becaose  /  vanishes.  Now,  however,  only  p  —  1 
functions  are  involved,  and  hence  if  the  theorem  is  time  for  j»  —  1  functions  it  musi 
be  trae  for  p  functions. 


1.  If  iisox-f6j/-i-c  and  v  =  a'x  +  h'y  +  r'  are  functionally  dependenti  the 

lines  u  =  0  and  v  =  0  are  parallel ;  and  converKely. 

2.  Prove  X  +  V  +  z,  xy  +  v«  +  zx,  x'  +     +  z'  functionally  dependent. 

3.  If  u  -  ox  +  by  4-  rz  +  <i,  f  -  "'x  +  b'y  +  c'z  +  d\  ip  ^  (i"t  +  h"y  +  r"z  +  d" 
are  fuuctiuually  dependent,  the  planes  u  =  0,  v  =  0,  u?  =  U  are  parallel  to  a  line. 

4.  In  what  seoM  are  ^  and  f;  of  (SAO  end  ^  and  ^  of  (HSO  partial  or  total 

9$  <tS|  ftCi 

derlvaUves  ?  Are  not  the  two  sets  completely  analogous  ? 
tnte  in  «  B  ^  and  prove  aa/ae  s  J* 


6.  Given  (26),  suppose 


^  0.  Solve  V  =  ^  and  w  =  x      V      **  eubeti- 

» '  'I 
xJ 

6.  If  M  =  u  (x,  y),  t  =  t(x,  V).  and  x  =  x (f,      1/  =  j/ (f,  fl),  prove 

State  the  extension  to  any  number  of  variables.  How  may  (27')  be  used  to  prove 
Cn)t  Again  state  the  extension  to  aiqr  numher  of  variables. 


Digitized  by 


PARTIAL  DIFFEKENTIATION;  IMPLICIT  186 


7.  TfmBdV  =  j(^^i^)thMw  =  dud9dw-*-j(^il^^  b  the  elfimeiit  of 

\u,  r.  u'f  \x,  y,  z/ 

volume  in  space  with  curvilinear  codrdinateH  u,  v,  u>  =  coiuite. 

8.  In  what  part8  of  the  plane  ean  u  =  y^,  v  —  gey  not  be  uaed  aa  conri- 
linear  coOnlinaten  ?  Express  (/.-<-  fur  these  coonlinates. 

9.  Prove  Uiat  2  u  =    —  y^,  v  =     ia  a  couf onual  tnuisf onnatiou. 
10.  Pror*  thai  z  s  ^  "  ^ ,  y  =  -        i»  a  oonfomial  tnuMfotmalioii. 

1I«  Define  conformal  tmnsformation  in  space.  If  the  transformation 
z  =  aw  +  ftp  +  cw,       y  =  a'u  +  //r  +  o'lp,       z  =  o"tt  +       +  C"w 
ifl  conformal,  u  it  ortliogonal  ?  See  Ex.  10  ({*),  p.  100. 

12.  Show  that  the  areas  of  the  triangles  whos«  vertices  are 

(u,  V).  (u  +  du,  r),  (u,  c  +  de)    and    (u  +  du,  r  +  t/r),  (u     dat,  »),  (m,  v  -f  ds) 
are  influitesimals  of  the  same  order,  as  suggested  in  %  OS. 

13.  Would  the  condition  F  =  0  in  (28)  mean  that  tbe  aet  of  cnrvea  v  a  oonat. 
were  perpendicular  to  tbe  aet «  =  const.  ? 

14.  EzpuBBB  iP,     6  in  (28)  In  temu  of  the  derivatiTes  of  v,  v  tqr  y. 

15.  If  « s ^(c^  y  B ^(a,  s s x(«i  0  ue  the  paiametric  aqnatloiii  of  a 
aoifaoa  (from  which  a,  %  conld  be  ritnifaated  to  obtain  the  equation  between 
s,  y,  s),  dkow 

65.  Envelopes  of  curves  and  surfaces.  Let  tlie  ecjuution  y,  a)  =  0 
be  considered  ;is  represt'iiting  a  funiily  of  curves  where  the  different 
curves  of  the  faiuily  are  obtained  by  assigning  different  values  to  the 
parameter  a:  Such  fhmflies  are  iUnstrated  by 

{x  —  af-\-if=l    and    ojc  +  y/a     1,  (33) 

which  are  circles  of  unit  radius  cent^^red  on  the  ar-axis  and  lines  which 
out  off  the  area  \  or*  from  the  first  (luadrant.  As  n  changeSy  the  circles 
remain  always  tangent  to  the  two  lines  y  =  ±  1  and 
the  point  of  tiingency  tnices  those  lines.  Ag;iin,  as 
a  changes,  the  lines  (.'i3)  remain  Umgent  to  the  hyj)er- 
bola  xy  =  k,  owing  to  the  property  of  the  hyperbola 
that  a  tangent  forms  a  triangle  of  constuit  area  with 
the  asymptotes.  The  lines  y  :=  :i:  1  are  called  the 
eiwelope  of  the  system  of  cirdes  and  the  hjrperbda 
spy  s  ib  the  envelope  of  the  set  of  lines.  In  genendi  i/then  is  a  curve 
lo  which  the  curves  of  a  family  F(Xf  y,  or)  s  0  are  tangent  and  if  the 
jtomt  of  tangency  describes  that  curve  as  a  varies^  the  curve  is  called 
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the  envelope  (or  part  of  the  envelope  if  there  are  seTeial  Buch  curves) 
of  the  fnmiltj  F(x,  y,  a)  =  0.  Thus  any  curve  may  be  regarded  as  the 
envelope  of  its  tangents  or  as  the  envelope  of  its  circles  of  curvature. 

To  find  the  equations  of  the  envelojHi  note  that  hy  detinition  the 
enveloping  curves  of  the  family  /•'(  '')  //> «)  =  0  are  tangent  to  the  envelope 
and  tliat  the  point  of  tiingency  moves  along  the  envelope  as  a  varies. 
The  equation  of  the  euvelojie  may  therefore  be  writt<»n 

«  =  ♦(«),       y  =  ^(«)    with    F(^,V',a)  =  0,  (34) 

where  the  first  equations  express  the  de])endence  of  the  points  on  the 
envelope  upon  the  parameter  a  and  the  last  equation  states  that  each 
point  of  the  envelope  lies  also  on  some  curve  of  the  tamily  ^2,y,a)s  0. 
Differentiate  (34)  with  respect  to  a.  Then 

W(«)  +  W(«)  +  ^-0.  (8fi) 

Now  if  the  pmnt  of  contact  of  the  eoTelope  with  the  cnnre  0  is  as 
ordinary  pohit  of  that  curve,  the  tangent  to  the  curve  is  . 

F;(«-r„)  +  F;(y-yJ  =  0;    and    f;<^' + =  0,  / 

since  the  tangent  direction  dtj  :  dx  —  \p' :  ^'  along  the  t'UvclojM'  is  by 
dctiuition  identu-al  with  that  along  the  envel()j>ing  curve;  and  if  the 
point  of  contact  is  a  singular  point  for  the  enveloping  curve,     =  F^  —  0. 
Hence  in  either  case  F«  =  0. 
Thus  for  poiMU  on  the  etwehpe  the  two  equatumt 

Fix,  y,  a)  =  0,       f:{x,  //,  a)  =  0  (36) 

areeatisfied  and  the  equation  of  the  envelope  of  the  family  F^O  may 
he  found  by  solving  (30)  to  find  the  parametric  eijuntUtnx  x  =  <t>(a), 
y  s=  i/'(Vr)  nf  the  envelope  or  htj  eliminating  a  between  (3fi)  to  find  the 
ejuutivn  of  the  envelope  in  the  form  4>(x,  ?/)  =  0.  It  should  Im>  remarked 
that  the  locus  foiiiul  by  this  priK-ess  may  contain  other  curves  than  the 
envelope.  For  inst;ince  if  the  curves  of  the  family  F=  Ohave  singular 
poiuts  and  if  =  ^(a),  y  =  ^(a)  be  the  locus  of  the  singular  points 
as  «  varies,  e(|uaticii8  (34),  (35)  stiU  hold  and  hence  (36)  also.  The 
role  for  finding  the  envelope  therefore  finds  also  the  locos  of  M«g«i«i' 
points.  Other  extraneous  factors  may  also  be  introduced  in  performing 
the  elimination.  It  is  therefore  important  to  test  graphically  or  analyt- 
ically the  solution  obtained  hy  applying  the  role. 

As  a  llnl  example  let  the  envelope  (rf  (x  —  a)*  +  y*  s  1  be  found. 

F(«, a)  z=  (X  -  a)«  +        1  =0,      f;  =  -2(x-  a)  =0. 

The  ellmlnrtlon  of  or  from  these  equattom  gives  y^  —  1  =  0  end  the  aotntion 
for  a  givess s a,  y  s±  1.  Hm  loci  indicated     envdopee  an  ys i;  1.  It  is 
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8MBeti1call7  evident  that  thin  m  mily  vanAapm  and  not  eactnaeoas  f aotom 
BatMftteooiidejnmipleeoiMldtr  oEK-l'y/asi.  Here 

Hie  aolntioii  18]/  =  a/2,  z  =  l/2a,  which  give«  xj/  =  ^.  This  la  theeuvdo^;  itooald 
aotbeakwaiof  ringnler  potnteof  FsOasthera  uenone.  Buppoee  the  elimlm^ 
tfam  of  or  be  made  bf  87lveiter*B  method  ae 


-  +  0/a  +  z  +  Oa  =  0 

0/a»  -  y/a  +  0  +  xa  =  0  . 

y/a«  -  1/a  +z  +  Oa  =  0 

O/o*  +  y/tr  —  1  +  scar  =  0 


y  0     z  0 

0  —  V  Ox 

y  -  1     z  0 

0  y  -1  X 


=  0j 


the  leduction  uf  the  deU'riuiuaiit  givmt  xy{ijcy  —  1)  =  0  as  the  ellminaut,  aud  con- 
taloe  not  only  the  enTelope  4^  s  1,  hot  the  iaetiw*  <b  s  0  and  y  ss  0  whieh  an 

obrioudy  extraneous. 

As  a  third  problem  And  the  envelope  of  a  line  of  which  the  length  Inteiceilled 
between  the  axes  is  constant.  The  necessary  equations  are 

a    p  or 

Two  parameters  a,  connected  by  a  relation  have  been  introduced;  both  equations 
have  been  differentiated  totally  with  leapeot  to  the  panmateia ;  and  the  proUem 
le  to  ellniinate  <r,  ft  dg,  4l>       *be  egnattone.  In  tide  eaee  it  b  atanpler  to  eany 

bf)th  parameters  than  to  Intrfxhicc  the  radicals  which  would  tx'  riMndrfd  if  only 
one  parameter  were  used.  The  elimination  of  dnr,  d(i  from  the  la«t  two  equations 
gives  z:y  =  a*:^  or  \^z:  Vy  =z  a.fi.  From  this  aud  the  first  equation, 


1111 


a    zi(zi  +  yi>    P    vKxi  +  yi) 


and  hence  sl^fy^s-^* 


66.  Consider  two  neighboring  curves  of  F(x,  y,  a)  =  0.  Let  (r^, 
be  an  ordinary  point  of  or  s  or^and     +  ax,    +  dy)  ota^-\-da.  Then 

^(«.  +  <faf  ys  +  rfy» «,  +  rfa)-  -P(x„  y,,  flfj 

holdB  except  for  infinitesimals  of  higher  order.  The  distance  from  the 
point  on    +  (to  to  the  tangent  to    at  (a-^,  is 

except  for  infinitesimah  of  higher  order.  This  distance  is  of  the  first 
order  with  da,  and  the  normal  derivative  da/dn  of  §  48  is  finite  except 
when  =  0.  The  distance  is  of  higher  order  than  dOf  and  da/dn  is 
infinite  or  dn/da  is  zero  when  F^=  0.  It  appears  therefore  that  ffie 
eiiri'Jiijn'  is  tfw  /orus  nf  pairtts  at  trfiirh  the  d'uftancr  hrtin-rn  fira  neigh- 
buriny  citrcfs  is  of  hii/ht  r  <>nh:r  than  da.  Tliis  is  also  apparent  geoniet- 
rically  from  the  fact  that  the  distance  from  a  point  on  a  curve  to  the 
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taugent  to  the  curve  at  a  neighboring  point  is  of  higher  order  (f  86). 
Singular  points  have  been  ruled  oat  because  (38)  becomes  indetermi- 
nate. In  general  the  locus  of  singular  points  is  not  tangent  to  the 
curves  of  the  family  and  is  not  an  envelope  but  an  extraneous  fustor; 
in  exceptional  cases  this  locus  is  an  envelope. 

If  two  neighboring  curves  F(x,  y,  a)  =  0,  F(x,  a  +  Aa)  *=  0  intei^ 
sect,  their  point  of  intersection  satisfies  both  of  the  equations,  and  henoe 
also  the  equation 

^  lF(x,  y,  a  +  Aa)  -  F{x,  y,  a) J  =  i".  {x,  y,  a  +  tfAa)  =  0. 

If  the  limit  be  taken  f or  Aa  ^  0,  the  limiting  position  of  the  interseo- 
ti<m  satisfies  —  0  and  hence  may  lie  on  the  envelope,  and  will  lit*  on 
the  envelope  if  the  common  point  of  intt^rsection  is  remote  from  singular 
points  of  the  curves  F(x,  y,  a)  =  0.  This  idea  of  an  envelope  as  the 
limit  of  points  in  which  neighboring  run'eg  of  the  family  intersfrt  is 
valuable.  It  is  sometimes  tjiken  as  the  definition  of  the  envelope.  But, 
unless  imaginary  jmints  of  intersection  are  roiisiilcied,  it  is  an  inade- 
quate definition  ;  for  otherwise  y  =  (x  —  af  would  liave  no  enveloix^ 
aeeurding  to  tlie  definition  (w  hen-as  //  =  0  i.s  oljviuusly  an  envelope)  and 
a  curve  could  not  be  regarded  aa  the  envelope  of  its  osculating  circles. 

Ciiri-  must  be  used  in  ayiplying  the  rule  for  finding  an  envelopi-.  Otherwise  not 
oiiiy  may  extraneous  tiolutiuus  be  iniiitaken  for  the  envelope,  but  the  euvelope  may 
lie  misMd  6ntlrel7.  Consider 

y  —  dn  <n  =  0  or  a  —  x->  rin->  y  =  0,  (80) 

where  the  second  form  is  obtained  by  solution  and  contains  a  umltiple  valued 
function.  These  two  f smilies  of  carves  are  identioalf  md  it  Is  geometricsUy  dear 
tliat  they  have  an  envelope,  namely  v=  ±1.  This  is  precisely  what  would  be 

found  on  applyirifr  tin-  riilf  to  tlie  first  of  (.'?!))  ;  bnt  if  the  rule  bp  applied  to  the 
second  of  (3U),  it  is  seen  that  i*^  =  1,  which  does  not  vanish  and  hence  indicates  no 
envelope.  The  whole  matter  should  be  examined  carefully  in  the  light  of  implicit 
functioiiB. 

Henoe  let  F(jr,  y,  a)  —  d  be  a  continuous  single  valued  function  of  the  three 
variables  {i,  y,  a)  and  lot  it.s  derivatives  F',  Fj.  exist  and  be  continuous.  Con- 
sider the  behavior  of  the  curves  of  the  family  near  a  point  (Xg,  of  the  curve  for 
ff  B  otq  provided  that  (Zg,  y^)  is  an  ordinary  (nondngular)  point  of  the  carve  and 
that  the  derivative  F^ix^,  y^,  otq)  does  not  vanish.  As  9^  0  and  either F^  ^0 
or  F'^  ^  0  for  (j^,  y^,  a„),  it  is  possible  to  surround  (r^,  ?/, )  with  a  retrion  so  small 
that  y,  a)  =  0  may  be  solved  for  a  =/(z,  y)  which  will  be  single  valued  and 
differentiaUe;  and  the  region  may  fnrtlier  be  taken  so  anall  that  F^^mF^  mnafais 
diflersnt  from  0  throoghout  the  region.  Then  through  every  point  of  the  region 

there  is  one  and  oidy  one  rur\'e  a  =  /(/.  y)  and  the  curves  have  no  sin<;iilar  points 
within  the  regitm.  In  particular  no  two  curves  of  the  family  can  be  tangent  to 
each  other  witlun  the  region. 
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FutheEinora,  In  moh  a  region  thflra  !■  no  envalfqpe.  Tot  let  any  eurre  which 
ttvnnm  the  gegkm  be  g  =       y  =  f  (Q.  Tlien 

Along  any  com  <r  =/(x,      the  equation  =  0  holda,  and  if  x  =  ^((), 

y  s ^(Q  be  tangent  to  this  oorre,  4^  =  cte  s    :  ^  and  ar'(l) »  0  or  or  s  eonst. 

Hence  the  only  curve  which  has  at  each  point  the  direction  of  the  curve  of  the 
family  through  that  point  is  a  curve  which  cdincideH  throughout  with  some  cur\'e 
of  the  fiimily  and  is  tangent  to  no  otlier  member  of  the  family.  Hence  there  is  no 
envelope.  The  nmlt  is  that  an  enTdopeean  bepraientonly  when  =  0  or  when 
=  =  0,  and  this  latter  caAe  han  been  seen  to  be  included  in  the  condition 
=  0.  If  F(x,  y,  a)  were  not  siiiL'h'  viiliu'd  but  the  branches  were  aeparable.  the 
same  condusion  would  hold.  Hence  in  case  F{x,  y,  a)  is  not  single  valued  the  loci 
oTor  whldi  two  m  more  valoee  become  Inseparable  nniat  be  added  to  thoee  over 
whidi  J**^  s  0  In  order  to  Ineure  that  all  the  lod  which  may  be  envelopes  are  taken 
into  account. 

87.  The  praoeding  consideratioiiB  apply  with  so  little  change  to  other 
eases  of  envelopes  that  the  beta  will  merely  be  stated  without  proof. 
Consider  a  fiunily  of  snrfiuses  F(Xf  y>  ^  0  depending  on  two 

parameters.  The  envelope  may  be  defined  by  the  property  of  tangency 
as  in  I  65 ;  and  the  condUiont  for  an  envelepe  would  Ae 

F(x,ij,z,a,  P)  =  0,        f:  =  0,        f;  =  0.  (40) 

These  three  equationa  may  be  solved  to  express  the  envelope  as 

y=»*(«»/9),  •'^x(fl*fi> 

parametrically  in  terms  of  a,  ^ ;  or  the  two  imrameters  may  be  elimi- 
nated and  the  envelope  may  be  found  as  4  (or,  z)  =  0.  In  any  case 
eztraneons  loci  may  be  intoodnoed  and  the  residts  of  the  work  should 
therefore  be  tested,  which  generally  may  be  done  at  sight 

It  is  also  possible  to  determine  the  distance  from  the  tangent  plane 
of  coe  sur&oe  to  the  neighboring  surfaces  as 

Vf;»  +  f;'  -f-         Vf;'  4-  f;'  +  f,-'     ***        ^  ^ 

and  to  dofin»»  the  envelope  as  the  locus  of  j)oints  .such  that  this  distance 
is  of  higher  order  tliaii  1*^/^1  +  !'/^|.  Tlio  ecjuations  (10)  would  then  also 
follow.  This  dcHnitioii  would  apjily  only  to  ordinarv  points  of  tlie  sur- 
faces of  the  family,  that  is,  to  points  for  which  not  all  the  derivatives 
F^,  Fy',  F,  vanish.  But  as  the  elimmation  of  a,  from  (40)  would  give 
an  equation  which  included  the  loci  of  these  singular  points,  there 
would  be  no  danger  of  losing  such  loci  in  the  rare  instances  where  they, 
too,  happened  to  be  tangent  to  the  sartaoBB  of  the  funily. 
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11m  application  of  impUelt  fanctions  as  In  f  66  could  aim  be  made  in  thia  caae 

and  wouM  hIiow  that  no  onvelope  could  exist  in  regions  where  no  sinjiular  points 
occurred  and  where  eiUter  or  failed  to  vanish.  This  work  could  be  based 
either  on  the  first  definition  invoiving  tangency  directly  or  on  the  second  definition 
wUeh  involvM  tangeney  Indirectly  In  the  ■tatemenia  eonoemlng  Inflniterimab  of 
higher  order.  It  may  be  added  that  if  F(x,  y,  z,  a,  /3)  =  0  were  not  single  valued, 
the  surfaces  over  which  two  Taluea  of  the  function  booome  inseparable  ahould  be 
added  as  i>uHtuble  envelopes. 

A  funily  of  snr&oes  yt  «,  a)  0  depending  on  a  single  param- 
eter may  have  an  envelope,  and  the  envelope  is  found /irom 

F(«,y,«,«)-'0,      F^x,tf,»ya)»0  (42) 

by  the  elimination  of  the  single  parameter.  The  details  of  the  deduction 
of  the  role  will  be  omitted.  If  two  neighboring  surfaces  intersect,  the 
limiting  poeitioa  of  the  eorve  of  intersection  lies  on  the  envelope  and 
the  envelope  is  the  snrfetoe  generated  by  this  curve  as  a  varies.  The 
Burfaoes  of  the  fimily  toaoh  the  envelope  not  at  a  point  merely  bnt 
along  these  onrves.  lOie  carves  are  called  cAomeeerMltee  of  the  fiunily. 
In  the  case  where  oonseontive  snrfaoes  of  the  family  do  not  intersect 
in  a  real  curve  it  is  necessary  to  fall  back  on  the  conception  of  imagi- 
naries  or  on  the  definition  of  an  envelope  in  terms  of  tangency  or 
infinitesimals;  the  characteristic  curves  are  still  the  curves  along 
which  the  surfaces  of  the  family  are  in  contact  with  the  envelojie  and 
along  which  two  consecutive  surfaces  of  the  family  are  distant  from 
each  other  by  an  infinitesimal  of  higher  order  than  (fa. 

A  particular  case  of  importance  is  the  enveloiH3  of  a  plane  which 
depends  on  one  parameter.  The  equations  (42)  are  then 

Ax  +  By  +  dt-^D^O,      A'x B'jf Cm D' ^  0,  (43) 

wheie  A,  B,  C,  D  m  fdnctioDS  of  the  panuneter  and  difhientiation 
vitli  leeped  to  it  is  denoted  by  accents.  The  case  where  tiie  phne 

moves  parallel  to  itself  or  turns  about  a  line  may  be  excluded  as  trivial. 
As  the  intersection  of  two  planes  is  a  line,  the  characteristics  of  the 
system  are  straight  lines,  the  envelope  is  a  ruled  surface,  and  a  j^lans 
tangent  to  the  stirfhre  at  one  point  of  the,  Jinfs  m  tnngent  to  the  surfare 
throughout  the  whole  ertrnt  of  the  Vine.  Cones  and  cylinders  are  exam- 
ples of  this  sort  of  surface.  Another  example  is  the  surface  enveloped 
by  the  osculating  planes  of  a  curve  in  space ;  for  the  osculating  plane 
depends  on  only  one  })aranictcr.  As  the  osculating  })lane  (§  41)  may  be 
regarded  as  passing  through  three  consecutive  points  of  the  curve,  two 
oonseontive  osonlaling  planes  may  be  eonsldered  as  having  two  consecn- 
tive  p(»nts  of  the  carve  in  common  and  hence  the  charaoteristifle  are 
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the  tengent  lines  to  the  oum.  Snrfsoes  whieh  are  the  envelopes  of  a 
plane  which  depends  on  a  single  paxameter  are  called  dwelopoNe  swfaeet, 
Jl  fiuoily  of  earree  dependent  on  two  parameters  as 

J^(«iy,«,«,/3)=*0,       <7(af,y,«,a,^aO  (44) 

Is  called  a  congruence  of  cmvtt.  The  curves  may  have  an  envelope,  that 
is,  there  may  be  a  sni^hee  to  which  the  corves  are  tangent  and  which 
may  be  regarded  as  the  locos  of  tiieir  pmnts  of  tangency.  The  envd<^ 
is  obtained  by  eliminating  a,  ft  from  the  eqoations 

F=o,    o^o,    kg;-f;g:=^o.  (46) 

To  see  this,  suppose  that  the  third  condition  is  not  fulfilled.  The  equa- 
tions (44)  may  then  be  solved  as  a  ^/(x,  y,  x),  =  g  (x,  «).  Beason* 
ing  like  that  of  f  66  now  shows  that  there  cannot  possibly  be  an 
envelope  in  the  region  for  which  the  solotion  is  valid.  It  may  therefore 
be  inferred  that  the  only  possibilities  for  an  envelope  are  contained  in 
die  eqoations  (46).  As  varions  extraneooa  loci  might  be  introdoced  in 
the  elimination  of  a,  ft  from  (45)  and  as  the  eolations  should  therefore 
be  tested  individually,  it  is  hardly  necessary  to  examine  the  general 
question  further.  The  envelope  of  a  congruence  of  curves  is  called  the 
ffjcal  surface  of  the  congruence  and  the  points  of  contact  of  the  corves 
with  the  envelope  are  called  the  focal  pomta  on  the  curves. 

EXERCISES 

1.  Find  the  envelopes  of  these  famihes  of  curves.  In  each  case  test  the  answes 
or  its  individual  factors  and  check  the  results  by  a  sketch  : 

(a)  y  sSox  +  a*,       (/S)     =  a{x  -  a),      (7)  y  =  a*  +  k/a, 
(l)a(y+a)'ss^,     («)»««(»  +  «)■,     (r)  |f«  =  «(x- «)•. 

ft.  VInd  the  envdope  of  the  elUpees  ^>  s  1  onder  the  eolidition  that 
(a)  the  anm  of  the  asee  !■  oonetent  or  <^  the  area  Is  oonatsat. 

t.  Fbid  the  envelope  of  the  drdes  whose  oenter  is  on  a  given  psrabola  ai«d 
which  psM  thiough  the  vertex  ol  (be  parabola. 

4.  Circles  pass  throof^  the mlgtai  snd  have  their  eenteis  on  x*  —  v^-  c^.  Find 
ibeir  envelope.  Ana,  A  lemniacate. 

6.  Find  the  envelopes  !n  these  cases : 

(a)  s  +  «ya  =  sin- ^xv,      (fi)  x  +  a  =  vers»*y  +  V2y  —  y*, 

(7)  1/  +  a  =  Vl  -  1/X. 

6.  Find  the  envelopes  in  these  ca«e8 : 

(a)  aa  +  py  +  apx  =  \,      {fij  |  +  ^  +  _£_srl. 

f.  Had  the  e&vdopee  ta  Ex.  0  (a),  (/3)ila  =  /3«vifdras  — |k 
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8.  ProTe  that  tbe  envelope  of  F(x,  y,  2,  a)  =  0  U  tun^roat  to  the  surface  along 
the  whole  characteristic  by  Kht)wiii<;  that  tho  normal  to  F{jt,  y,  S,  a)  =s  0  and  to  the 

eliminantof  F  =  0,      =  0  arc  the  same,  iiinncly 

f:'.f;'.f;  and  f;+f;^:f;  +  f;^;f;  +  f;^. 

when  ar^  y,  s)  is  the  tnnetloii  obtained  bj  aolvlng  F«  s  0.  CoiHlder  thepiolilan 
■lao  from  the  point  of  view  of  inilnltiwimala  and  the  nonnal  derivative. 

9.  If  thera  la  a  curve  x  =  ^(a),  y  =  ^(a),  s  =  x(a)  tangent  to  the  curves  of 

the  family  deflnwl  by  F{x,  y,  z,  a)  =  0,  G(x,  {/,  2,  a)  =  0  in  space,  then  that  curve 
is  called  the  envelope  of  the  family.  Show,  by  the  Hame  reaiioning  a«  in  §  <}5  for 
the  case  of  the  plane,  that  the  four  conditions  F  =  0,  G  =  0,  s  0,  (r«  =  0  must 
1m  aatisfled  f or  an  envrtope ;  and  hence  Infer  that  ordinaxily  a  familj  of  eorvesln 
ilMoe  dependent  on  a  single  parameter  has  no  envelope. 

10.  Show  that  the  family  F(s,  y,  a,  a)  ssO,  F^(Zt  y,  a,  <r)  ss  0  of  enrves  viUoh 

are  the  characteriKtics  of  a  family  of  mirfaces  baa  in  general  an  envelope  f^ven  hf 

the  three  equations  F  =  0,  Fa  =  0,  Fj^  =  0. 

11.  Derive  the  rnixlition  (4r»)  for  the  envelopp  nf  a  two-parametered  family  of 
curves  from  the  i  Ua  nf  tanpenry,  us  in  thf  case  of  one  i)iinimeter. 

12.  Find  the  envelope  of  the  normals  to  a  plane  curve  y  =/(x)  and  show  that 
the  envelope  is  the  locus  of  the  center  of  curvature. 

18.  The  locus  of  Ex.  12  m  called  the  evolute  of  the  curve  y  =/{x).  In  these  cases 
And  the  evolttte  aa  an  envelope : 

(a)y«^t         CS)  «  =  aslnl,  yardoost.  (>)  S«y»i^, 

(t)y*sS«a,      («)  xsa(^  — sln^  ysa(l— oos^t  (^ysooahs. 

14.  Given  a  aniface  s  y).  Conatruot  the  family  of  nonnal  lines  and  8nd 
their  envelope. 

15.  If  rays  of  light  issuint:  from  a  point  in  a  plane  arc  n-fleoted  from  a  curve  in 
the  plane,  the  angle  of  reflection  being  equal  to  the  angle  of  inci'lcnci',  the  eiivel»>pe 
of  the  reflected  rays  is  called  the  causttc  of  the  curve  with  respect  u>  the  point. 
Show  that  the  caostle  of  a  dide  with  reject  to  a  point  on  Ita  drcumf  erence  ia  a 
eai^Uold. 

16.  Tbe  curve  wUdt  is  tlie  envelope  of  the  characteristic  lines,  that  is^of  the 

rulinj^'s,  (Ml  the  developable  surface  (4H)  is  called  the  ru.ipWa/  edge  of  the  surface. 
Show  that  the  equations  of  this  curve  may  1>e  found  parametrically  in  terms  of  the 
parameter  of  (43)  by  solving  simultaneously 

Ax  +  By  +  Cz D  =  0,  A'x-^-  jry+ C'z  + ly  =  0,  A  "x  +  IVy  +  C"z  +  I>"  =  0 

for  X,  y,  2.  Consider  the  exceptional  cases  of  cones  and  cyiindei-s. 

17.  The  term  "  developable  '"  signifies  that  a  developable  imrface  may  be  developed 
or  mapptd  on  a  plane  in  such  a  unty  that  lengtha  qf  arcs  on  the  mr/ace  btxonu:  equal 
leapMs  in  Ms  plane,  tliat  la,  tbe  map  may  lie  made  vrithoat  distortion  of  else  or 
shape.  In  the  case  of  cones  or  cylinders  this  map  may  he  made  by  slitting  the  cone 
or  cylinder  aloii<r  an  element  and  rollini:  it  out  upon  a  plane.  Wl)at  is  the  analytic 
statement  in  this  case  ?  lu  Ute  ca.se  of  any  developable  surface  with  a  cuspidal 
edge,  the  developable  snif^  being  the  locns  of  all  tangents  to  the  cuspidal  edge, 
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the  length  of  arc  upon  the  surf  are  may  be  written  as  d^'  =  {dt  +  da)*  +  <W/fi*, 

where  a  dpnotes  arc  moasuri'd  along  the  ctiKpidal  edge  and  t  denotes  distance  along 
tiie  tangeat  line.  Thw  form  uf  da*  may  be  ubtaiued  geometrically  by  iufliiitesimal 
«iudjris  or  analytically  from  thn  equattont 

of  the  developable  snrfaoe  of  which  x  =/(•),  y  =  g{»),  x  =  h(»)  is  the  ciupidal  edge. 
It  is  thus  seen  that  is  the  same  at  eraresponding  points  of  all  developable  sur- 
faces frir  which  tlic  railins  of  carvature  It  of  the  cuspidal  edge  is  the  same  function 
of  a  without  regard  to  the  torsion  ;  in  particular  the  torsion  may  be  zero  and  the 
developable  may  reduce  to  a  plane. 

18.  Let  the  line  x  =  az  +  b,  y  =  cz-i-d  depend  on  one  parameter  so  as  to  gen- 
erate a'roled  mrfaoe.  By  tdentilying  thla  fotm  of  the  line  with  (48)  ohtela  by 
•nbatitatlon  the  oonditions 

Ab+  Iid  +  D=0,   A'b  +^4  +  1^  =  0         Ab'  +  Bd'=Q        W  dr\~ 
M  the  condition  that  the  line  genemlM  a  developable  surface. 

68.  More  dUferaitial  geometry.  The  representatioiii 

Fir,  !/,  z)  =  0,    or    £  =/(^x,  >,)  (46) 
or  X  =  i>{u,  v),       y  =  ^(m,  r),       z  =  x(". 

of  a  surface  may  Ix-  takf  ti  in  the  unsolved,  the  solved,  or  the  panimetric 
form.  The  jkaninietric  turui  is  equivalent  to  the  solved  form  provided 
tf 1 1;  be  taken  as  a;,  y.  The  notation 

is  adopted  for  the  derivatives  of  z  with  respect  to^eaad  y.  Theapplicap 
tion  of  Taylor's  Formula  to  the  solved  form  gives 

A«ssjE>A  +  ;jk.(.^(rA*  +  2«AJb  +  ^*)  +  *"  (47) 

with  h  s  k  =  Ay.  The  linear  terms  ph  +  qk  oooBtitate  the  differ^ 
ential  dz  and  represent  that  part  of  the  ineranent  of  z  which  would  be 

obtained  by  re])la<'ing  the  surface  by  its  tangent  plane.  Apart  from 
infinitesimals  of  the  third  order,  the  distance  from  the  tangiHit  plane  up 
or  down  to  the  surface  along  a  parallel  to  the  Muds  is  given  by  the 
quadratic  t^Tius  \  (rh'^  +  'Zshk  +  ///'). 

Hence  if  the  quiulratic  terms  at  any  ]Mjiiit  are  a  positive  definite  form 
(§  o5),  the  surface  lies  above  its  timgcnt  j»lane  and  is  concave  up;  ])Ut 
if  the  form  is  negative  definite,  the  surfa<-c  lies  Ix'low  its  t;ingent  plane 
and  is  concave  down  or  convex  up.  If  the  form  is  indefinite  but  not 
singular,  the  sur&oe  lies  partly  above  and  partly  below  its  tangent 
plane  and  may  be  eaUed  oonoaTO-oonvex,  that  is,  it  is  saddle^haped.  If 
the  f  onn  is  singular  nothing  can  be  definitely  stated.  These  statements 
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axe  merely  generalizatioiis  of  those  of  $  55  made  for  the  case  where  the 

tangent  plane  is  parallel  to  the  o^y-plane.  It  will  be  assumed  in  the 
farther  work  of  theae  articles  that  at  least  one  of  the  derivatives  r, t 
is  not  0. 

To  examine  more  olosely  the  l)ehavinr  of  a  surface  in  the  vicinity  of 
a  particuhir  point  upon  it,  let  the  xy-phme  be  tiiken  in  coincidence  with 
the  tangent  phine  at  the  point  and  let  the  point  be  taken  as  origin. 
Then  Maclaurin's  Formula  is  available. 

c  =  ^(rx"^  -f  2s.rt/  +  tif)  -\-  terms  of  higher  order  ^ 
=3  \  p^{r  cos*  e  +  'ZawmBcme  +  t  sin*  ff)  +  higher  terms,   ^  ^ 


is  the  eurvatnre  of  a  normal  seotaon  of  the  snrfiwe.  The  sum  of  the 
onrvatures  in  two  normal  sections  whidi  are  in  perpendicular  planes 
may  he  obtained  by  giving  $  the  valnes  $  and  tf  +  ^w.  This  sum 
rednoes  to  r  -f- 1  and  is  therefore  independent  of  0. 

As  the  sum  of  the  onrvatures  in  two  perpendicular  normal  planes  is 
constant,  the  maximum  and  minimum  values  of  the  corvatnre  will  be 
found  in  perpendicular  planes.  These  values  of  the  curvature  are  called 
the  principnl  vdh/e.t  and  their  reciprocals  are  the  prlnripal  radii  of 
curvature  and  the  sections  in  which  they  lie  are  tlie  prlnripal  sections. 
If  «  =  0,  the  principal  sections  are  ^  =  0  and  $  =  \  Tr  ;  and  conversely 
if  the  axes  of  x  and  ?/  had  iH'cn  chosen  in  the  tangent  plane  so  as  to  l)e 
tangent  to  the  principal  sections,  the  derivative  «  would  have  vanished. 
The  equation  of  the  surface  would  then  have  taken  the  simple  form 


The  principal  curvatures  would  l)e  merely  r  and  and  the  ourvatuxe 
in  any  normal  section  would  have  liad  the  form 


If  the  two  principal  curvalnxes  have  o{)posite  signs,  that  is,  if  the 
signs  of  r  and  t  in  (50)  are  opposite,  the  surface  is  saddle-shaped. 
There  are  then  two  directions  for  which  the  curvature  of  a  normal  sec- 
tion vanishes,  namely  the  directions  of  the  lines 

$^±turW-R^/R^   or    Vfrja?  =.±  V[7jy. 

These  are  called  the  aaymptotie  direeiiam,  Al<mg  these  directions  the 
surfooe  departs  from  its  tangent  phme  by  infinitesimals  of  the  third 


(49) 


z  —  ^{rx^  +  ^y*)  +  higher  terms. 


(60) 


1  _  cos*  $    sin'  $ 


rco^^  +  <sin*tf. 
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order,  or  higher  order.  If  a  cunre  is  drawn  on  a  flOffiMie  80  that  at  eaoh 
point  of  the  oorve  the  tangent  to  the  curve  is  along  one  of  the  asymp- 
totio  directions,  the  curve  is  called  an  aaympiotic  eurve  or  tins  of  the 
sui&oe.  As  the  surfiBoe  departs  from  its  tangent  plane  hy  infinitesimals 
of  higher  order  than  the  second  along  an  asymptotic  line»  the  tangent 
plane  to  a  surfiuse  at  any  point  of  an  asymptotic  line  must  be  the  oscu- 
lating plane  of  the  asymptotic  line. 

The  chanict^r  of  a  point  upon  a  surface  is  indicated  by  the  Dupin 
indieairix  of  the  point.  Tlie  indicatriz  is  the  conic 

+     =  0t*  =  i(n«:»  +  </),  (51) 

wliicli  liaa  the  principal  directions  as  the  directions  of  its  axes  and  the 
sfpuire  roots  of  the  absolute  values  of  the  ]>rincipul  nidii  of  curvature 
as  the  magnitudes  of  its  axes.  Tlie  conic  may  1h'  rci^xirded  as  similar  to 
the  conic  in  which  a  plane  infinitely  near  the  tiingent  plane  cuts  the 
surfa(%  when  infinitesimals  of  order  higher  than  the  second  are  neg- 
lected. In  case  the  snrfiuse  is  concavoHsonvez  the  indicatrix  is  a  hyper- 
bola and  should  be  considered  as  either  or  both  of  the  two  conjugate 
hyperbolas  that  would  arise  from  giving  z  positive  or  negative  values 
in  (51).  The  point  on  the  surfEuie  is  called  elliptio,  hyperbolic,  or 
parabolic  according  as  the  indicatrix  is  an  ellipse,  a  hyperbola,  or  a  pair 
of  lines,  as  happens  when  one  of  the  principal  curvatures  vanishes. 
These  classes  of  points  correspond  to  the  distinctions  definite,  indefinite, 
and  singular  applied  to  the  quadratic  form  rh*  +  2shk  +  ^> 

Two  further  results  are  noteworthy.  Any  curve  drawn  on  the  surface 
differs  from  the  section  of  its  osculating  plane  with  the  surface  by 
infinitesimals  of  higher  order  than  the  second.  For  as  the  osculating 
plane  jMLsses  through  three  consecutive  points  of  the  curve,  its  inter- 
section with  the  surface  jiasses  through  the  siime  three  consecutive 
points  and  the  two  curves  have  contact  of  the  second  order.  It  follows 
that  the  radius  of  curvature  of  any  curve  on  the  surface  is  identical 
with  that  of  the  curve  in  which  its  osculating  plane  cuts  the  surface. 
The  other  result  is  Mnunie^t  Theortm:  The  radius  of  curvature  of  an 
oblique  section  of  the  surface  at  any  point  is  the  projection  upon  the 
plane  of  that  section  of  the  radius  of  curvature  of  the  normal  section 
which  passes  through  the  same  tangent  line.  In  other  words,  if  the 
radius  of  curvature  of  a  nwmal  section  is  known,  that  of  the  oblique 
sections  through  the  same  tangent  line  may  be  obtained  by  multiplying 
it  by  the  cosine  of  the  angle  between  the  plane  normal  to  the  surface 
and  the  plane  of  the  oblique  section. 
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The  proof  of  Mensnii  r  s  Theorem  may  be  given  by  reference  to  (48).  Let  the 
Z-4ixiH  in  the  tangent  plane  be  taken  alonir  the  intersection  with  the  obUque  plane. 
M^lect  infinitesimalH  of  higher  order  than  the  Kecotui.  Ttien 

will  be  the  equationH  of  the  curve.  The  plane  of  the  section  is  ox  —  =  0,  as  may 
be  seen  by  inspection.  The  nwiins  of  curvatnre  of  the  cur%e  in  tliis  plane  may  be 
found  at  once.  For  if  u  denote  distance  in  the  plane  and  perpendicular  to  the 
Muds  end  If  »  be  the  aoc^e  between  the  Bonnel  plaoe  and  the  oblique  plane 
OS  — fysQ^ 

«  SB  xaeov  s  y  caor  s  I  raeo  v  •  ^  =  I  aoacF  •  2*. 

The  fonn  U  =  J  r  ser  V  ■  gives  the  curvature  as  rsec  r.  But  the  curvature  in  the 
normal  section  is  r  by  (48').  A.s  the  cun-ature  in  tlie  oblique  wction  is  sec  ►  times 
that  in  the  nonnal  section,  the  radius  of  curvature  in  the  obliijue  section  is  cm  r 
Unm  that  of  the  normal  eeetlon.  Meiinier*8  Theorem  is  thoa  proved. 

09,  Theae  inveatigations  with  a>  apedal  ebdoe  of  axes  give  geometrle  proper- 
ties of  the  surface,  but  do  not  express  those  properties  in  a  convenient  analytic 
form ;  for  if  a  surface  z  =  /(z,  y)  is  given,  the  transformation  to  the  special  axes 
is  difflenlt.  The  idea  of  the  indieatrlx  or  ita  rimilar  conic  aa  the  aeotion  of  the 
aarf  ace  by  a  plane  near  the  tangent  plane  and  parallel  to  it  will,  hoiwem,  deter- 
mine the  general  oonditkma  readily.  If  in  the  «aq«niion 

Aa-d«s|(rJ^4.SaM-f  tt^sooQife.  (O) 

the  qjoadratie  tenoa  be  aet  eqoal  to  a  etmalant,  the  conic  obtained  la  the  projection 

of  the  Indlcatrix  on  the  T?/-plane,  or  if  (52)  be  regarded  as  a  cylinder  upon  the 
xy-plane,  the  indicatrix  (or  similar  rnuic)  is  the  intersection  of  the  cylinder  with 
the  tangent  plane.  As  the  cliaracter  of  the  conic  is  unchanged  by  the  projection, 
ttepoteton  Me  aw;^  4$  MpUe  if^Ktt^  h^perboHe  i^s^>fl,  OMljMroMie  if 
1^  B  li.  l[<neover  if  the  indicatrix  is  hyperbolic,  iia  asymptotes  must  project  into  the 
a^ymplotflo  of  the  conic  (62),  and  hence  if  dx  and  dy  replace  h  and  k,  the  equation 

maj  be  regarded  aa  tte  dtfbmKol  equation     tte  pnt^tion  cf  the  a*ifmptoUe  line$ 

on  the  xp-plnnc.  If  r.  f  be  expressed  as  functions /^^, /^^^  f»f  (x,  y)  and  (63)  be 
factored,  the  integration  of  the  two  equations  Af(x,  y)dx  +  iV(x,  y)dy  thua  found 
will  give  the  finite  equations  of  the  projections  of  the  aaymptotic  lines  and,  taken 
with  the  equation  s  s/(x,  y),  vrill  give  the  eorvea  on  the  anrface. 

To  find  the  lines  of  curvature  is  not  quite  so  simple  ;  for  it  is  necessary  to  deter- 
mine the  diret'tioufi  which  are  the  projections  of  the  axes  of  the  indicatrix,  and 
these  are  not  tiie  axes  of  the  projected  conic.  Any  radius  of  the  indicatrix  may 

be  rsgaxded  aa  the  Inteneotkm  ct  the  tangent  plane  and  a  plane  perpeodlcolar  to 
the  x|f-plane  throogfa  the  reditu  of  the  projected  conic.  Hence 

«-«o=J»<»-a?o)  +  «(y-l'«)«     (»-««)*  =  (ir-irs)* 

are  the  two  planea  which  intevaect  In  the  radiua  that  projecta  akmg  the  direction 
dvlranbMd  bj  A,     The  direction  oorinea 

h:k:ph'{-  qk 


VW  +  *«  +  (j»A  +  flli5» 


and  h'.kiO  (64) 
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are  therefore  those  of  the  radiiis  in  the  indicatrix  and  of  its  projection  and  they 
determine  the  cosine  of  the  angle  ^  between  the  radius  and  ita  projection.  Tbe 
•qnara  of  the  ladiui  In  (62)  is 

A«  +  it«,    and    (A«  +  t«)  sec'  ^  =  A«  +  t«  +  (pA  + 

is  therefore  the  square  of  tlie  corresponding  radius  in  the  indicatrix.  To  deter- 
mlne  the  axes  of  the  indicatrix,  this  radius  Is  to  he  made  a  «"*^^»""Tn  or  iwinitmnn 
■atdeetto(n).  With  »  multiplier  X, 

are  the  oondltitms  required,  and  tbe  elimination  of  X  gives 

*«[•(!  + -  pgr]  +  tt[t  (1  4- P«)  -  r(l ic«       +  9«)  -  p««]  =  0 
M  the  equaitlaa  thst  determines  the  projection  of  the  axes.  Or 

(1  +p^)dx-i-pqdy  _pqdx  +  {l  +  q^)dy 

nis  +  sd^  sdx  +  fti^  ^  ' 

In  addition  to  the  a^mptotic  lines  and  lines  of  curvature  the  geodesic  orahortett 
linen  on  the  snrfacf-  are  iiiip<jrt;iiit.  These,  however,  are  better  left  for  the  methods 
of  the  calculus  uf  variations  169).  The  attention  may  therefore  be  turned  to 
finding  the  value  of  tbe  radius  of  curvature  in  any  normal  section  of  the  anifeoe. 

A  lef erenoe  to  (48)  and  (49)  shows  that  the  ourvatnre  la 

1  _  22  _  rA'  4-  2      -m»  _  rA»  -t-  2«Aifc  +  tifc" 

in  the  special  case.  But  In  the  general  case  the  normal  distance  to  the  surface  is 
(Az  —  (iz)  cos  7,  with  seo  >  —  Vl  +  p'^  +  '/'',  insteatl  of  llie  2zof  the  special  case,  and 
the  radius  ffi  of  tlie  special  case  becomes  sec'^  =  A'  +  A*  +  {jph  +  qk)*  in  the 
tangent  plaiM.  Henoe 

1_    2(Ag~dg)co87    _rP^-»slin  +  ftn« 

J|-A^  +  4^  +  (ji*  +  fl*)»-  Vl  +  p«  +  9«  *  ^  ' 

where  the  directum  cosines  2,  aiof  a  ndlns  In  the  tengent  plane  have  been  iirtio- 
dnced  from  (M),  to  the  general  exprwlon  for  the  enrvatnre  of  a  normal  section. 
The  form 

1  -    rA'  4-  2!thk-^-ik*  1 

R  ~  A«  +  t«  +  ( pA  +  qkf  VTTp^T^^ ' 

where  tbe  direction  A,  k  of  the  projected  radius  remains,  is  frequently  more  con- 
venient than  (66)  which  contains  the  direction  cosines  (,  m  of  the  original  direction 
in  the  tangent  phuM.  Meunier^s  Theorem  may  now  be  written  in  tbe  form 

coer    rP  +  2sb»  +  <m« 

— =r-  =  ■-    '  (67) 

where  v  Is  the  an^e  between  an  oMlque  section  and  the  tangent  plane  and  where 

ly  m  are  the  direction  coKines  of  the  intersection  of  the  planes. 

The  worlt  here  ffiven  hiis  dependeil  for  its  relative  simplicity  of  Htatement  upon 
the  assumption  of  the  surface  (46)  in  solved  form.  It  is  merely  a  proUem  In 
faBpUdt  partial  differentiation  to  pass  from|^f,r,  e,  ( to  their  eqniTalenU  In  terms 
o<  ^  lit     or  the  derivatives  of    i^,  x  1*7  ^• 


Digitized  by  Google 


148 


DIFFERENTIAL  CALCULUS 


1.  In  (49)  show  ~  =  tii  +  TlL^  cos  2    +  a  sin  2  ^  and  find  the  dlreetioiu  of 

ft       2  2 

umxiiuum  aud  miuimum  B.  If  ii^  and  are  the  maximum  aud  minimum  values 
of  allow 

— +  — =  r  +  <  ftDd  —  —  =Tf— ^. 

Half  of  the  Rum  of  the  curvatures  is  called  the  meam  cunMbov;  the  produot  of  the 

curvatures  is  called  the  total  curvature. 

2.  ¥'uu\  the  mean  curvature,  the  total  curvature,  and  therefrom  (by  construct- 
ing aud  solving  a  quadratic  equation)  the  principal  radii  of  curvature  at  the  origin : 

(a)  z  =  xy,       09)  2  =  x«  +  xy  +  y«,       (7)  z  =  x  (x  +  y). 

3.  In  the  surfaces  (a)  z  =  xy  and  (fi)  z  =  2x>  +  find  at  (0,  0)  the  radius  of 
curvature  in  the  sections  made  by  the  planes 

(a)x  +  y  =  0,        (^«  +  y  +  «  =  0,         (7)«  +  y  +  2«  =  0, 

(«)s-SirsO,     («)  af-8y  +  «  =  o,      (f)  «  +  2y  +  i«=0. 
The  oblique  sections  an  to  be  treated  by  applying  Men8nler*ft  Theonm. 

4.  Find  the  asymptotic  directions  at  (0,  0)  in  Exs.  2  and  8. 

5.  Show  that  a  developable  sur/ace  ia  everywhere  parabolic^  that  is,  tiiat  fi  —  =  0 
ftt  every  point ;  and  omiTezwly.  Todo  this  conetder  the  Mufftee  M  Uie  entelopectf 
its  tangent  plane  »  -  Ji^  -  =  z^  -  -  q^^  where  JV  9«i  Sgi  y«»  %  *nno- 
tlooe  of  ft  aingle  paiameter  a.  Henoeahow 

The  first  remilt  proves  the  etfttement ;  the  seomid,  its  conveiae. 

6.  Find  the  difTerentiftl  equftttow  of  tlie  aqpinptotlG  llnee  end  lines <tf  currfttare 

on  these  surfaces : 

{a)  z  =  xy,      (/5)  «  =  tan-»(y/«),      (7)  *«  +  y*  =  ooahs,      («)  sys  s  1. 

7.  Show  that  the  mean  corvatare  and  total  curvature  are 

8.  find  the  fwlncipftl  radii  of  corvatare  ftt  (1, 1)  In  Ex.  8. 

9.  An  umbilic  is  a  point  of  a  surfftce  ftt  which  the  principal  radii  of  corvatare 
(and  hence  all  radii  of  curvature  for  normal  sections)  are  equal.  Show  that  the 

r        n  t 

oondltioiiB  are  —  =  —  =          for  ftn  nmbUlo,  and  deteimine  the  ninWIiwi  of 

the  eUipscrfd  with  seniKutes  a,  6. 
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OOMFLBX  irUMBISS  AID  VXC10B8 

70.  Operators  and  operations.  If  an  entity  u  is  dianged  into  an 
entity  i'  by  some  law,  the  cliange  may  be  ie;,Mnli'(l  as  au  ujMrutwn  jxir- 
fonned  upon  «,  the  (qn  rand,  to  convert  it  into  r  ;  and  if  /  l>e  intrt>dueed 
as  the  symbol  of  the  operation,  the  result  may  Ix^  writt^ni  a.s  r  =  fa. 
For  brevity  the  symbol  /  isj  often  called  an  operator.  \'arious  sorts 
of  operand,  operator,  and  result  are  familiar.  Thus  if  u  is  a  positive 
nnmber  %  the  appUcation  of  the  opentor  V  gives  the  square  root ;  if  ti 
represents  a  xaoge  of  Tallies  of  a  variable  as,  the  expcession  f(x)  or  /k 
denotes  a  function  of  9;  if  «  be  a  fanetion  of  the  opeiation  of  dif- 
feraitiatioii  may  be  symbolized  by  D  and  the  result  Du  is  the  d«nva- 

tive ;  the  symbol  of  definite  integration^  i*)^*  converts  a  function 

u{x)  into  a  number;  and  so  on  in  great  variety. 

The  reason  for  making  a  short  study  of  operators  is  that  a  consider- 
able number  of  the  eonoepts  and  rules  of  aritlimetie  and  algebra  may 
be  so  defined  for  ojierators  thems<?lves  as  to  lead  to  a  culculus  of  c/ifra- 
tions  which  is  of  frequent  use  in  nuithematies  ;  the  single  a])plieaiion  to 
the  integration  of  certiiiu  diilerential  equations  (§  1)5)  is  in  itself  highly 
valuable.  The  fundamental  concept  is  that  of  a  product:  If  u  is  oper- 
oltei  upon  by/to  give  fa^v  and  it  tpemted  upon  hygto  give  gv  =  w, 
so  thai 

fu^v,      gv^gfu^w,  =  (1) 

then  lA«  operaUon  indieated  om  gf  which  cmiioetU  u  direetly  «mA»  w  It 
called  the  produet  off  by  g,  Utbe  funetioiial  siymbols  sin  and  log  be 
regarded  as  operators,  the  symbol  log  sin  could  be  regarded  as  the 
prodnoL  The  transformations  of  turning  the  ary-plane  over  on  the 
jMxis,  to  that  x's=x,i/'m'~  and  over  the  y-axis,  so  that  a  — 
t/'  =  may  be  regarded  as  operations ;  the  combination  of  these  opera- 
tions gives  the  transformation  x'  =  —  x,  ?/'  =  —  which  is  equivalent 
to  roUiting  the  plane  through  180°  about  the  origin. 

The  products  of  arithmetic  and  algebra  satisfy  the  cuminutatire  law 
gf  =  fg^  that  is,  the  products  of  7  by  y"  and  of  /  by  (j  are  equal.  This 
is  not  true  of  operators  in  geneiul,  as  may  be  seen  from  the  fact  tliat 
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log  sin  X  and  sin  log  x  are  different  Whenever  the  order  of  the  factors 
is  immaterial,  as  in  the  case  of  the  transformations  just  considered,  the 
operators  are  said  to  be  rommufotive.  Another  law  of  arithmetic  and 
algebm  is  that  when  tliere  are  three  f>r  more  factors  in  a  product,  the 
factors  may  be  grouped  at  pleasure  without  altering  the  1*681111,  that  is, 

h(sf)^mf-^hsf,  (2) 

This  is  known  as  the  atioeiatire  law  and  operators  which  obey  it  are 
called  astoekUw^.  Only  associative  operators  are  considered  in  the 

work  here  given. 

For  the  repetition  of  an  operator  several  times 

the  usual  notation  of  powers  is  used.  The  law  of  indieet  dearfy  h4f!d»; 
for  f^*^  means  that  /  is  applied  m  +  n  times  suooessiTely,  whereas 

/"/*"  means  tliat  it  is  applied  n  times  and  then  m  times  more.  Not 
applying  the  operator  /  at  all  would  naturally  be  denoted  by  y"**,  so  that 
J^u  =  u  and  the  ojierator     would  be  equivalent  to  multiplication  by  1; 

the  notation     =  1  is  adopted. 

If  for  a  j^iven  ojH'nition  /'  tliere  can  Ix*  found  an  ojtcration  y  such 
that  the  jirjxluct  ftj  —  /"z^  1  is  ecjuivalent  to  no  operation,  then  y  is 
called  the  inverse  of/ and  notations  such  as 

/^=i,  ;(r*=/j=i  (4) 

are  regularly  borrowed  from  arithmetic  and  algebra.  Thus  the  inverse 
of  the  square  is  the  square  root,  the  inverse  of  sin  is  sin~\  the  inverse 

of  the  logarithm  is  the  expooentia],  the  inverse  of  D  is^  Some  oper* 

ations  have  no  inverse;  multiplication  by  0  is  a  case,  and  so  is  the 
square  when  applied  to  a  negative  number  if  only  reed  numbers  are 
oonsidered.  Other  operations  have  more  than  <me  inverse;  int^^ 
tion,  the  inverse  of  D,  involves  an  arbitrary  additive  constant,  and  the 
inverse  sine  is  a  multiple  valued  function.  It  is  therefore  not  always 
true  that /-*/=!,  but  it  is  customary  to  mean  by/"*  that  particulai: 
inverse  of  /  for  which  f^^f  =  =  1.  Higher  negative  powers  are 
defined  by  the  equation  /'  "  =  (/~  ')•,  and  it  readily  follows  that 
y*/""  =  1,  as  may  be  seen  by  the  example 

/•/-•  - =/(/•/-')/-* =;r  • = 1. 

3%e  law  of  indket  f^f*  ssf^*  aho  hoUk  for  negative  vndiee»y  except 
in  so  &r  as  may  not  be  equal  to  1  and  may  be  required  in  the 
reduction  of  f*f*  tof^*\ 
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littfVf  and  tt  +  tr  are  operands  for  the  operafanr/aad  if 

80  that  the  operator  applied  to  the  tnm  gives  the  same  result  as  the 
sum  of  the  results  of  ojierating  on  each  operand,  then  the  op«^rator 
f  is  called  linenr  or  tlljttrUnitive.   If  /  denotes  a  function  such  that 
f(x     y)  =  /{-f)  it  hits  been  seen  (Ex.  9,  p.  45)  tliat  /  must  ha 

e(|uivalent  to  multiplication  by  a  constant  said  fx  =  Cx.  For  a  lesA 
specialized  interpretation  this  is  not  so;  for 

/>(t(4-v)sl>u-f  Dv  and  J* +  J*^ 

are  two  of  the  fundamental  formulas  of  calculus  and  show  operators 
which  are  distributive  and  not  equivalent  to  multiplication  by  a  constant 
Nevertheless  it  does  folluw  by  the  same  reasoning  as  used  before  (Ex.  9, 
p.  45),  that  fnu  =  nfn  if/ is  distributive  and  if  n  is  a  rational  nund)er. 

Some  o])cnitors  have  also  the  ])ro]HM-ty  of  addition.  Suji]k^sc  tliat  u 
is  an  oiH'iaiid  and  /*,  tj  arc  o^MM-utors  such  that  fn  and  iju  arc  things  tliat 
may  l)e  added  together  as  fu  -f-  f/w*  then  tlie  sum  of  the  ojM'rators, /-}-  y, 
is  detined  by  the  c(iuatiou  (f-\-'j)n=J'u-^ffu,  If  furthermore  the 
operators  J]      h  are  distributive,  then 

hi,f-^9)  =  f'f+h   and    {/+ g)h  ^fh  +  gh,  (6) 

and  the  multiplication  of  the  operatoxa  beeomes  itself  diatribative.  To 
prove  this  SasX,  it  is  merely  neoessaiy  to  consider  that 

*[(/+ = *(A + ^) = *A  + 
and  (/  -H  «7)  (*«)  =  + 

Operators  which  are  associativey  comniutatlvr,  dUtriltutire,  nnd  which 
admit  addition  may  be  treated  algebrateaUy,  in  so  far  a*  polynomial*  are 
eoneemedf  by  tke  ordinary  algorisms  of  algebra;  for  it  is  by  means 
of  the  associative,  commntative,  and  distributive  laws,  and  the  law  of 
indices  that  ordinaiy  algebcaae  polynomials  are  rearranged,  multiplied 
out,  and  fiustored.  Now  the  opeiations  of  multiplication  by  constants 
and  of  diSerentiaticni  partial  differentiation  as  applied  to  a  function 
of  one  or  more  variables    y, «,  •  •  •  do  satisfy  these  laws.  For  instance 

9(Ihi)mMD(eu),  DJD^^D^jt,  (D^  +  d;)D^u^DJ),u-^D^,u,  (7) 
Heno^  for  example,  ii  yhen.  function  of    the  expression 

where  the  coefficients  a  are  constants,  may  be  written  as 

(Z>-  +  a^-»  +  ...  +  a»,.iD  +  <gy  (8) 
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and  may  then  be  factored  into  the  form 

where  a^ccp"   <r,  are  the  roots  of  the  algebraic  polynomial 
«"  +  e^-*-|  h  <*i».i»  +  Ok  =^  Ol 

EXERCISES 

1,  Show  that  ifgh)-^  —  h-^g-V'^,  that  is,  that  the  reciprocal  of  a  product  of 
operations  is  the  prcxiuct  of  tlie  reciprocals  in  inverse  order. 

2.  By  (lefiiiitidu  the  operator  gfg-'^  is  called  the  transform  of  /  by  g.  Show 
that  (a)  the  transform  of  a  product  ia  the  product  of  the  traosf onus  of  the  factors 
taken  in  the  aame  order,  and  (/3)  the  tnuuform  of  the  in'vem  la  the  Inyene  of  the 


S.  Ua^llmtiPa  1,  theo]i«mtor«itlqrdeliiUtioanidtobelnMliilor^  Show 

that  (a)  an  involutory  operator  is  equal  to  its  own  inverse ;  and  conversely  (p)  if 
an  operator  and  its  inverse  are  equal,  the  operator  is  involutory ;  and  {y)  if  the 
product  of  two  involutory  operators  ia  commutative,  the  product  ia  itaelf  involu- 
tory ;  and  oon^rsely  (8)  if  the  product  ot  two  Involatoiy  opexaton  is  inrdntoty, 
the  opeiaton  are  commutatiTe. 

4.  If /end  g  an  botli  diatribative,  ao  are  the  prodnota,^  and  gf, 

5.  If/lsdiatrilmtite and* rational, ibow/liiisnAt* 

6.  Ejqpand  the  following  opeiaton  ftrat  hy  ordinary  formal  mnlt^cathm  and 
•eeond  fey  implying  the  oferalora  anooaarively  aa  Indicated,  and  ihow  the  leaidts 
art  Identical  hf  trandartng  both  Into  familiar  fonna. 

(a)  {D-\){D-2)y,    An.^.  f  ^  -  3 '^^^^  +  2^, 

dx^  (ix 

ifi)  (D-l)D(i)  +  l)y,       (7)  I>(i>-2)(D+l)(i)  +  a)y. 

7.  Show  that  (i>-a)|^e«' J e-»Xdxj  s  JT,  where  X  ia  a  function  of  x,  and 
bmoe  infer  tint  ^j* dz  ia  the  In'rene  of  the  operator  (D    a)  (•). 

8.  Show  that  I)(t'"s/)  =  e^{D  +  a)}/  and  hence  generalize  to  ahOW  tlttt  if 
denote  any  polynomial  in  D  with  constant  coefficienta,  then 

P{D)  ■  e"y  =  e^P{D+a)y. 

Apply  tliis  to  the  following  and  check  the  results. 

(a)  (D«-aD  +  a)*»*y  =  e**(J>«  +  2))y  =  a««^  +  ^. 

9.  If  y  iaafnnetionof  sandss4^ahowtliat 

2^  s  «-<Ay,  Il>  B  a-t<i^(2N- l)y, . . s  1) .  • .  (A  -  Ji 

10.  Ia  the  ezpraaalon  (hD^  +  kDg)'^  which  ooeura  in  Taylor*a  Fonnala  (|  64), 
the  ath  power  of  the  operatinr  iUV •I'  UD^  or  ia  it  awraly  a  oonvenHonal  aymbolf 
The  aame  qofletion  relative  to  {xLk  •¥  ylV)*  ooenrrinc  in  Bulei*8  Vonanla  (I  f 
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71.  Com^tez  amntiert*  In  the  formal  solation  of  the  equation 

oa^  +  +  «  ss  0,  where  b*  <  A  ar,  numbers  of  the  form  w  4-  n  V—  1, 
when  m  and  n  are  real|  arise.  Such  numbers  are  called  complex  or 
imaginary ;  the  part  m  is  called  the  real  part  and  rf^/—  1  the  /jwrc 
invaginary  part  of  tlie  numlxr.  It  is  customary  t«  write  V—  1  =  t  and 
to  treat  i  as  a  litiral  quantity  subject  to  the  relation  =  — 1.  The  defini- 
tions for  the  &/ualUi/,  addition^  and  multiplication  of  complex  num- 
bers are      <j  ^  ^  _   4.  ^/^   jf  and  only  if   a  =  c,  ^  = 

[a  +  ii]  +  [r  +  </r]  =  (a  4-  r)  +  (&  4-  f/)  t,  (9) 
[a  +     [6  +      a  (oc  -  M)  +  (ai2  +  ^) 

It  readily  follows  that  the  eommutoHve,  auoeiaiive,  and  distr^uHite 
law*  hold  in  the  domain  o/eom^dex  mtnU>erBf  namely, 

a  +  fi  =  fi-\-a,         («f  +  /S)  +  y  =  a4-()S  +  y), 

afi  =  (aP)  y  =  a  (fiy),  (10) 

a(fi  +  y)  =  afi  +  ay,  («  -|-  /8)  y  =  ay  +  jSy, 

where  (ircek  letters  have  Ix'en  used  to  denote  ci>iii})lcx  numl)ers. 
ZHviswn  is  accomplished  by  the  method  of  nitioiializatiou. 

a  +  hi  _  a  -f-  hi  r  —  di  __  (ae  •f  bd)  +      —  ad)  i 

c  +  di~  c-^di  c-di  ~  <^-\-fI*  '  W 

This  is  always  possible  except  when  +  =  0,  tliat  is,  when  lx)th  e 
and  d  are  0.  A  complex  number  is  defined  as  0  when  and  only  when 
its  real  and  pure  ima^'inary  ]»arts  are  both  zero.  With  this  definition  0 
has  the  ordinary  projMTtics  that  -f-  0  =  nr  and  aO  =  0  and  that  a/0  is 
imj)o.ssi!  )le.  Furthermore  if  a  product  afi  vaniahes,  either  aor  vanishes. 
For  suppose 

[tt  +  6t]  [c  4-  di^  =  (ae  -  hd)  +  (ad  +  be)  i  =  0. 
Then  ac  —  bd  =  0   and    ad  +  be^zO,  (12) 

from  which  it  follows  that  either  a  =  6  »  0  or  c  =  d  =  0.  From  the 
fact  that  a  product  cannot  vanish  unless  one  of  its  fiictors  vanishes 
follow  the  ordinary  laws  of  cancellation.  In  brief,  all  thf  ilrmentary 
luws  of  real  abjebra  hold  alsn  for  the  ahjehra  of  rnmplrx  numbers. 

By  assuming  a  set  of  f'artrsian  (  oordinati's  in  the  xy-plane  and  asso- 
ciating the  number  a  -f  hi  to  the  point  («,  h),  a  graphical  representation 
is  obtained  which  is  the  cuunt<;r|>art  of  the  number  scale  for  real  num- 
bers. The  point  (a,  b)  alone  or  the  directed  line  from  the  origin  to  the 
point  (a,  b)  may  be  ocmsidered  as  representing  the  number  a  +  H 
If  OP  and  OQ  are  two  directed  lines  rejwesenting  the  two  nunbers 
a  +  6i  and  e-^diftk  reference  to  the  figure  shows  that  the  line  which 
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represents  the  sum  of  the  numbers  is  OR^  the  '^ingonnl  of  the  parallelo* 
giam  of  which  OP  and  OQ  are  sides.  Thu.s  the  geemetric  lam  for  adding 
complex  numbers  is  the  same  as  the  law  for  compounding  forces  and  is 


eaUed  the  law  of  vector  addition.  Complex  num>-  j[ 

here  may  therefore  be  regarded  as  ve^are. 

Tnm  the  figure  it  also  appears  that  OQ  and  PR  have  the  same  mag- 
nitiide  and  direction,  so  that  as  vectors  they  are  equal  although  they 
start  from  different  pomts.  As  OP-^PH  will  be  regarded  as  equal  to 
OP  +  OQt  the  definition  of  addition  may  be  given  as  the  triangle  law 
instead  of  as  the  parallelogram  law;  namely,  from  the  terminal  end  P 
of  the  first  vector  lay  off  the  second  vector  PR  and  close  the  triangle 
by  joining  the  initial  end  O  of  the  first  v«*ctor  to  the  terminal  end  R  of 
the  second.  The  ahsolute  value  of  a  coinplex  nunilM*r  a  +  hi  is  the 
magnitude  of  its  vector  OP  and  is  eciiial  to  Vn*  -\-  f/^,  tlie  srjuare  root  of 
the  sum  of  the  .s<jnares  of  its  reul  j)art  and  of  the  c(H'flicient  of  its  jmn; 
imaginary  part.  The  alwolute  value  is  denoted  hy  \a  +  in  tlie  case 

of  reals.  If  a  and  are  two  complex  numbers,  the  rule  |a|  +  [iSj  ^  +  ySj 
is  a  oonseqnence  of  the  fact  that  one  side  of  a  triangle  is  less  tlun  the 
sum  of  the  other  twa  If  the  absolute  value  is  given  and  the  initial  end 
of  the  vector  is  fixed,  the  terminal  end  is  thereby  constrained  to  lie 
upcm  a  circle  coaoentric  with  the  initial  end. 

78.  When  the  complex  numbers  are  laid  off  from  the  origin,  polar 
oo6rdinates  may  be  used  in  place  of  Cartesian.  Then 

r  =  V?+P,     ^  =  tan-V>/f/*,     a  =  r  cos  ^,     b  —  r&m^ 

and  a  -\-  ib  =  r(eo8  ^  +  » f*i>i  <^)- 

The  absolute  value  r  is  often  called  the  mwhilus  at  magnitude  of  the 
complex  ntunl)er;  tlie  angle  <^  is  called  the  angle  or  ar'jtiment  of  the 
nuniVwr  and  sufTers  a  certain  indetfnnination  in  that  2  htt,  wliere  n  is 
a  jKJsitive  or  negative  inU^ger,  may  Vh'  added  to  ^  without  affecting  the 
number.  Tliis  polar  rr'|)resentation  is  particularly  useful  in  discussing 
products  and  quotients.  For  if 


*  As  liotli  eiw  ^  and  aia  4  sn  kaomi,  the  qnadfint  of  tbla  angto  Is  drtemlMd. 


then 


a  as  r,(co8  ^  + 1  sin  ^J,      ^  =  r,(eo8  ^,  4- 1  sin 
afi  =  r,r,[008     +      -I-  i  sin     -|-  ^^], 


(14) 
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as  may  be  seen  by  laultiplication  according  to  the  rule.  Heiite  the 
nu^nitude  of  a  product  it  the  product  of  the  magnitudes  of  the  faetwrtf 
and  ikB  anglo  of  a  produ^  it  the  turn  of  the  any  Us  of  the  factors;  the 
general  rale  being  proved  by  indnettcm. 

The  interpretatim  of  mult^piication  by  a  complex  mumber  a»  an  qper' 
atien  is  illuminating.  Let  j8  be  the  mnltiplicand  and  a  the  multiplier. 
As  the  product  afi  has  a  magnitude  equal  to  the  product  of  the  magni- 
tudes and  an  angle  equal  to  the  sum  of  the  angles,  the  factor  ac  used  as 
a  multiplier  may  be  interpreted  as  effecting  tlie  rotation  of  /9  tlirough 
tile  angle  of  a  and  the  stretching  of  y3  in  the  ratio  \a\il.  From  the 
geometric  viewpoint,  therefore,  mult ijdinif Ion  by  a  complex  number  is 
an  opemtlnn  of  rotattnn  and  stn'trhiuij  ui  (In'  plane.  In  the  case  of 
«  =  cos  «^  4- I  sin  ^  witli  r  =  l.  the  opt'iiit inn  is  only  of  rotation  and 
hence  the  factor  cos  <^  -|-  i  sin  <^  is  ottcii  callt  d  a  cyclic  factor  or  versor. 
In  particular  the  nunilx>r  t  =  V—  1  will  effect  a  rotjition  through  90° 
when  used  as  a  multiplier  and  is  known  as  a  quadrantal  versor.  The 
series  of  powers  **  =  —  1,  ^  =s  —  t,  =  1  give  rotations  through  90*, 
180*,  270*,  360*.  This  fact  is  oflen  given  as  the  reason  for  laying  off 
pure  imaginary  numben  hi  along  an  axis  at  right  angles  to  the  axis 
of  reals. 

As  a  particular  product,  the  nth  power  of  a  ocmiplex  number  ie 

a"  =  (a  +  ii)"  =  [r(cos  <^  4-  i  sin  <^)]''    -  r"  (cos  /^(^  -|-  i  sin  n^)  ;  (15) 

and  (cos  ^  -f  » sin      =s  cos      +  » sin  (15') 

which  is  a  special  case,  is  known  as  De  Meivr^e  Hkeerem  and  is  of  use 
in  evaluating  the  functions  of  n^;  for  the  binomial  themrem  may  be 
applied  and  the  real  and  imaginary  parts  of  the  expansion  may  be 
equated  to  cos     and  sin  Hence 

cos     =  cos"^  —  ^^^21  ~ *^ 

+  »(»  -  ^><"  -  ^<''  -  ^)  cos- .inV  -  •  •  ■  (16) 

sin  fi^    n  co8"~*^  sin  ^  —      — — ^  cos"-'^  sin'^  H  . 

As  the  nth  root  '>/a  of  a  must  be  a  number  which  when  raised  to  the 
nth  power  gives  a,  the  nth  root  may  be  written  as 

-Va  =  -Vr  (cos  <f> /n  +  «*  sin  ^ /n).  (17) 

The  angle  ^,  however,  may  have  any  of  the  set  of  values 

^   ♦  +  2w,   ♦  +  4w,  ♦  +  2(»-l)ir. 
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and  ili6  iitii  parts  of  these  give  the  n  diffieieiit  aag^ 

i.  *+2£,  i+ir        ±+?l2i=£ii:.  (ig) 

n     n      n      n      n         *    n  n  ^  ^ 

Hence  there  may  be  found  just  n  different  rjth  roots  of  any  given  com- 
plex number  (including,  of  course,  the  reals;. 

The  roots  of  unity  deserve  mention.  The  equation  x"  =  1  has  In  the  real  domain 
one  or  two  roots  according  as  n  is  odd  or  even.  But  if  1  be  regarded  as  a  complex 
number  of  which  the  pore  Imaginuy  part  is  sero,  it  nay  be  reprceeated  bj  a  point 

at  a  unit  distance  from  the  origin  upon  the  axin  of  reals ;  the  ma^rnitude  of  1  is  1 
and  the  an^,'Ie  of  1  is  0,  2ir,  •  •  •,  2(n  —  l)?r.  The  nth  root.s  of  1  will  therefore  have 
the  magnitude  1  and  one  of  the  angles  0,  2  ir/n,  •  •  • ,  2  (n  —  1)  w/n.  The  n  nth  roots 
are  thanfora 

1,   ascos — •fisin  — ,  a*  =  coe —  +  <rin — » 
'  n  n  n  n 

11  n 

and  may  be  evaluated  with  a  table  of  natural  functions.  Now  a^^l  =0  U  factor- 
able M  (s-.l)(as^-i4.«i-«4....^.s4.l)sO;  and  It  therefore  follows  that  the 

nth  roots  other  than  1  must  all  satisfy  the  equation  formed  by  setting  the  second 
factor  equal  to  0.  As  n  in  particular  satisfies  this  equation  and  the  otherrootsare 
a\  •  •  • ,  a"~    it  foiiuws  that  the  sum  of  the  n  nth  roots  of  unity  is  zero. 

SXBRCISB8 

1.  Prove  the  distributive  law  of  mnltiplii  atinn  for  complex  numbers. 

2.  By  definition  the  pair  of  imagiuaries  a  ■\-  bi  and  a  —  In  are  called  confugaU 
imaginarlm.  Prove  that  (a)  the  sum  and  the  product  of  two  conjugate  imaginarles 
are  real;  and  oomveisely  (/^  If  the  sum  andthe  produot  of  twoinwginarieeareboth 
real,  the  Imaginariee  are  conjugate. 

S.  Oiow  that  If       ir)  la  a  qrnunetrle  polynooilal  in  x  and  y  with  real  ooefll- 

rientA  HO  that  P(/,  y)  =  P{y,  x),  then  if  conjtif^rate  Imaginariee  be  attbetltoted  for • 

and  y,  the  value  of  the  polynomial  will  be  real. 

4.  Show  that  if  a  +     is  a  ro<^t  of  an  algebraic  equation  P(«)sO  with  real 

coefficients,  then  a  —  &i  is  also  a  root  of  the  equation. 

5.  Carry  out  the  indicated  opemtions  algebraically  and  make  a  graphical  ttisn> 
aentation  for  every  number  concenied  and  for  the  answer: 

(a)  (l  +  t)»,       03)  (l  +  VSiXl-t-),      (7)  (3  +  V=2K*  +  V^, 
(•)   »         («)  =•  (f)  —  ;=» 

<')(rTo'*    <^  (R  ,^  ^rzi)i*  — 2 — 

6.  Plot  and  find  the  modulus  and  angle  in  the  following  caws: 

(a)  -2.      {fi)^iV^l,      (7)S  +  4i.  (3)i-iV-8 
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mid  that  the  mtffk  i»  tki  MgU    tiie  numeratior  Imih^ 

6.  Cany  out  tbe  Indicated  opentiom  trigonometrioaUy  ^ 

(a)  The  ezunples  of  Ex.  6,         (f)  VlTiVl-i,      {y)  y/^T+J^i, 

(^^^i  +  ^^^^^t  («)  VV2  + V^.      (f)  v'2  +  2V8i, 

-^16(0)8  200°  +  jeiiiflOO^,  -t^,  (i)  -Wi 

9.  Find  the  equations  of  analytic  geometry  which  represent  the  transforma* 
Hon  eqniTalent  to  nmltipUoattoii  by  a  s  —  1  ^. 

10.  8liowtluifc|z-  a|  =  r,  where  sift*  variable  Mid  aft  flMdoomploziiiimbear, 
is  the  equation  of  the  dicla  +  (y— ft)*  Bf«. 

11.  Vlnd oob6s  and cosSat  in  tenna of  cmz,  and aInOs and  rinTs  la  tanna  of 
ainx. 

IS.  Oht^to  four  deeimal  pbwea  the  flva  roota't^. 

IS.  Ifass  +  <yaada's«'  +  <y',  abow  thsfe  ^  m  (ooa^  >  lain^)t-  a  la  the 
fonnilla  for  shifting  the  axes  thningh  the  vector  distanre  a  =  a  +  ih  to  the  new 
origin  (a,  b)  and  turning  them  through  the  angle  ^.  Deduce  the  ordinary  equa- 
tions of  transformation. 

14.  Show  tliat  [t  —  a\  =  k\i  —  where  k  is  real,  is  the  equation  of  ft  dttle ; 
specify  the  posftkm  of  the  dicle  oanfnlly.  Uae  the  theorem :  The  loena  of  pointa 
wlioaB  dtirtfumT  to  tiro  fixed  ptdnta  are  in  a  oonatant  ratio  la  m  etrda  tho  diameter 
of  whieh  la  divided  Intenally  and  ezleniaUx  In  the  aame  rado  by  the  fixed  pointa. 

15.  Thetranafoimatlona^s^iil^,  whema,ft,e,dareooinplexaadail— 'fe9*<l, 
la  called  the  general  linear  tran^formaUon  of  t  into  f.  Show  that 

|»'-a'l  =  A|*'-/ri  beoomea  |,-«|  =  fcj^±ij.|,_^|. 

Hence  Infer  that  the  transformation  carries  circles  Into  circles,  and  points  wldch 

divide  a  diameter  internally  and  externally  in  the  same  ratio  info  ]»oiiits  which 
divide  some  diameter  of  the  new  circle  similarly,  but  generally  with  a  difiereut  ratio. 

73.  FuactiQiiB  of  a  eomplex  variabte.  Let  z  =  j-  +  t>  be  a  complex 

variable  representable  geometrically  as  a  variable  ^int  in  the  xy-j^UuMi 
which  may  be  called  the  eomplex  plane.  As  z  determines  the  two  real 
numbers  x  and  y,  any  function  F(x,  y)  which  is  the  aum  of  two  single 
valued  real  functions  in  the  form 

FCa,  y)  =  Jr  (av  y)  +  » r  («,  Sf)  -  «  (cos  ♦  +  <  sin  ♦)  (19) 

will  be  oompletely  determmed  in  valve  if  a  is  givra.  Svok  a  fonctioii 
it  aJled  a  complex fitneHom  (and  noia  function  of  the  complez  variable, 
for  reasons  that  will  appear  later).  The  magnitude  and  angle  of  the 
fonfltion  are  determined  hy 

««Vj?TT"^      O0B*=^,8in»  =  ~.  (20) 
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The  fonction  F  is  oonturaouB  by  definition  when  and  only  wlien  boih 

X  and  Y  are  continuous  f  mictions  of  (j;,  y)\  R  v&  then  oontinaous  in 
(7,  y)  and  F  can  vanish  only  when  IK  =  0 ;  the  angle  4  regarded  as  a 

function  of  (x,  y)  is  also  continuous  and  determinate  (except  for  the 
additive  2mr)  unless  It  =  0,  in  which  case  A' and  Kalso  vanish  and  Hie 
expression  for  4>  involves  an  indeterminate  form  in  two  variables  and 
is  generally  neither  determinate  nor  continuous  (§  44). 

If  the  derivative  of  witli  respect  to  z  were  sought  for  the  value 
«  =  a  -(-  /A,  the  procedure  would  be  entirely  analogous  to  that  in  the 
case  of  a  real  function  of  a  real  variable.  The  increment  6jt^£kx  +  iAy 
woold  be  assumed  for  »  and  would  be  compnted  and  the  quotient 
AF/Atf  would  be  fonned.  Thus  by  the  Theorem  of  the  Mean  (§  46), 

Ax      Ar  4-  tAy  Ac  +  »Ay  ^  ' 

where  the  derivatives  are  formed  for  (a,  V)  and  where  C  is  an  infinitesi- 
mal complex  number.  When  A:r  a]>;>i oaehes  0,  both  Ar  and  Ay  must 
approach  0  without  any  implied  relation  betw<»en  them.  In  general  the 
limit  of  A /  '/As  is  a  douVde  limit  (§  44)  and  may  therefore  depend  on 
the  way  in  which  A.r  and  Ay  a|)proa(  h  their  limit  0. 

Now  if  first  A//  ==  0  and  then  sul)se(iuentlv  Ar  ==  0,  the  value  of  the 
limit  of  A/'/As  is  X'^  +  i^'z  taken  at  the  point  (a,  b)  ;  wiiereiuj  if  first 
Ax  ==  0  and  then  Ay  =  0,  the  value  is  —  tA'^  -f  Y'^.  Hence  if  the  limit 
of  AF/A«  is  to  be  independent  of  the  way  in  which  Ae  approaches  0,  it 
is  aorely  necessary  that 

ax    ar  _.ax,ar 

OX       Cx  oy  oy 

—  =       and   —  ~  m\ 

dx     dy  dy         dx  ^  ' 

And  MnTersely  if  these  relations  are  satisfiedi  then 

AF    /cX      dy\  /cV     .aA'\  , 

and  the  limit  is  X^  +  iV^  =  —  iX'^  taken  at  the  point  (a,  b),  and  is 
indejK.'ndent  of  the  way  in  which  Az  ap{>roa(  lies  zero.  The  desirability 
of  liaving  at  least  the  ordinary  functions  differentiable  suggests  the 
definition:  A  eomplex  fumHtm  F(Xf  y)  =  A'(j,  y)  -h  iY{j;  y)  u  eoi»- 
ndered  as  a/knetion  of  the  eompUx  variable  «  s  a;  +  *y  whm  and  enlp 
when  X  and  Tarem  general  differmUiaNe  and  miUfy  the  rehHom  (22). 
In  this  case  the  derivative  ie 
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^w-^-a^+*a,-ay  (23) 

These  oonditioiis  may  also  be  expressed  in  polar  oodrdinates  (Ex.  2). 

A  few  words  about  the  function  4>(jc,  ]/).  This  is  a  multiple  valued  function  of 
the  variables  (z,  y),  and  the  difference  between  two  neigliboring  branches  is  the  con- 
stant S  V.  The  application  of  the  disouasion  of  S  46  to  this  case  sbowa  at  once  that, 

in  any  simply  connected  region  of  the  complex  plane  which  contains  no  point  (a,  b) 
such  that  i{{a,  b)  =  0,  tlie  different  branches  of  y)  may  l>e  entirely  wparated 
so  tliat  tlie  value  of  4>  mii^t  return  to  its  initial  value  when  any  closed  curve  is  de- 
serihed  by  tlie  point  (x,  y).  If,  however,  the  region  is  multtiriy  connected  or  contains 
points  for  which  It  b  0  (wliich  maices  the  region  multiply  connected  because  these 
pfiiiits  must  1)<<  cut  out),  it  may  lin|ii>('ii  that  there  will  lie  circuits  for  which  *, 
althougii  changing  continuously,  will  not  return  to  its  initial  value.  Indeed  if  it  can 
be  shown  that  ^  does  not  return  to  its  initial  value  when  changing  continuously  as 
(x,  y)  describes  the  boundary  of  a  region  simply  conneeted  except  for  the  excised 
points,  it  may  be  inferred  that  there  must  be  {Kiints  in  the  region  for  which  i?  =  0. 

An  application  nf  those  resnlt.«J  may  be  made  to  give  a  very  simple  demonstnition 
of  the  fundamental  Uuvrcm  of  algebra  that  every  equation  of  the  nth  degree  has  at  l&ut 
ens  fOsC.  Consider  the  function 

^(2)  =  z"  +  fi,z»-»  +  • .  •  +  ./„_,2  +  (J,  rz  T(x,  y)  +  iY{i,  y), 

where  X  and  Y  are  found  by  writing  z  as  x  +  'i/  <i>)d  expanding  and  rearranging. 
T^e  functions  JT  and  T  will  be  polynomials  in  (x,  y)  sod  will  timeffwe  he  every- 
where finite  and  continuous  in  («,  y).  Cmnider  tlie  angle  ^  of  F.  Then 

♦  =  ang.  of  F=  ang.  of  z"  ( I  +  ^  +  ■  •  •  +  +  — )  =  of  «"  +  ang.  of  •  •). 
Next  draw  ahont  the  origin  a  circle  of  radius  r  so  large  that 

'A  +...+|M+N  =  N+...  +  K^I+H<^ 

Then  for  all  points  t  upon  the  circumference  the  angle  of  F  is 

♦  =  ang.  of  F  -  n  (ang.  of  z)  +  ang.  of  (1  +  rj),  |n|<«- 

Now  let  the  point  (x,  y)  desicribe  tlie  circumference.  The  angle  of  z  will  change  by 
2w  for  the  complete  circuit.  Hence  4  must  change  by  2  nir  and  does  not  return  to 
its  initial  valne.  Hence  there  is  withfai  the  etrele  at  least  one  point  (a,  b)  for  which 

J?  (a,  6)  =  0  and  consequently  for  which  X{a,  b)  =  0  and  Y{a,  6)  =  0  and  F(a,  6)sO. 
Thus  if  a  =  a  +  lit,  then  F{a)  =  0  and  the  ennation  F{z)  =  0  is  seen  to  have  at 
least  the  one  root  a.  It  follows  tliatz  —  a  is  a  factor  of  F{z) ;  and  hence  by  induc- 
tion it  may  he  seen  that  F{t)  s  0  has  Just  n  roots. 

74.  The  discussion  of  tlie  iilgebra  of  coniplt'X  numbers  showed  how 
the  sum,  ditYerence,  ])ro(hi('t,  ({UotitMit,  real  ]»ow(»rs,  nnd  real  roots  of 
sufh  numVMM-s  oould  1h*  found,  and  hence  made  it  possible  to  com|)utv 
the  value  of  any  given  aljiebraie,  expression  or  function  of  z  for  a  given 
value  of  z.  It  reniaius  to  sliow  that  any  algebraiu  expression  in  is 
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really  a  function  of  z  in  the  sense  that  it  has  a  derivative  with  respect 
to  «,  and  to  find  the  derivative.  Now  the  differentiation  of  au  algebraic 
function  of  the  vaiiable  x  was  made  to  depend  upon  the  formulas  of  dif- 
ferentiution,  (G)  and  (7)  of  §  2.  A  glance  at  the  methods  of  derivation 
of  these  formulas  sliows  that  they  were  proved  by  ordinary  algebraic 
manipulations  such  as  have  been  seen  to  be  equally  possible  with  imagi- 
nariea  as  with  reals.  It  therefore  may  be  concluded  that  an  algebraic 
eaepretnen  in  m  ka$  a  deriwUws  with  reqteet  to  m  amd  that  denmtive 
may  be  found  jutt  aa  if  •  wen  a  real  varitMe. 

The  case  of  the  elementaiy  funetioiis  tF,  logst,  tma,  eoss,  otiier 
than  algebraie  is  different;  £or  these  funetioiis  haye  not  been  defined 
for  complex  TariaUes.  Now  in  "^^^wg  to  define  theae  fiinetiona  when  « 
is  complex,  an  effort  should  be  made  to  define  in  such  a  way  that :  1** 
when  X  is  real,  the  new  and  the  old  definitions  beoome  identieal ;  and 
2*  the  rules  of  operation  with  the  function  shall  be  aa  nearly  as  possi- 
ble the  same  for  the  complex  domain  as  for  the  real.  Thus  it  would  be 
desirable  that  Ih-*  =  and  e* "'^ "  =  e't",  when  z  and  w  are  complex. 
With  these  ideas  in  mind  one  may  proceed  to  define  the  elementary 
functions  for  complex  arguments.  Let 

^^R(9,  y)[oos •(«,  sf)+  «sin«(ai^  y)].  (M) 

The  deriTatiTe  of  this  fmiotion  is,  by  the  fiztt  fole  of  (23), 

cos     +  sin*) 

=      COS 4>  -  /?  sin*.*,')  +  i(/e;8in*  +  i2co8*.*^, 
and  if  this  is  to  be  identical  with  ^  abov^  the  eqnatkms 

iS^oos«-Jt«i^8in«rsiKoos«  K^R 

or 

Jt^sin«  +  it*;oos«sJZsin«  «;aO 

must  hold,  where  the  second  pair  is  obtained  by  solving  the  first  If 
the  second  form  of  the  derivative  in  (23)  had  been  used,  the  results 
would  have  been  R',  =  0,  4>; ^  1.  It  theiefote  appeatt  that  if  the 
derivatiTe  of    howerer  oompoted,  is  to  be  a*,  then 

K  =  R,  r;  =  o,  ♦;  =  o,  *;  =  i 

are  four  conditions  imposed  upon  R  and  *.  These  conditions  will  be 
satisfied  il  J2  »    and  •  a  y.*  Hence  define 

«Fs«^'('4'B:^(oosy  +  <siny).  (26) 

*  The  use  of  the  more  general  solutioDs  R=  =  y  +  C  woold  lead  to  ezpreaioos 

wUA  wvNdd  not  MdoM  to  «*  iriMD  y = 0  sad  s     «r  wo«ld  Mt  s  fl*^ 
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With  this  definitioii  Ite"  is  sorely  e*,  and  it  is  leadilj  shown  that  ths 
exponential  law  iF**  ss  s^e*  holds. 
For  the  special  values  ^wi,wit  2wi  of  c  the  Taloe  of  «^  is 

Henoe  it  appeals  that  if  2  nwi  be  added  to  «,  e*  is  unohanged; 

period  2ir».  (2«) 

Thns  in  the  complex  dmnain  ^  has  the  period  2n-t,  just  as  oos«  and 
sin«  have  the  real  period  2w.  This  lelation  is  inherent;  for 

«•*  =  cos  y  +  i  sin  y,    eT^  «  cos  y  ~  i  siu 

and  oosy  =  — g  »  siny« — — *  W 

The  trigonometric  functions  of  a  real  variable  y  may  be  expressed  in 
terms  of  the  exponentials  of  yi  and  —  yi.  As  the  exponential  has  been 
defined  for  all  complex  values  of  z,  it  is  natural  to  use  (27)  to  deiine 
the  ti'igonumetriu  functions  for  complex  values  'dn 

eos  s  a  — ^  1  sin  s  ss     ^,  < 

With  these  definitions  the  ordinary  formulas  for  COS  («  +  t»),  D  sin  «,  •  • . 

may  be  obtained  and  be  seen  to  hold  for  complex  arguments,  just  as  the 
correspond in}^  formulas  were  derived  for  the  hyperbolic  functions  (§  6). 

As  in  the  ease  of  reals,  the  logarithni  log  z  will  be  defined  for  com- 
plex numbers  as  the  inverse  of  the  exponential.  Thus 

if      ^miw,  then  logi0>BC  +  2Mr^  (28) 

where  the  periodicity  of  the  function  tF  shows  that  the  loffmMm  ie  not 
uniquely  determined  but  admits  the  addition  of  ^niri  to  any  one  of  ite 
valuee,  just  as  tan~'  x  admits  the  addition  of  nir.  If  w  is  written  as  a 
complex  number  tt  +  u>  with  modulus  r  ss  + 1>*  and  with  the  angle 
^  it  follows  that 

W««  +  t««.r(00S^  +  »8in  (^)  =:r^BSN«''l>t*;  (29) 

and         log«0  »i  logr  +  4»  « log  >V  +  «*  +  {tan->(tr/«) 

is  the  expression  for  the  logarithm  of  «9  in  terms  of  the  modulus  and 
angle  of  10;  the  2iisri  may  be  added  if  desired. 

To  this  point  the  expression  of  a  power  a^  where  the  ocponent  b  is 
imaginary,  has  had  no  definition.  The  definition  may  now  be  given  in 
teims  of  exponentials  and  logarithms.  Let 

e^wmf^^*  or  loge^Htftloga. 
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In  this  way  the  problem  of  computing  a*  is  reduced  to  one  already 
solved.  From  the  very  definition  it  is  seen  that  the  logarithm  of  a 
power  is  the  product  of  the  exponent  by  the  logarithm  of  the  base,  as 
in  the  case  of  reals.  To  indicate  the  path  that  has  been  followed  in 
defining  functions,  a  sort  of  family  tree  may  be  made. 

real  numbers,  z  real  angles,  x 

I  I " 

real  powers  and  real  trigonometric  functions, 
roots  of  reals,  z"  cosz,  sin  or,  tan-  'z,  •  •  • 


I 


I  I 

exponentials,  logarithms        real  powers  and  niota 
of  reals,  e',  logz  of  iniaginaries,  z" 


exponentials  of  imaginaries,  e* 


?  y         1  ?  T  V  f'.Y\ 

_  =  wUh    F-(z)  =  (i^  +  i'-)(co.*-i,(„«), 


I  I 

logarithms  of  imaginaries,  log  z         trigonometric  functions 

I  of  imaginaries 

imaginary  powers,  z* 

EXERCISES 

1.  Show  that  the  following  complex  functions  satisfy  the  conditions  (22)  and 
are  therefore  functions  of  the  complex  variable  z.  Find  F'(z): 

{a)  z«  -  y«  +  2ixy,  (^)  z»  -  3(xir«  +  z«  -  y^)  +  i{3z^i/  -  y*  -  6zy), 

logViqr^  +  itan-'l. 

(e)  e'cosy  +  ic'sin  1/,        (f)  sinzsinh  j/ +  t  cos z  cosh 

2.  Show  that  in  polar  coordinates  the  conditions  for  the  existence  of  F'{z)  are 

dr      r  c<p 

3.  Use  the  conditions  of  Ex.  2  to  show  from  2) logz  =  z- '  that  logz  =  logr  +  4ti. 

4.  From  the  definitions  given  above  prove  the  formulas 

(a)  sin  (z  +  ti/)  =  sin  z  cosh  y  +  t  cos  z  sinh  y, 

(/9)  co8(z  +  iy)  =  cos X  cosh  j/—  t  sin  z  sinh 

,  .  ^    ,    ...     sin2x  +  i8inh2y 

(7)  tan  (X  +  ty)  =  ; — - . 

cos  2  X  +  cosh  2  y 

5.  Find  to  three  decimals  the  complex  numbers  which  express  the  values  of : 

(a)  ei",  (^)  f*-,  (7)ei  +  i-^,   _         («)  e-»--, 

{ «)  sin  \  iri,        (f)  cos  t,      (,,)  sin  (i  +  J  V-8),      (9)  tan  (-  1  -  t), 

(t)  log(-  1),       («)  logt,       (X)  log(i  +  J  V-3),       (m)  log(-  1  -  •). 

6.  Owing  to  the  fact  that  log  a  is  multiple  valued,  a*'  is  multiple  valued  in  such 
a  manner  that  any  one  value  may  be  multiplied  by  e*"'*".  Find  one  value  of  each 
of  the  following  and  several  values  of  one  of  them : 


(a)  2^      03)  t',      (Y)  ^,      (3)  ^,      (e)  (1  +  i 
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7.  Show  timt  Do^  ^  oFloga  when  a  and  »  we  oomplez. 

8.  Shew  Udkt  {ofiy  =  o^;  and  fill  in  anch  other  atepa  aa  may  be  eiiggeated  by 
the  work  in  the  text,  which  for  the  moat  part  haa  manly  been  aketched  in  a  broad 
waj. 

9.  Siiow  that  if  /(f)  and  g{t)  are  two  funotlona  of  a  complex  variable,  then 
/{^  ±9i/^t  ^th  a  a  complex  oonstant,  f{*)/9i*)  ^^""^ 
tionBolf. 

10.  Obuin  logaiithmlo  exprenlona  for  the  tnTone  trigonometrio  ftmetiona. 

Find  sin- 

75.  Vector  eiUBi  and  products.  Aa  atated  in  {  71,  a  veotor  is  a  quan- 
tity whieh  has  magnitode  and  diieoti<m.  If  the  magnitudes  of  two 
vectors  are  equal  and  the  directi<mB  of  the  two  yectcurs  are  the  samei 
the  ▼eetms  are  said  to  be  equal  irrespective  of  the 
position  which  thej  occupy  in  space.  The  Teetor 
—  or  is  hy  definition  a  Teotor  which  has  tho  samo 
magnitude  as  a  but  the  opposite  direction.  The 
vector  ma  is  a  vector  which  has  the  same  direction 
as  a  (or  the  opposite)  and  is  m  (or  —  ?«)  times  as 
long.  The  law  of  vector  or  geometric  addition  is 
the  parallelogniiii  or  triangle  law  (§  71)  and  is  still 
applicable  when  the  vectors  do  not  lie  in  a  plane 
but  have  any  directions  in  s])ace ;  for  any  two  vec- 
tors brought  end  to  end  determine  a  plane  in  which  the  construction 
may  be  carried  out.  Vectors  will  be  designated  by  Greek  small  letters 
or  by  letters  in  heavy  type.  The  relations  of  equality  or  similarity 
between  triangles  establish  the  roles 

«  +  /J  =  ^  +  «,  «  +  08  +  y)  =  (a  +  i8)  +  y,        +     ^nwr  +  m^  (30) 

as  true  for  vectors  as  well  as  for  numbers  whether  real  or  complex.  A 
vector  is  said  to  be  zero  when  its  magnitude  is  zeio^  and  it  is  writ- 
ten 0.  From  the  definition  of  addition  it  follows  that 
er+Osso.  In  iatitaa/SBur as  oddUkMfSuiiraaianf  and 
muUipUeation  hff  mmhert  an  concerned,  veeton  obey 
the  same  formal  lawa  at  numbers. 

A  vector  p  may  be  resolved  into  oomponents  par^ 
allel  to  any  three  given  vectors  or,  P,  y  which  are  not 
parallel  to  any  one  plane.  For  lot  a  parallelepij)ed 
Ije  constructed  with  its  edges  parallel  to  the  three 
given  vectors  and  with  its  diagonal  cfjual  to  tlie  vector  whose  compo- 
nents are  desired.   The  edges  of  the  parallelepiped  are  theu  certaiu 
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multiples  xa,  j/p,  zy  of  a,  /9,  y ;  and  these  aie  the  desired  oompcmentB 
of  p.  The  vector  p  may  be  written  as 

p^xa-^yfi-^*^*  (81) 

It  is  clear  that  two  equal  Teetors  would  necessarily  have  the  same 
components  along  three  given  directions  and  that  the  oomponents  of  a 
sero  vector  would  all  be  zera  Just  as  the  eqnaUly  of  two  oomplex 
numbers  involved  the  two  equalities  of  the  respective  real  and  imagi- 
nary parts,  so  the  equality  of  two  vectors  as 

involves  the  three  equations  x  =  x',  y  =  y\  z  =  z'. 

As  a  problem  in  the  iiw  (if  vectors  let  there  be  given  the  three  vectors  a,  p,  y 
from  an  assumed  origiu  O  to  three  vertices  uf  a  parallelognun.;  required  the  vector 
to  the  other  vertex,  the  vector  ezpranioM  for  the  aides  sad  dlagoiub  of  the  paral- 
lelogram, and  the  proof  of  the  fact  that  ihv  (lia^^'onalK  bisect 

each  other.  Consider  the  fi^'ure.  The  side  AB  iK,  by  the  C       ff-a  D 

triangle  law,  that  vector  wltich  when  added  to  OA  —  a  ^"""'^ 
givea  OBs^  and  henoe  It  nuisfc  he  that  ABsp  —  a,  / 
In  like  manner  AC ssy^a.  Now  OD  is  the  stun  of  OC  Ax^^i/y'i^M 
and  CD,  and  CD=  AB;  hence  OD  s  y  +  0  —  a.  The  diag-  ^c^P^"^ 
onal  ylD  is  the  <lifTerence  of  the  vectors  01)  and  OA,  and 

is  therefore  y  +  (i—'2a.  The  diagonal  BC  is  7  —  /3.  Now  the  vector  from  0  to  the 
middle  point  of  BC  may  1m  found  by  adding  to  OB  one  half  of  BC,  Renee  this 

vectt)r  is  /3  +  i  {7  —  /3)  or  J    +  7).  In  like  manner  the  vector  to  the  middle  polnt<rf 
is  seen  to  be  a  +  U.7  -»-  /3  —  2  a)  or  J  (7  +  /3),  whieh  is  i<lontical  with  the  former. 
The  two  middle  poiut8  tlierefore  coincide  and  the  diagonals  bisect  each  otlier. 

Let  a  and    be  any  two  vectors,  Ia|  and  \fi\  their  respective  lengths, 

and  Z  (a,  /8)  the  angle  between  them.  For  convenience  the  vectors  may 
be  considered  to  l>e  liiirl  off  from  the  same  origin.  The  product  of  the 
lengths  of  the  vectors  by  the  cosine  of  the  angle  between  the  vectors 
is  called  the  scalar  product, 

scalar  product  8  a*/3  « |a||i8|  cos  Z  (a,  /S),  (32) 

of  the  two  vectors  and  is  denoted  bj  placing  a  dot  between  the  letters. 
This  ccmbinatimi,  called  the  scalar  product,  is  a  number,  not  a  veet<». 
As  ijSjcosZ  (<r,  /S)  is  the  projection  of  ^  upon  the  direction  of  a,  the 
scalar  product  may  be  stated  to  be  equal  to  the  product  of  the  length 
of  either  vector  by  the  length  of  the  projection  of  the  other  upon  it. 
In  ixirticular  if  either  vector  were  of  unit  length,  the  scalar  produet 
would  be  the  projection  of  the  other  upon  it,  with  proper  regard  for 

*  The  numbers  z,  y,  t  are  the  oblique  coordinates  of  the  terminal  end  of  p  (if  the 
initial  end  be  at  the  origin)  referred  to  a  set  of  axes  which  are  parallel  to  a.  /3,  7  and 
fpoB  whkh  tte  nalk  kngtta  an  taken  as  the  lengths  of  a,  fi,  y  reapeotlvely. 
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tiiesign;  tiidif  botiiTeotofsaieiuutTeetotSithepfodoetistlieooa 
of  the  angle  between  them. 

Tlie  scalar  product,  from  its  definition,  is  commutative  SO  that  a»0=P'a. 
Moreover  (ma)»p  =  a»(m.p)  =  m  (a*^),  thus  allowing  a  numerioal  factor 
m  to  be  combined  with  either  factor  of  the  pvoduct.  Furthennoare  the 
distributive  law 

«f08  +  y)  =  «*i9  +  «*y  or  («  + /9)*y  »  «*y  + /S^y  (SS) 

18  satisfied  as  in  the  case  of  nnmhers.  For  if  «  be  written  as  the  product 
aa^  of  its  length  a  by  a  Teetor  of  unit  length  in  the  diieotiaai  of  s^ 
the  first  equation  becomes 

«r,«09  +  y)  — «a^«/l  +  ««,-y  or         +  y)  ^  ^'/^  +  *i*y- 
And  now  a^»(fi  +  y)  is  the  projection  of  the  sum  /3  +  y  upon  the  direc- 
tion of  ff,  and  a[*fi  +  a^^y  is  the  sun  of  the  projections  of  /3  and  y  upon 
this  direction ;  by  the  law  of  projections  these  are  equal  and  hence  the 
distribntiTe  law  is  proved. 

The  associative  law  does  not  hold  for  scalar  piodnets;  for  (fiffi)y 
means  that  the  vector  y  is  multiplied  by  the  number  a*fif  whereas 
means  that  a  is  multiplied  by  (/3*y)i  a  very  different  matter. 
The  laws  of  cancellation  cannot  hold ;  for  if 

«./8sO,  then  |<r||/9|co8Z(<r, /l)»0,  (34) 

and  the  vanishing  of  the  scalar  product  a*/3  implies  either  that  one  of 
the  Isctors  is  0  <»  that  tiie  two  veotcvs  are  perpoidioular.  In  &ct 
a»fi  B  0  is  called  the  cendUwn  of  perpendieularity.  It  should  be  noted, 
however,  that  if  a  vector  ^  satisfies 

p.ar  =  0,        p.fi  =  0,        p.y  =  0,  (36) 

three  conditions  of  perpendicularity  with  three  vectors  a,  )S,  y  not 
parallel  to  the  same  j)lane,  the  inference  is  tliat  />  =  0. 
76.  Another  product  of  two  vectors  is  the  x^ector  product, 

vector  product »  ax/3  a  v |a||^| sin Z  (a,  ^,  (36) 

where  v  represents  a  vector  of  unit  length  n<»mal  to  tiie  plane  <tf  a 
and  /9  upon  that  side  on  which  rotation  from  a  to 

through  an  angle  of  less  than  180"  appears  posi-    ax/}  ' 
tive  or  counterclockwise.  Thus  the  vector  l»oduct  ^ 
is  itself  a  vector  of  which  the  direction  is  perpen-        T  ^ 
dicular  to  each  factor,  and  of  which  the  magni-  '  ^^^^ 

tude  is  the  product  of  the  magnitudes  into  the 
sine  of  the  included  angle.  The  magnitude  is  therefore  equal  to  the 
area  of  the  parallelogram  of  which  the  vectors  a  and  ^  are  the  side& 
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The  Tector  product  will  be  re|neeented  by  a  cross  inserted  between  the 
letters. 

As  rotation  from  )3  to  or  is  the  opposite  of  that  from  <r  to  it  follows 
from  the  definition  of  the  vector  product  that 

fiita^-^anfij   not   anfi^fixaj  (87) 

and  the  product  is  not  coinmutntict,  the  order  of  the  factors  must  be 
carefully  observed.  Furthermore  the  equation 

-  vlal|yS|sinZ  (a,  /S)  =  0  (38) 

implies  either  that  one  of  the  factors  vanishes  or  that  the  vectors  a  and 
)8  are  parallel.  Indeed  the  condition  a^p  =  0  is  called  the  condition  <>f 
parallilisni.  The  laws  of  cancellation  do  not  hold.  The  associative  law 
also  d<H'S  not  hold  ;  for  (axj8)»y  is  a  vector  jwrpcndicular  to  ax^  and  y, 
and  since  is  j)er|M.'ndicular  to  the  plane  of  a  and  )8,  tlie  vector  (ax^jxy 
perpendicular  to  it  must  lie  in  tlie  plane  of  a  and  /3;  whereas  the  vec^ 
tor  ax^^/Jxy),  by  similar  reasoning,  must  lie  in  the  plane  of  ^  and  y ;  and 
hence  tiie  two  v«ctora  eaniMit  be  equal  except  in  the  very  s^jecial  case 
where  each  was  parallel  to  /}  which  is  common  to  the  two  planes. 

But  the  operation  (ma)»p  =s  a^{mP)  —  m{a*P),  which  consists  in 
allowing  the  transference  of  a  numerical  factor  to  any  positi<m  in  the 
product,  does  ludd ;  and  so  does  the  distributive  hw 

arK(/9  +  y)  =       +  axy   and    («  + /8)«y  =  «Ky  + /S^y,  (39) 

the  proof  of  whieh  will  be  given  Indow.  In  expanding  according  to 
the  distributive  law  care  must  be  exercised  to  keep  the  order  of  the 
fsctOTs  in  each  vector  product  the  same  on  both  sides  of  the  equation, 
owing  to  the  failure  of  tiie  commutative  law;  an  interchange  of  the 
order  of  the  factors  changes  the  sign.  It  might  seem  as  if  any  algebraic 
operations  where  so  many  of  the  laws  of  elementary  algetat  fail  as  in 
the  case  of  vectm  products  would  be  too  restricted  to  be  very  useful ; 
that  this  is  not  so  is  due  to  the  astonishingly  great  niunber  of  problems 
in  which  the  analysis  can  l)o  carried  on  with  only  the  laws  of  addition 
and  the  distributive  law  of  multiplication  combined  with  the  possibility 
of  tninsferring  a  nmnerical  factor  from  one  position  to  another  in  a 
product;  in  addition  to  these  laws,  the  scalar  pr«xluct  a* ft  is  connnutiv* 
tive  and  the  vector  jirfHliict  a*  ft  is  commutative  cxce]»t  for  change  of  sign. 

In  atldition  to  segments  of  lines,  jilmw  (imts  nun/  he  rfyardcd  as 
vector  quantities ;  for  a  plane  area  has  magnitude  (^the  amount  of  the 
area)  and  direction  (the  direction  of  the  normal  to  its  plane).  To  specify 
on  which  side  of  the  plane  the  normal  lies,  some  convention  must  be 
made.  If  the  area  is  part  of  a  surface  inclosing  a  portion  of  space,  the 
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normal  is  taken  as  the  exterior  normal.  If  the  area  lies  in  an  isc^ated 
plane,  its  positive  side  is  determined  only  in  connection  with  some 
assigned  direction  of  description  of  its  bonnding  onrve ;  the  rule  is :  If 
a  person  is  assumed  to  walk  along  the  boundary  of  an  area  in  an 
assigned  direction  and  upon  that  side  of  the  plane  which 
causes  the  indosed  area  to  lie  upon  liis  left,  he  is  said  ^'  ^ 
to  lie  upon  the  positive  aide  (for  the  iussigned  direction 
of  description  of  the  boundary),  and  the  vector  which 
represents  the  area  is  the  normal  to  that  side.  It  has 
been  lueutiooed  that  the  vector  product  represented 
an  area. 

Tliat  the  projection  of  a  plane  area  upon  a  given  plan*-  gives  an  area 
which  is  the  original  area  multijilied  by  the  cosine  of  the  angle  iK  twecn 
the  two  planes  is  a  fundainentiil  fact  of  projection,  following  from  tlie 
simple  fact  that  lines  parallel  to  the  intersection  of  the  two  planes  are 
unchanged  in  length  whereas  lines  perpendicular  to  the  intersection 
are  multiplied  by  the  cosine  of  the  angle  between  the  planes.  As  the 
angle  between  the  normals  is  the  same  as  that  between  the  planes,  the 
pnjeeUon  of  an  area  upon  a  plane  and  the  projection  of  the  vector  rep- 
retenting  the  area  upon  the  normal  to  the  plane  are  equivateni.  The 
pvojection  of  a  dosed  area  upon  a  plane  is  zero ;  for  the  area  in  the 
projection  is  covered  twice  (or  an  even  number  of  times)  with  opposite 
signs  and  the  total  algebraic  sum  is  therefore  0. 

To  prove  the  law  ax(^+  y)  =  a^fi a-xy  and  illustrate  the  use  of 
the  vector  interpretation  of  area,s,  construct  a  triangular  prism  with  tlie 
triangle  on  p,  y,  and  fi  -\-  y  as  base  and  a  a.s  lateral  edge.  The  total 
vector  expression  for  the  suiface  of  this  prism  is 

^or  +  ywr  +  ax 09  +  y)  +  I  (finy)  -  ^  /8 «y  =  0, 

and  vanishes  because  the  surface  is  closed.  A  cancel- 
lation  of  the  equal  and  opposite  terms  (the  two 
bases)  and  a  simple  transposition  comlnned  with  the 
rule  jSxa  as  —  a»fi  gives  the  result 

+  y)  =  —  P*«  —  yxof  =  flfx/S  +  axy. 

A  system  of  vectors  of  reference,  which  is  jiarticnlarly  useful  consists 
of  three  vectors  i,  j,  k  of  unit  length  dincted  along  the  ;ixes  X,  y,  Z 
drawn  so  that  i  (station  from  A'  to  1'  appears  positive  from  the  side  of 
the  jry-plaue  upon  which  Z  lies.  The  components  of  any  vector  r  drawn 
from  the  origin  to  the  point  (j-,  y,  z)  are 

zi,  yj,  «k,   and   r  =  xi -t- y j  +  «k. 
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The  prodnetB  of  i,  J,  k  into  each  other  are,  firom  the  definitioiiay 
i.j  =  j.i  =  j.k  =  k.  j  =  k4  =  i.k  »  0. 

Ixja-jxlsk,  jxk»-kKj  =  i,  kxi»-l»k«J. 

By  means  of  these  products  and  the  distributive  laws  for  scalar  and 
veofew  psodncts,  any  given  products  may  be  expanded.  Tbxm  if 

a  =  a,l  +  « J  +  «,k    and       =  h^i  +  J  +  A^C, 
then  a»fi  =  a^h^  -f  ajt^  +  ajt^,  (41) 

by  direct  multiplication.  In  this  way  a  paeaage  may  be  made  from 
vector  fomralaa  to  Cartesian  fomralas  whenever  desired. 

gXKRCISRS 

1.  ProvegMiiwtTieaUy  Uiata  +  (^4>7)=:(«  +  /9+YUMiin(a<f /f)B«Mr-f  11^. 

2.  If  a  and  (t  are  the  vectorM  from  an  a>wuined  origin  to  A  and  B  and  if  C 
rlivi(le8  AB\n  the  ratio  m :  n,  show  that  the  vector  tu  C  Im  ^  s  (lur    tn^)/(m  •f  n). 

3.  In  the  parallelogram  AliCI)  kIiow  that  thf  liiif  BE  connecting  the  vertex  to 
the  middle  point  of  tlie  opposite  side  CD  is  trisected  by  the  diagonal  AJ)  and 
trlaectait. 

4.  Show  that  the  medians  of  a  triangle  meet  in  a  point  and  are  trisected. 

5.  If  mj  and  are  two  uiasses  situated  at  and  P,,  the  center  of  gravity  or 
eentar  ^  umim  of  nit  and  la  defined  as  that  point  O  on  the  Ihie  P^P,  which 
diyidet  Pf^a  Inversely  as  the  masses.  Moreover  if  G^  is  the  center  of  hums  of  a 


number  of  masses  of  which  the  total  ma^  is       an<l  if  (!,  is  the  center  of  mass  of 
a  number  of  other  masses  whose  total  mass  is  3/,,  the  same  rule  applied  to  If^  and 
and     and  6,  gives  the  center     gravity  O  of  the  total  number  of  masns. 
Show  that 

_     m,r,  +  ^   ^  ^  m,rjjfm,  r,  -u  h  m^r,  _  XwiT 

"ij  +  /n^  wi,  -(-  //(j  -f-  . . .  +         "*  2m  * 

where  r  denotes  the  vector  t'O  the  center  of  gravity.  Resolve  into  components  to 

_     2?nj  Zmv  Zmz 

«=  .    J/  ~      ■  ,    2  ^  

6.  If  a  and  ^  are  two  lixed  vectors  and  p  a  variable  vector,  all  being  laid  off 
from  the  nme  origin,  show  that  {p  -  p)»a  b  0  Is  the  sqoatloii  of  a  phuw  through 
the  end  of  fi  peipendleular  to  or. 

7.  Let  or,  A  V  be  the  vector*  to  the  vertioes  .d,  B,  C  <rf  a  triangle.  Write  the 

three  equations  of  the  planes  tlirough  the  vertices  perpendicular  to  the  opposite 
sides.  Show  tliat  the  third  of  these  can  be  derived  as  a  combination  of  the  other 
two;  and  hence  infer  that  tlie  three  planes  have  a  line  in  common  and  that  the 
psflpendiealars  from  the  veitloes  of  a  triangle  meet  in  a  point. 
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8.  Solve  the  problem  uriogom  to  E«.  71or  the  perpemUcuUr  btoeotow  of  the 
■idee. 

9.  Note  that  the  length  of  a  vector  is  V a.a.  If  a,  /3,  and  y  =  p  —  a  are  the 
three  eidee  of  » triao^e,  expand  Y*ir  —  ifi—  a)*{fi  —a)  to  obtain  the  law  of  oodnea. 

10.  Show  that  the  sum  of  the  squareH  of  the  diugoiiiils  of  a  parallelogram  equals 
the  sum  of  the  s^iuaree  of  the  aides.  What  doee  the  diilerence  of  the  aqnaieeof  the 
dlagonala  equal  ? 

11.  Showthat-^aand  ^^^^^^aretheeomponentaof^panUdandpeipeiip 

tf*a  a><r 

dioolar  to  a  by  ebowing  V  that  these  Teoton  bare  the  right  dlnotlon,  and  2"  that 
they  bare  the  right  magnitade. 

IS.  If  ar,A  yaMtbethneedgeeof  apaiaUetopiped  whichatartfromthemne 

▼erteZf  show  that  {a*^)»y  \n  the  volume  of  the  parallelepiped,  the  volume  being 
considered  positive  if  y  lies  on  the  same  aide  of  the  plane  of  a  and  fi  with  the 

vector  a»^. 

13.  Show  by  Kx.  12  tliiit  (aK^i).-y  —  a-ipxy)  and  (ax/9).7  =  {pxy)'a ;  and  hence 
infer  that  in  a  product  of  three  vecturH  with  cross  and  dot,  the  position  of  the  cross 
and  dot  may  be  interchanged  and  the  order  of  the  faetora  may  be  pennnted  eyo- 
lically  without  altering  tlie  value.  Show  that  the  vanishing  of  {a»fi)*qr  or  '^^Y  of 
its  equivalent  exitressions  ilenntfH  tlnit  a,  p,  y  are  parallel  to  the  MUne  plane;  the 
condition  ax(i'y  =  0  is  called  the  i-onditiun  uf  complanarity. 

14.  AftKuming  rr  =  a,l  +  n„]  +  a^k,  fi  -  b,{  +  y  +  b^k,  y  -  c^l-^^e^'^• 
expand  a»7,  a*^,  and  (tx{fi*y)  hi  terms  of  the  ('(K'tru-ienta  to  show 

a»(fixy)  s:  {a»y)fi  —  {a»p)  y ;  and  hence   (ax^x^  =  {a»y)fi  —  {yfi) a, 

15.  The  formulas  of  Ex.  14  for  expanding  a  i)ro<lurt  with  two  crosses  and  the 
rule  of  Ex.  13  that  a  dot  and  a  cross  may  be  interchanged  may  be  ajtplied  to  expand 

(ax/Qx(Yx9)  =  (a<>y^S)p—  {fi-yy(5)a  =  (axj8.3)7  -  {aKfi*y)i 
and  {axfi)>(yxt)  s  (a*Y)<^*<)  -  (^Y)(a*<). 

16.  If  a  and  p  are  two  nnlt  vectore  In  the  ^plane  Inclined  at  an^ee  i  and  ^ 
to  the  aHudCi  show  that 

assicoatf  +  jaintf,  /9  =  icoe^  +  Jdn^; 

and  from  the  fact  that  a-p  ■=  oofl{0  -  0)  ami  a-^p  =  k8in(^  —  ^  obtain  by  moltl- 
plication  the  trigonometric  formulas  for  8in(^  —  ^  and  ooe(^  —  6). 

17.  If  1,  m,  n  are  dircc  tinn  cofiincs,  the  vector  II  +  mj  +  nk  Is  a  vector  of  unit 
length  in  the  direction  for  wliich  I,  m,  n  are  direction  cosinoH.  Show  that  the 
condition  for  perpendicularity  of  two  directions  (i,  m,  n)  and  (/',  m',  n')  is 

ir-i-MMr+im'BO. 


Oi  O,  0, 

6|  6,  6, 
«•  «• 


18.  With  the  same  notations  as  in  Ex.  14  show  that 

I   J  k 


a»a  s     -!•     ^      and  axfi  = 


aj  a,  a. 


and  ax/9«7 
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19.  Compute  the  scalar  and  Vttdor  producta  of  these  pairs  of  vectors : 

\0.1i- 4.2 j  + 2.5k,       W|_3i_2j  +  k^       ^"^'LJ  +  I- 

20.  Find  the  areas  of  the  pamllelograms  defined  by  the  pairs  of  TecUm  in 
Ex.  19.  Find  also  the  sine  and  cosine  of  the  angles  between  the  vectoiw. 

ti.  Prore  a*[fi»{y»tiy]  s  {a*y*i)fi  —  a»fiy»i  =  fi^  any  ~  fi»y  axi, 

tt.  WhatlsthewMof  thotrtaQgleO,  l,l),(0^S,8>,(Q^O,-l)r 

77.  Vector  differentiation.  As  the  fundamental  rules  of  difPerentiar 
tion  depend  on  the  laws  of  subtraction,  niidtiplication  by  a  number, 
the  dii^biitiTe  lav,  and  the  rales  permitting  rearrangement,  it  foUowB 
Hiat  the  rulea  must  be  applicable  to  expressions  containing  veotofs 
without  any  changes  except  those  implied  by  the  fact  that  mtfi  ^  fixti. 
As  an  illiuAration  consider  the  application  of  the  definition  of  differen- 
tiation to  the  vector  product  vlxy  of  two  rectors  whidi  are  supposed 
to  be  fonctioDs  of  a  nnmerical  variable,  say  x.  Then 

A(ttxV)  =  (tt  +  Au)x(v  +  AV)  —  UxV 
==  ttxAV  +  AUxV  +  AUxAV, 

A(UxV)         AV  .  AU       .  AUxAV 

\         8B  ttx  1  xT  +   » 

ax  Ax     Ax  Ax 

<l(ttxV)  A(uxv)         rfv  du 

ax       AjtdiO    Ax  ax  ax 


Here  the  ordinary  rule  for  a  product  is  seen  to  hold,  except  that 
the  order  of  the  faeton  must  not  be  itUerehanged. 

The  interpretation  of  the  derivative  is  important.  Let  the  variable 

vector  r  l>e  regarded  as  a  function  of  some  variable,  say  x,  and  suppose 

r  is  laid  otf  from  an  assumed  ()ri;^'iii  so  that,  as  r  varies, 
tlie  t«-rniinal  point  of  r  dcserilx'S  a  curve.  Tlie  incre- 
ment Ar  of  r  corresponding  to  is  a  vector  quantity 
and  in  fact  is  the  chord  of  the  ciu've  as  indicated. 
The  derivative 


dt  At  dt  AX  ^ 
3-  =  lim  — »  3-  =  lim  —  t 
ax         Ax    at  Am 


(42) 


if  ther^fifre  a  vector  tan^mtto  the  curve;  in  particular  if 
the  variable  x  were  the  arc  the  derivative  would  have 
the  magnitude  unity  and  would  be  a  unit  vector  tangmt  to  the  curve. 

The  derivative  or  differential  of  a  vector  of  constant  length  is  per- 
pezidicttlar  to  the  vector.  This  follows  from  the  &ct  that  the  vector 
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then  describes  a  cirrle  coneentric  with  the  origin.  It  may  also  be  seen 
analytically  from  the  equation 

«I(r»r)  =  di*t  +  udx  =  2  x^dt  =  d  const  =  0.  (43) 

If  the  vector  of  constant  length  is  of  length  unity,  the  increment  Ar  is 
the  chovd  in  a  unit  circle  and,  apart  from  infinitesimals  of  higher 
order,  it  is  equal  in  magnitude  to  the  angle  subtended  at  the  center. 
Consider  then  the  derivative  of  the  unit  tangent  t  to  a  curve  with 
respect  to  the  arc  s.  The  magnitude  of  </t  is  tlie  angle  the  tangent  turns 
thi  cuigii  and  the  direction  of  dt  is  normal  to  t  and  hence  to  the  curve. 
The  vector  quantity,  ^ 

C-^  =  ^,»  (44) 

therefore  has  the  magnitude  of  the  curvature  (by  the  definition  in  §  42) 
and  the  direction  of  the  interior  normal  to  the  curve. 

This  work  holds  eqoslly  for  plane  or  speco  eurves.  In  the  ease  of  a  qiaoe  curve 

the  plane  which  contains  the  tJingent  t  and  the  curvature  C  is  called  the  osculating 
plane  (§  41).  By  definition  (§  42)  the  tornion  of  a  space  curve  is  t  he  nite  of  turning; 
of  the  oficulating  plane  with  the  arc,  that  is,  df/da.  To  find  the  tor»ion  by  vector 
methods  let  e  be  a  unit  vector  C/ VC«C  along  C.  Tbenastandcarepetpeiidicalar, 
tt  =  txc  iH  a  unit  vector  pwpoidlealar  to  the  osculating  plane  and  da  will  equal  ^ 
in  magnitude*  Hence  as  a  vector  quantity  the  torsion  is 

_    da    d(txc)    dt  ^  ,  .  dc    .  dc 

as        da       da  ds  ds 

where  (since  dX/d»  =  C,  and  c  is  parallel  to  C)  the  first  term 
drops  out.  Next  note  tliat  dn  is  perpendtcnlar  to  n  because  it 
is  the  diffsrsntial  of  a  unit  veetor,  and  is  perpendicular  to  t 

because  dn  =  d(txc)  =  txdc  and  t«(txdc)  =  0  since  t,  t,  dc  are 
necessarily  complanar  (Kx.  12,  p.  MW).  Hence  T  is  parallel 
to  C.  It  is  convenient  to  consider  the  torsion  as  positive  when 
the  oaeulating  plane  seems  to  turn  in  the  posltlTe  direction  when 
viewed  from  the  side  of  the  nonnal  plane  upon  which  t  lies.  An  inspection  of  the 
figure  shows  that  in  this  caw  dn  has  the  direction  —  cand  not  +  c.  AscUaunit 
vector,  the  numerical  value  of  the  torsion  is  therefore  —  c>T.  Then 

«         <M  *  <^c  *  d  C 

^  C   d»r  r'.r"xr"' 


c-c 

where  dllbrentiatlon  with  leipect  to  s  is  denoted  bj  accents. 

78.  Another  sort  of  relntioii  between  reelois  and  differentiation 
comes  to  light  in  connection  with  the  nomial  and  directional  derivar 
tives  (§  48).  If  F{xy    «)  is  a  function  which  has  a  definite  value  at 
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C-t-dC 


each  point  of  space  and  if  the  two  neighboring  sar£ftces  F  =  C  and 
<7  +  ifC  are  oonsidered,  the  Bomial  deiivafiYe  (tf  F  it  the  nto  of 
change  of  P  along  the  nonnal  to  the  snrfMsee  and 
is  written  dP/dn,  The  late  of  change  of  P  aloog 
the  nomial  to  the  aor&ce  C  is  more  lapid  than 
along  any  other  direction;  for  the  change  in  F  be- 
tween the  two  BorfiEboes  is  dPaadC  and  is  constant^ 
whereas  the  distance  dn  between  the  two  sarfa<^  is 
least  (apart  from  infinitesimals  of  Jiigher  order)  along  the  nonnal.  In 
fact  if  dr  denote  the  distance  along  any  other  direction,  the  relations 
shown  bj  the  figure  are 

dr^McWn  and  ^  =  ~c<»$,  (46) 

dr  dn 

If  now  n  denote  a  vector  of  unit  length  normal  to  the  snrfiuie,  the 
product  ndF/dn  taili  be  a  vector  quantity  which  has  both  the  met^mtude 
and  the  direction  qf  matt  rapid  inerease  of  F,  Let 

dF 

=  VF  =  gradi''  (47) 

be  the  symbolio  expressions  for  this  Tcctor,  where  VP  ia  read  as  del  F " 
and  gradF  is  read  as  **  the  gradient  of  F."  If  <fr  bethcTCctorof  which 
dr  is  the  length,  the  scalar  product  n^dr  is  precisely  cos  &dr,  and  hence 
it  follows  that 

dfVF'^dP   and   r,.VFa«^»  (48) 

where  fj  is  a  unit  vector  in  the  direction  f/r.  The  snond  of  the  equa- 
tions shows  that  the  directional  derivatire  in  <nxij  direction  in  ttte  com- 
ponent or  projection  of  the  gradient  in  that  direct  inn. 

From  this  fact  the  expression  of  the  gradient  ma^:  be  found  in  terms 
of  its  components  along  the  axes.  Yat  tiie  derivatiTes  of  P  al<nig  the 
axes  are  dF/dx,  dF/dy^  dF/dXf  and  as  these  are  the  components  of  VP 
along  the  dhectious  l,  J,  k,  the  result  is 

a      a      a  ^^^^ 

may  be  regarded  as  a  symlwlic  vector-differentiating  operator  which 
when  applied  to  F  gives  the  gradient  of  F.  The  product 

d,.VF~(d.l  +  d,^^  +  U.£jF~dP  (50) 
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is  immediately  seen  to  give  the  ordinary  expression  for  dF»  From  this 

form  of  grad  F  it  does  not  appear  that  the  gradient  of  a  function  is 
independent  of  the  choice  of  axes,  but  from  the  manner  of  derivation 
of  VF  first  given  it  does  appear  that  giad  F  is  a  definite  vector  quan- 
tity independent  of  the  choice  of  axes. 

In  the  ca.se  of  any  given  function  F  the  gradient  may  be  found  by 
the  application  of  the  formula  (49);  but  in  many  instances  it  may  also 
he  fomid  by  means  of  the  important  relation  dt'VF  =  dF  of  (48).  For 
instance  to  prove  the  formula  V{FG)  =  F^G  +  6'VjF,  the  relation  may 
be  applied  as  follows  : 

dr»V(FC)  =  d(FG)  =  FdG  +  GdF 

=  FdfVG  +  GdT»VF  =  dT^^F^VG  -f  GVF). 

How  as  these  equations  hold  for  any  direction  dr,  the  dt  may  \»  can- 
oelfid  by  (35),  p.  166,  and  the  desired  result  is  obtained. 

Hm  018  of  vaotor  notalioiw  for  tnaling  urignad  piaetioal  problems  involviiig 

computation  is  not  great,  but  for  handlin'r  the  general  theory  of  such  parts  of 
physics  as  are  essentially  concerned  witli  fiirect  (luantities,  mechanics,  hydro- 
mechanics, electromagnetic  theories,  etc.,  the  actual  use  of  the  vector  algorisms 
OMMidsrably  ibortens  the  formulas  and  has  the  added  advantage  of  operating 
directly  upon  the  magnitudes  involved.  At  this  point  some  of  the  elements  of 
mechanics  vrill  be  developed. 

79.  Aoooiding  to  Newton's  Second  Law,  when  a  foice  acts  npon  a 

particle  of  mass  m,  the  rate  of  change  of  momentum  is  equal  to  the 
foree  acting,  and  takes  place  in  the  direction  of  the  force.  It  therefore 
appears  that  the  rate  of  change  of  momentum  and  momentum  itself 

are  to  be  regarded  as  vector  or  direet«Hl  magnitudes  in  the  application 
of  the  Second  Law.  Now  if  the  ve<-tor  r,  laid  off  from  a  fixed  origin 
to  the  point  at  which  the  moving  mass  vi  is  situated  at  ;iny  instant  of 
time  t,  be  differentiated  with  respect  to  the  time  t,  the  derivative  dr/dt 
is  a  vector,  tangent  to  the  curve  in  whitdi  the  particle  is  moving  and  of 
magnitude  equal  to  ds/dt  or  r,  the  velocity  of  motion.  As  vectors*, 
then,  the  velocity  y  and  the  momentum  and  tho  fotce  may  be  written  as 


From  the  equations  it  apj^ears  that  the  force  F  is  the  ])r(xluct  of  the 
mass  m  by  a  vector  f  which  is  the  rate  of  change  of  the  velocity  regarded 

*  In  appHcationH,  it  is  uhiihI  to  denote  veotors  by  heavy  Qrpeand  to  denote  the  magni- 
tudes of  those  Tectum  by  corresponding  italic  lettenk 


Tfence 


(51) 
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as  a  vetitor.  The  vector  f  is  called  the  arreleration :  it  must  not  he  con- 
fused with  the  rate  of  change  dv/dt  or  cPs/d^  of  the  speed  or  magnitude 
of  the  velocity.  The  components  f^,  J\  of  the  acceleration  along  the 
axes  are  the  projections  of  f  along  tbe  directions  i,  j»  k  aad  may  be 
vritten  as  f f f-k.  Then  by  the  laws  of  diifeieiitiafcion  it  follows 

Henoe  ^-"rf?'     -^'"d?'  ^'"^le' 

and  it  ia  seen  that  the  components  of  the  acceleration  are  the  acceler- 
ations of  the  components.  If  A',  }',  Z  aro  the  cojnponenta  of  the  force, 
the  equations  of  motion  in  rectangular  coordinates  are 

Instead  of  resolTing  the  aoeeleiation,  force,  and  displaoement  along 
the  axes,  it  may  be  convenient  to  res(dve  them  along  the  tangent  and 
normal  to  the  curve.  The  velwity  v  may  be  written  as  ft,  where  v  is 
the  magnitude  of  the  velocity  and  t  is  a  unit  vector  tangent  to  the 
onrvei  Then  j„     j/^n  / 

dt      dt       dt  ^  dt 

Bat  *-S5-«"  =  «»'  (») 

wbeie  is  is  tlie  xadins  of  oorvatore  and  n  is  a  unit  noimaL  Hence 

It  therefore  is  seen  that  the  component  of  the  ai:'celeration  along  the 
tangent  is  tl^sjdf^,  or  the  rate  of  cliaiige  of  the  vehxity  regarded  as  a 
number,  and  the  conii>onent  normal  to  the  curve  is  v'^jR.  If  r  and  A' 
are  the  components  of  the  force  along  the  tangent  and  normal  to  the 
curve  of  motion,  the  equations  are 

It  is  noteworthy  that  the  force  must  lie  in  the  osculating  plane. 

If  r  and  r  +  Ar  are  two  positions  of  the  radius  vector,  the  area  of 
the  sector  included  by  them  is  (except  for  infinitesimals  of  higher  order) 
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AA  »  ^r>«(r  +  Ar)  =  J  rxAr,  and  is  a  vector  quantity  of  whicli  the 
diwtion  is  normal  to  the  piano  of  r  and  r  -|-  Ar,  that  is,  to  the  plane 
throuf^li  thn  orii^in  tangent  to  the  curve.  The  rate  of  description  of  aieai 
or  the  ureal  velociti/^  is  therefore 

—  =  bm  *rx;j^  =  i  rx-  =  J  fkt.  (54) 

The  projections  of  the  areal  velocities  on  the  coordinate  planes,  which 
are  the  same  as  the  aroal  velocities  of  the  projection  of  the  motion  on 
those  planes,  are  (Ex.  11  below) 

H^rf^-*^;*  2(*^-^^>  2[''i-^^)'  ^^^> 

If  the  force  F  acting  on  the  mass  m  passes  through  the  origin,  then 
r  and  P  lie  along  the  same  direction  and  t*F  s  0.  The  eqnation  of 
motion  may  then  be  integrated  at  sight 

=    (rxv)  =s  0,      t»Y  —  const 

It  is  seen  that  in  this  case  the  rate  of  description  of  area  is  a  constant 
yector,  which  means  that  the  rate  is  not  only  constant  in  magnitude 
bat  is  constant  in  direction,  that  is,  the  path  of  the  particle  m  most  lie 
in  a  plane  through  the  origin.  When  the  force  passes  through  a  fixed 
point,  as  in  this  case,  the  force  is  said  to  be  eenbvL  Therefore  when  a 
particle  moves  under  the  action  of  a  central  force,  the  motion  takes  place 
in  a  plane  passing  through  the  center  and  the  rate  of  description  of 
areas,  or  the  areal  velocity,  is  constant 

80.  If  there  are  seversl  particles,  say  n,  In  motion,  eaeh  hM  its  own  equation 
of  motion.  Thew  eqnattons  may  be  oombined  by  addiUoa  and  aabaequent  redaction. 

Let  m.jtj  +  m,r,  +  h  m,r,  -       +  "i,  +  •  •  •  +  wi„)  r  =  Jyf  r 

or  -  _  m{t^  +  m,r^  4-  •  •  +  m,r,  _  Smr  _  Zinr 

MH  +     ^  "  ^  ^ 

Then  Jr^  =  Fj  +  F,+  ..  +  P«=^F.  (M) 
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Moir  the  Taotor  r  whidi  bM  teen  ham  introduced  is  the  Teetor  of  tiie  eeninr  ef 
nuMBoroeoterof  gravity  of  the  pertielee  (Ez.fi,  p.  188).  The  xeeolt  (66)  etatee,  od 

comparison  with  (51),  that  the  center  of  gravity  of  the  n  nia<«scfi  moves  M  if  all  the 
mass  M  were  concentrated  at  it  and  all  the  forces  applied  there. 

The  force  F{  acting  on  the  tth  mass  may  be  wholly  or  partly  due  to  attractions, 
repoUoiM,  preanree,  or  other  actions  exerted  on  that  maae  hy  one  or  more  ot  the 
other  mewM  of  the  ^yetem  of  n  partlclee.  In  fact  let  F|  be  written  ae 

Fi  =  Frt»  +  Fn  +  Fit  + ...  +  Fto. 

where  F,y  is  the  f  oice  exerted  on  mi  liy  and  Fa  la  tlie  loroe  doe  to  some  agen^ 
external  to  the  n  masses  which  form  the  i^stem.  Now  by  Newton's  Third  Law, 
wlien  one  particle  acts  upon  a  second,  the  second  reacts  upon  the  first  with  a 
form  which  is  equal  in  magnitude  and  opposite  in  direction.  Uence  to  above 
there  will  eoneepond  aforoe  Wjt  s—  F^^  exerted  by  awon  In  the  aom  ZF(  all 
these  equal  and  opposite  actions  and  reaotiona  will  drop  out  and  ZF<  may  be  re* 
placed  by  2F,o.  the  .sum  of  tlif  (>xtpmal  forces.  Hence  the  Important  theori'in  that  : 
The  motion  of  the  center  of  tnass  qf  a  ad  of  particle$  is  a»  if  all  tiie  mass  urere  concen- 
trated there  and  aU  the  exiemal/orc^  loere  applied  there  (the  internal  forces,  that  is, 
the  forcea  of  mntnal  action  and  reaction  between  the  particlea  being  entirely 
negiected). 

The  moment  of  a  force  about  a  given  point  is  defined  as  the  product  of  the  force 
by  the  perpendicular  distance  of  the  force  from  the  point.  If  r  is  the  vector  from 
the  point  as  origin  to  any  point  in  the  line  of  the  force,  the  moment  is  therefore 
ikF  when  consEdered  aa  a  vector  quantity,  and  ie  perpendicular  to  the  plane  of  the 
line  of  the  force  and  the  origin.  The  rquatinns  of  n  moving  masses  may  now  be 
combined  in  a  different  way  and  reduced.  Multiply  the  equations  by  r^,  r„  •  **,  IW 
and  add.  Then 

"Hr,*  ^  +  «V««-^ +  •••  +  "«•» -^=»i«'t  +  't«'s  + + 

or    m^^  rjxvj  +     ^  'i^Vf  +  •••  +  »»»  ^  f.^n  =  t^xF^  +  r,xF,  +  •  •  •  +  r,xF, 

or  ^  (m,r,  X  Vj  +  m,r,>c  V,  +  •  •  •  +  ai«r.KT.)  =  ZtkF.  (M) 

This  equation  shows  that  if  the  areal  velocities  of  the  different  masses  are  multiplied 
by  those  masses,  and  all  added  together,  the  derivative  of  the  sum  obtained  is  equal 
to  the  moment  of  all  the  forces  about  the  origin,  the  lauments  of  the  different  forces 
being  added  aa  vector  qnantltiea. 

This  result  may  be  simplified  and  put  in  a  different  form.  Consider  again  the 
resolution  of  F,-  into  the  sum  F,o  +  F.i  +  •  •  •  +  F,,,  and  in  particular  consider  the 
action  F^  and  the  reaction  F^  =  —  F^/  between  two  partichfs.  Let  it  be  assumed 
that  the  aetkm  and  nactton  ate  not  <mly  equal  and  opposite,  bat  lie  along  the  line 
oonneeting  the  two  particlea.  Then  the  perpendicular  distances  from  the  origin  to 
the  action  and  reaction  are  0(jual  and  the  iiKnneiitJ^  of  the  action  and  reaction  are 
equal  and  ojipnsite,  and  may  he  dropjwd  from  the  anm  Zr.xF,-,  which  then  reduces 
to  2r(xF(o-  On  the  other  hand  a  tenn  like  mir,xVi  may  be  written  aa  r,x(in,v,).  This 
praduet  la  formed  from  the  momentum  in  exactly  the  aaae  way  that  the  moment 
la  formed  from  the  force,  and  it  is  called  the  moment  of  momentum.  Henoe  the 
equation  (66)  becomea 
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—  (total  moment  of  momentum)  =  moment  of  external  foroe*. 

Hmoe  the  remit  that,  as  ve^or  qwuitttlea:  3)ke  rate  (if  dkoMOW  (tf  tie  momeirt  4(f 
wiomtntum  of  a  gyriem  qf  particUa  ia  eqvuU  to  the  moment  of  tkt  miemal  force»  (the 
forces  between  the  mames  being  entirely  neglected  under  the  IWinnillllH  that  action 
and  reaction  lie  along  the  line  connecting  the  maeeee). 


IXERCISB8 

1.  Apply  the  definition  of  differentiation  to  prove 

(a)  d(u.v)  =        +  T^u,      (/3)  d[n.(Txw)]  =  dti.(Txw)  +  u.(dTxw)  +  u.(Txdw). 

2.  Differentiate  under  the  ammmption  that  vectors  (l<'noted  by  early  letters  of 
the  alphabet  are  conMjvnt  and  those  designated  by  the  later  letters  are  variable : 

(a)  ax(Txw),  aco.s(  +  bsint,      (>)  (n«ii)ii, 

tm<L  t  %.     /du  d*u\  ,  » 

(.)«.^_x-j.  (0€(«MI). 

t.  Apply  the  rales  for  duayolTMtohtotaahow  that        ^  where 

Moents  denote  diHerentittioii  ulth  tttpttA  to  c.  In  oaoe  r  s  ad  -f  fj  show  that 
1/VG«C  takes  the  usual  form  for  the  rudios  of  eonratue  of  a  plane  enrre. 

4.  Theequatioiiof  the  helix  isresiaooB^<|- Jarin# -I- kft#  with  s=Vi^<fy 
show  that  the  radius  of  corvatnie  Is  + 

5.  Find  the  tonlon  of  the  helix.  ItiB5/(o^  +  ^. 

6.  Change  the  variable  from  a  to  some  other  Tariable  t  in  the  formula  for  torrion. 

7.  In  the  following  cases  find  the  gradient  either  by  applying  the  formula  which 
contains  the  partial  derivatiTes,  or  by  using  the  relation  dr«VF=  dF,  or  both : 

(a)  r.r  =  j«  +  i/«  +  2«,      03)  logr,      (7)  r  =  Vut, 
(»)  log(i«  +  y«)  =  log  [r.r  -  (k.r)''],      (*)  (rx«).(rxb). 

8.  l^rove  these  laws  of  operation  with  the  symbol  V  : 

{a)V{F  +  aj^VF+  VG,      (fij  CP7{F/Cfi  =  GVF  -  FVO, 

9.  If  r,  4  are  polar  ooOrdinatee  in  a  plane  and  fill  a  vnlt  vector  along  the  radius 

vector,  show  that  dr,/d!  =  nd<f>/dt  where  n  is  a  unit  vector  perpendicular  to  the 
radius.  Thus  differentiate  r  =  ri}  twice  and  separate  the  result  into  components 
alcmg  the  radius  vector  and  perpendicular  to  it  so  that 

10.  Prove  conversely  to  the  text  that  if  the  vector  rate  of  description  of  area  is 
constant,  the  force  must  be  central,  that  is,  rvF  =  0. 

11.  Note  that  rxvi,  rxT«j,  rxvic  are  the  projections  of  the  areal  velocities  upon 
the  planes  x  =  0, 1/  =  0,  z  s  0.  Henoe  derive  {W)  of  the  tact. 
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12.  Sliow  that  the  Cartenian  expressions  for  the  maQ:nitude  of  the  Telocl^  and 

of  the  acceleration  and  for  the  rate  of  change  of  the  speed  dt/dt  are 

+       +  ^ 

where  accentB  denote  differentiAtion  with  reqiect  to  the  time. 

13.  Suppose  that  a  body  which  in  rig^d  is  rotating  aboat  M  Axis  with  the 
angular  velocity  u  =  d<f>/dt.  Represent  the  angular  velocity  by  a  vector  a  drawn 
along  the  axis  and  of  magnitude  equal  to  tt.  Show  ttiat  the  velocity  of  any  point 
in  apace  is  t=  axr,  where  r  is  the  vector  dmwn  to  that  point  from  any  point  of 
the  axis  as  origin.  Show  that  the  acceleration  of  the  point  detennined  lij  r  is  in  a 
plane  through  the  point  and  perpendicnlar  to  the  axis,  and  that  the  components  a» 

«K(«xf)  =  (a*f)«  ~  lA  toward  the  aaiis,   (dft/dK)xc  perpendicnlar  to  the  azia, 

under  the  aanunptlon  that  the  axis  at  rotation  Is  invuiaUe. 

14.  Let  f  denote  the  center  of  gravity  of  a  qyitamof  pattidles  and  r/  denote  the 
vector  drawn  from  tlie  center  of  gravis  to  tlie  Ith  particle  ao  that  r<  =  f  -f  i/  and 
T.  s  f  +  t/.  The  Unetic  mtaegf  of  the  ith  particle  is  by  dellnltion 

Sum  up  for  all  partidea  and  slnipllfjr  by  using  the  fact  2mfif  =  0,  which  is  dne  to 
the  assumption  that  the  origin  for  the  vectors  r/  is  at  the  center  of  gravity.  Hence 

prove  the  important  theorem  :  The  total  kindir  enrrfft/  of  n  in/itiem  w  eijudl  f/)  the 
kinetic  energy  which  the  total  mass  would  have  if  moving  with  the  center  qf  fpravity 
jihis  Me  energy  computed  from  the  moHon  retaCipe  to  the  center  ^  ftoMif  as  er^iif 
that  is, 

U.  Consider  a  rigid  body  moving  in  a  plane,  which  may  be  taken  as  the  aqr- 
plane.  I«t  any  point  r^  oi  the  body  be  marked  and  other  points  be  denoted  rela- 
tlve  to  it  hy  t.  The  motion  of  any  jioint  r'  is  compounded  frf)m  the  motion  of  r^ 
and  from  the  angular  velocity  a  =  lew  of  the  body  about  the  iMiint  r^.  In  tact  the 
velocity  V  of  any  point  is  t  =  v^  +  axr'.  Show  that  the  velocity  of  the  point  denoted 
by  I'  =  kKTg/w  isaero.  This  p(rint  is  known  as  the  instantaneous  center  of  rotation 
(§  SO).  Show  that  the  coiirdinatee  et  the  Instanlaneoua  center  referred  to  axes  at 
the  origin  of  the  vectors  t  are 

m  at  tt  at 

16.  If  several  forces  F,,  F,,  •  •  •,  F,  act  on  a  Ixwiy,  the  siim  R  =  2F,  is  called 
the  resuliaid  and  the  sum  ZifxFi,  where  li  is  drawn  from  an  origin  O  to  a  point 
in  the  line  of  the  force  F<,  is  called  the  resuttont  moment  about  O,  ffliow  that  the 
reeultant  mommita  Mo  and  Mor  about  two  points  are  connected  by  the  relation 

Mo'  -  Mo  +  Mo/{Ro).  where  HLo'CRn)  nieans  the  moment  about  (f  of  the  resitltant 
R  considered  as  applied  at  (J.  Inf^r  tliat  moment.s  about  all  points  of  any  line 
parallel  to  the  resultant  are  equal.  Show  that  in  any  plane  perpendicular  to  R 
there  Is  a  point  <y  given  by  f  »  SkMo/R*S,  where  O  ia  any  point  of  the  plane^ 
snch  that  M(k  hi  paraltd  to  B. 
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CHAPTER  Vn 
OBHSSAL  IVTBODUCTIOH  TO  OIFFERXHTUI.  XQUATI0H8 

81.  Some  geometric  problems.  The  ;ii>i)li(':ition  of  the  difiFer«'ntial 
taliulus  to  phiiie  curves  has  given  u  lufan.s  of  dftermining  some 
geometric  properties  of  the  curves.  For  instance,  the  length  of  the 
subnormal  of  a  ovrve  (§  7)  is  ydyjdxy  which  in  the  case  of  the  parabola 
^ss4jKB  is  2jp,  that  is,  the  subnormal  is  constant,  Suppose  now  it 
were  desired  conyersely  to  find  all  curves  for  which  the  subnormal  is 
a  given  constant  m.  The  statement  of  this  problem  is  evidently  con- 
teined  in  the  equation 

or  or  i^~mi^. 

Again,  the  radios  of  curvature  of  the  lemniscate  i*  ss  a*  cos  2  ^  is  foimd 
to  be  Jt  8  a'p  r,  that  is,  the  radius  of  curvature  varies  inversely  as  the 
radius.  If  ccmversely  it  were  desired  to  find  all  curves  for  whidi  the 
radius  of  curvature  varies  inversely  as  the  radius  of  the  curvOf  the  state- 
ment of  the  problem  would  be  the  equation 

where  k  is  a  constant  called  a  factor  of  pro|K)rtiouality.* 

E<juations  like  these  are  unlike  ordinary  algebraic  etjuations  beeauije, 
in  addition  to  the  variables  y  ox  r,^  and  certain  constants  m  or  A;, 
they  oontaln  also  derivatiTes,  as  dyjdx  or  drjd^  and  dhr/diit\  of  one  of 
the  variables  with  respect  to  the  other.  An  equation  which  contains 

*  Many  problema  in  geometry,  mechaniuH,  and  physica  ar«  stated  in  tennit  of  Taria- 
ttoB.  rte|iU|MMMof  aaslytlBtlieiUteineiitx  TBilMMiftOrcaeir,  towrlttoBmas«l^^ 

introdurinn  a  cunstHnt  A:  calh'd  a  faotor  of  proportionality  to  convfrt  tht*  variation  into 
an  equatlun.  In  like  nuuiner  the  statement  z  varies  invertHsly  »»y,ot  x  *.  becumes 
ssB  Mfyt  sad  s  vtrlM  Jol&t^  with  y  and  t  iMeomM  »  =  ktft, 
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derivatives  is  called  a  differential  e/j nation.  The  order  of  the  differential 
equation  is  the  order  of  the  highest  derivative  it  contains.  The  equa- 
tions above  are  respectively  of  the  first  and  second  orders.  A  differen- 
tial equation  of  the  first  order  may  be  symbolized  as  ♦(x,  y,  y')  =  0, 
and  one  of  the  stHioiul  order  as  <I>(j-,  y,  t/',  y")  =  0.  A  function  y  =/(-r) 
given  explicitly  or  defined  implicitly  by  tlie  relation  F{x,  ?/")  =  0  is 
said  to  be  a  solution  of  a  given  ditferential  equation  if  the  equation  is 
true  for  aU  valves  of  tiie  independent  variable  x  when  the  expressions 
for  y  and  its  derivatives  are  snbstituted  in  the  equation. 

Thus  to  show  that  (no  matter  what  the  value  of  a  \&)  the  relation 

4<iy  -  x«  +  2  a«  log  X  =  0 
gifts  a  Bolntion  of  (he  dillerential  equation  of  the  aeomid  order 

it  Is  nunly  niw—iy  to  form  tbe  derivatiTes 

oz  X  (Lr*  X* 

sod  stthstiuite  them  in  the  given  equation  together  with  y  to  see  that 

Is  dearly  satisfied  for  all  Tallies  of  i.  It  appears  therefore  tliat  the  given  relation 
for  y  is  a  solution  of  the  given  equation. 

To  integrate  or  solve  a  differential  equation  is  to  find  all  the  functions 
whieh  satisfy  the  equatitm.  Qeometrioally  speaking,  it  is  to  find  all  the 

curves  which  have  the  property  expressed  by  the  equation.  In  mechan- 
ics it  is  to  find  all  possible  motions  arisiiif:?  from  the  given  forces.  The 
method  of  integrating  or  solving  a  ditfertMitial  ecpiation  depends  largely 
ujK)n  the  ingenuity  of  the  solver.  In  many  cases,  however,  some  method 
is  immediately  obvious.  For  iu.sta.U(;e  if  it  Im;  jM>s.si\)le  to  separate  the 
variables,  so  that  the  differential  dy  is  multiplied  by  a  function  of  y 
atone  and  i£r  Iqr  a  fimofciim  of  x  akme,  as  in  the  eqnatioii 

^(y)dy^^(z)daB,   then   J^(y)dy^J^(x)dX'^C  (1) 

will  clearly  be  the  integral  or  solution  of  the  differential  equation. 

As  an  example,  let  the  eorres  of  oonatant  aubnoimal  be  detennlned.  Here 

yv^smdc  and  y'sSms+C. 

The  variaUee  are  aheady  separated  and  the  integration  is  immediate.  The  curves 
are  parabolas  with  semi4atus  rectum  equal  to  the  oonatant  and  with  tlie  axis 
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coincident  with  the  axis  of  x.  If  in  particular  it  were  desired  to  determine  that 
curve  whose  subnormal  was  m  and  which  passed  through  the  origin,  it  would 
merely  be  necessary  to  substitute  (0,  0)  iu  the  equation  =  2  mx  +  C  to  ascertain 
what  paitlcclar  Talue  muat  be  assigned  to  C  In  cfider  that  the  eurve  paai  through 
(0,  0).  The  value  is  C  =  0. 

Another  example  might  be  to  determine  the  curves  for  wliich  tlie  /-intercept 
varies  as  the  abscissa  of  the  point  of  tangencj.  As  the  expression  ($  7)  for  the 
x-intercept  ia  x  —  ydz/dy,  the  statement  ia 


If  dMind,  tUa  azpnarioD  may  be  ehaoged  to  another  form  bj  orfng  Moh  tide  of 
the  eqiudlty  M  fta  exponent  with  the  beae  «.  Then 

As  Cla  anartdtraiy  cotMtant,  the  oomtant  C  =  e^iM  dao  arbitrary  and  the  lolntlon 

may  simply  be  written  wy^-^  —  Cx^  where  the  accent  haa  been  omitted  from  the 

constant.  If  it  were  desired  to  pick  out  that  particular  curve  which  passed  through 
the  point  (1,  1),  it  would  merely  be  necessary  to  determine  C  from  the  equation 

V-^-Cl,  and  hence  C-l. 

As  a  third  example  let  the  curves  whose  tangent  is  constant  and  equal  to  a  be 
determined.  The  length  of  the  tangent  is  y  vT^-  y^/y'  and  hence  the  equation  ia 

y^l±^^a  or  fl±??  =  «  or  1  =  2^,^. 

The  Tariablea  are  theraf ore  eepamUe  end  the  reeulta  ere 

^_  Vtf-y'j    and  *+ C  =  Vi^^- alog^i^J^E?. 

If  It  be  dedred  that  the  tangent  at  the  origin  be  Tertical  eo  that  the  curve  passea 
through  ^  a),  the  constant  C  la  0.  Tlieoarvelathetractrlxor**coxTeof  puzanlt** 
as  described  by  a  oalf  dragged  at  the  end  of  n  rope  bj  a  penon  walking  aloqg 

a  straight  line. 

88.  Problems  which  inyolre  the  radius  of  ourratare  will  lead  to  differ- 
ential eqaatioiis  of  the  seoond  order.  The  method  of  solving  sueh 
prohleins  is  to  reduce  the  eqwUw%f  ifpouibU,  to  em  ^  th^fin^  erder* 
For  the  seoond  derivative  may  be  written  as 

dx  ^  djt 
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is  the  expieuion  for  the  radius  of  ourvatitre.  If  it  be  given  that  the 
radius  of  ourratoie  is  of  the  fonii/(j;)  ^  (y*)  or/(y)  ^  (y^, 

or  (8) 

dx  ^  ~d7/ 

the  variables  x  and  ij'  or  y  and  y'  are  imnu'tiiately  separable,  and  an 
integration  may  be  performed.  This  will  lead  to  an  equation  of  the 
first  order ;  and  if  the  variables  are  again  separable,  the  sulutiuu  vaa.y 
be  completed  by  the  methods  of  the  above  examples. 

In  the  flnt  place  ooniider  wmm  whoae  rsdiiw  of  onrvatore  is  oonatsnt.  Then 

(1  +  /=)^                         ^      .       V  t-c 
i— — i-i-  =  a   or   £^_  =  _   and  =  • 

ds 

where  the  cnnstant  of  ititr^iration  has  been  written  as  —  C/a  for  future  corivfii- 
ience.  The  etjuation  may  now  be  solved  for  y'  and  the  variables  become  separated 
with  the  results 

if  -  — ==  or  dy  =  — dx. 

Henoe     y—  Cs— Va»- <x-  C)«  or  (x— C)«  +  <y— = 

The  curves,  as  Should  be  anticipated,  are  circles  of  radios  a  and  with  any  arU* 

trary  point  (C,  C)  as  ceutf^r.  It  should  be  noted  that,  as  the  solution  has  required 
two  succesHive  integrations,  there  are  two  arbitraiy  constants  C  and  C  of  Integra* 
tiou  in  the  result. 

As  a  second  example  consider  the  curves  whoee  radius  of  curvature  is  double 
tiie  notmal.  As  tiie  length  of  the  nonnsl  isyVl  +  y*,  the  eqnatioii  Itsoomss 

li±i9>i  =  2vVrry^  or  i±^  =  ±2y. 

dy  dy 

where  the  double  sign  has  been  Introduced  when  the  radical  is  removed  by  cancel- 
lation. This  is  necessary  ;  for  before  the  cancellation  the  signs  were  ambljjnouK 
and  there  is  no  reason  to  assume  that  the  ambiguity  disappears.  In  fact,  if  the 
curve  is  ooneave  iqk,  the  seoond  derivative  Is  positive  and  the  radius  of  curvature 
is  reclBoned  as  podtive,  whsresa  the  normal  is  positive  or  negative  aoooffding  ac 
the  curve  is  above  or  below  the  axis  of  /  ;  similarly,  if  the  curve  is  concave  down. 
Let  tlte  negative  sign  be  ctio«en.  This  eorresponds  to  a  curve  above  the  axis  ahii 
concave  down  or  below  the  axis  and  concave  up,  that  is,  the  uuruial  uud  the  nuliuii 
of  corvators  have  the  aasM  directi<m.  Then 

j  =  -f|^  ««d  logy  =  -log(l  +  y^)  +  log2C\ 

whsis  the  constant  has  been  given  the  form  log  2  C  for  convenience.  This  expres- 
sion may  be  thrown  into  algebraic  form  by  exponentiation,  solved  for  y*,  and  then 
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y(l  +  y^s2C  or  /t-^^^y  or  — ^==dB. 

The  enrvM  ftia  cyetotda  of  which  the  genemtinf  circle  hM  u  arbitraiy  ndius  C 

and  of  which  the  cusps  are  npon  the  x-axJs  at  the  pointt  C  ±  2kwC,  If  the  posi- 
tive sign  ha<I  brn  ti  taken  in  the  equation^  the  curres  would  hAve  been  entirely 
different  see  £x.  5  (a). 

The  number  of  arbitrary  constants  of  integration  which  enter  into 
the  solution  of  a  differential  equation  depends  on  the  number  of  inte- 
grations which  are  performed  and  is  equal  to  the  order  of  the  equation. 
This  results  in  piving  a  family  of  furves,  deix^ndtMit  on  ono  or  more 
piirameters.  as  tlu'  solution  of  the  eqiuition.  To  j»irk  out  any  j>articvilar 
meiul>er  of  the  family,  additional  comlitions  must  K-  givrii.  Thus,  if 
there  is  only  one  constant  of  integration,  the  curve  nuiy  l)e  required 
to  jjass  through  a  given  point;  if  there  are  two  consUmt^,  the  curve 
may  be  required  to  pass  through  a  given  point  and  have  a  given  slope 
at  that  point,  or  to  pass  through  two  given  points.  These  additUnud 
conditions  are  called  inUial  eanditwns.  In  mechanics  the  initial  oondi* 
ti<m8  are  veiy  important;  for  the  point  reached  by  a  particle  describing 
a  carve  under  the  action  of  assigned  forces  depends  not  only  on  the 
forces,  but  on  the  point  at  which  the  particle  started  and  the  velocity 
with  which  it  started.  In  all  cases  the  distinction  between  the  eonttanta 
o/ integration  and  the  given  constants  of  the  problem  (in  the  foregoing 
examples,  the  distinction  between  C,  C  and  i»,  kf  a)  shotUd  be  kept 
clearly  in  mind 

1.  Verify  the  solutions  of  tlie  differential  equationA: 

(ct)  TV  +       =  C,  y  +  X  +  j-y'  =  0,       (^)  / V  (3  f  +  <^')  =  1 ,  -r /  +  y + -r Ve»=«, 

(7)  (l  +  x2)/a=l,  2/  =  Ce«'-C-'e-»,    («)  y  +       =  xV^.      =  C'^x  +  C, 
(0  y"  +  y'/x  =  0,  J/  =  Clngx  +  C„     (f)  V  =       +  C',e*',  /'  +  2y  =  Sy', 

(,)  y"'_y  =  x^  ,,  =  Ce'  +  e-i'^CiC08i~+C,«in^^-««. 

8.  Determine  the  carves  which  hare  the  following  properties: 

(a)  Tlie  snbtaiigeiit  is  constant  ;  jT'  =  Ce*.  If  through  (2,  2),  y"  =  2"c*-« 
(P)  The  right  triangle  formed  by  the  tangent,  mibtangent,  and  ortlinate  ha«  the 
consunt  area  k/2 ;  the  hyperbolas  2y  +  Cy  +  it  =  0.  Show  that  if  the  curve  passes 
through  (1,  2)  and  (8, 1),  the  arUtraTy  oomtsiK  C  is  0  sad  the  giTen  l(  Is  —  9. 
(y)  The  nonasl  is  eonstsnt  in  length ;  the  drelea  (c  —  C)*  +    k  1^. 

(8)  The  normal  variesssthe  square  of  the  onlinato  ;  ruf-  ii;irie«ty=eOBhJt(«— C). 
If  in  particular  the  curve  fs  perpendicular  to  the  y-axis,  ('  -  0. 

(()  The  area  of  the  right  triangle  funned  by  the  tangent,  normal,  and  dC-SXis  is 
InvsMdypcoportlCHud  totheatope;  the  drelea  <z  —  C)*  4>  V*  — 
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3.  Determine  the  curves  which  have  the  following  properties: 

(a)  The  angle  between  the  radius  vector  and  tangent  is  constant;  spirals 

ffi)  The  angle  between  the  radius  vector  and  tangent  is  half  tliat  bstwwn  the 

radius  and  initial  line  ;  caniioids  r  =  C(l  —  cos  0). 

(7)  The  perpendicular  from  the  pole  to  a  tangent  is  constant ;  r  coe  (ip  —  C)  —  k. 

(i)  The  tangent  is  equally  inclined  to  the  radius  vector  and  to  the  initial  line ; 
the  two  sets  of  pataliolss  r  =  €7(1 1  eos^). 

(r)  The  radius  is  equally  inclined  to  tlie  aocmsl  end  to  the  inltisl  line;  dndes 
rs  C  008^  or  lines  roosts  C. 

4.  The  arc  «  of  a  curve  is  proportioosl  to  the  area      where  in  rectangolsr 

rnfirflinates  A  is  the  area  under  the  curve  and  in  polar  coiSrdlnates  it  is  the  area 
included  by  the  curve  and  the  radius  vectors.  From  the  equation  d»  =  dA  show 
ttwt  the  carves  which  satisfy  the  condition  are  catenaries  for  rectangular  coordi- 
nates and  lines  for  polar  ooOtdlnstes. 

6.  Determine  the  curves  for  which  the  radius  of  curvature 

(a)  is  twice  the  nonnal  sod  oppositely  directed ;  penholss  (z— C7)*  =  C'(2y--C^. 

ifi)  is  equal  to  the  novmal  and  in  same  direction ;  drdes  (e—  C)*       s  O^. 

(7)  is  equal  to  the  nonnal  and  in  opposite  direction  ;  catenaries. 

(a )  varies  as  the  cube  of  the  normal ;  conies  kCy'  —  C(x  +       =  k, 

(c )  projected  on  the  z-axis  equals  the  abscissa ;  catenaries. 

it)  piojeoted  on  the  »«ad8  is  the  n«gallve  of  the  ahnlMk;  ebdei. 

{^)  prajeeted  on  the  a^-axls  is  twice  the  aWissa. 

{$)  is  proportional  to  the  slope  of  the  tangent  or  of  the  nonnal. 

83.  Problems  in  mechanics  and  physics.  In  many  physical  problems 
the  statement  InYvdves  an  equatioa  befeireeii  Hie  raU  qf  change  of  aome 
quantity  and  the  value  of  that  quantitj.  In  this  way  the  soliition  of 
Uie  problem  is  made  to  depend  on  the  intention  of  a  differential  equa- 
tion of  the  first  order.  If  «  denotes  any  quantity,  the  rate  of  inerease 
inoeisc^s/Aandtheiateof  decrease  in  « Is  — dlv/rfl;  and  consequently 
when  the  rate  of  change  of  2  is  a  fanoti<m  of  »,  the  variaUes  are 
immediately  separated  and  the  integration  may  be  performed.  The 
constant  of  inU'^nation  has  to  be  determined  from  the  initial  conditions ; 
the  constants  inherent  in  the  problem  may  be  given  in  advance  or  their 
values  may  \)o  dctprinined  by  comparing  x  and  t  at  some  subsequent 
tune.  The  exercises  offered  below  will  exemplify  the  treatment  of 
such  problems. 

In  other  physical  problems  the  statement  of  the  question  as  a  differ- 
ential equation  is  not  so  direct  and  is  carried  out  by  an  examination  of 
the  problem  with  a  view  to  stating  a  relation  between  the  increments 
or  differentials  of  the  dependent  and  independent  variables,  as  in  some 
geometrio  relations  already  disenised  (§  40),  and  in  the  ptofalon  of  tha 
tension  in  a  rope  wrapped  around  a  cylibdrioal  post  discussed  below. 
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The  method  may  be  further  illustrated  by  the  derivation  of  the  differ- 
ential equations  of  the  curve  of  equilibrium  of  a  ileziU0  Btciiig  or 
ehaiiL  Let  p  be  the  density  of  the  ehain  so  that  pA4  is  the  mass  of 
the  lengrth  6m\  let  X  and  F  be  the  oompooents 
of  the  force  (estimated  per  nnit  mass)  acting  on  y 
the  elements  of  the  chain.  Let  T  denote  the 
tension  in  the  chain,  and  r  the  inclination  of 
tiie  element  of  chain.  From  the  figure  it  then 
appears  that  the  oomponents  all  the  f<nces 
acting  on  As  are 

(7  +  AT)  cos  (r  +  Ar)  —  7cos  r  +  XfAM  «  0, 
(r+Ar)Bin(r  +  Ar)-  Tsinr  +  ]>A«sOi 

for  these  must  be  sero  if  the  element  is  to  be  in  a  position  of  eqni- 
librinm.  The  equations  may  be  written  in  the  form 

A (r cos  t)  -f  ApAs  =  0,        A  (r  sin  t)  +  J>A«  =  0  ; 

and  if  they  now  l>e  divided  by  A«  and  if  A.-*  be  allowed  to  approach 
zero,  the  result  is  the  two  equations  of  equilibrium 

where  oosr  and  sin  r  are  replaced  by  their  Talnes  dx/d»  and  dy/it. 

If  the  string  ia  acted  on  unly  by  forces  psnllil  tO  S  given  direction,  let  the 
r«zta  be  token  u  psnllel  to  that  direction.  Then  the  component  X  will  he  isro 
and  the  flM  eqnattoin  maj  be  integrated.  The  remit  is 

Thie  Tslae  of  T  may  be  Bubetituted  in  the  seoond  equation.  There  Is  thns  obtained 
a  dillexentlal  equation  of  the  eecooii  order 

^(c^Upr=o  or  c         +/>r=o.  (^o 

If  this  equation  can  be  integrated,  the  foim  of  the  eorfe 
of  equilibrium  may  be  found. 

Another  problem  of  a  different  nature  in  strings  is  to 
consider  the  variation  of  the  tension  in  a  rope  wound  around 
a  cylinder  without  orerlapping.  The  f  oroes  acting  on  the 
element  As  of  die  rope  are  the  tensions  T  and  T  +  AT,  the 
normal  prewure  or  reaction  R  of  the  cylinder,  and  the  force 
of  friction  which  is  proportional  to  the  pressure.  It  will 
be  aasumed  that  the  normal  reaction  lies  in  the  angle  A^  and  that  the  eoeflldent 
oi  friction  le  M  so  that  the  force  of  friction  is  ^B.  The  componeots  along  the  radios 
and  along  the  taqgent  are 
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(T  +  AT)  sin      -  A  cos  (9A^)  -  fJt  sin  (<9A^)  =  0,  0<#<1, 
(7  +  AT)  cos  A^  +  jRain  (0A^)  -      cos  (^A^)  -  T  s  0. 

Now  discard  all  infinitesimals  except  those  of  tlio  first  order.  It  must  b«  borne  in 
mind  that  the  pressure  R  is  the  reaction  on  the  intimte8inial  arc  A«  and  hence  ia 
itself  infinitesimal.  The  substitutions  are  therefore  Ti4»  for  (T  -f  AT)  sin  A^,  B  for 
B  ooB  0  lor  J2  aln  064i  uidr+<irfor(r+Ar)ooBA^  Th«  equattoiw  tbexe- 
fore  redooe  to  two  rimple  equatloiifl 


when  T«  to  the  teiurfon  when  ^  to  0.  The  temion  therefore  nms  up  ezponentiall j 

and  afTords  ample  explanation  of  why  a  man,  by  winding  a  rope  about  a  post,  can 
readily  hold  a  ship  or  other  dbji-ct  exertinj?  a  preat  force  at  the  other  end  of  the 
rope.  U  nia  1/8,  three  turns  about  the  post  will  hold  a  force  636  or  over  26 
tons,  if  the  man  exerts  a  force  of  a  hundndweight, 

84.  If  a  constant  mass  m  is  moving  along  a  line  unrlor  the  influence 
of  a  force  F  acting  along  the  line,  Newton's  Second  Law  of  M  otion  (p.  13) 
states  the  problem  of  the  motion  as  the  differential  equation 


of  the  seoond  order ;  and  it  therefore  appears  that  the  complete  solutioa 
of  a  problem  in  rectilinear  motion  requires  the  integration  of  this  equsr 
tioD.  The  aooeleration  may  be  imtten  as 


It  now  api)ears  tliat  there  are  several  cases  in  which  tlie  first  integration 
may  Ixi  jH^rfornied.  For  if  the  force  is  a  function  of  the  velocity  or  of 
the  time  or  a  product  of  two  such  functions,  the  variables  are  sejmrated 
in  the  first  form  of  the  equation ;  whereas  if  the  force  is  a  function  of 
the  velocily  or  of  the  coordinate  «  or  a  product  of  two  such  functions, 
the  vaxiatkles  are  separated  in  the  second  form  of  the  equation. 

When  the  first  integiation  is  performed  according  to  either  of  these 
methods,  there  will  arise  an  equation  between  the  Telocity  and  eltiier 
tiie  time  t  or  the  coordinate  x.  In  this  equation  will  be  contained  a 
constant  of  integration  which  may  be  determined  by  the  initial  condi- 
tionS|  that  is,  by  the  knowledge  of  the  Telocity  at  the  start,  whether  in 


from  which  the  unknown  B  may  be  eliminated  with  the  result 
dTssnTi^  or  TstCd^  or  TsT^, 


n^ssF  or  i»-j2  =  F 


(5) 


dt!     dv  dx  dv 
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time  or  in  position.  Finally  it  will  be  possible  (at  least  theoretically) 
to  solve  the  equation  and  express  the  velocity  as  a  function  of  the  time 
<  or  of  the  position  x,  as  the  case  may  be,  and  integrate  a  second  time. 
The  carrying  through  in  pnbctioe  of  this  sketch  of  the  work  will  be 
ezonplified  in  the  following  two  examples. 

Suppose  a  particle  of  mass  m  is  projected  vertically  upward  with  the  velocity  V, 
Solve  the  probloB  of  the  motion  under  the  imamption  that  the  resistance  of  the 
air  Tmries  as  the  Telocity  of  the  particle.  Let  the  distance  be  measured  vertically 
iqiward.  The  forces  artiiif;  on  the  particle  are  two,  —  the  force  of  gravity  which  is 
the  weiplit  W  =  mg,  and  the  resistance  of  the  air  which  is  Art.  Both  these  forces 
are  negative  because  they  are  directed  toward  diminishing  values  of  x.  Hence 

fUfs  —  mg  —  kn  or  m^sa  —  mg^lcMt 

m 

where  the  first  form  of  the  equation  of  motion  has  been  chosen,  although  in  this 
ease  the  saoond  fonn  would  be  equally  andlaUe.  Then  integrate. 

— ^  =  -dt  and  log/jr+ia^  =  -ie  +  C. 
.  k  \    m  /  m 

As  bj  the  lidtial  oopditiopa  v  =  F  when  t  s  0^  the  oooatant  C  ia  f oond  from 

it 

logU  +  -n  =  --0+ C';  hence   ?-  =  «  * 

m 

is  the  relation  between  v  and  ( found  by  aubstitutiqg  the  value  of  C.  The  aolution 

for  V  gives 

Hence  «  =  -  ^(^i,  +  rje's'-  <7. 

If  Che  peitide  ataita  from  the  origin  x  =  (k,  the  ocmatant  O  is  found  to  be 
C  =  -(j,+  K)  «ui  x  =  -(j,+  v)(i-,  -j--^ 

Hanoe  the  podtion  of  the  pertiele  ia  expreeMd  in  tenna  of  the  time  and  the  prol^ 

lem  is  solved.  If  it  be  desired  to  find  the  time  which  elapses  before  the  particle 
comes  to  rest  and  start-n  to  drop  liack,  it  is  merely  neressnrj'  ici  substitute  c  =  0  in 
the  relation  connecting  the  velocity  and  the  time,  and  iHjlve  for  the  time  t  —  T\ 
and  if  thla  value  of  t  be  anbatltuted  in  the  ezpreaiton  f or  s,  the  total  diatanee  X 
eovered  in  the  aaoent  will  be  found.  The  reaulta  are 

As  a  seeond  ezampla  eonMer  the  motion  of  a  particle  vlbrattng  and  down 
at  the  end  of  an  elaatie  atring  held  in  the  fidd  of  gravity.  By  Hooke*8  Law  for 
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elaUte  striqgitho  force  exerted  by  the  string  Is  proportional  to  the  erteMton  of 
the  atring  over  its  DAtniml  length,  thai  fe^FsjEAL  Let  <  be  the  length  of  the  string, 

A,/  flip  extpnsion  of  the  string  just  sufHcient  tn  hold  the  weight  W  =  mg  iLt  rest  so 
that  k\l  =  mg,  and  let  x  mea-sured  downward  be  the  additional  extension  of  the 
string  at  any  instant  of  ttie  motion.  The  force  of  gravity  mg  is  positive  and  tlte 
force  of  elasticitgr  —  k{AJi  -fs)  Is  negKtlve.  The  second  form  of  the  equation  of 
motfoD  is  to  be  ehosen.  Henoe 


nu!  ^  =  my  —  k.  (Ag/  +  z)    or   itm?^  =  —  kz,    since    mg  =  kAJi. 
dx  dz 

Then  Nwde  =  —  JaKb  or  aw'  =  —  Jex'  +  C* 

Suppose  that  z  =  a  is  the  amplitude  of  the  motion,  sn  that  when  s  s  a  the  veloeity 
f  s  0  and  the  pwtide  stops  and  starts  back.  Then  C  —  ka*,  Henoe 


and  rfnri 

Now  let  the  time  be  meai^ured  from  the  instant  wliea  the  particle  passes  throQgll 
the  jKwition  x  =  0.  Then  C  satisfies  the  equation  0  —  a  sin  C  and  may  be  taken  as 
sero.  The  motion  is  therefore  given  by  the  equation  2  =  asinVV^'  ^ 
periodic.  While  i  changes  by  Vw/l  tJie  peitfde  conqilelaa  aa  entin  cscIIIa- 
tioo.  The  time  7=  SwVm/k  is  called  the  jwriodiB  Mme.  The  motion  oonaidered 
in  this  example  Is  characterized  by  the  fact  that  the  total  force  —  kjt  is  propor- 
tional to  the  displacement  from  a  certain  nriirin  and  is  directed  towani  the  dritrin. 
Motion  of  this  sort  is  called  simple  harmonic  motion  (briefly  S.  H.  M.)  and  is  of 
giMt  inportMiee  in  mechanics  and  pfayiiGS. 


1.  Thesimicf  •I00ispatatintenstat4peroentper«imomiiiidertlieooiiditioii 
tiiat  the  Interest  shall  be  compounded  at  each  instant.  SiiOW  tliat  tlie  snm  wHi 
amount  to  tSOO  in  17  yr.  4  mo.,  and  to  SIOOO  in  67|  yr. 

8.  Given  that  the  rate  of  decomposition  of  an  amount  x  of  a  given  subatance  Is 
proportional  to  the  amount  of  the  substance  remaining  undecomposed.  Solve  the 
problem  of  the  decomposition  and  determine  the  constant  of  iutegration  and  the 
phyaleal  oooataDt  of  proportiooalitj  if  s  s  6.11  when  I  s  0  ud  s  s  1.48  wlieii 
(s40niln.  Am.k  =  ,WM. 

t.  A  sobelaiioe  is  nndeigolng  tnosfotnwtlon  into  another  at  a  rate  which  is 
assumed  to  be  proportional  to  the  amount  of  the  substance  still  remaining  untrans- 

formed.  If  that  amount  is  36.6  when  f  =  l  hr.  and  13.8  when  t  ~  4  hr..  determine 
the  amount  at  the  start  when  t  =  0  and  the  constant  of  proportionality  and  find 
Iww  many  bonis  wOl  elapse  before  only  ooe^honsandth  of  the  original  amount 
will  remain. 

4.  If  tlie  activity  il  of  a  ladioaetive  deporit  Is  propoftional  to  its  nle  of 
diminution  and  Is  found  to  decrease  to  |  its  initial  value  in  4  days,  aiiow  tliat  A 
satisfles  the  equatioo  A/A^  s  «-«•!»<. 
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5.  Suppose  that  amountB  a  and  b  reapectively  of  two  mbstaooes  am  inTolTad  In 
a  faaetion  In  which  the  veloettj  of  tnuMf omatton  dis/dt  la  inopotllODal  to  the  pnd- 
uct  (a  -  X)  (6  -  X)  of  the  amoimta  mnalnlqg  nntnnafonned.  Integiate  on  the 
•uppooition  that  a^b. 


t 

a  —  x 

b-x 

»)«;  and  If  aW 

0.4a66 

0.88tt 

ISM 

0.8879 

0.18M 

deteimim  the  product  ie  (a  6). 

6.  Integrate  the  equation  of  Ex.  5  if  a  s  A,  and  determine  a  and  kitxss  0.87 

when  t=  lb  and  x  =  18.69  when  t  =  66. 

7.  If  the  velocity  of  a  chemical  reaction  in  which  three  subetances  are  Involved 
is  proportional  to  the  continued  product  of  the  amounts  of  the  substances  remaining, 
•how  that  the  equation  between  x  and  the  time  ii 

1    /  a  *   V"V  «  \*"* 

 «.  -i><«  j^,,,, 

9.  Botve  Ex.  7  If  asftgfte;  also  when  a  =  ftse.  Note  the  veiy  dillBient 
fonne  of  the  iolntion  in  the  three  oases. 

9.  The  late  at  whkdi  water  nma  ont  of  a  tank  throagfa  a  small  pipe  isMiiog 

horizontally  near  the  bottrim  of  the  tank  is  proportional  to  the  Hcjuare  root  of  the 
heiijht  of  tlie  surface  of  the  water  above  the  pipe.  If  the  tank  is  cylindrical  and 
half  empties  in  30  min.,  show  that  it  will  completely  i  inpty  in  about  100  min. 

10.  Discuss  Kx.  9  in  case  the  tank  were  a  right  cone  or  frustum  of  a  cone. 

11.  Connidor  a  vertical  column  of  air  and  assume  that  the  pressure  at  any  level 
is  due  to  the  weight  of  the  air  above.  Show  that  p  =  PjC"**  gives  the  pressure  at 
any  height  A,  if  Boyle^s  Law  that  the  density  of  a  gas  varies  as  the  pnnnne  be  nsed. 

13.  Work  Ex.  11  under  the  assumption  that  the  adiabatic  law  petp^  *  repre> 
sents  the  conditions  in  the  atmoq^re.  Show  that  In  this  case  the  pressure  would 
heeone  aero  at  a  finite  hel^t.  (If  the  proper  numerical  data  am  inserted,  the 
height  turns  out  to  be  about  20  miles.  The  adiahallo  l*w  seems  to  oowespond 

better  to  the  facts  than  Boyle's  Law.) 

13.  Let  /  be  the  natural  lonprth  of  an  clastic  string,  let  Al  be  the  extension,  and 
assume  Hooke's  Law  that  the  force  is  proportional  to  the  extension  in  the  form 
Al  =  IdF.  Let  the  string  be  held  in  a  vertical  position  so  aa  to  elongate  under  its 
own  weight  IT.  Show  that  the  elODgation  is 

14.  The  dendty  of  water  mktoapxesiiiM<rfp  atmospheres  Is^  si  4  O.0000ft|». 
8how  that  the  aufaoeof  anooean  six  miles  deep  is  aboat  600  ft.  bslow  the  position 
it  woaU  liave  If  water  were  inoompreeelble. 

18.  Shoirthattheeq^tiimsof  theonrveof  eqniUbrinmof  astilngoirolialnars 

in  polar  oottdlnates,  where  B  and  *  are  the  oomponents  of  the  force  along  ths 
radius  vector  snd  perpendicular  to  it. 
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18.  8bow  that  dr+  pSd» s  0  and  T-)- pRNsO  an  tba  eqaations of  eqniUlK 
ximn  of  a  string  if  S  is  the  radiua  of  eorratare  and  5  and    are  the  tangential  and 

nonnal  component  of  the  forces. 


between  the  points  under  its  own  weight,  the  curve  of  fijuilibriuni  i.s  tlie  ciiU'iiary. 

18.  Suppose  the  mass  dm  of  the  element  d.%  of  a  chain  is  proportional  to  tlio  pro- 
jection dx  of  da  on  the  z-axiH,  and  that  the  ctiain  hangs  in  tlie  field  of  gravity. 
Show  that  the  cure  is  a  parabola.  (TIiIb  la  eoeentially  the  proUem  of  the  ah^pe 
of  the  cables  in  a  suspension  bridge  when  the  roadbed  is  of  uniform  linear  deml^; 
for  Uw  weight  of  the  cahiee  is  negligible  compared  to  that  of  the  roadbed.) 

19.  It  is  desired  to  string  upon  a  cord  a  great  many  uniform  lieavy  nxis  of 
varying  lenfrths  so  tliai  wlien  the  cord  i«  hung  up  with  the  rods  dangling  from  it 
the  rods  will  be  equally  spaced  along  the  horizontal  and  have  their  lower  ends  on 
the  lanie  level.  Bequlred  the  diape  the  oord  will  take.  (It  ehoold  be  noted  that 
the  shape  must  be  known  before  the  rods  can  be  cut  in  the  proper  leqgtha  to  hang 
aa  deaired.)  Tlie  weight  of  the  cord  may  be  neglected. 

20.  A  mascnuyaxch  carries  a  horizontal  roadbed.  On  the  assumption  that  the 
material  between  the  arch  and  the  roadbed  is  of  uniform  denHity  and  that  each 
element  of  the  arch  supports  the  weight  ol  the  material  above  it,  find  the  shape  of 
the  arch. 

%l.  In  equationa      the  Integration  may  be  carried  through  In  tenna  of  qoadxa* 

tures  if  pr  is  a  function  of  y  alone  ;  and  similarly  in  Ex.  16  the  integration  may  be 
carried  throuirh  if  *  0  and  pR  is  a  fun«nioii  of  r  alono  so  that  the  field  is  central. 
Show  that  the  results  of  thus  carrying  through  the  integration  are  the  fonnulaa 


22.  A  particle  falls  from  re.st  through  the  air,  whidi  is  assumed  to  offer  a  re.«dKt- 
ance  proportional  to  the  velocity.  Solve  the  problem  with  the  initial  conditions 
vasOfCsO,  tsO.  Show  that  as  the  particle  falls,  the  Telodtgr  doea  not  Inerean 
indefinitely,  bat  approachea  a  definite  limit  V  s  mg/k. 

BS.  Solve  Bz.  SS  with  the  initial  condiUona  «s«^ss(l,fssO,  where  la 
greater  than  the  Umitlqg  velod^  F.  Show  that  the  particle  alowa  down  as  it  falls. 

24.  A  particle  rises  through  the  air,  which  la  aammed  to  resist  proportionally  to 
the  square  of  the  velocity.  Solve  the  motion. 

25.  Solve  the  problem  analogon.s  to  Ex.  24  for  a  falling  particle.  Show  t!iat 
there  is  a  limiting  velocity  1'  =  \  mg/k.  If  the  particle  were  project^jd  down  with 
an  initial  velocity  greater  than  ]',  it  would  slow  down  as  in  V.\.  28. 

86.  A  particle  falls  towards  a  point  which  attracts  it  iuversely  as  the  square  of  the 
dlataneaaiid  dlMot^aaits  mass.  Find  the  relation  between  x  and  i  and  detemdne 
the  total  time  rtafcen  to  reach  the  center.  Initial  conditions  vsO,xaa,tsO. 


*  Eacevelses  ll-Vi  should  be  worked  a6  UtUUt  by  tlie  method  by  which  were  derive^ 
not  by  aivlyhig  (4)  directly. 


17.*  Show  that  when  a  uniform  chain  is  supported  at  two  points  and  bancs  down 
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t7.  A  puilele  starts  from  the  origin  with  »  Hloci^  V  ind  mores  in  n  medimn 

which  redflts  proportionally  to  the  Telocity.  Find  the  relations  between  Telod^ 
and  distance,  velocity  and  time,  and  distance  and  time ;  also  the  limiting  distaneo 

tniTezaed. 

-*i 

»=rF-J»/m,     essFe",     te  =  mF(l-«  • ),  mV/k, 
M.  SdlTe  Ex.  S7  under  the  amompllmi  tiiat  the  naistanoe  varies  as  Vi. 

W.  A  particle  falls  toward  a  point  which  attracts  InTsrsely  as  the  cube  of  the 

distance  and  directly  as  the  mafw.  The  initial  conditions  are  x  =  a,  v  =  (|||sO. 
Show  thai^ssa^-U^/a^  and  the  total  time  of  descent  Is  Tssa^/y/k, 

to.  A  cylindrical  spar  buoy  stands  vertically  in  the  water.  The  buoy  is  pressed 
down  a  little  and  relea»e<l.  Show  that,  if  the  resistance  of  the  water  and  air  be 
neglected,  the  motion  is  simple  harmonic.  Integrate  and  determine  the  constants 
from  the  initial  conditions  s  0,  «  s  F,  t  =  0,  where  «  measusss  Hit  di^piaeement 
from  the  positiott  of  equilibrium. 

31.  A  particle  slides  down  a  rough  inclined  plane.  Determine  the  motion.  Note 
that  of  the  force  of  gravity  only  tlie  emnponent  m^tiai  acts  down  the  plane, 

whereas  the  component  mg  am  i  acts  perpendicularly  to  the  plane  and  develops  the 
force  fimg  cos  i  of  friction.  Here  i  is  the  inclination  of  Uke  plane  and  ^  is  the 

coefficient  of  friction. 

32.  A  bea<l  is  free  tn  move  upon  a  friotionless  wire  In  the  fonn  of  ati  inverted 
cycloid  (vertex  down).  Show  tliat  the  component  of  the  weight  along  the  tangent 
to  the  peloid  is  proportional  to  the  distance  <rf  the  partlde  from  the  vertex.  Hence 
determine  the  motion  as  simple  harmonic  and  fix  the  constants  of  integration  by 
the  initial  conditions  that  the  partide  starts  from  rest  at  the  top  of  the  cydoid. 

SS.  Two  equal  weights  are  hanging  at  the  end  of  an  elastic  striqg.  One  drops 
ofL  Defeeimine  omnpletdy  the  motimi  of  the  partide  remaining* 

34.  One  end  of  an  elastic  spring  (such  as  is  used  in  a  spring  balance)  is  attached 
ripidly  to  a  point  on  a  horizontal  tahl<>.  To  \hv  other  end  a  particle  in  attached. 
If  the  particle  be  held  at  such  a  point  that  tlie  spring  is  elongated  by  the  amount 
a  and  then  released,  determine  the  motion  on  the  assumption  that  the  coefficient 
of  friction  between  the  partide  and  the  table  is  |i;  and  discuss  the  possibility  of 
different  cases  according  as  the  force  of  friction  la  small  or  laige  rdattve  to  the 
f oioe  exerted  by  the  spring. 

35.  lineal  dement  and  differential  equation.  The  idea  of  a  eorre 
as  made  up  of  the  pointo  upon  it  is  familiar.  Points,  howeyer,  haye  no 
extension  and  therefore  must  be  regarded  not  as  pieces  of  a  eorre  bat 
merely  as  positions  on  it.  Strictly  speaking,  the  pieces  of  a  curve  are 
the  elements  As  of  arc ;  bat  for  many  purposes  it  is  convenient  to  re* 
place  the  complicated  element  As  by  a  piece  of  the  tangent  to  the  curve 
at  some  point  of  the  arc  ^s,  and  from  this  point  of  view  a  curve  is  made 
np  of  an  infinite  number  of  infinitesimal  elements  tanf^ent  to  it.  This 
is  analogous  to  the  point  of  view  by  which  a  curve  is  regarded  as  made 
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up  of  an  infinite  number  of  infinitesimal  ohocds  and  is  intimately  vdated 
to  the  oonoeption  of  the  carve  as  the  aiTelope  of  its  tangents  (f 
A  point  on  a  curre  taken  with  an  infinitesimal  portion  of  the  tangent 
to  the  eorve  at  that  point  is  called  a  Imeal  dement  of  the  curve.  These 
eonoepts  and  definitions  are  dearly  equally  availaUe  in  two  or  three 
dimensions.  For  the  present  the  cxirves  imder  dis- 
cussion will  Vh^  piano  curves  and  the  lineal  elements 
will  therefore  all  lie  in  a  plane. 

To  specify  any  particular  lineal  element  three 
coiirdiyuiti's  x,  ij,  jt  will  be  used,  of  which  the  two  (r,  y)  determine  the 
point  thiough  which  the  element  passes  and  of  which  the  third  p  is 
the  slope  of  the  element.  If  a  curve  f(x,  y)  s  0  is  given,  the  slope  at 
any  point  may  be  found  by  diflferentiation, 

and  hence  the  third  coSrdinate  p  of  the  lineal  elements  of  this  partionLv 
curve  is  expressed  in  terms  of  the  other  twa  If  in  place  of  one  curve 
y*(x,  y)  =  0  the  whole  family  of  curves  f(.r,  y)=  C,  where  C  is  an 
arbitrary  constant,  had  l)een  given,  the  slope  p  would  still  be  found 
from  (6),  and  it  therefore  ajtjx'ars  that  the  third  coordinate  of  the  lineal 
elements  of  such  a  family  of  curves  is  expressible  in  terms  of  x  and  y. 

In  the  more  general  case  where  the  family  of  curves  is  given  in  the 
unsolved  form  i-'(jr,  y,  C)  =  0,  the  slope is  found  by  the  same  formula 
but  it  now  depends  apparently  on  C  in  addition  to  on  as  and  y.  li,  how- 
ever, the  constant  C  be  eliminated  from  the  two  equations 

F(x,y,C)-0  and  H  +  ^^^»o,  (7) 

there  will  arise  an  equation  y,  p)  =  0  which  connects  the  tHopep 
of  any  curve  of  the  family  with  the  codrdinates  (x,  y)  of  any  point 
through  which  a  curve  of  the  family  passes  and  at  which  the  slope  of 
that  curve  is  />.  Hence  it  appears  that  the  three  coiirdinates  (x,  y,p)  of 
the  lineal  elements  of  all  the  curves  of  a  family  are  connected  by  an  equa- 
tion //,  //)  =  0,  just  a.s  the  cotirdinates  (ar,  y,  z)  of  the  points  of  a 
surface  are  connected  by  an  equation  *(a-,  y,  z)  =  0.  As  the  equation 
<b  (x,  y,  x)  —  0  is  called  the  equation  of  the  surface,  so  the  equation 
4>(z,  y,  />)  =  0  is  called  the  equation  of  the  funily  of  corres;  it  is,  how- 
ever, not  the  finite  equation  F{x,  y,  C)  a  0  but  tiie  diffeiential  equation 
of  the  family,  because  it  invdves  the  derivatiTe  p  ss  dp/d»  of  y  fay  « 
instead  of  the  parameter  C. 


Digitized  by  Google 


GENERAL  INTRODUCTION 


198 


As  wMk  gxMiple  ol  the  »Hintn>tlon  of  m  oonitMit,  conaider  the  omb  of  flw  paialwlM 

y*sC!e  or  y*/BsC. 
The  dlflerantletloii  of  the  equation  in  the  Moond  foim  glrei  it  ODoe 

—  vVx*  +  2 yp/x  =  0   or   y  =  2xp 
80  the  difierential  equation  of  the  family.  In  the  unsolved  form  the  work  Is 

2  ijp  =  C,       y*=2  ypz,       y  =  2xp. 

The  result  is,  of  course,  the  same  in  either  ca«e.  For  the  family  here  treated  it 
makes  little  difference  which  method  is  followed.  As  a  general  rule  it  is  perhaps 
iMit  to  eolTe  for  the  oonstent  If  the  eolQti<m  ia  rfmple  end  leedi  to  %  rimple  fonn 
of  the  function  /(x,  y) ;  whereas  if  the  solution  is  not  simple  or  the  foim  of  the 
function  is  complicated,  it  is  best  tr>  differpntiat^  first  becau.se  the  differentiated 
equation  may  be  simpler  to  solve  fur  the  constant  than  the  original  equation,  or 
hecMne  the  elimination  of  the  eonetenft  hetmea  the  two  equations  can  be  conr 
dneted  adTaatageoody. 

If  an  equation  4>  {/,  i/,p)  =  0  connecting  the  three  coordinates  of  the 
lineal  element  l)e  given,  the  elements  which  satisfy  the  equation  may 
be  plotted  much  as  a  surface  is  plotted ;  that  is,  a  pair  of  values  (x,  y) 
may  be  assumed  and  sabsfeitatod  in  the  equation,  the  equation  may  then 
be  ecdved  for  one  or  moie  values  of  p,  and  lineal  elementa  witii  these 
values  otp  may  be  drnwn  tliroiigb  the  point  (x,  y).  In  this  manner  the 
elements  through  as  many  points  as  desired  may  be  found.  The  de- 
tached elements  are  of  interest  and  significance  chiefly  from  the  fact 
that  they  can  be  astemiled  into  ewnm, — in  fact,  Into  the  curves  of  a 
family  F(z,  y,C)  =  0  of  which  the  equation  ^(a;,  j?)  s  0  is  the  differ- 
ential equation.  This  is  the  converse  of  the  problem  treated  above  and 
requires  the  integration  of  the  differential  equation  ^(x,  j?)  =  0  for  its 
solution.  In  some  simple  cases  the  assembling  ma}-^  \ye  accomplished 
intuitively  from  the  geometric  properties  implied  in  the  equation,  in 
other  cases  it  follows  from  the  integration  of  the  iMjuation  by  atialytic 
means,  in  other  cases  it  can  be  done  only  approximately  and  by  methods 
of  computation. 

As  an  example  of  intuitively  awemhling  the  lineal  elements  into  curveei  take 


*(x,  i/,j))  =  yV +  y*-»^  =  0   or      =  *  j-=^" 

The  quantity  Vr«  —  may  be  inteipreted  as  one  leg  of  a  right  triangle  of  which 
If  is  the  otluT  lep  and  r  the  hyj)otenu«e.  The  slope  of  the  hypotenuse  is  then 
±  y/  V  —  according  to  the  position  of  the  figure,  and  the  differential  equation 
v^P)-^  atatee  that  the  coOidinate  ji  of  the  lk»al  demeitt  whidi  Htiefles  it 
it  the  neeative  reeiproeal  of  this  dope.  Henoe  the  Uneal  element  hi  peipendieiilar 
to  the  hypotenuse.  It  therefore  appears  that  the  lineal  elements  are  tangent  to  cir- 
clet of  radius  r  described  about  points  of  the  x-azis.  The  equation  of  these  circles  is 
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(s  —  C)*  •!•  y*  s  f>,  and  this  is  therefore  the  integral  of  the  differential  eqOAtloiL 
Tlie  ooinclaim  of  thto  integnU  may  be  checked  by  diraot  For 

p  =  ^=  ±2lEEZ,  or      *j!!_  =  <te  or  Vr» -    =  » -  C. 

86.  In  geomekrio  ]vobleiii8  which  relate  the  slope  of  the  tangent  of  a 
eorve  to  other  lines  in  the  figure,  it  is  dear  that  not  the  tangent  but 
the  lineal  dement  is  the  vital  thing.  Among  such  proUems  that  of  the 
iMTthogonal  trajeetoriea  (ot  tiajeotcnries  under  any  an^)  of  a  given  family 
of  curves  is  of  especial  importance.  If  two  families  of  curves  are  so 
related  that  the  angle  at  which  any  curve  of  one  of  the  families  cuts 
any  curve  of  the  other  family  is  a  right  angle,  then  the  curves  of  either 
family  are  said  to  lx>  the  ortliojronal  trajcctorips  of  the  curves  of  the 
other  family.  Heiiee  at  any  jioint  (.r,  ?/)  at  which  two  curves  l)elonging 
to  the  different  families  intersect,  tliere  are  two  lineal  elements,  one 
l)elonging  to  each  curve,  which  are  perpendicular.  As  the  slopes  of  two 
perpendicular  lines  are  the  negative  reciprocals  of  each  other,  it  follows 
that  if  the  co5rdinates  of  one  lineal  element  are  (x,  y,p)  the  coordinates 
of  the  other  are  (x,  y,  —  1/p) ;  and  if  the  coordinates  of  the  lineal  ele- 
ment p)  satisfy  the  equation  «(ae,  y,  j»)  s  0,  the  ooOrdinates  of  the 
orthogonal  lineal  element  must  satisfy  —  1/p)  s  0.  Therefore 

the  rule  for  finding  ike  crthogaml  irv^eetoriee  of  the  emvee  F(x,  y,  C)  a  0 
w  to  find  first  the  differential  eqwUUm  ^(Xfy,p)^Oqftke  Jiimify,  then 
to  rejiltice  p  by  —1/p  to  find  the  differential  equatwn  of  the  orthogonal 
famili/,  and  finally  to  integrate  this  equation  to  find  the  family.  It  may 
be  noted  that  if  F{z)  =  A'  (.r,  y)  +  iY{x,  y)  is  a  function  of  «  =  x  +  ty 
($  73),  the  families  A'  (x,  y)  =  C  and  y  (x,  y)       are  orthogonaL 

As  a  problem  in  orthogonal  trnjectodea  find  the  trajectorlee  of  the  ■emicoMcal 
pambolaa  («  ~  C)*  =  y*.  The  dUlerential  equation  et  this  family  is  foond  as 

8(s«C)*srSKP,      as-C  =  (fi!p)i      (|l!P)i  =  V'  or  fpsyl. 

This  is  the  dlliereiitial  eqnatloa  of  the  giten  family.  Beplace  p  by  ~  1/p  and 
Inlagrate: 

—  A  =  yl   or   l  +  ?|)yi  =  0  or  dz  +  |l/^dy  =  0,  and  x  +  ^vl  =  C. 
9p  a  8  8 

Thus  the  differential  equation  and  finite  equation  of  tibe  Ofthogdiial  f aaaily  are  found. 
The  curves  look  Bomething  like  parabolas  with  axis  horizontal  and  vertex  toward 

the  right. 

Given  a  differential  equation  ^(x,  y,  jp)  s  0  or,  in  solved  fonn, 
pss^(Xfy)*f  ih»  lineal  elenuni  affinde  ameamforohtaminggraphieaUg 
and  nnmerieaUjf  an  approonmoHon  to  the  eohUion  which  paeeee  through 
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im  oMngn/edpovU  Pji^^  y«).  For  the  valve of  j»  at  this  point  may  be 

computed  from  the  equation  and  a  lineal  element  PJ*^  may  be  drawn, 
the  length  being  taken  small.  As  the  lineal  element  is  tangent  to  the 
curve,  its  end  point  will  not  lie  upon  the  curve  but  will  depart  from  it 
by  an  infinitesimal  of  higher  order.  Next  the  slope  of  the  lineal 
element  which  satisfies  the  equation  and  pa.sses 
through  J\  may  be  found  and  the  element  PJ\ 
may  be  drawn.  This  element  will  not  Ijt;  tangent 
to  the  desired  solution  but  to  a  solution  lying  near 
that  one.  Next  the  element  P^/',  may  be  drawn, 
and  so  on.  The  broken  line  /'q/'/V^s  •  •  •  is  clearly 
an  approximation  to  the  solution  and  will  be  a  better  approximation 
the  shofrter  the  elements  PiPt+i  are  taken.  If  the  ladins  of  oorvature 
of  tiie  solntioii  at  is  not  great,  the  enrve  will  be  bending  rapidly  and 
the  elements  must  be  taken  fairly  short  in  order  to  get  a  fair  approx« 
imation;  but  if  the  radios  of  curvatore  is  great,  the  elements  need  not 
be  taken  so  small.  (This  method  of  approximate  graphical  solution 
indicates  a  method  which  is  of  value  in  proving  by  the  method  of 
limits  that  the  equation  p=s^(x,  y)  actually  has  a  solution;  but  that 
matter  will  not  be  treated  here.) 

Lai  it  be  required  to  plot  ^ypnolmately  tiiat  loluUoii  of  +  s  »  0  wUeh 
paaee  thnvogh  <0, 1)  and  thus  to  flnd  the  ordinate  for  x  s  0.ft,  and  the  area  under 

the  curve  and  the  length  of  the  cun  e  to  thte point.  iMtesd  of  eBnumlng  the  lengths 
of  the  Kucceseive  lineal  elements,  let  the 
lengths  of  successive  increments  &c  of 
s  be  taken  aa  is  s  0.1.  At  the  atari 
=  0,  ss  1,  and  from  p^  —  «/y  it 
follows  that  p^,  =  0.  The  increment  iy 
of  y  ecquireil  in  moving  along  the  tan- 
gent Sa  iy  =  pfx  zs  0.  Hence  the  new 
point  of  departure  («|,  y,)  Is  (0.1, 1)  and 
the  new  slope  is  =  —  ZxfVx  ~  ~ 
The  results  of  the  work,  as  it  is  contin- 
ued, may  be  grouped  in  the  table.  Hence  it  appears  that  the  final  ordinate  ie 
y  s  0.00.  Bj  adding  up  the  trapeeolde  the  area  la  oompnted  aa  0.48,  and  hj  tad' 
lag  the  elementa  If  =  Vaac«  -k-  si'  the  length  la  found  aa  0.01.  Now  the  particular 
equation  here  treated  can  be  integrated. 

ly^SKO,     fdy  +  adissO,     dc^  +  y«sC,  andheooe  ^  +  y>sl 

la  the  eolutlon  which  paaaea  through  (0,  1).  The  ordinate,  area,  and  length  found 
fram  the  cur?e  are  therefore  0.87,  0.48,  0.68  reqieetlvely.  The  emwa  In  the 

approximate  reeultl  to  two  places  are  therefore  respectively  3,  0,  2  per  cent.  If  ix 
had  been  chosen  as  0.01  and  four  places  bad  been  kept  in  the  computational  the 
errors  would  tiave  been  smaller. 
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DIFFERENTIAL  EQUATIONS 


1.  In  the  foUowing  omm  eHmtimte  the  eonrtanti  C  to  And  the  diJIenntlel  equa- 
tion of  the  famil7 given: 

(a)  x3  =  2  Ci/ +  (fi^  »=Cx  + Vl-C«, 

(y)        V^sCas,  (!)  y  =  X  tan  (X  +  C), 

*'a«-C    6*— C  Vdi/  xy  <tc 

2.  Plot  the  liueal  elements  &nd  intuitively  aasemble  them  into  the  Aolutiou : 

Check  the  results  by  direct  integration  of  the  differential  equations. 

3.  Lines  drawn  from  the  points  {±  c,  0)  to  the  lineal  element  are  equally  in- 
elinedtoit.  Show  that  the  dlfflerentUl  equation  le  that  of  Sz.  l  (c).  Whatarethe 


4.  The  trapezoidal  ana  under  the  lineal  element  equals  the  sectorial  area  fonned 

by  joining  the  oripin  to  the  extremities  of  the  element  (disreganling  Inflnitesitnals 
of  higher  order),  (a)  Find  the  differential  equation  and  integrate.  (^)  Solve  the 
same  problem  where  the  area«  are  equal  in  magnitude  but  opposite  in  sign.  What 
are  Uub  carves  t 

5.  Vtnd  the  orthogonal  trajectorieaal  the  foUowing  families.  Sketch  the  eurvaa. 

(or)  parabolaB  y>  =  2  Cx,  An$.  elUpees  2x*  +     s  C. 

(/I)  ej^MMUtialayaB  Ge**,  iliia.  pmMtu^ki^  +  zssC, 

{y)  drolea  (x  —  s  i^,  ilne.  tractrices. 

6.  Show  from  the  answer  to  Ex.  1  (c)  that  the  family  is  self-orthogonal  and 
illustrate  with  a  sketch.  From  the  fact  that  the  lineal  element  of  a  parabola  makes 
equal  angles  with  the  axis  and  with  the  line  drawn  to  the  focus,  derive  the  difier- 
ential  equation  of  all  coaxial  confocal  parabolas  and  show  that  the  family  Is  eeU- 
oithQgonal* 

7.  If  #(jS,  y,  j»y  s  0  ia  the  diiexential  equation  of  a  famll7,  diow 

are  the  differential  equations  of  the  family  whoee  ourree  out  thoee  of  the  given 
family  at  tan'->m.  What  ia  the  dilferenoe  between  theee  two  caaeeY 

8.  Show  that  the  dUEenntial  equationa 

♦  ^.r,,)  =  0   and   ♦(-^|.,,»)  =  « 

define  orthogonal  families  in  polar  coordinates,  and  write  the  equation  of  tiie  family 
which  cuts  the  first  of  these  at  the  constant  angle  tan-'  m. 

9.  Find  the  orthogonal  trajectories  of  the  following  families.  Sketeh. 
<a)r  =  e<*,     («  r=  C(I-ooe#),     (v)rsC#v     (!)  r«» C«ooiS^ 
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10.  Recompute  the  approximate  solution  of  +  x  =  0  under  the  conditions  of 
the  text  but  with  Sz  =  0.0ft,  and  cany  the  work  to  three  decimals. 

11.  Plot  the  approximate  solution  of  p  =  xy  between  (1,  1)  and  the  v-axis.  Take 
ix  =  —  0.2.  find  the  ordinate,  area,  and  length.  Check  by  integration  and 
comparison. 

12.  Plot  the  approximate  solution  of  j>  =  —  z  through  (1, 1),  taUqg  te  s  0.1  and 
f  oltowiiig  the  oarve  to  Iti  inteneedom  with  the  s-aada.  Find  alao  the  area  and  the 
length. 

18.  Plot  the  solntioii  of  p  s  Vz«  +  y*  from  the  point  (0, 1)  to  tta  intenectton 
with  the  s-asla.  Tfeke  fts  ss  —  0.S  and  find  the  ana  and  length. 

14.  Plot  the  solution  of  p  =  a  which  starts  from  the  ori^Mn  into  the  first  quad- 
rant (s  18  the  length  of  the  arc).  Tuke  Sz  =  0.1  and  carry  the  work  for  live  steps 
t4»  iuul  the  final  ordinate,  the  area,  and  the  length.  Compare  with  the  true  integral. 

87.  The  higher  derivatives ;  analytic  approximations.  Although  a 
differential  equation  ♦  (j',  ?/,  ?/')  =  0  does  not  determine  the  relation 
between  x  and  y  without  the  iii)i)li(  ation  of  some  prof^oss  equivalent  to 
integration,  it  does  afford  a  means  of  computing  the  higher  derivatives 
simply  by  differentiation.  Thus 

is  an  equation  which  may  be  solved  for  y"  as  a  function  of  fls,  jf*; 
and  y"  may  therefore  be  expressed  in  terms  of  as  and  y  by  means  of 
yi  yO  ™  ^*     fiurt^  differontiatioii  givea  the  equataon 

whieh  may  tie  solved  for  y"'  in  tenns  of  y,  y*,  y";  and  henoe,  fay  the 
preceding  xesnltB,  y"'  is  exprassible  as  a  fimctioii  of  x  and  y;  and  so 
on  to  all  the  higher  derivatives.  In  this  way  any  property  of  the  inte> 
grals  of  ♦(x,  y,  y')  =  0  which,  like  the  radius  of  curvature,  is  expressi- 
ble in  terms  of  the  derivati\  t  s,  may  be  found  as  a  function  of  x  and  y. 

As  the  differential  equation  y,  y')  —  0  defines      and  all  the 

higher  derivatives  as  functions  of  x,  y,  it  is  clear  that  the  values  of  the 
derivatives  may  be  found  as  yo,  y^',  i/o",  •••at  any  given  point  (x^  yj. 
Hence  it  is  possible  to  write  the  series 

If  this  power  series  in  x  —  se^  oonvergeSi  it  defines  y  aa  a  fonotion  of 
X  for  values  of  x  near      it  is  indeed  the  Taylor  dmnlopmeiU  of  the 
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/^MetuM  y  {%  167).  The  ooavevgeiUM  is  aasumed.  Then 

«  + s^s:  *r  -  «o)* 

It  may  be  shown  that  the  function  y  defined  by  the  series  actually 
satisfies  the  differentisl  equatimi  4>(j-,  y,  y')  =  0,  that  is,  that 

n(x)  =  <i>[^,y,+y;(^-x,)  +  iy;'(x-xj^4---,y;+y;'(^-^o)+--0  =  0 

for  all  values  of  x  near  x^.  To  prove  this  accurately,  however,  is  iM'voiid 
the  scope  of  the  present  discussion ;  the  fact  may  be  ttiken  for  granted. 
Hence  an  analytic  expausioa  for  the  integral  of  a  difterential  equa- 
tion has  been  found. 

As  an  example  of  computation  with  higher  derivatives  let  it  be  required  to  deter- 
mine the  radius  of  curvature  of  tliat  s<ilution  of  if'  =  tan  (y/i)  which  parses  through 
(1,  1).  Here  the  slope  y^i^n  at  (1,  1)  is  un  1  =  1.557.  The  second  derivative  is 

dx     dx      X  z  X* 

From  tbeee  data  the  radius  of  curvature  is  found  to  be 

zxy'''P  taiil.-l 

The  equation  of  the  circle  of  curvature  may  also  be  found.  For  a*?  y"^  ,j  Ik  ]H>siiive, 
the  curve  is  concave  up.  Hence  (1  —  8.260  ain  1«  1  +  8.260  oos  1)  ia  the  center  of 
curvature ;  and  the  circle  is 

(z  +  1.785)«  +  {y-  2.767)«  =  (3.260)«. 

As  a  secoud  example  let  four  terms  of  the  expansion  of  that  intQgral  of 
xtMi  y'  =  y  which  pusas  through  (2,  1)  be  foand.  The  dlflwe&tial  eqnatioik  may 
be  solved;  then 

^  =  tan-:(^V      ^  =  '4^. 
dx  \x/        dx^  + 

d»y  _  (x«  +  y«)(x-  l)v"  +  (Sy^  -x*)y'-  ixytt*-¥^Vt 

Htm  it  nasi  be  noted  that  the  piDhlem  Is  not  wholly  deteraifaiBle ;  f  or  y'  Is  maltl- 
]ile  valued  sad  any  one  of  the  iwlnes  for  tan-i  |  may  he  taken  as  the  dope  of  a 

solution  through  (2.  1).  Suppose  that  the  ani?le  be  taken  in  the  first  quadrant ;  then 
tan->  J  =  0.462.  Substituting  this  in  y",  we  find  y^.J  ^  =  —  0.0152  ;  and  hence  may 
he  found         =  0.110.  The  series  for  y  to  four  terms  is  therefore 

y  =  1  +  0.4fi2  (X  _  2)  -  0.0070  (/  -  2)'^  +  0.018  (x  -  2)». 

It  may  be  noted  that  it  is  generally  simpler  not  to  expres.s  tho  higher  derivatives  in 
terms  of  z  and  y,  but  to  compute  each  one  successively  from  the  preceding  ones. 

M.  Picard  has  giTOn  a  method  for  the  inte^rnitinii  of  the  equation 
y'  =  <^(x,  y)  by  successive  approximation,^  wiiich,  although  of  the  highest 
theoretic  value  and  impoitanoe,  is  not  particularly  suitable  to  analytm 
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uses  in  finding  an  approximate  solution.  The  method  is  this.  Let  the 
equation  y'  —  <^(jr,  y)  be  given  in  solved  form,  ftod  suppose  (r^,  is 
the  point  through  which  the  solution  is  to  pass.  To  find  the  first 
approximation  let  y  be  held  constant  and  equal  to  and  integrate  the 
equation  y' s  ^(2,  y^,  Thua 

dy  »       yj<fa ;      y  »    +  f        y^ife  «/,(«),  (9) 

where  it  will  1k'  noticed  tluit  the  constant  of  integration  luis  been  chosen 
so  tluit  the  curve  juusses  through  (.r  ,  y  ).  For  the  second  approximation 
let  //  have  the  value  just  found,  subtitilute  thiii  in  ^{je^  y),and  integrate 
again.  Tlien 

With  this  new  value  for  //  continue  as  l)eforc.  The  successive  deter- 
minations of  //  as  a  function  of  x  actually  converge  toward  a  limiting 
function  which  is  a  solution  of  the  ecjuation  and  which  juusscs  tlirough 
{x^,  /O-  "^'^y  ""''''1  that  at  each  step  of  tlie  worlc  an  integration 
is  required.  The  dithculty  of  actually  ijertormnig  this  integration  in 
formal  practice  limits  the  usefulness  of  the  method  in  such  cases.  It  is 
clear,  however,  that  with  an  integrating  machine  eueh  as  the  integraph 
the  method  ooold  he  applied  as  rapidly  as  the  oorves  ^(Xf/i(x))  could 
be  plotted. 

Tu  see  how  the  method  works,  coiiHider  the  integration  of  /  =  x  +  y  to  tind  the 
integral  through  (1,  1).  For  the  first  approximation  y  =  1.  Then 

=  (X  +  l)tix,      y  =  iz«  +  X  4-  C,      y  =  J  jr*  +  x  -  J  =/,(x). 

Ytom  this  valiM  of  y  the  neztapproxhnation  may  be  fooDd,  and  (ben  still  snotlier  t 

dy  =  [x  +  (lx«  +  z-4)]<l8,      y  =  ix«  +  x«-ix+ J=/,(x), 

In  this  case  there  are  no  difficulties  which  wou1<l  ]irtn-i-nt  any  luimber  of  appll- 
catiojis  of  the  metluxl.  In  fact  it  is  evident  that  if  //  is  a  j»  ! y;i  iinial  in  x  and  y,  tbe 
resiiit  of  any  number  of  applications  of  the  method  wili  be  a  polynomial  in  x. 

The  metliod  of  undetermined  eo^ffieimts  may  often  be  employed  to 
advantage  to  develop  the  scdution  of  a  differential  equation  into  a 
series.  The  result  is  of  course  identical  with  that  obtained  by  the 

application  of  successive  difTerentiation  and  Taylor's  series  as  above; 
the  work  is  sometimes  shorter.  Let  the  e(]uation  be  in  the  form 
y'  —  ^(«c,  y)  and  assume  an  integral  in  tlte  form 
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TbMi  ^(x,  y)  may  also  be  expanded  into  a  aeries,  aay, 

y)  =  ^0  +      -  "'o)  +  ^,(*  -  =^o)'  +  ^.    -  «o)* +•••• 

But  by  differentiating  the  assumed  form  for  y  we  have 

Thus  there  arise  two  different  expressions  as  series  in  x  —  for  the 
f nnofeion  y*,  and  tiierefore  the  oorreqionding  ooeffioientB  must  be  equal. 
The  nenlting  set  of  equaticms 

a^^A^    2a,  =        3a,  =  il„    ^a^^Ay  (11) 

may  be  solved  suooessively  for  the  undetermined  ooefidents  a^,  a,,  a,, 

a^,  which  enter  into  the  assumed  expansion.  This  method  is  partic- 
ularly useful  when  the  form  of  the  differential  eqiiafci(Ha  is  such  that 
some  of  the  terms  may  be  omitted  from  the  aasnmed  expansion  (see 
Ex.  14). 

As  sa  exsaiQle  In  the  uae  of  undetennfaied  ooeffldents  ooiuider  that  sohition  of 

the  equation  y'  =  Vx'  +  which  panes  thraogh  (1, 1).  The  expansion  will  pnv 
ceed  according  to  poweis  of  X—  l,aadforooiiTentoiioetbe  variable  may  be  chaaged 
to  t  =  X  —  1  so  that 


are  the  equation  and  the  a«anied  expansioD.  One  expreeston  for  y'  la 

/  a    +  So^  ^.  8a,(»  +  4a|^  +  - 
To  And  tiie  odier  it  is  neoesMuy  to  expand  Into  a  aeries  in  I  the 

If  this  had  to  be  done  by  Maclaurin's  series^  nothing  would  be  pnincd  over  the 
method  of  §  87  ;  but  in  this  and  many  other  cases  algebraic  nietliods  and  known 
expansions  may  be  applied  ^§  32).  Firet  square  y  and  retain  only  terms  up  to  the 
third  power.  Henoe 

✓  =  2  Vi  +  J  (1  +  8<H)t  +  4  (1  +  Oa,  +  8ai')(«  +  i  (OiO,  +  a^t». 
How  let  the  qoaatitj  onder  tlie  radical  be  called  1  «f  A  and  expand  so  tfast 

finally  raise   to  the  indicated  powMs  and  collect  in  powera  of  i.  Then 

f 


ir-i+l(l  +  3a^) 


+  i(l  +  6a,  +  8ai«) 
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Hence  Che  micceflriTe  equations  for  determimog  the  coefficieuta  are  Oj  =  2  and 


2a,  =  J  (1  +  3(1,)  ora,  =  }, 

«a,  =  i(l  +  6a,  +  8o«)-^(l  +  8aj)«orfl,  =  H. 

Tbenbwe  to  Uto  Vmm  the  axpaiuion  derived  b 

»  =  1  +  » (•  - 1)  +  Hi  -  i)»  +  H   -  !)•  +  Hi  (-f  -  1)*. 
The  methods  of  developing  a  solution  by  Taylor's  series  or  by  un- 
determined eoefllcieati  apply  equally  well  to  equations  of  higher  order. 
For  ftiample  oonsider  an  equatiom  of  the  aeoond  order  in  soihred  form 
y  s  ^(xy    /)  and  its  derivatiTes 


Eridenflj  the  higher  derivatiTes  of  y  may  be  obtained  in  terms  of  x, 
jff      and  y  itself  may  be  written  in  the  expanded  form 


where  any  desired  values  may  be  attributed  to  the  ordinate  y^  at  which 
the  oorre  outs  the  line  «  ss  and  to  the  slope  ^  of  the  cnrve  at  that 
pdnt  HoieoTer  the  ooefficientsyS^yl^,-*  •axe  determined  in  snoh  a  way 
that  they  depend  on  the  assumed  values  of  y,  and  9^  It  therefore  is 

aera  that  the  solution  (12)  of  the  differential  equation  of  the  second 
order  really  involves  two  arbitrary  constants,  and  the  justifioatiini  of 

writing  it  as  F{x,  y,  C,,  C^)  =  0  is  clear. 

In  following  out  the  method  of  undetermined  ooefBcients  a  solution 
of  the  equation  would  be  assumed  in  the  form 

y = ye + y;(« «^ + <S  W 

frcnn  which  y*  and  y*'  would  be  obtained  by  differentiation.  Then  if  the 
series  for  y  and  y'  be  substituted  in  y"at  4t{x,  y,  y')  and  the  result 
arranged  as  a  series,  a  second  expression  for  y"  is  obtained  and  the 
comparison  of  the  coefficients  in  the  two  series  will  afford  a  set  of  equa^ 
tions  from  which  the  successive  coefficients  may  be  found  in  terms  of 
and  y^  by  solution.  These  results  may  clearly  he  generalized  to  the 
case  of  differential  equations  of  the  nth  order,  whereof  the  solutions 
will  depend  on  n  arbitrary  constants,  namely,  the  values  assumed  for 
y  and  its  tirst  n  —  1  derivatives  when  x  = 


y  »  y. + y;  (x  -  « J + i  yS:(«  -  « j« + *  34>  -  ^  J ' 


(12) 
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EXERCISES 

1.  Find  the  radii  and  circleHof  curvature  of  the  iMlutionsof  the  following  equ*- 
UoiH  at  the  polnta  Indlcftted : 

(«)  ir  =  VjFTpat(0^1),  W      -HP  =  0 

8.  Find  y'll    s  (6  Vi  -  S)/4  If    s  Vj?Tp. 

5.  Olven  the  eqtiatioB  fV*  ^  iq^^  yy'  -i-  s  0  of  the  tfaM  dcgne  in  ao 
that  there  will  be  three  Holutionfi  with  different  8lopes  through  any  ordinaty  point 
(x,  y).  Find  the  radii  of  curvature  of  the  three  solutions  through  (0,  I). 

4.  Find  throe  temu  in  the  expansion  of  the  solution  ot  y'  =      about  (2,  \). 

6.  Find  four  t^'nnH  in  the  expauKion  of  the  solution  of  {/=logsinzy  ahout(4  1). 

6.  Kxpand  the  Holiition  oi     =.  xy  about  (1,  y^  to  five  terms. 

7.  Kxpand  the  solution  of  ^  =  tan  (y/x)  about  (1,  0)  to  four  teruis.  Note  that 
here  z  shouiU  be  expanded  in  terms  of  y,  not  y  in  tenuH  of  x. 

8.  Bqpand  two  of  the  aolutiona  of  y'^y'^  +  J^yu  '-  -  i^/  +  x*  s  0  about  (—  2,  1) 
tofourterau. 

8.  Obtain  four  iuoceadve  qn»rozlniatlona  to  the  Integral  of  y's^  thvoogh  (1, 1). 

10.  Find  four  mooeMlve  approxlmatlona  to  the  Integral  of  y' s  «  +  y  tbiougb 

(0,  I'o)- 

1 1 .  Show  by  Hucoewive  approximations  that  the  integral  of  y'  =  y  through  (0,  y^ 

in  Hu"  well-known  y  —  j/,/'. 

12.  Carry  Uie  apptoxiuiutionH  to  the  solution  of  y'  —  —  x/y  through  (0,  1)  as 
far  aa  yon  can  Integrate,  and  plot  each  approximation  on  the  same  figure  with  the 
exact  integral. 

13.  Find  by  the  method  of  undetennined  coefficientj*  the  number  of  terms  indi- 
caUHl  in  the  expansions  of  the  aolutiona  of  these  differential  equations  about  the 

points  given  : 

(a)     =  Vx  +     five  terms,  (0,  1),      {p)  y'  =  \U  +  y,  four  terms,  (1,  8), 
(>)  y'  =  »  +  y,  n  terms,  (0,  y^),        (« )  /  =  Vz»  +  y»,  four  terms,  (|,  \). 

14.  If  the  solution  of  an  equation  is  to  be  expanded  about  (0,  and  If  the 
change  of  z  Into  —  x  and  y  into  —  y'  doea  not  alter  the  equation,  the  aolutfon  ia 

necessarily  symmetric  with  respect  to  the  {/-axis  and  the  expansion  may  be  assumed 
to  contain  only  t-vt-n  ])owers  of  x.  If  the  wtlntion  is  to  be  expanded  about  (0.  0) 
and  a  change  of  x  into  —  x  and  y  into  —  y  does  not  alter  the  equation,  the  solution 
la  qrmmetrio  with  respect  to  the  origin  and  the  ezpaodon  may  be  assumed  In  odd 
powers.  Obtain  the  expansions  to  four  terms  in  the  following  cases  and  compare 
the  labor  involved  in  the  metho<l  of  uiKlotenniiied  coefficients  with  that  which 
would  be  involved  in  perfonning  the  requisite  six  or  seven  differentiations  for  the 
application  of  Maclaurin's  series : 

(a)  y  -    _f__  about  (0,  2),  (/9)  y'  =  sin  xy  about  (0,  1), 

VV  +  y* 

(y)  v's^w  about  (0,0),  (•)  y" »     +  ay*  about  (Q,  A). 

18.  Bzpaiid  to  and  Indnding  the  tenn  : 

(a)  y^  =     +     about «,  =  0,y«sa^,y^ so, (by  both  methods), 
W  s?y"  +  y'  +  y  =  Oabouti^ss€i,yp  =  a^,y;=-i^(by  nnd.ooefia.>. 
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THE  COmroiR  ORDIVART  MnSRlHTlAL  BQVAHrarS 

89.  Integration  by  separating  the  variables.  If  a  differential  equar 
tion  of  the  first  order  may  be  solved  for  y'  so  that 

y'»4(ae,y)    or   M{x,y)dX'\' N{x,y)dy^^  (1) 

(where  the  functions  3/,  A"  are  single  valued  or  where  only  one  spe- 
citic  branch  of  each  function  is  selected  in  case  the  solution  leads  to 
mnltiple  valued  functions),  the  differential  equation  involves  only  the 
first  power  of  the  derivative  and  ia  said  to  be  of  the  first  degree.  If, 
fnrthennoie,  it  so  happens  that  the  functions  ^  N  axe  produetB  of 
fonotiona  of  x  and  fnnotioDa  of  jr  so  that  the  equation  (1)  takes  the  form 

y'  =  *ii^)4>M    or    3/j(x)il/,(y)tix  +  i\(ar)iV,(y)c/y==0,  (2) 

it  18  dear  that  the  variaUea  may  be  separated  in  the  manner 

and  the  integnition  is  then  immediately  performed  by  integrating  each 
side  of  the  e(}iiation.  It  wa.s  in  this  way  that  the  numerous  problems 
considered  in  Chap.  VII  were  solved. 

^aBezaaipleooii8idertheeqiiatl«myy'<|-flV*»9>  Hers 

+         l)<ix  =  0  or  -j^+ad«  =  a, 

|r—  1 

and  |kff(v*-l)  +  }^sC  or  ^~1)^  =  C. 

The  second  form  of  the  solution  Lb  found  by  tsUiig  the  ezponential  of  both  ddso 
of  the  flni  f om  alter  multipljing  by  S. 

In  aoime  difbiential  eqnationa  (1)  in  whkdi  tiie  variafalea  are  not 
immediately  aepaiaUe  as  above,  tiie  introduotion  of  some  change  of 
variafaley  whether  of  the  dependent  or  independent  variable  or  both, 
may  lead  to  a  differential  eqmition  in  which  the  new  variables  are  sepa- 
rated and  the  integration  may  be  aocompUshed.  Tho  selection  of  the 
proper  change  of  variaUe  ia  in  general  a  matter  for  the  emmbe  of 
ingoniity  \  aiiooeeding  paragraphs,  however,  will  point  out  some  apeoial 

MS 
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types  of  equations  for  whioh  ft  definite  type  of  rabstitatkii  is  known 
to  BODompliah  the  sepaiation. 

Am  tax  ezample  ooiwlder  the  eqttttioa  cdy  —  ydx  =  »  Vse^  +  y*<ix,  where  tb  erana- 
Ue«  are  ilauij  not  aepftnUe  without  sabatitution.  The  presence  of  Vi*  +  f* 
■qglgerti  e  diMiiie  to  polar  eoltidliifttee.  The  wofk  of  flnding  the  lolation  is : 

ssrooetf,  ysriiii#,  db» » ooe #ir -  r sin  (9rf«9,  (IfersrinMr-l-rooeMf; 

than  ydaarVf,  sVa^<4>y'(lsst'ooBM(rcoaf). 

Henoe  the  differential  equation  may  be  written  in  the  form 

f^sr*ooaM(rooe^  or  aao#tfsd(reoa^ 

Mid         logtan(itf+ir)  =  rooetf+ C  or  log^-^-x+C, 


Hanoe  Va»  +    +  y  _  ^     .    mbrtttatlon  for  0i, 

X 

Another  change  of  variable  which  works,  ia  to  let  y  =  tsc.  Then  the  worlc  ia  x 

«(e4r  +  apd»)— «aKte  =  as^VTT^d»orde  =  Vr+V48, 

do 

Than  Vf+^~'^      >**A~Hl  =  a:  +  C,      y  ss»Binh(x  +  C)« 

Thia  Rolntion  turns  nut  to  be  shorter  and  the  answer  appears  in  neater  fotin  than 
before  obtained.  The  great  difference  of  form  that  may  arise  in  the  answer  when 
different  methods  of  integration  are  employed,  Lb  a  noteworthy  fact,  and  renders  a 
aefc  of  anawen  piaetieallj  voitUen;  two  aohren  mi^  frequentlr  ivaite  mora  time 
in  trying  to  get  their  answera  redooadtoneammonformthaDeadhivoiildvendin 
■oiving  the  problem  in  two  waya. 

90.  If  in  the  eqnatioa  y' »  ^(x,  y)  the  fonetion  ^  turns  out  to  be 
a  fonetion  of  y/s  alone,  that  is»  if  the  fonctions  M  and  N  aie 
homogeneons  fonetions  of  x,  y  and  of  the  same  order  (I  53),  the  diffei^ 
ential  equation  is  said  to  be  homogmooua  and  the  change  of  variable 
y  ssvx  Gt  xss  vy  will  always  xeeidt  in  separating  the  ▼ariablea.  The 
statement  may  be  tabulated  as : 

A  sort  of  eoiollaiy  ease  is  given  in  Ex.  6  below. 

As  an  sammple  take  y  (i  +  ^dx  +  ^(y  —  s)^  s  0,  of  whieh  the  homogenaltiy 
la  perhagi  somewhat  diagniaed.  Hare  it  ia  better  to  ^(Mae  s  ss  «y.  Than 

(l  +  c*)d!s4'^(l-i)4ys0  and  dx  s  txi^  +  yla. 
Honoa  logy +       + <^ e C  or  s  +  y^aC. 
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If  tiw  differantial  eqnatioii  may  be  arnmged  so  that 

^  +  X^ix)if  =  X^x)tr  or  g  +  y^(y)»  «  (4)  ' 

where  the  second  form  differs  from  the  first  only  through  the  inter- 
change of  X  and  y  and  where  A'^  and  A',  are  functions  of  x  alone  and 
and  functions  of  the  equation  is  called  a  BemouUi  equation;  and 
in  particnlar  if  »  s  0,  so  tbat  tbe  dependent  varialile  does  not  oooor  on 
the  nghMiand  side,  the  equation  is  called  linear.  The  snbstitation 
which  sqpaiafees  the  variatales  iil  the  lespeotiye  cases  is 

y  =  «e-/-f'('>'"    or    «  =  re"/ (6) 

To  show  that  the  separation  is  really  accomplished  and  to  find  a  general 
formula  for  the  solution  of  any  Bernoulli  or  linear  equation,  the  sab> 
stitution  may  be  carried  out  formally.  For 

The  snbslitiitioii  ci  this  Talne  in  the  equation  gi^es 

=  or    ^  =  >P«'*'<te. 

»"-"m(l-n)yA,«('- ■>/'»*' rfx,    when  n4-l* 

or  ^—  =  (!-»)  «^*-»>/'"''j^y  A'/»— >/'«*<faj .  (6) 

There  is  an  analogous  farm  for  the  seomd  form  of  the  eqnation. 
Thtt  eqoatioii  i^i^  +  «y)((y  =    nuiy  be  treated  by  thla  method  by  writing  it  m 


Then  let 


~~|xsy*x'  BO  tbat  -y,  F^sy*,  n=s3. 

a  as  fle""^"**  as  n^^, 

_.-y«  =  _et  +^  =^e» 

and  —!=(««-. 2)ei*^+ C  or  -  =  2 - |r«  +  Ce"^''. 

»  a 

lUs  remit  could  hare  been  obtained  by  direct  nibBtitation  In  tbe  fonnnla 

but  aetoally  to  carry  tbe  method  tluoogh  is  far  more  instnictlTe. 

•  If  nsl,  the  Tariabtos  aie  acipaiated  la  the  original  eqaattoa. 
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1.  Solva  the  equations  (Tarialilw  hnmedtetely  separable) : 
(a)  (1  +  x)y  H- (1  —  »)aV'  =  ^  <^wa.  gy  =  Cey-«. 


S.  Solve  thene  homogeneooB  eqoatloiia: 

(a)  (sVsv-s)ir-l>yBO,  ilM. -v^/i+logysO. 


MF  +  y  — xy'ssO,  ^w.  y  +  «lqgkgC/g  =  0. 

(If)  (*«  +  f«)dyr=ay*B,  (I)  nT-y^Vx^  +  y*. 


4.  BolvatlMMBanMNilllorliiiaaraqiiatloiia: 


(/J)  y'  —  y  cue  X  =  coax  —  1,  ^n«.  y  =  Kin  j-  +  C  tan  1 1. 

(>)  xy'  ■¥  y  =     l<>px,  .4n."i.  y-'  -  log  /  +  1  +  rr. 

)  (1  +  l^)  dx  =  (tan-  »  y  -  x)  dy,  (* )  yfix  +  (oji'V  -  2  x)  dy  =  0, 

(f)  xZ-ay  =  x+ 1,  (»?)  ^1^+ iy»  =  coejp. 


5.  Show  that  the  substitution  y  =  tx  always  separates  the  variables  in  tlia 
homogeneoiui  eqiiatlon  y'  =  4t  (y/x)  and  derive  the  general  foniHila  for  tha  iafeqgnl. 

6,  Let  a  diflerential  equation  be  reducible  to  the  form 


In  case  a^h^  —  a^h^  ^  0,  the  two  lines  a,z  +  +  c,  =  0  and  OjX  +  ^jj/  +  c,  =  0 
will  meet  in  a  point.  Show  that  a  transformation  to  this  point  as  origin  makes 
the  new  eqnatloii  lM»io0eneoiia  and  hflnoa  aolaUa.  In  caae  OjS^  —  ay5|  s  0,  tha 
two  lines  are  parallel  and  the  aabatttatkm  asa^'|.^y  or  asOiX  +  ^iy  will 
separate  the  variables. 

7.  By  the  method  of  IBx.  ftaolva  the  eqnationi: 

{a)  (3|/-7j  +  7)rLc  +  (7y-3j-  +  8)dv  =  0,  An.<t.  (j,  _  r + z  -  1)*  =  T. 

(/3)  (2x  +  3i/-6)/  +  (3x  +  2j/-6)=0,      (7)  (4x+3 y+ 1)'^^  + (ir  +  y+l)dy=0, 


8.  Show  that  if  the  equation  may  be  written  as  i(^(xy)dx  +  zy  (xy)dv  =  0, 
where/and  g  are  fnnetions  of  the  product  aey,  the  Mthetitatkm  «  s  xy  ivill  aepai* 
rate  the  variables. 

9.  By  virtue  of  Ex.  8  integrate  the  eqaatfona: 


or  a.h. 


(«)  (r  +  8ay«-«V)<fc  +  aa5Viy  =  o, 
W  (y  +  «i^*B  +  (x-*«y)4y  =  0, 


An$.  x  -I-  xV  -      '  xy). 
(7)  <l  +  aey)«y^-|-(xy-l)xd|rsa 
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10.  Bj  any  metliod  that  b  ftppUMlil*  wtitn  the  foDowlqg.  If  tacm  thao  one 
mothod  \h  apfdicaUe,  itate  what  metlioda,  and  any  appanot  reawm  for  ohooa* 

iug  oue : 

(a)  y'  +  V co«z  =  jr  sin 2x,  09)  {2x'^y  +  3y»)dx  =  («■  +  Say^ffy, 

(7)  (42  +  21^-1)1^  +  21  +  1^+1  =  0,    (3)       +  xy»  =  x, 

(c)  y'sinV +  ainxoo0ysrfn«,  (f)  Vo»  +  x''(l  -     =  z  +  y, 

W  +  *V  +  at»+l)y  +  (atV-atV-a*  + W»     W  y'  =  alii(»-y), 

(»)  xydy  —  v*dx  =  (x  +  j/)^c~'dx,  («)  (1  —  y2)(ii;  =  axy{x  +  l)dy. 

91.  Integrating  factors.  If  tlie  equation  Mdx  +-  Ndy  =  0  by  a  suita- 
ble rearrangement  of  the  terms  can  Ix?  \nit  in  the  formof  a  Slim  of  total 
differentials  of  certain  functions  u,  v,-  -,  say 

<2tt  +  <'v  +  "*  — 0,   then  U'^v  +  ^»*^C  (7) 

is  surely  the  soliition  of  the  eqnatioiL  In  this  case  tiie  eqtuvtioii  is  called 
an  exad  d^ereiUial  oqvoHoH,  It  frequently  happens  that  although  the 
equation  cannot  itself  be  so  arranged,  yet  the  equation  obtained  from 

it  by  multij)I\  ing  through  with  a  certain  factor  y)  may  be  so 
ammged.  The  faotw  /i(x,  y)  is  then  called  an  integrating  factor  of  the 
given  equation.  Thus  in  the  case  of  variables  separable,  an  integrating 
&ctor  is  ;  for 

^y^M,a.  +  NM^  =  ^^a,  +  m.ay^O;  («> 

and  the  integration  is  immediate.  Again,  the  linear  equation  may  be 
treated  by  an  integrating  factor.  Let 

dff  +  X^ifdx  as  and    fi^ef'^;  (9) 

then  dy  +  ydx  =  e/^''''  X^dx  (10) 

or       d  [ye/'.*]  =        jyfe,  and  yef'^^JeS^X/x,  (11) 

In  the  case  of  variables  separable  the  use  of  an  integrating  factor  is 
therefore  implied  in  tlie  process  of  separating  tlie  variables.  In  the 
case  of  the  linear  equation  the  use  of  the  integrating  factor  is  somewhat 
shorter  than  the  use  of  the  substitution  for  separating  tlie  variables. 
In  general  it  is  not  possible  to  hit  upon  an  integrating  factor  by  ins])ec- 
tion  and  not  pra<-ti('able  to  obtain  an  integrating  factor  by  analysis,  but 
the  integration  of  an  equation  is  so  simple  when  the  factor  is  known, 
and  the  equations  which  arise  in  practice  so  firequently  do  haye  simjde 
int^irating  factors,  that  it  is  worth  while  to  examine  the  equation  to 
see  il  the  factor  cannot  be  determined  by  inspection  and  trial  To  aid 
in  the  work,  the  differentials  of  the  simjder  functions  such  as 
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»         as*  y  ^-k-y 


(12) 


should  be  borne  in  mind. 


Consider  the  equation  (x^C  —  2mTy*)dx  +  2mj''j/rf{/  =  0.  Here  the  first  term 
z*e'dc  will  be  a  diflerential  of  a  function  of  x  no  matter  what  function  of  x  may  be 
,M  ft  trial  #b  WUh  ^  =  l/r*  the  eqoatioii  takM  the  f  om 


The  integral  is  therefore  seen  to  be  +  nvf^/^  =  C  without  more  ado.  It  may 
be  notioed  that  this  eqoatkm  It  of  the  Benoulli  type  and  that  an  integration  by 
that  method  would  be  oouideTaUy  hunger  and  more  tedlons  than  this  use  of  an 

IntPiirating  factor. 
Again,  consider  (x  +  y)dc  —  (x  —  y)<iy  =  0  and  let  it  be  written  as 

swb  +  |i<r  +  li*f-a(d|f  =  0;  tty 

+  +  %  '  9 

and  the  tntegial  Is  log  Vac*  +     +  tan-i  (x/y)  =  C.  Here  the  terms  xdM  +  yig 

fitmnply  sii^xpested  +  and  the  known  form  of  the  differential  of  tan-i(j/y) 
corrolKjrateii  the  idea.  This  equation  comes  under  the  homogeneous  type,  but  tlie 
use  of  the  int^rating  factor  considerably  shortens  the  work  of  integration. 


I.  The  attempt  has  been  to  write  Mdx  +  Ndy  or  fi  {Mdx  +  Ndy) 
as  the  sum  of  total  differentials  du  +  dv  -\  ,  tliat  is,  as  the  difierantial 

dF  of  the  function  u     v  -\  ,  so  that  the  solution  of  the  equation 

Mdcr  -I-  .\V/// =  0  could  l>c  obtiiined  lus  F  =  C  When  the  expressions 
are  coiii]ili('ated,  the  attempt  may  fail  in  j)ractice  even  where  it  theoreti- 
cally should  succeed.  It  is  therefore  of  iniix)rtance  to  establish  condi- 
tions under  which  a  differential  expression  like  Pdx  +  Qdy  shall  be  the 
total  differential  dF  of  some  function,  and  to  find  a  means  of  obtaining 
F  when  the  oonditiooe  axe  aatiBfied.  This  will  now  be  done. 

Suppose         Pdx-^Qiy^dP^^ibi-^  —  dyi  (1S> 

^.                 ^     SF        ^     dF        dP     dQ  d*F 
then  PfBs—-,      Q  ss  — ,      —  =  — =  . 

Henee  VtFdx-^Qiy'^t^  totel  difl^ntial  dF,  it  loUowt  (as  in  f  52)  that 

the  relation  s  must  hold.  Now  oonveisely  if  this  relation  does 
hdd,  it  may  be  shown  that  Pdx  +  Qdy  is  the  total  differential  of  a 
function,  and  that  this  function  is 
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or  ^^J„,  ^^^^^^^'^  f 

where  tho  fixed  value  .r^  or     will  natmally  be  80  chosen  as  to  simplify 

the  integrations  im  nuit  h  as  possible. 

To  show  tliat  these  expressions  may  he  taken  a.s  F  it  is  merely  neecs- 
sary  to  compute  their  derivatives  for  identification  with  P  and  Q.  How 

dp    c  c  ,  c  r  d  r 

These  differentiations,  applied  to  the  first  form  of  F,  require  only  the 
fact  tliat  the  derivative  of  an  integral  is  tin;  integrand.  The  fii-st  turns 
oat  satisfactorily.  The  second  must  be  simplified  by  interchanging  the 
order  of  dilEsrentiatioii  by  y  and  integration  by  x  (Leibnii^e  Bole, 
f  119)  and  by  use  of  the  fondamental  hypotbesia  that  F^^^C^. 


+  <i(-^o.y)=<2(*.y)- 

The  identity  of  P  and  Q  with  the  derivatiTes  of  F  is  therefore  estab- 
lished. The  second  form  of  F  wonld  be  treated  similarly. 

Show  that  (z^  +  log  y)dx  +  z/ydy  =  0  is  an  exact  difierential  equation  and  obtain 
tbssolotlon.  Hexe  it  is  lint  saceMsry  to  apply  the  test  P^=  q;.  Now 


S:(«^  +  logi»-i  and  = 

»y  V  bxy  y 

Heaos  th«  test  is  wtiafled  and  the  integral  Is  obtained  by  ai^lying  the  fomula: 

(x^+ logy)  (iz+  /    cii/  =  -x»  +  xlogysaO 
0  *f  y  o 

or  r''-(iy+  r(jt«  +  logl)dssslogy +  |x*  3  C. 

Ji  y         J  8 

It  should  be  noticed  that  the  choice  of  =  0  simplifies  the  intepration  Iti  the  first 
case  because  the  substitution  of  the  lower  limit  0  is  easy  and  because  the  second 
intend  vanishesi  Thecfaolosof  s  1  introdnoei  oorreaponding  simplificsitioiis  hi 
thsi 
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DeriTe  the  partial  differential  equaiion  tohieh  any  ijitegrating  factor  of  the  d\ffai» 
MiHtM  «2iuittoii  JWte  +  Ndy  —  0  murt  miii^.  If  m  is  an  integrating  iactor,  theo 

^^l^iV^iF  and 

ty  dz 

Ib  the  desired  equation.  To  determine  the  int^;rating  factor  by  solving  this  eqa»> 
tion  would  in  general  be  ■§  dtfleolt  ■oivtiif  Che  original  equation ;  in  lOBie 
jpeolat  oaaBB,  however,  tlito  eqiutfon  is  QseflU  la  det^^ 


93.  Tt  is  now  convenient  to  tabulate  a  list  of  different  tyj)es  of  dif- 
ferential equations  for  which  an  inU*grating  factor  of  a  standard  form 
can  be  given.  With  the  knowledge  of  the  factor,  the  equations  majr 
then  be  integrated  by  (14)  or  by  inspection. 


Equation  Mdx  +  Ndy  ™  0 :  Faotok  ; 

L  HomogeDeous  Mdx  +  Ndy  =  0,  Ifa"Tj!^* 

n.  Bemoiilli  dy  +  X^^X^^dx,  y^-^f^t^, 

III.  M  —  yf(xij),  N  =  xg(xy)f 
dM  dN 


1 


IV.  If  .^L-± aS^. 


dN  dM 

IT 


VL  Type  ^t/^{f^ydx  +  nxdy)  ^  0.  {Cw^^"'' 
VIL  afyfi(mydx  +  nxdy)  +  xyy^ipydx  +  qxdy)  =  0,  (f^^teiJllied!* 

The  use  of  the  integrating  factor  often  is  simpler  than  the  substitu- 
tion y  =  vx  in  the  homogeneous  equation.  It  is  practically  identical 
with  the  rabstitation  in  the  BemooUi  type.  In  the  tibizd  type  it  ii 
often  ehortw  than  the  rabstitation.  The  remaining  types  have  had  no 
substitation  indicated  tot  them.  The  proofii  that  the  assigned  f onns 
of  the  taotor  are  right  are  given  in  the  examples  below  or  are  left  as 


To  ehow  that  ^  =  {Mx  +  Ny)-^  is  an  integrating  factor  for  the  homogeneoai 
ctM,  it  is  ponlUe  eimpiy  to  mhatltute  in  the  eqnaticni  (16),  whieh  nuat  aetiify, 
and  show  that  the  equaticm  actoally  holds  hy  virtue  of  the  fact  that  Jf  and  IT  an 
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homogeneouH  of  the  same  degree,  —  thm  fact  being  tued  to  simplify  the  reanlt  hj 
Suler*t  JTonnula  (flO)  of  f  fiS.  But  it  is  eMier  to  proceed  dinctly  to  ahow 

Owing  to  the  liomofanidty,  ^  is  a  function  of  y/x  alone.  Siilerentiate* 

As  this  i«  an  f  viiU'iit  identity,  the  theorem  is  proved. 

To  find  the  coiiditiou  that  the  integrating  iactor  may  be  a  function  of  x  only 
and  to  find  the  factor  when  tbc  oondltioD  ia  aatlalled,  tbe  equatlmi  (16)  which  ^ 
aallaflea  maj  be  pot  in  the  more  compact  term  \>f  dividing  bgr 

Ml'Jt-Nl'^  =  '^-'-^  or  if^-i^r^  =  ?^r-?^f.  (16') 
Rovr  tf   (and  hence  log  |t)  la  a  function  of  s  al<me,  the  flnt  term  Tanlahea  and 

*^=^?^=/W  or  l.g^=//(x)d^ 

Thla  eetaMlshea  the  rale  of  ^pe  IV  above  and  further  shows  that  In  no  other  case 

can  nhetk  function  o(  x  alone.  The  treatment  of  type  V  is  clearly  analogous. 

Integrate  the  equation  x*ij('i  ydjt  +  2///;/)  +  xS(4  y<lx  +  ^  idy)  ~  0.  This  is  of 
ty{)«  VII ;  an  integrating  factor  of  the  form  >i  =  x^y«  will  be  assumed  and  the  ex- 
ponents />,  r  will  be  determined  ao  ae  to  satisfy  the  condition  thai  the  equattm  be 
an  exact  differential.  Here 

Then  P;=:8(r+8)a8»+V+*  +  4(r  +  l)»^+V 

s  2<^  <!- +  80  +  l^x^+ V  » 
Hencelf  S(#  +  S)sS(^  +  6)  and  4(r  +  l)s8(p  +  a), 

the  relation     »     will  hold.  This  gives  r  s  8,  p  s  1.  Hence  ^  »  xtf*! 

and  J^'(3xV  +  4xV)<ic  +  /<Wy  =  i2«/  +  sc*l/*  =  C 

is  the  solution.  The  work  mifjht  be  sliortene<1  a  trifle  by  dividinp  through  In  the 
first  place  by  z^.  Moreover  the  integration  can  be  performed  at  sight  without  the 
use  of  (14). 

94.  Several  of  the  most  iin}x)rtant  f;ict.s  relative  to  inte^nating  factors 
and  solutions  of  Mdx  -}-  Ndi/  =  0  will  now  be  stated  as  theorems  and 
the  proofs  will  lie  indicated  below. 

1.  If  an  integrating  factor  is  known,  the  corresponding  solution  may 
1)6  found ;  and  oonvenely  if  ihe  solution  is  known,  the  oonesponding 
integrating  fMjtorniay  be  found.  Henoe  the  existence  of  either  implies 
the  existenoe  of  the  other. 

2.  If  c  and  <?  IB  Care  twosidutions  of  the  equation,  eitlmr must 
be  a  function  of  the  other,  as  (7  »        ;  and  any  function  of  either  is 
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a  soliifcion.  If  /i  and  v  are  two  integ^ting  factors  of  the  equation,  the 
ratio  ft/v  is  either  constant  or  a  solution  of  the  equation;  and  the  prod< 
uct  of  fi  by  any  function  of  a  sdation,  as  fi^{F),  is  an  integratiiig  fao 

tor  of  the  equation. 

3.  The  normal  derivative  dF/dn  of  a  solution  obtained  from  the 
factor  fj.  is  the  product    vCw^    A*  (see  S  48). 

It  bw  already  been  seen  that  if  an  integrating  factor  ft  i»  known,  the  oorre- 
Bponding  ■olutkm  F  =  C  may  be  loond  by  (14).  Kow  if  the  aoluUon  la  known,  the 
equation 

dF  =  F'^dz  +  F'jly  =  m  {Mdx  +  Ndy)    gives   F^  =  ,tM,  F'^  =  ,iN; 

and  hence  n  may  be  found  from  either  of  these  equations  the  quotient  of  a 
derivative  of  ^  by  a  coefficient  of  the  differential  equation.  The  statement  1  is 
theiefove  proved.  It  may  be  lemarited  that  the  dlmnaioii  of  approximate  lolationa 
to  differential  equations  ($$  86-^),  combined  with  the  theory  of  limits  (beyond  the 
scope  of  thiH  text),  affords  a  demonstration  that  any  equation  Mdx  +  Ndy  =  0, 
where  M  and  N  satisfy  certain  restrictive  conditions,  has  a  solution ;  and  hence  it 
may  he  Inferred  that  aneh  an  eqnatton  haa  an  integrating  faetor. 

Hja  he  eliminated  from  the  ralatfona  s  pJt^  ^  b  |jr  fooad  ahove,  It  laeeen 
that 

Jf F;  -  JVF;  =  0,    and  similarly,    JfO^  -  NG^  =  0,  (16) 

are  the  conditions  that  F  ami  G  should  he  soliitioTis  of  the  differential  eijuation. 
Kow  these  are  two  simultaneous  homogeneous  equations  of  the  first  degree  in  M 
aadJf.  If  Jf  and  If  are  riiminated  from  them,  there  reanha  the  eqnalion 

W-V;  =  0  or        ^LnF,a^^ti,  (IV) 

which  shows  (§  62)  tliat  F  and  O  are  functionally  related  as  required.  To  allow 
that  any  fonotion  «  (F)  la  a  lolittimi,  oonrider  the  eqoatton 

J»;  -  JIT*;  =  (  JTF;  -  NF^ 

As  F  is  asolution,  the  expression  MF^—  NF^  vanishes  by  (16),  and  hence  3f4>^'— A'*^ 
also  vanishes,  and  4>  is  a  bulution  of  the  equation  as  is  desired.  The  Hist  half  of  3 
lapiefed* 

Next,  if  ^  and  V  are  two  integiatins  teoton,  equation  (Ifi^  glvea 

jyglegH     _yglogM_  j^glogr     jyglogr  j^alopM/"  ^d\ogn/i^_^ 

"      te  ay  te  dy  dtt  ' 

On  eomparing  with  (16)  it  then  appears  that  lQg(^»)  muil  he  a  aohitioa  of  the 

equation  and  hence  n/v  itself  must  be  a  solution.  The  inference,  however,  would 
not  hold  if  n/w  reduced  to  a  oonatant.  Finally  if    ia  an  integrating  factor  leading 

to  the  solution  F  =  C,  then 

dFsi0L{Mdt  +  Nd^)^  andhenoe  t^it^^Mdc-^- yd9)^dJ^{F)dF, 

It  therefore  appears  that  the  factor  m^(F)  makes  the  equation  an  exact  differen- 
tial and  mnat  he  an  integraUag  f aotor.  Statement  S  ia  Uierefoce  wliolty  proved. 
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The  third  tuopodUom  i>  prorad  rfmplj  ty  dMtorenttotfam  nd  wtitftntton.  Por 

^ +  ?£  ^  =  Mir  +  M2»r  ^ . 

dR    ted»^dydii    '^dR^'^  dR 

And  if  r  dtnotat  the  inclination  of  tiie  curve  Fx  C^it  follows  that 

•ss-r-ss  —  —t  rillTs--^=     


tMiT  =  — s  —  — »     dnrs  — =  1      —  ootr  =  —  = 

dx        N  dn     VJIdT"  +  N*  VJI"  > 

Heaoe  df/dn  s  |i  VM*  +  2f*  and  the  propoeiUon  ie  proved. 

EXERCISES 

1.  Find  the  iiitt'gratiiig  factor  by  inspection  and  integrate : 

(a)  xdv  -  y(lx  =  (x«  +  y^)  dx,  (fi)  iv' -  xy)  dx  +  x*dy  =  0, 

(y)  ydx  —  xdy  +  logzdx  =  0,  («)  y(ixy  +  e')dx  —  e'd^  =  0, 

(t)  (l4'aEy>ydB+(l-av)adraO.        tt)  («-i>^cto  +  Ja|>d|r«0; 

(zy*  +  y)dr  -  idj/  =  0,  a  {xdy  +  2  j/dx)  =  d^y, 

(»)  (I*  +  v«)(axix  +  ydy)  +  Vl  +  (jb»  +  y«) (ydx  -  xdi/)  =  0,   

(k)  z'j/dx  —  (X*  +  y»)dy  =  0,  (X)  xdy  -  ydx  =  x  v  x^  -  y^dy. 

S.  Integrate  tbeee  linear  equattona  with  an  integrating  factor: 

(a)  /  +  aj/  =  sin  6x,  (fi)  V'  +  V  cotx  =  aecx, 

(7)  (X  +  1)    -  2 1/  =  (X  +  («)  (1  +x«)y'  +  y  =  «•«-•*, 

and  (/J),  («),  (f)  of  Ex.  4,  p.  206. 

3.  Show  that  the  expression  piven  under  II,  p,  210,  is  an  integrating  factor  fol 
the  Bernoulli  equation,  and  integrate  the  following  equationu  by  that  method  : 

(a)  y'  — y tanx  =  y*8ecx,  (^)  8yV  +  V*  =  1» 

(a),  iy),  (•),  in)  of  Ex.  4,  p.  908. 

4.  Show  the  following  are  exact  differential  equations  and  integrate  : 

(a)  (8  ««+ 6  xy*)  dx  +  (6  x^y + 4  y^)  dy =0,     (/3)  sin  x  cos  ydx  +  cos  x  sin  ydy  =  0, 
(7)  (6x-2y  +  l)dx  +  (2v-2x-8)dy=a,  («)  (x»  +  8xy*)dx  +  (y»  + 8a^)dy  =  0, 

2xy  +  l^^y-x^^^  (l  +  cOdx  +  e»/l-?W  =  0, 

(ir>  i'*(x!>«|>y*4'a«)ds4*S|wn(iy  =  0,       {9)  (yainx— l)dx«i-(y-ooas)d^sO. 

5.  Show  that  {Mx  —  Ny)-^  is  an  intCigvating  factor  for  type  III.  Determine 
the  integrating  lactosi  <rf  the  foUowiqg  eqnattonii  thna  r«nder  thorn  oziel,  and 

integrate : 

(a)  (y  +  i)dx  +  xdi/  =  0,  {fi)  (y^  -  iy)dx  +  x«dy  =  0, 

(7)  (x*  +  y*)dx  -  2xydy  =  0,  («)  (xV ■\-xy)ydx-{-  (xV  -  l)«dy  =  0^ 

(•)  (Vsw-l)ady-(V3w+l)li*»=«^    («  •«d»  +  (»«^  +  »if^4ir  =  «, 
and  Bxs.  8  aad    p.  808. 

6.  Sbow  that  the  factor  given  for  ^pe  YI  Is  right,  and  that  the  form  gtvaa  Uxt 
ttTpe  VII  la  light  if  I;  aatlafiea  k(«ni -  jm)  s  «(a  -  7) -     -  <)• 
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7.  Integrate  the  followin;;  ciinationfi  of  tyjxjs  IV-VII : 

(a)  iv*  -\-  2v)dx  +  (xy'  +  2  u*  -  ix)dy  =  0,       {fi)  (x^  +  y2  +  l)dx  -  2xvdv  =  0, 
(7)  (3x«  +  6xy  +  3y»)<Lc+(2x«  +  8xi/)dj^  =  0,    (J)  (2xV  +  i/)- (J^y-3x)y'=0, 

(0  (2-0"l«» •»n(»-2y)  =  0. 

8.  By  virtue  of  proposition  2  above,  it  follows  that  if  an  equation  is  exact  and 
homogeneous,  or  exa<;t  and  lia«  the  variables  wparable,  or  homogeneous  and  under 
types  IV-VII,  so  that  two  different  integrating  factors  may  be  obtained^  the  solu- 
tion ct  the  equation  may  be  oliteined  without  integnlJon.  Apply  this  to  finding 
the  flolatioiu  of  Ex.  4  (/I),  <a),  (7) ;  Ex.  6  (a),  (y). 

9*  Dieeuae  the  apparent  exceptloiiB  to  the  rnlee  for  ^pee  1, 111,  VII,  that  la, 
wlien  Jfx  +  iVy  s  0  or  Jfo  —  .Wy  s  0  or  9m — pn  s  0. 

10.  Consider  this  rule  for  integrating  Mdx  +  Ndy=0  when  the  equation  is  known 
to  be  exact  :  Integrate  ^fdx  retranliiif;  i/  as  constant,  diffcivntiate  the  result  regard- 
ing y  aa  variable,  and  subtract  fruui  S  ;  then  integrate  the  difference  with  respect 
toy.  In^ymbola, 

£7  =  J  (Mdx  +  Ndy)  =  J  Mdx  +  J      -  ^  J  Mdx^dy. 

Apply  this  instead  of  (14)  to  Ex.  4.  Observe  tltat  in  no  ca^e  should  elUier  this 
formula  or  (14)  be  applied  wlien  the  integnl  ie  obtainable  by  iuapectkm. 

95.  Unear  eqvatioiii  wifh  eoattant  codBdentt.  The  type 

of  differential  e<iuation  of  the  itth  order  which  is  of  the  tir.st  degree  in 
y  and  itij  derivatives  is  called  a  linrur  equation.  For  the  present  only 
the  case  where  the  coefficients  a^,  a^,  •  •  are  constant  will  be 

treated,  and  for  oonvenienoe  it  will  be  amuned  tliat  the  equation  has 
been  divided  through  by  a,  so  that  the  coefficient  of  the  highest  deriva* 
tive  is  1.  Then  if  difEerentistion  be  denoted  by  D,  the  equation  may  be 
written  tymboUeaUy  as 

(D^  +  +  ...  +  «._,/)  -I-  «.) y  =  X,  (17') 

where  the  symbol  D  combined  with  constants  follows  many  of  the  laws 
of  ordinary  algebraic  quantities  (see  §  70). 
The  simplest  equation  would  be  of  the  first  order.  Here 

^-tf^oX  and  y=i^Jer*^Xdx,  (18) 

as  may  1^^  sr-m  liy  n-ft'ifiu  i'  to  (11)  or  (6).  Now  if  —  be  treated 
as  an  algebraic  bymbol,  the  solution  may  be  indicated  as 

(D- a^y  =:jr   and   y=;^V,  QSf) 
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▼here  the  operator  (D  —  aj-^  is  the  uwtnt  of  2>  —  o^.  The  eoliitfoii 
whieh  has  jnet  been  obtained  shows  that  the  interpretation  whieh  most 
be  assigned  to  the  inverse  operator  is 

2rh;  (•)  -  ^'f  <l«) 

where  (#)  denotes  the  function  of  jr  upon  which  it  operates.  That  the 
integrating  operator  is  the  inverse  of  D  ~  may  be  proved  by  direct 
differentiation  (see  Ex.  7,  p.  152). 

This  operaticnal  method  may  at  onoe  be  extended  to  obtain  tibe  solii' 
tion  of  equations  of  higher  order.  For  consider 

+  (/)»+«»i>+«.)y=x  (20) 

Let  or,  and  Ik?  the  roots  of  the  equation  4-  «,/>  +  aj=sO  80  that 
the  differential  equation  may  be  written  in  the  form 

[2)«-(«i,+a;)D  +  «,aJy=jr  or   (I>-«^(X)- «Jy  =  X.  (20-) 

The  solution  may  now  be  evaluated  by  a  succession  of  steps  as 

or  y««^y^*i— ^•j^y^^^Xdbjj&fc  (20") 

The  solution  of  the  equation  is  thus  reduced  to  quadratures. 

The  extension  of  the  method  to  an  equation  of  any  order  is  itnm^^ia**, 
The  first  step  in  the  solution  is  to  solve  the  equation 

+  a,ZJ"-*  .1  h  Oto-i^  +  «*  "  0 

so  tiiat  the  differential  equation  may  be  written  in  the  form 

(Z)  _  a^)  (i)  _      . . .  (Z)  -  a, (7)  -  a,)  y  «  (17") 
whereupon  the  solution  is  comprised  in  the  formula 

yae^J'eCH-*— )« J  "J J e— •*jC(<fc)»  (17'") 

where  the  successive  integrations  are  to  be  performed  by  b^i:inning 
upon  tike  eztrcme  right  uid  wmfcing  toward  the  left  Moreover,  it 
appears  that  if  the  operators  2>  —  a;,  D  —  *Km-\t"'9  D  —  a^D  —  were 
sucoessively  applied  to  this  value  of  y,  they  would  undo  the  work  here 
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done  and  lead  back  to  the  original  equation.  As  n  integ^tions  are 
required,  there  will  occur  n  arbitrary  constants  of  integration  in  the 
answer  for  y. 

As  an  example  consider  the  equation  (D*  —  4  D)v  =  x*.  Here  the  roots  of  the 
algebraic  equation  D*  —  4  Z)  =  0  arc  0,  2,  —  2,  and  the  solution  for  v  is 

y  =  i— i—  — i— x«  =  Ce^'  f  e-»'<r«'  C c»«x«(dx)«. 
DI>-2D+2        J      J  J        ^  ' 

The  successive  integrations  are  very  simple  by  means  of  a  table.  Then 
y c'l'dz  =  i  iV'  -  i       +  i  e**  +  C^, 

y  =  J* eS'J* e-*  'J* e«*x2(clr)»  =  J{_  Jx«  -  i  +  Ci«-"*+  C,e8')dx 

=  -x>,x«-  ix  +  C,e-a'+  C,e«*+  C,. 

This  is  the  solution.  It  may  be  noted  that  in  integrating  a  term  like  Cje-*'  the 
result  may  be  written  as  CjC-*',  for  the  reason  that  C,  is  arbitrary  anyhow  ;  and, 
moreover,  if  the  integration  had  introduced  any  terms  such  as  2e-*',  J  6,  these 
could  be  combined  with  the  terms  CjC-^',  CjC^',  C,  to  simplify  the  form  of 
the  results. 

In  case  the  roots  are  imaginary  the  procedure  is  the  same.  Consider 

^I|  +  y  =  8lnz   or   (Z)«  +  l)v  =  sini   or   (D  +  <)(D- <)y  =  sinx. 
ox' 

Then         y  =  -—?— —^—dnx  =  fe'^ainx/dx)',  <  = 

The  formula  for  Jtf^  sin  brdx,  as  given  in  the  tables,  is  not  applicable  when 

a'  +  =  0,  as  is  the  case  hero,  because  the  denominator  vanishes.  It  therefore  be- 
comes expedient  to  write  sin  x  in  terms  of  exftouentials.  Then 


y  —  e**  fe-^"  fe^-  ^^(di)*;  for  8inx  = 


2i     L2i       2i  4  *  'J 

Now        C,e- to  ^.  C,e«  =  (C,  +  C,)  l^LLfli'  +  (C,  -  C,)  <  '"'^f*'- 

Hence  this  expression  may  be  written  as  Cj  coez  +  C,sinx,  and  then 

y  =  —  \  x  C06X  +  Cj  coax  +  C,sinx. 

The  solution  of  such  equations  as  these  gives  excellent  opportunity  to  cultivate  the 
art  of  manipulating  trigonometric  functions  through  ex])onentialB  ($  74). 
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96.  The  goneial  mefehod  of  adiition  given  above  maj  lie  oomidexably 
simplified  in  case  the  fonction  Xix)  has  certain  spedsl  forms.  In  the 
fint  place  suppose  ^ as  0,  and  let  the  equation  be  P{p)yt^  %  where 
P{D)  denotes  the  symbolio  polynomial  of  the  trth  degree  in  X>.  Suppose 
the  roots  of  P  (I))  »  0  are  ,  tf,,  •  •  • ,  «^  and  their  respective  moltiplieitus 
are  M|y      *  •  • ,      so  that 


is  annihilated  by  the  application  of  tlie  operator  (Z)  —  a,)"*,  and  ther^ 
fore  by  the  application  of  the  whole  operate  P(I>),  and  must  be  a  solu- 
tion of  the  equation.  As  the  factors  in  P{D)  may  be  written  so  that 
any  one  of  tliem,  as  (/)  —  a,)"!,  comes  last,  it  follows  that  to  eaob  factor 
(JO  —  tti)"^  will  correspond  a  solution 

y, «  ^  (C«  +  C^rfB  + . .  +  CimflfH-^),       p  (D)  ft »  0, 

of  the  equation.  Moreover  the  sum  of  all  these  solutions, 


will  be  a  solution  of  the  equation ;  for  in  applying  P(X>)  to  y, 


Hence  the  general  rule  may  be  stated  that :  2'he  solution  of  the  dif- 
ferenced equaium  P{D)y  =  0  of  the  fftfA  wrder  may  he  found  by  multiply- 
ing each  «r*by  a  poi ynomial  of  (m  —  1)  et  degree  in  x  (where  etisa  root  of 
the  equation  P(D)  s  0  o/muUiplieitymaiid  where  the eo^sfieimOte/the 
polynomial  are  ariOrary')  and  adding  the  reenlte.  Two  observations 
may  be  made.  First,  the  solution  thus  found  oontsins  n  arbitrary  con^ 
stants  and  may  therefore  be  considered  as  the  general  solution ;  and 
second,  if  there  are  imaginary  roots  for  P  (Z>)  =  0,  the  exponentials  aris- 
ing from  the  pure  imaginary  parte  of  the  roots  may  be  converted  into 
trigonometric  funetione. 

As  an  example  take  (D*  —  9D*  4*  s  0.  The  roots  are  1,1,0^0.  Hoioe  the 
solatifm  ia  y  =  ^(Cj  +  O^a)  +  (C.  +  0^). 

Afynif(2>*'|>4)ys<l,then>otiof  2>*-|'4s0ara  ^  1  ±  I  and  tbe  idltttloB  Is 

y  =  Cjea+0«+  C^-0«+  Cge<->+C*+  C^^ei-^-'i' 


is  the  form  of  the  differential  equation.  Now,  as  above,  if 


Hence         y  =  «'»'(Cj  +  C^  +  C^  +  ...  + C^jt*«-») 


(21) 


P(l))y  =  P(J>)y,  +  P(i))y,  + ...  +  P(D)y.  «  0. 
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F  =  «»  4  c«  (f  +  T> +  «-•*«»  t»  + 

ftwitf  'r«««>-*(-^')»  »»»»   Cj ci»x  +  C,«n*  =  Vc;  +     cos (X  +  7). 

,V«^n  if  ;r  is  not  zero  but  if  any  one  soiutwn  I  can  be/uund  so  that 
f.'f,  /—  X,  then  a  solutym  contitinin^  n  urbitrafy  eonttantt  may  be 
/r.in/l  h'j  fiAding  to  I  the  solution  of  /'(/^y  =  0.  For  if 

PiD)l=^X    and    P(i>)y  =  0,    then  (/ +  y)  =  X 

\f,  tY^^ton  remains  to  devise  means  for  finding  one  solution  /.  This 
^AntWtn  /  may  be  fonnd  hy  the  long  method  of  (17'"),  where  the  inte* 
Xf'*f^if*tt  m2Lj  be  shortened  by  omitting  the  constants  of  integration  since 
tA,',j  mvHf  and  not  the  general,  valin^  of  the  solution  is  needed.  In  the 
f(*fmt  imfKirtant  cases  which  arise  in  pr.u>tioe  there  are,  however,  some 
7#Ty  »ihort  cuts  to  the  solution  /.  Tho  solution  /  of  P{I))y  =  A'  is 
f  A^.iA  th'"  pftrtlrular  infrrjntl  of  the  t'4uatiou  and  the  general  solu- 
f  k/,ri  of  I'i  =3  0  ia  called  the  complementary  function  for  the  equar 
f,^»Ti  /'''  h)  y  =  X. 

y.  i that  A'  w  a  polynomial  m  «.  Solve  symboKcally,  arrange 
/'^//;  jfi  'oAfMiding  powers  of  D,  and  divide  out  to  powen  of  D  equal  to 
intlur  of  the  {x>lynamial  X,  Then 

irtfAf th«  remainder  R  (X>)  is  of  A^A^  order  in  D  than  X  iax.  Then 

P(IJf)T^P(D)Q(n)  X  +  J?(D)X,      J?(D)  jr  -  0. 

tt>'t>/^.  Qf/Jjj-  may  1.^  tak.'i.  a.s  /,  siiu'i'  /•(/>)Q(/))A  =  I\D)  I  =  X.  By 
».'  .',  iui'i\t<A  i\\t:  .solution  /  may  U'  iound,  when  A  is  a  polynomial,  as 
,.,l.,>ll>f  n»  I'd))  run  he  diriilnl  inf->  1 ;  the  solution  of  P(J))y  =  0  may 
'I'.A  u  l»y  (lil);  and  the  smn  of /and  this  win  be  the  required 
(K/Jijiioii  ol  l\h)y^X  containing  n  constants. 

An  M  MUMnple  consider  (22*  +  41;*  +  8i>)y  =  x>.  The  work  is  as  folIowH : 
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Vor  £*-f  iS^  +  SDsOUieiootsMre  Oi  —  1,  —  8«ndtiieooinplemeiitai7faiietlim 
or  solution  of  P{D)y  =  0  would  be  Cj  +  C^-*  +  C,e-**.  Hence  the  8oluti<Mi  of 
the  equaiUon  P(i>)  y  =  is 

y=C\+  C,e-»+  C,e-«'+  ix»-  Jx«+  jfx. 

It  should  be  noted  that  in  this  example  /)  is  a  factor  of  P  (D)  and  has  l>een  taken  out 
before  dividing ;  this  shortens  the  work,  f  urthermure  note  that,  in  interpreting 
1/D  ee  Integretion,  the  oomUuit  may  be  omitted  becsnw  any  one  viilae  of  /  wUl  do. 

97.  Next  suppoee  that  X  =  Cc".  Now  De"  =  ae",  D^tf*  =  a*e«*, 
and      P(i>)«-  =  P(a)«"j  heaoe  ^(^)  = 
But       P{D)I^C«r,   andhenoe  /  =  j^^«  (28) 

is  clearly  a  solution  of  the  equation,  provided  a  is  not  a  root  oiP{D)  =  0. 
If  P{<t)  =  0,  the  division  by  /*(«)  is  iinjK)ssible  and  the  quest  for  /  has 
to  be  directed  more  carefully.  Let  a  be  a  root  of  multiplicity  m  so  that 
P  (p)  =  (Z>  —  ayp^ip).  Then 

P,(D)  (D  -  ayi  =  C«-,       ip  -  iiri  =  7^  '^^ 

For  in  the  integration  tlie  constants  may  be  omitted.  It  follows  that 
when  A'  =  Ce",  the  solution  /  may  lie  found  /'//  (/in-rf  s}iht<tit utton. 

Now  if  A'  broke  up  into  the  sum  of  tci  ins  A'  =  A'^  -f  A'.^  +  ■  •  •  and  if 
solutions  /j,  /j,  •  •  •  were  determined  for  each  of  the  ecjuations  P(D)I^=  X^^ 
P(D)  /,  =  A'^  •  •    the  solution  /  corresponding  to  X  would  be  the  sum 

+    -i  >  Thus  it  is  seen  that  the  above  short  methods  apply  to 

equations  in  which    is  a  sum  of  tenns  of  the  fonn  (7«"  or  CtF*. 

As  an  example  consider  —  22^  +  l)y  s  e*.  The  roots  are  1,  1,  —  1,  —  1, 
and  a  s  1.  Hence  the  eolation  fbr  7  la  written  as 

(Z)+ 1)«(D- l)«/  =  e»,      (D-l)«J  =  ie«  7=Jc»*«. 

Then  y  =  «»(C,  +  CjZ)  +  e-«(C,  +  C^z)  +  i  c'z». 

Again  consider  (X)>  —  6i>«h6)y  =  x+  c~.  To  find  the  7,  corresponding  to  x, 

T  1  /l^  6  \  15 

J,  = .   z  =  I  -  H  D  +  •  •  •  I  z  =    X  +  — . 

*     6-bD+n»       \6     36  /       6  36 

Do  find  the  7^  oorreqwnding  to  c^,  substitute.  There  are  three  cases, 


and  /as 
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aeoovdlqg  m  m  li  mithar  S  nor  8,  or  It  S|  or  ii  S.  Honoe  for  tha  oomplole  aolatlon, 

wlian  m  ta  nettber  %  nor  8 ;  Imt  In  tboM  q^edal  oMes  tbe  renlta  are 

The  next  case  to  oonaider  is  where  JT  is  of  the  form  qob  fix  or  sin  fix. 
If  tiiese  trigonometrie  fnnetiona  be  eipreBBed  in  temna  ci  exponentials, 
the  eolation  may  be  oondnoted  by  the  method  above;  and  this  is  per> 
haps  the  best  method  when  ±  ^  are  toots  of  the  eqnation.P(2>)  «  0. 
It  may  be  noted  that  this  method  would  apply  also  to  the  case  where 
X  might  be  of  the  f  onn  oob  fix  or  iF' sin  fix.  Instead  of  splitting  the 
trigonometric  functions  into  two  «ponentiaIs,  it  is  possible  to  combine 
two  trigonometric  functions  into  an  esponentiaL  Thus,  consider  the 
equations 

P(D)y  =  €"  cos  fix,       P  (D)  y=e"  sin  fix, 
and  P(D)y  =  e"  (cos  fi.r     iainfix)  =  e^'* (24) 

The  solution  /  of  this  last  e<] nation  may  hp  found  and  split  into  its 
real  and  imatjinary  parts,  of  which  the  real  part  is  the  solution  of  the 
equation  involving  the  cosine,  and  the  imaginary  part  the  sine. 

When  X  has  the  form  cos  fix  or  sin  fix  and  ±  fii  are  not  roots  of  the 
equation  P{D)  —  0,  there  is  a  very  short  method  of  linding  /.  For 

D*  cos  jftr  =  — /S*  008  jgar    and       sin  )ftc  =  —  )3*  sin /Sic. 

Hence  if  P{D)  be  written  as  P^C^  4-  DP.^(iy^  by  collecting  the  even 
terms  and  tbe  odd  terms  so  that  /\  and  P^  are  both  even  in  D,  the 
solution  may  be  carried  out  symbolically  as 

-    _1_  1   1  

By  this  device  of  substitution  and  of  rationalization  as  if  D  were  a  surd, 

the  differentiation  is  transfenred  to  the  numerator  and  can  he  performed. 
This  method  of  procedure  may  be  justified  directly,  or  it  may  be  made 
to  depend  upon  that  of  the  paragraph  al>ove. 

Consider  the  example  (D*  +  l)y  =  cosi.  Here  =  i  is  a  root  of  Ifi  +  \  =  0. 
Am  an  operator  is  equivalent  to  —  1,  and  the  rationalization  metliod  will  not 
work.  If  the  first  solution  be  followed,  the  method  of  solution  is 

If  tbe  noond  ioggaitioin  be  foUowed,  the  aoltttioB  may  be  found  follows: 


or 
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(!>«  + 1)1  =  coax +  i«n«  =  e«,      /  =  ^^i-^  e**  = 

„  -     X  ,        ....     1     .        1  . 

Now  Is  —  (co8x  +  1 8in  i)  = -X  Bin  X  —  -  u  C08X. 

Si  2  2 


1sb|siIiis      lor  (D*  +  l)/  =  coes, 

and  I=  —  \zc(wx   for   (T)' +  1) /  =: ains. 

The  complete  solution  is  y  z=  C^  cosx  +  Cj  sin  x  +  \x  sin  x, 
and  for  {Ifi  +  1)  y  —  sin  i,  y  =  C,  cosx  +  ('„  niii  x  —  \  z  cosx. 

As  Huother  example  take  (/>*  —  3  7^  +  2)  {/  =  co.sx.  The  roots  arc  1,  2,  neithei 
is  equal  io  ±     —        and  the  method  of  rationalization  is  practicable.  Then 

r  1  1  l  +  82>  1,  «_,  » 

x?3s^     tztd~* = -10^  ""^^^  ro<~**  - 

The  complete  solution  is  y  =  C,«-'  +  Cge-«'  +  (cosx  —  Ssinx).  The  extreme 
dmpUd^  of  this  lolwtltotlop-nitfomlliatloa  method  b  notowoitlqr. 


1.  ^  the  geoenl  meUiod  aolT»  the  eqnaUoiM: 

7)  (I>«-4I>  +  2)y  =  x,  (3)  (Z)«  +  D«-4D-4)y  =  x, 

f)  (D»  +  5D«  +  62))ysae,  (f)  (^^  +  i>+ 1)V  = 

,)  (I3«  +  D+l)»  =  eliHje,  (l>^-4)y»«  +  ^^ 

l)  (D*  +  SD  +  2)y=:X  +  c08i,         (it)  (7)*-4^y=  1-sinx, 
X)  (I>«  +  l)y  =  co8x,         (m)  (IJ^  +  l)y  =  8ocx,        W         l)y  =  tanx. 

2.  By  the  rule  write  the  soluUone  of  these  equations : 

a)  (D«  +  8D+ 2)1^  =  0,  (/3)        +  8D»  +  D- 6)v  =  0b 

7)(D-l)»y  =  0,  (a)  (D«  +  22>»+l)y  =  0, 

«)  (l)^'8D>-|.4)ysO^  (r)  (I»«~D»~9I)i-llI>-4)vz=0^ 

V)  (7)»-6J^+9Z))v  =  0,  ((9)  (/)♦- 4  7>»  + 8Z>»-8D  +  4)yaO, 

i)  (D»-2Z^  +  D»)y  =  Oi  +/>){/ =  0, 

X)  (/>♦_        =  0,  (m)  (2)»-  13/>»  +  20  7/»  +  82D+  104) y  =  C. 

3.  By  the  short  method  eolve  (7),  (3),  {<)  of  Ex.  1,  and  also : 

a)  (D«-l)i/  =  x\  (/3)  (D*-6I>»+ lll>-6)i^  =  x, 

.)  (J5«  +  8)i/  =  x*  +  8»+*l,  (f)  <D»-8D«-  2)+  3)y  =  z«, 

,)  (D«-2D«  + J3i)y  =  «,  {8)  (7>«  + 27)»  + 3 //*  +  2D+ l)y=il+x+xt 

.)  l)y  =  I«,  («)  (7>*- 2I>»  +  7>^y  =  x*. 

4.  By  the  short  method  eolve  (a),  (/S),  (^)  of  Ex.  1,  and  al.no  : 

a)  (JD8-3I>  +  2)y  =  e*,  03)  (D*  -  U*  -  3     +  6 1>  -  2)y  =  e»«, 

7)  (1>» -  8D+  l)y  =  e«,  (3)  (Z)« -  8U«  +  4)y  =  c»», 

«)  (JD«  +  l)y  =  2e»  +  j(^-«,  (f)  (D«  +  1)|^  =  8  +  c-«  +  5€««, 

If)  (D*  +  2Z)a+  l)i/  =  e'  +  4,  {0)  (7)«  +  S />»  +  8D  +  l)y  =  2e-', 

t)  (D«- 2  7J)y  =  c^' +  1,  («)  (/>»  +  2D«+  /)) y  =      +  x«  +  a, 

X)  (D«-o*)y  =  e«  + e^,  0*)         8«D+ a«)y  a  e*  +  1. 
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8.  Solve  ligr  the  abort  method  (t)*  <t)t  («)  of  Ex.  1,  and  alio : 
(ff)  (D«-2>-8)ysaiii«,  (J)i^.Sl>+ l)vs8^''eoss, 

(7)  {TP+  4)i^  =  2«  + coe«,  («)  (23»+  />»  -  D -  l)y  =  cos2x, 

(e)  +  l)2y  =  C08X,  (f)  (7)«- IP  +  /)- l)y  =  c-osx, 

(i,)  (i;»-6Z)+0)|/  =  co«x-e«',      (*)  (I>»-2i>»-3X>)i/=3x»  +  Hinx, 

(()  (I>i-l)«V=:RlliaK,  (*)  (l}*-|>SI>-(>S)ys^>Blll2, 

(X)  (D*-  l)v  =  c'cos«»  (m)  {D*-8L»+4D-2)y  =  c'  +  ooeSJ, 

(r)  (X^-SD-l- 4)ys««ain«,         (•)         4)y^dnaz+ c  +  x^, 

(r)  (D*-|-l)y  =  aln|«dn|x,  (D»4- l)vs^'«tns  +  «9eliitj^. 

(»)  (D«  +  4)y  =  8ln««,  (t)  (I>*  +  32Z>  + 48)i/  =  »e-««  +  ^*ooe2t« 

e.  If  XhM  tbo  fonn  e-X.,  ahov  that  I  m        e^X.a     -—^  X.. 

This  enable*  the  aolntton  of  eqnatloiui  where  X,  la  a  polynomial  to  be  obtained  bj 

a  short  method ;  it  also  g^vea  a  waj  of  treating  equations  where  A'  is  e"  cm  fix  or 
c"8in^,  but  is  not  an  iinprovcnu'nt  fui  (24)  ;  finally,  combined  with  the  second 
suggestion  of  (24),  it  covers  the  cai^e  where  A'  Ik  the  product  of  a  sine  or  cosine  by 
a  polynomial.  Sotre  1^  this  method,  or  partly  by  thia  method,  of  Ex.  1 ;  (k),  (X), 
(')!  <p)«  (T)  of  Ex.  5;  and  alao 

(a)  (ll*-SD+l>y»«M',  (A  (D* +  82)* 4  Sl>+l)ys 

(y)       +      y  =  x«e',  (8)  {D*  -  2  Ifi  -  S  Ifi  +  iD  +  4)y  zstfle*, 

(c)  (/>«- 7/J-6)j/  =  e2'(l  +  »),  (f)  (/>- 1)2^/ =  (-■  +  C08X  +  X»C-', 
(n)  {IJ  -       =  X  -  x»e',  {$)       +  2)y  =  xV'  +  c  co82x, 

(t)  (D"-l)ysM«+oo^s,  (v)  (i}>-l)y»SBlns4-(l  +  «^e', 

(X)  (D«  +  4)y  =  X8inx,  (m)  (2>*  +  2IJ«  +       =  x«  cos  ox, 

(»)  {L^  +  4)y  =  (X ain2)S  (•)  (iJ*  -  2D  +  4)3y  =  xe< coa  VSx. 

7.  Show  that  the  anbaUtatIoasBe<,Bz.tt,ik.  168,  ebangeeequationB  of  the  l7pe 

j^l>*y  +  aiX»->2>"''>y  +  <>*  +  aw-ixI>y+ Oi^s (9(0 

into  eqnationa  with  oonatant  ooettclenta ;  alao  that «»  +  ft  =  ^  would  make  a  almt- 
lar  idmpliflcatioii  for  eqoationa  whoee  ooeffldeota  were  powers  of  az  +  b.  Hence 
integtate: 

(a)  (x«D«-xD+2)y  =  xlo-x,  (/S)  (x»D» - 1'/)"  +  2xD -  2) y  =  x«  +  8«, 

(7)  [(2x-l)»i>'  +  (2x-l)i3-2]y=0,     (S)  -f  SxD  +  1) y  =  (1  - 

(f )  (x»D»  +  xD-  l)y  =  X  logx,  (f)  [(x  +  l)^U^  -  4(x  +  \)D  +  6Jy  =  x, 
(n)  (iE^JJ*  +  4ai>  +  S)ya^,  (0)  («*2J«'8aPD+2)y=  logs  tin  logs +1, 

(0  (s^D*  +  6^11*  +  4aj*J)' -  SxD-  4)y  s +  Sooalogs. 

S.  If  £  be  aelf-lndaettoiif  B  nalatanca,  C  capacl^,  i  comnt,  q  chazge  npon  the 
plates  of  a  condenser,  and/(0  the  eteetramottve  fone,  then  the  differential  eqoa- 
tiona  for  the  circuit  are 

.  -  (Pq     Rdti       q       1   ..^         .     (Pi     R  di       i  1 

8olve  (cr)  when  / (/)  =  e-  sin  W  and  (^)  when / (t)  =  sin  Reduce  the  trigonometric 
part  of  the  particular  solution  to  the  form  K  sin  {U  +  7).  Show  that  if  £  is  small 
and  ft  la  neady  equal  to  the  amplitude  JT  la  laige. 
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M.  Simultaneous  linear  equations  with  oonstant  coefficients.  If 

there  he  given  two  (or  in  general  n)  linear  equations  with  omstant 

coefficients  in  two  (or  in  general  n)  dependent  variables  and  one  inde- 
pendent variable  t,  the  8ymlx>lic  method  of  solution  may  still  be  used 
to  advantage.  Let  the  equations  l)e 

(c.i>''+c,i>'-»  +  ..-+c,)*+0'o/>'4-^,/>'-^  +  .-  +t/,)y  =  .S(0,  ^ 

when  thore  are  two  variables  and  where  D  denotes  differentiation  by  t. 
The  equations  may  also  be  written  mote  briefly  as 

P,(D)x  +  Q^(D)y^R   and   P^2))a:  + <y0)y  =  5. 

The  ordinary  algelvaie  process  of  solntion  foraeand  y  may  be  employed 
because  it  depmds  only  on  such  laws  as  are  satisfied  equally  by  the 
symbols  D,  Pi(/>),  Qi(D),  and  so  on. 

Hence  the  solution  for  .r  :uul  1/  is  found  by  multiplying  hy  the  «p- 
propriate  coefficients  and  adding  the  equations. 


Then       IP,(D)  Q^(D)  -  P^(D)  Q,(7))]  X  =  0,(7))  R  -  Q,(D)  5, 

It  will  be  noticed  that  the  coefficients  by  which  the  equations  are  multi- 
plied (written  on  the  left)  are  so  chos(>n  as  to  make  the  coefficients  of 

ar  and  y  in  the  solved  form  the  same  in  sign  as  in  other  respects.  It  may 
also  be  noted  that  the  order  of  P  and  Q  in  the  symbolic  products  is  im- 
material. r>y  expanding  the  operator  /*,(/>)  Q^(D)  —  P^(!>)  Qii^^)  ^  certain 
polynomial  in  f)  is  obtained  and  by  applying  the  operators  to  R  and  >' 
as  indicate  d  cfi  tain  functions  of  t  are  obtained.  Ejich  equation,  whether 
in  ar  or  in  >/,  is  quite  of  the  form  that  has  been  treated  in  §§  95-97. 

As  an  ezsmple  consider  the  solution  for  x  and  ;/  in  the  case  of 

Or  (^X»-4)x-Dy  =  21,       8Ite  +  (4I>-8)y  =  0. 

SolTe  4D-8|  -SD  I  (SD>-4)z-IVsSt 

D      |siJ>-4|      SAB  +  (4i7-8)y  =  0. 
Then  [(4X>-8)(2II«-4)  +  SD*]sb(4D>8)SI, 

[2D>  +  <2J3*~  4)(4I>~  8)]y  =  -  (2l>)2t, 
or     4(Si)»>i)>-4J)4'8)xs.8-6(,      4(2JD"-D^-4D+8)ys -4. 

The  roots  of  the  polynomial  in  D  arc  1,  1,  —  ;  and  the  particular  lohitkm  l^fot 
S  is  —  i  <,  and  I,  iory\a  —  \.  Hence  the  solutions  have  the  form 
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The  arbitrary  constants  which  are  introduced  into  the  solutions  totx 
and  y  are  not  independent  nor  are  they  identical.  The  solutions  must 
he  substituted  intn  orir  nf  the  erptatiotui  to  establish  the  necessary  relations 
between  the  constants.  It  will  be  noticed  that  in  general  the  order  of  the 
equation  in  D  for  x  and  for  y  is  the  suui  of  the  orders  of  the  highest 
derivatives  which  oocnr  in  the  two  equations, — in  this  case,  3^2  +1. 
The  order  may  be  diminished  hj  caoceUations  which  ooenr  in  the  formal 
algelvaio  Bolutions  ttax  and  y.  In  fust  it  is  oonoeivable  that  tlie eoeffip 
dent  PjQ,  —Pfix  ^  V  ^^^^  solved  equations  should  vanish  and 
the  solution  liecome  illusory.  This  case  is  of  so  little  consequence  in 
practice  that  it  may  be  dismissed  with  the  statement  that  the  solution 
is  then  either  imjx)S8ible  or  indeterminate;  that  is,  either  there  are  no 
functions  x  and  y  oi  t  which  satisfy  the  two  given  differential  equations, 
or  there  are  an  infinite  number  in  each  of  which  other  things  than  the 
oonstants  of  integration  aie  arlntrary. 

To  finish  the  example  above  and  determine  one  set  of  arbitrary  cx)nstantl  In 
terms  of  the  other,  uubstitute  in  the  second  differential  equation.  Then 

2  ifiyff  +        +         -  I  Cge"  1 '  -  i)  +  4  (A',.'  +  A     +  K.M'  -  i  K^r  t ') 

-  8  (A'le*  +  A>-  +  A,t-  J '  -  i)  =  0, 
or        c*(2  C,  +  2  C,  +  A',  +  A',)  +  le*{2  C,+  IT,)  -  8 «"  i  '(C,  +  8  A-,)  =  0. 

As  the  teniis  r*.  te',  e'  i '  are  independent,  the  linear  relation  between  them  osd 
hold  only  if  each  of  the  coefHcients  vanislien.  Hence 

C,  +  8A',  =  0,      2Cj  +  A',  =  0,      2C, +  2C,  + A',  +  A',  =  0, 

and  O,  =  - 8  A",,      2 C,  =  -  A',,      2C^  =  -K^. 

Hence  x  =  (C,  +  Cjf ) c* -  8  Jr,e- J ' -  Jf,      y  =  -  2(C,  +  C,l)e' +  K,e~l*- \ 

are  the  tinished  solutions,  where  C| ,  ,  are  three  arbitrary  constants  of  inte- 
gration and  might  equally  well  be  denoted  bf  C|,  C,,  C,,  or  JT^,  JIT,,  IT,. 

M.  One  of  the  most  imiK»vtant  applications  <tf  the  theory  of  eimiilteneoiaaeqaa- 

tlons  with  constant  coefBcients  is  to  fAe  tikeory  i^f  imaU  vflralioM  ateul  a  state  qf 

equilibrium  in  a  conservative*  dynamical  ^/stem.  If  7, .  7,.  •  •  • ,  7,  are  n  coordinates 
(see  £x8. 1&-20,  p.  112)  which  specify  the  position  of  the  system  measured  relatively 

*  The  potential  energy  Fla defined  aa  ->dFs  d1F»  Qi^t  +  QMt -I- <M|kit 

%h—  <*t  ^  +  '1      +  ^1  r-  +««*  +  Xir — K  r«-r-  +&it=' 

f'/i  (^li  cqi  0qi  eqi 

This  is  the  immediate  extensioo  of  Q|  as  given  in  Ex.  19,  p.  112.  Here  dW  denotes  the 
difl^mitfaa  of  woik  and  dW=  ZFfHlr{s  Z(jri(b<+  Yt^i  +  Ztiti).  To  tod  ^  It  !§ 

generally  quickest  to  compute  d  W  from  this  relation  with  dxi ,  dpi ,  r/r,  expr^ s*ted  in  tenim 
of  the  differentials  dqi,"<,  cfg..  The  generalized  forces  Qt  are  then  the  coefficients  of 
dqt.  If  there  It  to  be  a  potential  r,  the  dlfferentiaid  IT  most  be  exaet  It  it  freqneatly 
easy  to  find  V  dirortly  in  tcmis  of  ^j,  7,  rnthor  than  through  the  mediation  of 
Ql*  "*•  Q»'<  wht>n  tliiH  is  not  .so,  it  is  usually  better  to  leave  the  equations  in  the  form 
d         S  T 

:srr"  —  r—  =  Q4  rather  than  to  introduce  V  and  L. 
OK  Ofi  Of  I 
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to  a  position  of  stable  eqiiilibrium  in  wfaleh  all  the  9*«  wUih,  tbe  dttTtlopniait  of 
the  potential  eneigy  by  Maclaurin's  Vofimila  give» 

when  the  flnt  term  is  constant,  the  seoond  is  linear,  and  the  third  is  quadnitikl^  Mid 
where  the  supposition  that  the  7*8  take  on  only  .snmll  valups,  owiii^'  u^  the  restriction 
to  small  vibrations,  shows  that  each  term  is  inlinite.siiual  with  resp«ct  to  the  preced- 
ing. Now  the  MOitanttera  may  bs  neglected  In  any  expraalon  of  po^^ 
At  the  podtlon  when  all  the^^sue  0  is  Mnuned  to  he  one  of  eqaiUhiiaoi,  the  foioee 

moflt  ell  vanUh  when  the  9*1  ere  0.  This  ihowi  that  the  ooefllolenta,  {BV/99t)t  ss 

of  the  linear  expression  are  all  zero.  Hence  the  first  term  in  the  expansion  is  the 
quadratic  term,  and  relative  to  it  the  higher  terms  may  be  disregarded.  Ah  tlio 
position  of  equilibrium  is  stable,  the  system  will  tend  to  return  to  the  position 
whete  all  the  9*e  are  0  when  It  to  aUghtly  displaced  from  that  podtkm.  It  follows 
that  the  quadniio  ezpreesion  most  be  definitely  poHitive. 

The  kinetic  energy  is  always  a  quadratic  function  of  the  velocities  ,  v^,  •  •  • ,  7, 
with  coefficients  which  may  be  functions  of  the  q's.  If  eacli  coefficient  be  expanded 
hy  the  Maclanzin  Formula  and  only  the  first  or  constant  term  be  retained,  the 
Idnetio  eoeigy  becomes  a  qnadmUo  fanethm  with  ooiistant  ooefflelei^  Heaoethe 
Ligraogian  fnnotion  (of.  |  UN) 

i  =  r-  F=  Ttf, ,  #g, . -  Ffe,,  ft,  •  •  *, 

when  sabatitated  In  the  formulae  for  the  motion  of  the  sTStem,  gtres 

dtdi^  ai,~  •    dcat^  eg,"  *    "*  dtdi»  ag."  • 

a  set  of  eqoations  of  the  seoond  order  with  constant  coefHolents.  The  eqoatlone 

moreover  involve  the  operator  2> only  thiough  its  square,  and  the  roots  of  the  equ»> 
tion  in  D  must  be  either  real  or  pure  imatrinary.  The  pure  ima^jinary  roots  intro- 
duce trigonometric  functions  in  the  solution  and  represent  vibrations.  If  there  were 
real  roots,  which  would  have  to  ocenr  in  pairsi  the  positive  root  wotdd  represent 
a  term  of  exponential  form  which  would  increaas  indefinitely  with  the  time,  —  a 
result  which  is  at  variattre  iKith  with  the  a.<^«timption  of  Stable  equUibiiom  and 
with  the  fact  that  the  energy  of  the  system  is  constant. 

When  there  is  friction  in  the  system,  the  forces  of  friction  are  supposed  to  vary 
with  the  veloeitlee  for  small  Tibrations.  In  tbto  ease  there  exists  a  dissipative  fnno- 
tion J^(4|t  ify"-,  in)  which  is  qtiadratic  in  the  velocities  and  may  be  assumed  to 
have  constant  coefficients.  The  etjoattons  of  motion  of  the  system  then  become 

which  are  still  linear  with  constant  coettioient-i  but  involve  first  powers  of  the 
operator  D.  It  is  physically  obvious  that  the  roots  of  the  equation  in  D  must  be 
negative  ff  real,  and  most  have  their  real  parts  negative  If  the  roots  are  oomplez ; 
for  otherwise  the  energy  of  the  motion  would  incresss  tndeflnitely  with  the  time, 
whereas  it  is  known  to  be  steadily  dissipating  its  initial  enrr!^.  It  may  be  added 
that  if,  in  addition  to  the  internal  forces  arising  from  the  potential  V  end  the 
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f Fictional  forces  arihinp  from  iho  dissipative  function  F,  there  are  other  force* 
impreased  ou  the  system,  these  furces  would  remain  to  be  inserted  upon  the  right- 
haiid  tide  of  the  eqnstiom  of  iiioti<m  jut  i^ven. 

The  fact  that  the  equations  for  simll  Tibrations  lead  to  equations  with  oonstant 
coefiBcients  by  neglecting  the  higher  powers  of  the  variables  gives  the  important 
physical  theorem  of  the  superposition  of  small  vibrations.  The  theorem  is :  If  with 
ft  oflitalii  Mt  of  ialtiftl  oondltioitt,  a  qrotem  execntw  ft  ceitain  notion ;  and  If  with 
ft  diiferent  set  of  initial  conditions  taken  at  the  Mme  initlel  time,  the  system 
executes  a  sec(ni<l  motion ;  then  the  system  may  execute  the  motion  which  consisf.s 
of  merely  adding  or  superposing  these  motionti  at  each  instant  of  time  ;  and  in 
particular  this  combined  motion  will  he  that  which  the  system  would  execute  under 
initial  oonditlona  wliich  are  found  bj  simply  adding  the  oorreepondlng  Talnee  in 
the  two  lets  of  initial  conditione.  TUstheoiemliof  ooinwftmereooxolleiyaf  the 
lineftrity  of  the  equ&tions. 

EXERCISES 

1.  Integrate  the  following  fljatemB  of  equations : 

{a)  Dx-Dy  +  x-  <-os  f,  iJ^x  -  Dy  +  Sx  -  y  = 

(7)  I«B-8«-4f  =  0,  D>ir  +  s-f  lf  =  Ob 

^  '  y-7x     2x  +  5y     ^         ^'  3x  +  4y  Ss+6y 

(f)  iDx  +  2  (r  -  J/)  =  1,  tDy  +  x  +  by^t, 

{if)  Dx  =  ny  —  mz^  Dy  =  Is  —  nx,  De  =  mz  —  {y, 

S.  A  pftrtide  tlbntes  without  f rfetion  vpoa  tlie  inner  snifftee  of  ea  dllpaoid. 

Diwose  the  motion.  Take  tlie  eUlpeoId  as 

S.  Seme  ae  Eic  i  wlien  fxiction  vftrice  with  the  Telool^. 

4.  Two  heftyy  pftrticlee  of  equal  mam  an  attached  to  a  light  etring,  one  at  the 

middle,  one  at  one  end,  and  are  suspended  by  attaching  the  other  end  of  the  string 
to  a  fixed  jmint.  If  the  particles  are  nlightly  displace<l  and  the  osrillations  take 
place  without  friction  in  a  vertical  plane  containing  the  fixed  point,  diiscuss  the 
motion. 

'  5.  If  there  be  given  two  electric  circuits  without  capacity,  the  equations  are 

where  ij,  i,  are  the  currents  in  the  circuits,  L|,  are  the  coefficients  of  self- 
induction,  J2|,  fi,  axe  the  reeietanceB,  and  Jf  l« die coefBdentof  mutual  Induetton. 
(or)  IntQgiftte  the  equations  when  the  impressed  electromotive  foxeaeX|,  are 
zero  in  both  circuits,  (fi)  Also  when  £"2  =  0  but  J?,  =  sin  pt  is  a  periodic  force. 
(y)  Discuss  the  cases  of  loose  coupling,  that  is,  where  M*/L^L^  is  small ;  and  the 
oaae  of  cloae  coupling,  tliat  la,  where  ii*/L^L^  ia  nearly  unity.  What  Taltiea  for  j> 
are  «q>eciall7  notewotthy  when  the  dan^ng  ia  amall  f 
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6.  If  the  two  drouits  of  Kx.  5  have  capacities  C^,  C,  and  if  fj,  m  the 
charges  on  the  ooiMleneen  ao  (bet  i^ssdq^dt,  ^sdgg/dt  we  the  ouneDte,  the 

equations  are 

Integrate  when  the  resistAnces  are  negligible  and  £i  =  E^  =  0.  If  Tj  =  2ir  V  C',L, 
and  r,  =  2  y  v  C',L,  are  the  periods  of  the  individual  separate  circiiita  and 
e  s  iwUVc^^^  and  if  7„  show  tliel  Vr»  +  e»  end  V3P«-e^  ere  the 
IndepoidMit  perlode  In  the  coupled  cireiiile. 

7.  A  uniform  beam  of  weight  6  lb.  and  length  2  ft.  is  placed  orthogonallj 
across  a  rough  horizontal  cylinder  1  ft.  in  diameter.  To  each  end  of  the  beam  is 
suspended  a  weight  of  1  lb.  upon  a  string  1  ft.  long.  Solve  the  motion  produced 
by  giving  one  of  the  weights  a  slight  horizontal  velocity.  Note  that  in  finding  the 
klnetio  eneigy  of  the  beam,  the  beam  may  be  eonddeied  as  rotating  about  ite 
middle  point  (§«). 
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ADDITIOHAL  TYPES  OF  ORDIHARY  SQUATIOHS 

100.  BqnatlMt  of  llM  int  0fdar  and  higher  degree.  ThA  degree 
a  difPeiential  equation  is  defined  as  the  degree  of  the  deriTative  of 
highest  Older  which  enters  la  the  eqnation.  In  the  case  of  the  equation 
^(^»  y,  y*)** 0  of  the  first  order,  the  degree  will  he  the  degree  of  the 

equation  in  y*.  From  the  idea  of  the  lineal  element  ($  85)  it  appears 
that  if  the  degree  of  4^  in  y'  is  %  there  will  be  » lineal  elMoents  through 

each  point  (x,  y).  Hence  it  is  seen  that  there  are  n  curves,  which  are 
compounded  of  these  elements,  passing  through  each  point.  It  may  be 
pointed  out  that  equations  such  as  //'  =  1  +  //,  which  are  apparently 
of  the  first  degree  in  y\  are  re.ally  of  higher  degree  if  the  multiple  value 
of  the  functions,  such  as  Vl  -f  y",  which  enter  in  the  e(juation,  is  taken 
into  consideration }  the  equation  above  is  replaceable  by  y'''  = 
which  is  of  the  second  degree  and  without  any  multiple  valued  function.* 
First  suppose  that  the  diffBrewtial  equation 

♦    yi  y ')  =  0 '  -      y)]  X  [y '  - y)  ]  •  •  —  0  (i) 

may  he  eohed/or  y*.  It  then  heeomes  equivalent  to  tiie  set 

y'  -      y)  =  0,       y'-  U^,  y)  =  o,  •  •  •  (i') 

of  equations  each  of  the  first  order,  and  eacli  of  these  may  be  treated 
by  the  methods  of  Chap.  YIIL  Thus  a  set  of  integrals  t 

may  be  ohlained,  and  the  product  of  these  separate  integrals 

y,  C')  =  /=\(ar,  y,  C)  F^z,  y,  C)-  -  =0  (2') 

is  the  complete  solntion  of  the  original  equation.  G^eometrioally  speak- 
ing, each  integral  F^Xf  C)^0  represents  a  family  of  onrres  and  the 
product  represents  all  the  families  simultaneously. 

*  It  to  therefore  apparent  that  tiie  Idea  of  degree  as  applied  in  practice  is  somewhat 
indefinite. 

t  The  Hune  eoutaat  C  or  any  detited  function  of  C  may  be  used  in  the  different 
■alditom  beeanae  C  to  an  axbltiaiy  constant  and  no  apecialization  to  introdaced  by  its 
npaatod  naa  In  Chto  mf . 
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AsMie9auiipteooiirider/*<|'SyVootssy<.  Soho. 

y«+  Sy'y  eots    y"oolPs  «  ^1    oot^«) »  y*«ie^c, 
^  +  ]rooks— yoNs)(y'<f  iroot8  +  yeies)sO. 

TImm  •qoAtloM  both  eonw  imdar  tin  type  of  vaiUblM  MpM*^  IntQgnte 

y       slnz             I  +  OOBX       ^  '  * 

and  3a  —  —  diBs-  -,     yfl  — ooodAs  C. 

y  8in  i:  1  —  C082 

Hence  +  coax)  +  C][y{\  —  co»x)  +  C]  =  0 

b  Um  M^vtion.  It  niAy  be  put  in  a  different  form  bj  multiplying  out.  Then 

1^rin*x  +  2  Cv  +  c«  =  0. 

If  the  equation  caiuiot  be  solved  for  i/'  or  if  tiie  equations  resulting 
from  t^e  solution  cannot  be  integrated,  this  fint  method  fails.  In  that 
oaae  U  may  be  pottSbU  to  aUve  for  y  or  for  x  and  treat  the  equation  bgr 
diffeientialion.  Lety'=:|».  Then  if 

The  equation  thus  found  by  differentiation  is  a  differential  equation  of 
tha  first  ord«r  in  dp/dx  and  it  may  he  solved  by  tiie  methods  of  Chap, 
ym  to  find  Fijpf     C)  s  0.  The  two  equationa 

y=f(.^>P)  and  F(p,x,C)=0  (3') 
may  be  regarded  as  defining  x  and  y  parametrically  in  terms  of  />,  or  p 
way  be  eliminated  between  them  to  determine  the  solution  in  the  form 
O  (x,  i/f  C)  =  0  if  this  is  more  convenient.  If  the  given  differential  equa- 
tioa  had  been  Bolved  for  a;,  then 

-/(y.^)   and  14  =  ^  +  11-  (4) 

The  resulting  equation  on  the  right  is  an  equation  of  the  first  order  in 
^/djf  and  may  be  treated  in  the  same  way. 

As  an  ezsoq^o  take  ^  —  Syp  •)>  as  s  0  and  solve  for  y.  Then 

A  .  a»       .dy    .         ,    dp    ax  dp  ,  a 

or  — Fp  — -1  — +     — =  0,  or  tdp^piz^O. 

Pi      pjdx    \p  / 

The  solntioii  of  this  equation  is  s  s  Cp.  The  soiatkm  of  the  given  equation  ia 

P 

when  ej^reaed  par&metric&lly  in  terms  of  p.  If  p  be  eliminated,  then 

X* 

ipss^  +  aC  parabolaa. 
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Aaaiiotlier«nii^talwj»*y'|>SjWBy  aadtolvefors.  ThtD 

/I      \       ^dx    2    I       .    /     1  Adp 

or  p'^^'*'^{jt'^^)%~^  ^  v^  +  fdHfs^ 

The  aolution  of  this  Is  jiy  s  C  and  the  solution  of  the  giren  equstion  Is 
2s  =  v^^  — 1>^,    PV^C,  or  f*B2C!B+C*. 

Two  special  types  of  equation  may  be  mentioned  in  addition,  although 
their  method  of  solution  is  a  mere  corollary  of  the  methods  already 
given  in  general.  They  are  the  equation  homogenemts  in  (or,  if)  and 
Clairauf-s  equation.  The  general  form  of  tlie  homogeneous  equation  is 
^C^i  yj'"^)  ^  ^*         equation  may  be  solved  as 

P  =  ^l^  oraa  ^  y^^fip)}  (5) 

and  in  the  first  case  is  treated  by  the  methods  of  Chap.  VIII,  and  in 
the  second  by  the  methods  of  this  article.  Which  method  is  ohoaen 
feats  with  the  solver.  The  Clairant  type  of  equation  is 

and  oomes  directly  under  the  methods  of  this  article.  It  ia  especially 
noteworthy,  however,  that  on  differentiating  with  respect  to  » the  reanlt- 
ing  Mvation  is  j„ 

[«+/(rt]i-o  «  *-a  iV) 

Hence  the  solution  for  is  />  =  C,  and  tlius  y  =  Cx  +  f(C)  is  the  solu- 
tion for  the  Clairaut  e(]uation  and  represents  a  family  of  straight  lines. 
The  rule  is  merely  to  sul>stitute  C  in  plaee  of  />.  This  ty{»e  (xeurs  very 
frequently  in  geometric  applications  either  directly  or  in  a  disguised 
form  requiring  a  preliminary  change  of  variable. 

101.  To  this  point  the  only  solution  of  the  differential  equation 
ff(Xf  y,  p)^0  which  has  been  considered  ia  the  general  MduHon 
F(xf  C)a  0  containing  an  arlntraxy  constant  If  a  special  yalue, 
say  2,  ia  given  to  C,  the  solution  F(x,  y,  2)ss  0  is  called  a  partieuiar 
tehUiim.  It  may  happen  that  the  arUtiaxy  constant  C  entera  into  the 
expression  F(x,  y,  C)=0  in  such  away  that  when  C  becomes  positively 
infinite  (or  negatively  infinite)  the  curve  Fix,  y,  C)  =  0  approaches  a 
definite  limiting  position  which  is  a  solution  of  the  differential  equation} 
such  solutions  are  called  infinite  solutions.  In  addition  to  these  types 
of  solution  which  naturally  group  themselves  in  connection  with  the 
general  solution,  there  is  often  a  solution  of  a  different  kind  which  is 
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known  ts  the  smffuhr  solutUm.  There  are  several  different  definitumB 
for  the  singular  solution.  That  which  will  be  adopted  here  is :  A  «tii^ 
lar  wolution  i»  the  mwelepB  of  the  family  of  tmrwM  defined  hy  tke 
goneral  9olution, 

The  consideration  of  the  lineal  elements  (f  85)  will  show  how  it  is 
that  the  envelope  (§  65)  of  the  family  of  particular  solutions  which 
constitute  the  general  solution  is  itself  a  solution  of  the  equation.  For 
consider  the  figure,  which  represents  the  particular  solutions  broken  up 
into  their  lineal  elements.  Note  that  tlie  envelope  is  nuide  up  of  those 
lineal  elements,  one  taken  from  eaeh  ])articular  so- 
lution, which  are  at  the  points  of  eonUutt  of  the  envelope 
envelope  with  tlu*  curves  of  the  family.  It  is  seen 
that  the  envelope  is  a  curve  all  of  whose  lineal 
elements  satisfy  the  ecjuation  *^-r,  y^j/j=  0  for  the 
reason  that  they  lie  upou  solutions  of  the  equation.  Now  any  curve 
whose  lineal  elements  satisfy  the  equation  is  by  definition  a  sdntaon 
of  the  equation;  and  so  the  envelope  must  be  a  solution.  It  might 
GonceivaUy  happen  that  the  family  F{Xf  C)  a  0  was  so  oonstitnted 
as  to  envdope  one  of  its  own  curves.  In  that  case  that  curve  would 
he  both  a  particular  and  a  singular  solution. 

If  the  general  solution  F(x,  y,  C)  =  0  of  a  given  differential  equation 
is  known,  the  singular  solution  may  be  found  according  to  the  rule  for 
finding  envelopes  (f  66)  by  eliminating  C  from 

F(x,y,t)=0    and   ^F(x,y,C)=0,  (7) 

It  should  be  borne  in  mind  that  in  the  eliminant  of  these  two  equations 
there  may  occur  some  fiustcm  which  do  not  represent  envel<^ies  and 
which  must  be  discarded  from  the  singular  solution.  If  only  the  singu- 
lar stdutioii  is  desired  and  the  general  sdntion  is  not  known,  this 
method  is  inconvenient  In  the  case  of  Clairaut's  equation,  however, 
where  the  solution  is  known,  it  gives  the  result  immediately  as  that 
obtained  by  eliminating  C  from  the  two  equations 

y=C«+/(C)   and  0^x-hf(C).  (8) 

It  may  be  noted  that  as  j9  ^  c,  the  second  of  the  equatioos  is  merely 
the  faelUu  x  -^fip)  »  0  discarded  from  (6').  The  singular  solution  may 
therefore  be  found  by  eliminating  p  between  the  given  Clairaut  equap 

ticm  and  the  discarded  factor  x  +/'(p)ss  0. 

A  reexamination  of  the  figure  will  suggest  a  means  of  findii^  the 
singular  solution  without  integrating  the  given  equation.  For  it  is  seen 
that  when  two  neij^bcMring  curves  of  the  family  intersect  in  a  point  P 
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near  the  enTelope,  then  throngh  this  point  there  are  two  lineal  etemente 
which  satisfy  the  differmtial  equation.  These  two  lineal  elements  have 
nearly  the  same  direction,  and  indeed  the  nearer  the  two  neighboring 
carves  are  to  each  other  the  nearer  will  their  intersection  lie  to  the 
envelope  and  the  nearer  will  the  two  lineal  elements  approach  coinci- 
dence  with  earh  other  and  with  the  element  ujwn  the  envelope  at  the 
jK)i!it  of  contact.  Hence  for  all  points  (x,  //)  on  the  envelope  the  equar 
tiou  ^{x,  i/yp)=  0  of  the  lineal  elements  must  have  double  roots  for  p. 
Now  if  an  equation  has  double  itMjts,  the  derivative  of  the  equation 
luubt  have  a  root.  Hence  the  requirement  that  the  two  equations 

*(»»9,P)^0  and   ^^(a!,y,i»)«0  (9) 

have  a  eommoTi  solution  for  p  will  insure  that  the  first  has  a  double 
root  for  ]) ;  and  the  points  (x,  y)  which  satisfy  these  equations  simul- 
taneously must  surely  include  all  the  points  of  the  enveloi>e.  The  rule 
for  finding'  the  singular  solution  is  therefore:  KHminate  p  from  the 
y  'n'i'ii  differential  equation  and  its  derivative  with  respect  to  p^  that  is, 
from  (9).  The  result  should  be  tested. 

If  tho  equation  xp^  —  2  j/P  +  ax  =  0  treated  above  be  tried  foraslngplsr  SOlatioin, 
the  elimination  oi  p  is  required  between  the  two  equatiuns 

xp^  —  2     +  tt/  =  0   and    xp  —  y  =  0. 

The  r^ult  la  =  ax*,  which  gives  a  pair  of  lines  through  the  origin.  The  substi- 
tution of  y  =  ±  Vaz  and  p  =  db  Va  in  the  given  equation  shows  at  once  that 
f*  s  ox*  astisfles  the  equation.  Thus  as  oi^  is  a  singalar  solution.  Tlie  ssme 
result  is  found  by  finding  the  envelope  of  the  general  solution  given  above.  It  is 
clear  that  in  this  case  the  singular  aolution  is  not  a  particular  solution,  ss  the  par> 
ticular  solutions  are  parabolan. 
If  the  elimination  bad  been  carried  on  by  Sylvester's  method,  then 

0        X  — y 

z  — 2|r      a  s  — x(y*  — ox^sO; 
X  —  y  0 

and  the  eliminant  is  the  product  of  two  factors  jr  =  0  and  —  =  0,  of  which 
the  second  is  that  ju.st  found  and  tlie  first  is  the  y-axis.  As  the  slope  of  the  y-axis 
is  infinite,  the  substitution  in  the  equation  is  hardly  legitimate,  and  the  equation 
cui  bavUy  bs  ssid  lo  be  satisfied.  The  occurrence  of  theie  eztnneons  fsctors  in 
ths  eliminant  Is  the  rssl  rssson  for  the  neosHity  of  tsating  the  rssult  to  sse  if  It 
actually  represent*  a  singular  solution.  These  extraneous  factors  may  repressufc 
a  great  \  iiriety  of  conditions.  Thus  in  the  case  of  the  equation  +  2  )rp  cot  z  = 
previou^y  treated,  the  elimination  gives  y^  csc'x  =  0,  and  as  esc  x  cannot  vanish, 
the  lesnlt  rsduees  to  y*  ss  0,  or  the  x-asds.  As  the  dope  slong  the  x«sls  Is  0  and  y 
isO,  the  equation  is  clearly  satisfied.  Yet  the  line  y  =  0  is  no<  the  envelope  of  the 
geneml  wilntion  ;  for  the  rnrvcs  of  the  family  touch  the  line  only  at  the  points  nir. 
It  is  a  particular  sulution  and  correqtouds  to  C  =  0.  There  is  no  sinyilar  solution. 
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TtMoj  antlMni  um  a  gteat  deal  of  time  and  ^mm  dtawring  jut  what  maj  and 

what  may  not  occur  among  the  extraneous  loci  and  how  many  times  it  may  occur. 
The  result  is  a  considerable  number  of  statements  which  in  their  details  are  either 
groflsly  incomplete  or  glaringly  false  or  both  (of.  0&-ti7).  The  rules  here  given 
for  flnding  dngnlar  aoliitloiM  thoold  not  be  ngaided  In  any  other  light  than  aa 
leading  to  some  expressions  which  are  to  be  examined,  the  best  way  CNM  can,  to 
find  out  wliether  or  not  they  are  sinpular  solutions.  One  cun-e  which  may  appear  in 
the  elimiuatiua  uf  p  and  which  deiierves  a  note  is  the  tac-locus  or  locus  of  points  of 
tangeney  of  the  partlcnlar  aohitlons  with  eadi  otiier.  Thus  In  the  nyiteni  <rf  drolea 
(x  —  C)*  + 1/*  =  there  may  be  found  two  whioh  are  tangent  to  each  other  at  any 
assigned  point  of  tlie  x-axis.  This  tangeney  roprcHenta  two  coincident  lineal 
elements  and  hence  may  be  expected  to  occur  in  the  elimination  of  p  Ix  tween  the 
difbrenttal  equation  of  thefamilr  and  ita  deilfatlTe  with  respect  top  ,  but  not  In 
tiw  ellmlnant  fnim  (1). 


1.  Intagrate  tlie  following  equations  by  solving  for  p=v'i 

(a)  ji*>«]»  +  6s0,        </S)  j»»-.(*«+|f^j>«+(a«-v«  +  ««»»)p-(*«-y^y«=<H 

(7)  xp«-2w>-«  =  ©,     (a)  P»(x  +  2j/)  +  8j»»(»  +  y)  +  p(y  +  2x)  =  0^ 
(«)I^  +  1>*  =  1.  (ft  J*«-a*»  =  0,  (n)l>  =  (a-x)VT+^. 

2.  Integrate  the  following  equationa  bj  solving  for  y  or  x : 

(a)  Axp' +  2xp  -  y  =  0,  (ft)  V  =  -  xp  +  x*t^i  (7)  P  +  2xj/ -  x«  -     =  0, 

(a)  2jw- v+ logp  =  0,  (•)  z  -  VP  =  ai>*,  (f)  V  =  X  +  a  tan->p, 

(,)  x  =  y  +  alogp,  «  +  PV(2l>«  +  8)  =  0,  (1)  a»w>« -  2xp  +  y  =  0, 

+  8 li*  =  0,  (X)«Bp  +  logp,  (m)  J>*(sc^  +  2as)sd*. 

t.  Intagtate  theee  eqoattons  [anbitltittlons  auggeoted  in  (t)  and  <«)) : 

(j«»  +  «)=2pi/»  +  j(«,  (A  (w  +  PV)*^Ci'¥j^{j^'¥ii^t 

(7)  y«  +  xj/p  -  xV  =  0,  (a)  y  =  yp«  +  2px, 

(1)  V  =  px  +  sin-ip,  (t)  V  =  P  (JC  -  f>)  +  a/p, 

(H)  V=PX  +  p(l-p2),  {6)  y*-2pxy-l=pHl-x^, 

(»)  4i^»j)»  +  aa9)-lsa,  «  =  («)  ys9j»  +  |fV. 

(X)  4^1^-1- 2^*P>e«aB0,  0»)  fl^(y-pK)a|!|9*. 

4.  Treat  these  equations  by  the  p  method  (0)  to  find  tlie  sinfrular  solutions. 
Also  8t)lve  and  treat  by  the  C  method  (7).  Sketdi  tin-  family  of  W)lution8  and 
examine  the  significance  of  the  extraneous  factors  as  well  as  that  of  the  factor 
which  givea  the  ringnlar  adntion: 

(>)  4xp«  =  (8«-a)«.  (a)  w>«x(x-a)(x-6)  =  [8x«-2x(a  +  ft)  +  fl63«, 

(*)  pa  +  xp  -  y  =  0,  (f)  8a  (1  +  p)'  =  27  (x  +  i^)  (1  -j>)», 

(,)  x«p«  +  z^i/p  +  a>  =  0,  (0)  y  (3  -  4  y)  V  =  4(1-  y). 

5.  Examine  sundry  of  the  equatlDns  of  Exh.  1,  2,  3,  for  sinpular  sohitions. 

6.  Show  that  the  solution  of  //  =  X(p{p)  +  f{p)  is  given  parametrically  by  the 
given  equation  and  the  solution  of  the  limar  equation : 

t*'^p-¥^)      solve  (a).  =  a«^  +  n(l+M 
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7.  Aa  aay  itraii^Une  is  ysms4>&^  any  family  of  UnMiBivlMxeiineent^ 

y  =  mx  +  /(m)  or  by  the  Clairaut  equation  y  =  px  +  f(p).  Show  that  the  orthog- 
onal trajectories  of  any  family  of  lines  leads  to  an  equation  of  the  type  of  Ex.  6. 
The  saaie  is  true  of  the  trajectories  at  any  constant  angle.  Express  the  equations 
of  tbe  following  ayateins  of  linca  in  the  Clalnuit  fonn,  write  the  eqiiAtioDB  of  the 
octhogooal  trajectoriea,  and  intqgxBte : 

(a)  tangents  to  x*  +  y* s  1,         (fl)  tangents  to  y*  =  Sox, 

(7)  tanpents  to  y*  =  x^,  (3)  normals  to     =  2aar, 

(« )  nortiuiLs  to  j/*  =  x*,  (f)  normals  to  l^x^  +  a*y^  =  a'ft*. 

8.  The  evolute  of  a  given  curve  is  the  locus  of  tbe  center  of  curvature  of  tbe 
curve,  or,  wbat  amounts  to  the  same  thing,  it  is  tbe  envelope  of  tbe  normals  ot  the 
glvenourre.  If  the  Cnaixant  equation  of  the  noiniato  la  known,  the  evolttte  may  ^ 
obtained  aa  its  aingolar  aidation.  Thua  find  the  e?olateB  of 

9.  The  involutes  of  a  given  curve  are  the  curves  which  cut  the  tangents  of  the 
given  curve  orthogonally,  or,  what  amounts  to  the  same  thing,  they  are  the  curves 
which  have  the  given  curve  as  the  locus  of  their  centers  of  curvature.  Find  the 
inTolnteaof 

(a)     +  y< s (A  f"  » (t)  9  =  aooah(»/a). 

10.  Aa  any  enrve  la  the  envelope  of  its  tangents,  it  follows  that  when  the  ownre 
la  described  by  a  property  of  its  tangents  the  curre  may  be  regarded  as  tbe  singu> 
lar  Bolntioii  of  the  Chiirant  equation  of  its  tangent  lines.  Determine  thus  wbat 
curves  have  these  properties  ; 

(a)  length  of  the  tangent  intercepted  between  the  axes  is  1^ 
{(i)  sum  of  the  interoepta  of  the  tangent  on  the  aaea  la  e, 
(v)  are*  between  the  tangent  and  uea  la  the  conatant  Ifl, 

{8)  product  of  perpendiculars  from  two  fixed  points  to  tangent  is  t*, 
(f)  product  of  ordinates  from  two  points  of  2-«ada  to  tangent  is  Ifl, 

(IF  t 

11.  From  the  relation      -  n  V Jf*  -l-  itr*  of  Proposition  S,  p.  918,  show  that  aa 

an 

the  curve  F  =  C  is  moving  tangentially  to  itself  along  its  envelope,  tbe  singular 
aolutionof  Jfds<|>  JTi^sOmay  beexpeetedtobefound  in  the  equation  l/|t  s  0 ; 
alio  the  infinite  aolutiona.  Diaouai  tiie  equation  1/^  a  0  in  the  following  caies : 


(ff)  Vr^dr  =  vTITiid^,         «te4- ydys  Vxi-l-y*.  ci»«^. 

102.  Equations  of  higher  order.  In  the  treatment  of  special  prob- 
lems (§  82)  it  was  seen  that  the  substitutions 

rendered  the  differential  equations  integrable  by  reducing  them  to  in- 
tegrable  equations  of  the  first  order.  These  substitutions  or  others  like 
them  are  useful  in  treating  certain  cases  of  the  differential  equation 
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y,  y\  y",  •  •,  y">)  =  0  of  the  nth  order,  namely,  when  one  of  the 
variables  and  perh^is  some  of  the  derivatives  of  lowest  order  do  not 
ooeor  in  the  equatioo. 

lanae  |2,   (U) 

y  and  the  first  t  —  1  derivatives  being  absent,  substitute 

The  original  equation  is  therefore  replaced  by  one  of  lower  order.  If 
the  integral  of  this  be  F(ar,  q)  =  0,  which  will  of  course  contain  n  —  i 
arbitrary  constants,  the  solution  for  q  gives 

q^f(x)  and  y=  J- J/(x) (12) 

The  solution  has  therefore  been  accomplished.  If  it  were  more  cou' 
venient  to  stdve  F(Xf  9)  s  0  for  x    ^(q),  the  integration  would  be 

and  this  equation  with «  s=  ^  (7)  would  give  a  parametrie  eacpreasion 
fat  the  int^iral  of  the  differential  equation. 

X  being  absent,  substitute  p  and  regard  jo  as  a  function  of  y.  Then 
dy  d}y       dp        d^y        d  I  dp\ 


and  % 


In  this  way  the  order  of  the  equation  is  lowered  by  unity.  If  this  equa^ 
tion  can  be  integrated  as  p)  =  0,  the  last  step  in  the  solution  may 
be  obtained  either  diieetly  or  panunetrically  as 

It  is  no  particular  .simplification  in  this  ease  to  have  some  of  the  lower 
derivatives  of  y  absent  from  =  0,  Ix'cause  in  general  the  lower  deriva- 
tives of  p  will  none  the  less  be  introduced  by  the  substitution  that 
is  HtikdHi 
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JM  an  example  consider  ^*  ^  -  (^)''*'  ^' 

Tlwn  «  =  »ft±  Md  ff  =  C7,»±V^+ij 

for  the  equation  U  a  Clairaut  type.  Henoe,  finally, 

Aa another «mniileooiMld«rir^  —  y^ By* logy.  ThtobeoauMa 

*S =    logy   or  ^^-ai»»  =  2yMogy. 

<V  Hy 

The  e^pntioa  la  linear  In  1^  aiid  haa  the  intflsnting  factor  ^ 

Ij^ivs  J*  yV-*»logy«iy,      -^^"^If'f  V^^^'^^^v^v]^^ 
and  r  ft  r  =  V5«. 


/•  gr  

J       J v««-i»loKyd^J 


The  integration  is  therefore  reduced  to  quadratures  and  becomes  a  problem  in 
ordinary  Integnratlon. 

If  an  equation  is  homogeneous  tcith  rexpert  to  y  and  iU  derwatives, 
that  is,  if  the  equation  is  multiplied  by  a  power  of  k  when  y  is  replaced 
by  ky,  the  order  of  ihe  equation  may  be  lowered  by  the  aubstitation 
y  s  ^  and  bj  taldng  «'  as  the  new  variable.  If  the  eqvataon  is  homo- 
ffmneem  wUh  iwapaet  to  x  a$id  dx,  that  is,  if  the  eqvatiim  is  mnltiidled 
by  a  power  of  k  when  x  it  xeplaoed  by  jbe,  the  order  of  tite  equation 
may  l>c  rediK  cd  by  the  snbstitat&cm  a; »  e*.  The  work  may  be  simplified 
(E3u9,  p.  162)  by  the  use  of 

d;^  =  ar-A(A  - 1) .  • .  (A  -  »  +  i)y.  (tS) 

If  the  equation  is  Aomo^enaoMf  with  mpeet  to  x  and  y  amd  the  d{f- 
f/rmtiait  db,  dy,  tPy,  •  **,  the  order  may  be  lowered  by  the  snbetitation 
«  B    y  B  ^  where  it  may  be  recalled  that 

D:y  =  e-D^P,  - 1) . (D,  -  »  +  l)y 

=  «-C--i>«(D,  + 1) D, . . .  (Z),  -  »  +  2)«.  ^  ^ 

FinaBy,  if  the  equation  is  Aomoyeneoicc  respect  to  x  eonridorod  of 
dimemiong  1,  and  y  eonsidend  o/dimemion$  m,  that  is,  if  the  equation 
is  mnltiplied  by  a  power  ot  k  when  kx  replaces  x  and  ib^  replaces  y, 
the  substitution  a;  is  ^,  y  k  e^  will  lower  the  degree  of  the  equation. 
It  may  be  reoalled  that 

l]!«ys^-*>((l>,4.m)(D,  +  ii»-l)...(D,  +  f»-f»  +  l)s.  (15") 
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'  — a(|f*=  yy'  +  bxy^/Va*  —  r^.  Tf  in  this  equation  y  be  replaced 
blf  Jy  10  that  y"  and  y"  arc  alwi  replaced  by  ky'  and  Ary",  it  appears  tliat  the 
flqUkHoB  la  merely  multiplied  by  aud  is  therefore  homogeoeuus  uf  the  tirat 
■ort  manttoDed.  SabsUtate 

Hmo     will  oMied  from  Uie  wbole  equidoo,  iMving  merely 

xdz'     1  ,  fewic 


ao"  =  «'  +  Ixu^/Va*  -  x«   or  ^-:;dx  = 


The  cqnatloii  in  th*  flnfc  f onn  is  BemoDllI ;  In  the  aaooiMl  fonn,  met,  Thm 


£  =  6  Vo«  -  ««  +  C  and  dz  = 


The  Tarlables  are  septnted  for  the  iMt  Intqgntioii  whkdi  wQl  detamliie  s  b  Icgf 

as  a  function  of  z. 

Agidn  consider  3^-^  —     +  ^^)^ *~  ^l***  U  s  he  replaced  by  Js  and  y  h7 
OF  dv 

ft^  so  that  y'  is  replaced  by  Ay'  and  remains  unchanged,  the  eqtiation  is  multl* 
plied  by  k*  and  hence  comes  under  the  fourth  type  mentioned  above.  Substitute 

x  =  e',      yrzt»'z,       Dj^  =  e'(A  +  2)z,       Dj^y  =  {D,  +  2)  (T),  +  I) z. 

Then  e*'  will  cancel  and  leave  z"  +  2(1  —  z)z'  =  0,  if  accentu  denote  differentiation 
with  respect  to  t.  This  equation  lacks  the  independent  variable  t  and  is  reduced 
lijtlie«il»titationf^scW/le.  Then 

There  ramalnt  only  to  perf  onn  the  qmdntnre  and  replace  t  and  thfz  and  y. 
108.  If  the  equation  may  be  obbdned  hy  differentiatioii,  as 

it  is  called  an  ejcact  equation,  and  n(r,  y,  y',  •  ■,  =     is  an  inte- 

gral of  ♦  =  0.  Thus  in  case  the  equation  is  exact,  the  order  may  be 
lowered  by  unity.  It  may  1x3  noted  that  unless  the  degree  of  the  nth 
derivative  ia  1  the  equation  cannot  l>e  exact.  Consider 

where  the  coefficient  of  y^*'*  is  collected  into  Kow  intents  P*!^ 
tially  legaiding  only  y^*-*)  as  Tariable  so  that 

/vy"-" =0..   £  o.  =  1"  +  •  •  •  +  ^1^-" + *y'>- 

Then  ♦_.^  =  ^,^_^J+^.. 

That  is,  the  expression  4'  —  o/  does  not  oontsin  y<^  and  may  eontain 
no  derivatiTe  of  oider  higher  than  n  —  k,  and  may  he  collected  as 


Digitized  by  Google 


238  diffeke:ntial  equations 

in^cated.  Now  if  ^  was  an  exact  derivative^  so  must  4^  —  be.  Henoe 
if  m  =^  1,  the  conclusion  is  that  ^  was  not  exact  If  m  s  1,  the  process 
of  integiation  may  be  continued  to  obtain  Q,  by  integrating  partially 
with  respect  to  And  so  on  until  it  is  shown  that  ♦  is  not  exact 

or  until  4r  is  seen  to  be  the  derivative  of  an  expression     +       *  •  • » 

i« ail exanqple ooniider ♦  B ^ir^-l-i|r^.f  (Say. 4.11* sO.  Than 

As  the  exprwrion  of  the  flrrt  order  to  an  exmct  derhratlTe,  the  wault  fa 

♦  _Ijj'_O,'-(iyY  =  0;  and       =       -  acy' +      - Cj  =  0 
fa  the  new  equ&tion.  The  method  may  be  tried  again. 

lUa  is  not  aa  exact  derivative  and  the  eqnatton  4',  s  0  la  not  exaet.  Moreover 

the  equation  =  0  containK  both  x  and  y  and  is  not  homogenpous  of  any  type 
except  when  C|  =  0.  It  therefore  appears  as  though  the  farther  int^r&Uon  of  the 
equation    =  0  were  impossible. 

Xhe  method  is  applied  with  eepeoial  ease  to  the  case  of 

-^•1^+  -^'i^  +  •  •  +  ^.-li  +  ^'Sf  -  0,  (17) 

where  the  coefficients  are  functions  of  x  alone.  This  is  known  as  the 
Umnar  tfu/atum,  the  integratioii  of  whioh  has  been  treated  only  when 
tbe  ofder  is  1  or  when  the  ooeffieients  are  oonstants.  l!b»  applieatkn 
of  avooeaaive  integiation  bj  parts  gives 

and  after  it  such  integrations  there  is  left  merely 

(X.  _        +  . . .  +  (-  +  (-  l)«X^y  -  JK, 

which  is  a  derivative  only  when  it  is  a  function  of  x.  Henoe 

'V:_,  +  ...  -(-(-l)-'A',  -f-(-l)-A'„  =  0  (18) 
is  the  condition  that  the  linear  equation  shall  be  exacts  and 

x^-»>+(x,-jr.')y<^«>+(jr,-jr,'+jrOy*-«+ •  =  J (») 

is  the  first  solution  in  case  it  is  exact. 

Asan  example  take  y'"  +  y"  cn»x  —  %y'$inz  —  y  coex  =  8in22.  The  test 
-1$  —     +      "  cos* +8oos»—  oosa sb  0 
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!s  satisfied.  The  integral  is  therefore  y"  +  j^cobx  —  y  sin  x  =  —  }  cos  2  x  +  C,. 
This  equation  still  satisfies  the  test  for  exactness.  Hence  it  may  be  intetrratj'd 
again  witii  the  result  y'  +  yco8X  =  —  i8in2x  +  C|X  +  C, .  This  belongs  to  the 
Unwr  ^rpe.  Tbe  flnsl  result  is  therefore 

EXERCISES 

1.  Integrate  these  (Mjiuitions  or  at  least  reduce  them  to  qua<lrature8; 
(a)  ixv"'r  =  V"^-  a»,  03)  (1  +  x«)     +  1  +  y-*  =  0, 

(>)  V*'  +  av'  =0.  («)  r  -      = (0  z'i^  +  «y = 0, 

(f)  aVV  =  2,  (n)  av"  +  v'^  0,  (^)  y"V'  =  4, 

(«)  (l-x')/'-acy'  =  2,  («)      =  vV  ",  (X) 

(m)  2(2a  -  1/)/'  =  1  +  y-',  (r)  j/y"  -  y-^  -  yV  =  0, 

(•)  1  =0,  {rr)2y"  =  0',  (p)yV'  =  «. 

2.  Carry  tbe  integration  as  far  as  possible  in  these  caMS: 
(a)  xV'  =  ("ttV*  +  ny*)*,  (^)  mifiy"  =  (y  -  acyO't 

5.  Gury  tbe  intsgration  as  far  m  poMlble  in  tbeae  cases: 

<ar)  (j^  +  x)y"'  +  6y/y"  +  y"  +  2 =  0,  y  V  -  yxV  = 

(7)  +  8  -rVr  +  +  OxV*  +  ISaw'  +  8»«  =  0^ 

(«)  V  +  Sx/  +  2  yy''  +  (x^  +  2  i/^yOv"  =  0, 
(« )  (2  xV  +        y"  +  +  2  xy/  as  0. 

4.  Treat  these  linear  equations: 

(a)  xy"  +  2y  =  2x,  (/I)  (x« -  l)y"  +  Ix/ +  2y  =  2x, 

(7)  y^-footK  +  ircecPaseoa'je,       («)  (jji-«)ir  +  (8«-«)F'  +  if  =  0^ 

(0  (X  -x«)y"'+  (1  -  5x«)y"-  2x/  +  2y  ^  fix, 

(f)  (x«  +  z»-8x+  l)y"'  +  (9x«+  6i-  9)y"  +  (18x  +  0)  t/' +  «y  =:x», 
(,)  (X  +  2)ay"'  +  (X  +  2)y"  +  y'  =  1,     {6)  xV'  +        +  V  =  x, 

8.  Vote  that  Ex.  4  <^  oomes  under  the  third  homogeneous  type,  and  that  Ex.  4 

(if)  may  be  brought  under  that  tjp6  by  multiplying  by  (x  +  2).  Test  sundry  of  Exs. 
1,  2,  8  for  exactness.  Show  that  any  linear  equation  in  which  the  coefficient.^  are 
polynomials  of  degree  less  than  the  order  of  tbe  derivatives  of  wliich  they  are  tbe 
oocAelents,  is  surely  exact. 

6.  Sometimes,  when  the  condition  that  an  equation  be  exact  is  not  satisfied,  it 
la  poadlde  to  find  an  integrating  factor  for  the  equation  so  that  after  multiplication 
hy  the  factor  the  ei|aation  beomnes  exact.  For  Umax:  aqoations  try  a^.  Integrate 

(a)       +        s)y'-(8«*-l)y  =  0,     (A  (:^-««)y^-«V-2y  =  0. 

7.  Show  that  the  equatiwi  y"  +  Py'  +  Qy^  =  0  may  be  reduced  to  quadratures 
1°  when  r  and  Q  arc  l)oth  ftinctions  of  y.  or  2' when  Ixith  are  functions  of  x,  or  8* 
when  P  is  a  function  uf  x  and     ia  a  function  of  y  (integrating  factor  1/y^.  In 
each  oaae  find  the  general  expression  for  y  in  tenna  of  quadratures.  Integrate 
y  +  Sy'cots  +  Sy'^tany  =  a 
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8.  Findanddisciisstheoomiforwhlditiiendiaaof  oomtonltp^ 

to  the  radius  r  of  the  curve. 

9.  If  the  radius  of  curvature  R  is  expressed  as  a  function  Jt  =  7?(.t)  of  the  arc  9 
measured  from  some  point,  the  equation  R  =s  R{s)  or  »  =  a{K)  is  called  the  intrinsic 
efuaOon  of  Ibe  corre.  To  flnd  the  ralstlon  between  c  end  y  the  eeoood  equtkm 
may  be  differentiated  as  d«  =  «'(/!)  dfi,  and  this  eqaatton  ol  the  thlld  order  may  be 
solved.  Show  that  if  the  origin  be  taken  on  the  enrfe  etthe  potllft  •  a  0  end  If  the 
X-axis  be  tangent  to  the  cur\-e,  the  e(}uations 

express  the  curve  parametrically.  Find  the  curves  whose  intrinsic  equations  are 
(a)R  =  a,       {fi)aR  =  si+a\       {y)  R*  +  a*  =  \6a*. 

10.  Given  F  =  y<")  +  JC^yi'  -D  +  ^,y<"  -«)+...  +  X.-iy'  +  =  0.  SI  ow 
Chet  ii  m  a  fnnetion  of  x  elonei  le  en  Intqgntiiig  f aetcw  of  the  equation,  then 

•  si^>-  (jrjM)t— »)  +  (-r^)<*-»  +  (- 1)— H^— iM)'  +  (-  =0 

ie  the  eqoation  ntielled  bf  M*  Ckdleetthecoefldaitof  jitoBbowthettheooiidHiaa 
that  the  giTen  equation  be  exact  is  the  condition  that  this  coefficient  vanish.  The 

equation  ♦  =  0  is  called  the  a(^oint  of  the  given  equation  F  =  0.  Any  integral  ft 
of  the  adjoint  equation  is  an  integrating  factor  of  the  original  equation.  Moreover 
note  that 

or  d[MF  -  ( -  1  )»{/♦]  =  d  [mj/(-  -»+  (mX,  -     yf"  -*>+•••]= 

Hence  if  nF  h  an  exact  differential,  so  is  y^.  In  other  wordn,  any  solution y  of  the 
original  equation  is  an  integrating  factor  for  the  a<ljoint  equation* 

104.  Linear  differential  equations.  The  equations 

X^D-y  +  A',i)-»y  +     +  X^-^Dy  +  JC^  =  0  ^ 

are  linear  differential  equations  of  the  nth  order ;  the  fii^t  is  called  tiie 
temfleU  equation  and  the  second  the  reduced  equation.  If  yjiSfgi y^t  *** 
are  any  solutions  of  the  reduced  equation,  and  Cj,  Cj,  C,,  •••  are  any 

constants,  then  y  =  C^y^  +  C,^.^  -f-  C*,?/,  H  is  also  a  solution  of  the 

reduced  equation.  This  follows  at  once  from  the  linearity  of  the  reduced 
equation  and  is  proved  by  direct  .substitution.  Furtlierniore  if  /  is  any 
solution  of  the  complete  equation,  theu  y  -f-  /  is  also  a  solution  of  the 
complete  equation  (cf.  §  96). 

As  the  equations  (20)  are  of  the  nth  order,  they  will  determine  y^' 
and»  hj  differentiation^  all  higher  derivatives  in  terms  of  the  values  of 
^  y>  y**  * "» Jf^"*'*  Hence  if  the  values  of  the  n  quantities  i  •  •  •*  yl" 
whksh  oonsspond  to  the  value  x^x^ha  given,  all  the  higher  derivatives 
are  determined  (f  {  87-88).  Henoe  there  are  n  and  no  more  than  n  arbi- 
tiaxj  conditions  that  may  be  imposed  as  initial  conditions.  A  solution 
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of  the  equations  (20)  whieh  oootaiiis  n  dietmet  arbitruj  eonstantB  ia 
nlled  the  geneal  eolntioii.  By  distiiict  is  meant  that  the  oonstMiti 
ean  aetoaUy  be  detennined  to  suit  the  n  initial  conditiouB. 
If  y^,  ya> "   y*  aie  n  solutions  of  the  lednced  equation,  and 

then  y  is  a  solntion  and  y',  •  • ,  y*"^''  axe  its  flist «  —  1  derivatiTes.  If 
«Q  be  snbstitnted  on  the  right  and  the  assumed  corresponding  initial 
iralues  y«,  y^,  be  substituted  on  the  left»  the  above  fi  equations 

become  linear  equations  in  the  »  unknowns  C^,  c^,  C^;  and  if  they 
are  to  be  soluble  for  the  Cs,  the  oondition 

y,  y» 


^(yt»yt»-"»y«)= 


:3<>0  (22) 


must  hold  for  every  value  of  x  s  x,.  Conversely  if  the  oondition  does 
hold,  the  equationB  will  be  soluble  for  the  Cs. 

The  determhiant  Yl^(y,»  yt>  ***t  yt)  ^  called  the  ITraiMHaut  of  the  » 
functions  y,,  y,)      y..  The  result  may  be  stated  as:  If  n  functions 

Vv  Vii  •  •  1  y%  'wliich  are  solutions  of  the  reduced  equation,  and  of  which 
the  Wronskian  does  not  vanish,  can  be  found,  the  general  solution  of  the 
reduced  equation  can  be  written  down.  In  general  no  solution  of  the 
equation  can  be  found,  whether  by  a  definite  process  or  by  inspection ; 
but  in  the  rare  instances  in  which  the  n  solutions  can  l>e  seen  by  insj)co- 
tioii  tlu'  prohleiu  of  the  solution  of  the  reduced  equation  is  completed. 
Frequently  one  solution  may  foun<l  by  ins]iection,  and  it  is  therefore 
important  to  see  how  much  this  contributes  toward  effecting  the  solution. 

If  is  a  solution  of  the  reduced  equation,  make  the  substitution 
y  =  y^.  The  derivatives  of  y  may  be  obtained  by  Leibniz's  Theorem 
(f  8).  As  the  formula  is  linear  in  the  derivatives  of  s,  it  follows  that 
the  result  of  the  substitution  will  leave  the  equation  linear  m  the  new 
variable  a.  Moreover,  to  collect  the  eoefflcient  of  » itself  it  is  neoesoaiy 
to  take  only  the  first  term      in  the  expansions  for  the  derivative  y**^. 

iX^'  +  A>i-  -1)  +  . . .  +  A'.       +  A>,)  z  =  0 

is  the  coeflBcient  of  z  and  vanishes  by  the  assumption  that  y^  is  a  solu- 
tion of  the  reduced  equation.  Then  the  equation  for  z  is 

P/->  +  p/-»>  + . . .  +  p..^"  +         =  0}  (23) 
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and  if    be  taken  as  the  ▼ariaUe,  the  eqvatioii  k  of  the  order  »  ~  1. 
It  tbeiefore  appean  that  the  knowledge  of  a  e^utien  y,  redueee  the  eriet 
of  the  eqtuUum  bjf  one* 
2How  if  ff^,  y,,         were  other  solntionsy  the  derived  ratios 

- 

would  be  tdliitionB  d  the  equation  in  c';  for  hy  snbstitation, 

are  all  solutions  of  the  equation  in  y.  Hoteorer,  if  there  were  a  linear 
relation       4*  C^t  +  -  *  *  +  C^-i«^-i  =  0  connecting  the  sdlntioDS 
an  integiatiim  mmld  give  a  linear  relation 

connecting  the  p  solutions  y^.  Heme  if  there  is  no  linear  relation  (of 
wlii(  h  thfi  coefficients  are  not  all  zero)  connecting  the  p  solutions  y<  of 
the  original  equation,  there  can  be  none  connecting  the  p  —  1  solutions 
z'^  of  the  transformed  equation.  Hence  a  knowledge  of  p  solutions  of 
ihe  original  reduced  eyuioUm  fivee  a  new  reduced  equai^iim  of  wMeh 
p  —  1  eohuione  are  known.  And  the  process  of  snbstitatioo  may  be 
oontinned  to  reduce  the  order  furtiber  until  the  ordw  n      is  reached. 

As  an  esaaqple  eonsMtor  the  eqmtton  of  the  thlid  order 
Here  a  Simple  trial  shows  that «  sad  e*  are  two  sohrtioiis.  Salntltnle 

Then  (l-s)s**  +  ^->8s  +  f)f*'*|.(^-8s4'l)s'»0 

ia  of  tiie  seooDd  order  fai  s'.  A  known  lolation  Is  the  dsriTcd  rstio  {9/0^, 

From  this,  s*  and     maj  be  found  and  the  equation  takes  the  form 

(l-x)ic"  +  (l  +  x)(i-2)w'  =  0  or  ^  =  «Is.-JL_(|k. 

This  la  a  linear  equation  of  the  lint  order  and  m^  be  Rolved. 

lo8w'si;^-Slog(s~l)  +  C  or  ^mOi<A'^{^t-l)^K 

Hence        w=  C,  J'el'*(x- l)-«<iz  +  C,, 

* = (^)7    -  w + + 
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The  valae  for  y  is  thus  obtained  In  terms  of  quadratures.  It  may  be  shown  that  in 
case  the  equation  is  of  the  nth  degree  with  p  known  solationa,  the  flnel  leaoll  will 

call  for  p  (n  —  p)  quadrature8. 

105.  If  the  general  solution  y  =  C,yj  +  Cj/^  +  •  •  •  +  C*^,  of  the  reduced 

equation  has  iH^en  found  (calU'd  the  Mmplemen/ari/  funr.tion  for  the 
complete  equation),  the  general  solution  of  the  eouij)lete  equation  may 
always  be  obtained  in  terms  of  quadratures  by  the  inij)ortiint  and  far- 
reatihing  method  of  the  varititian  of  runsfun/s  due  to  Lagrange.  The 
question  is:  Cannot  functions  of  x  Ije  found  so  that  the  expression 

y  =  C\(x)  y,  +         y.  +  . . .  +  C.(x)  y.  (24) 

shall  be  the  solution  of  the  complete  equation  ?  As  there  are  n  of  these 
functions  to  be  determined,  it  should  be  possible  to  impose  »  —  1  oondi- 
tions  upon  them  and  still  find  the  functions. 
Differentiate  y  ou  the  supposition  that  the  C's  are  variable. 

Ab  one  of  Hbe  ocmditions  on  the      euppoae  that 

yi  +  yt<^  +  •  •  • + y.  c; = 0. 

Differentiate  again  and  impose  the  new  condition 

so  that  y"  =  C'jyi'  +  C^;'  +  •  •  •  +  C^. 

The  differentiation  may  be  continued  to  the  (»  ~  l)8t  ooodition 

yf-«c; + yi-«c;  + . . . + yj— >c;  -  0, 

and  y<— >>  =  C,y}— »>  +  C^— »>  +  •  •  •  + 

Then        y**> «  C,yi->  +  C^'^  +  •  •  •  +  cy:' 

+  y}"-'>ci  +  y5"-'>r;  + .  •  ■  -f-  yi--'>c;. 

Now  if  tiie  ex})res3ions  thus  found  for  y,  y',  y",   ••,  y^"~'',  y^"^  l)e 
substituted  in  the  complete  equation,  and  it  be  rememl)ered  that 
!ftt  '  tI/»^  eolntim  of  the  redooed  equation  and  hence  give  0  irhoi 
sufastitated  in  the  left-hand  side  of  the  equation,  the  result  is 

yi-^>c;  +  y^-»)c',  +  •  •  •  +  yi"-'>c;  =  r. 

Henoe,  in  all,  there  are  n  linear  equations 

yjc;    +y;c;    +...+y(;c;  =o, 

  (25) 

y$-"Ci + 34-"c;  + . . .  +  yir-»>c; = Ji. 
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connecting  the  derivatives  of  the  r"s ;  and  these  may  actually  be  solved 
for  those  derivatives  which  will  then  be  expressed  in  tenns  of  x.  The 

C's  may  then  Ix?  found  by  quadrature. 

Aa  an  exainplc  considLT  the  ecjuatinii  with  constant  coefficients 

{Ifi  Jr  D)y  =  sf  0  x    witJi    y  =  C\  +      cos  x  +  C,  Bin  X 

aH  the  Bolution  of  the  reduced  equation.  Here  the  solutions  y^^y^^  may  be  taken 
an  1,  cofl  X,  sin  x  respectively.  The  conditions  on  the  derivatives  of  Uie  (Ts  become 
bj  dlraot  mlatltatkm  In  (26) 

Henoe  OJ[sMes,      0^  =  — I,         =  — tans 

and  C,slogtan(}x+ +         C,s->s4>e,,      (7,aslogooas  +  Ca- 

Hence     y  se|  +  logtan(|x  +  |ir)  +  (c,-2)co6x  +  (c,  +  l(%coes)8ins 

is  lha  gsnenl  aolntion  of  the  oompleto  eqaatlon.  TtdannilteoaldBOfc  beotitttned 
hj  any  of  the  real  short  metJiods  oif  {|  06-07.  It  ooiUd  be  obtained  by  the  general 

method  of  §95,  but  with  little  if  any  a<lvantA>re  ovt  r  tfif  method  of  variation  of 
{•onstanta  here  given.  Tlie  preeent  method  is  equally  available  for  equations  with 
variable  coefficients. 

106.  Limai'  e'/uatuiTLs  of  tlic  sfrond  ortlfr  are  es|>eoially  fn^juent  in 
practical  problems.  In  a  nunil)er  of  cases  the  solution  nuiy  be  found. 
Thus  1*  when  the  coefficienta  an-  constant  or  may  Ik?  made  constant  by 
a  change  of  variable  as  in  £x.  7,  p.  'J2'2,  the  general  solution  of  the 
leduoed  equation  may  be  vrittm  down  at  onoe.  The  solnldon  of  the 
complete  equation  may  then  be  found  by  obtaining  a  partdcnlar  integral 
/  by  the  methods  of  f  f  95-97  or  by  the  applioation  of  the  method  of 
variation  of  oonstants.  And  2*  when  the  equation  is  ezacty  the  solution 
may  be  had  by  integrating  the  linear  equation  (19)  of  §  lOS  of  the  first 
order  by  the  ordinary  methods.  And  3*  when  one  solutitm  of  the  re- 
duced equation  is  known  (§  104),  the  reduced  equation  may  be  com- 
pletely solved  and  the  complete  equation  may  then  be  solved  by  the 
method  of  variation  of  oonstantSi  or  the  complete  equation  may  be 
solved  directly  bv  Ex.  6  below. 

Otherwise,  write  the  differential  equation  in  the  form 

=  (26) 
The  substitution  y  »  us  gives  the  new  equati<m 

If  «i  be  determined  so  that  the  ooeffioient  of  s'  vanishes,  then 

«  =  aad  =  (27) 
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Now  4*  if  Q  —  ^  P'  —  I P*  is  constant,  the  new  reduced  equation  in 

(27)  may  be  integrated ;  and  6*  if  it  is  k/x^,  the  equation  may  also  be 
integrated  by  the  method  of  Ex.  7,  p.  222.  The  integral  of  the  com- 
plete equation  may  then  l)e  found.  (In  other  cases  this  method  may 
be  useful  in  that  the  equation  is  reduced  to  a  simpler  form  where  solu- 
tions of  the  reduced  equation  are  more  evident.) 

Again,  suppose  that  the  inde^xnident  variable  is  changed  to  z.  Then 

Now  6*  if  =  ±  Q  will  make  z"  -f  Pz'  =  A^",  so  that  the  coefficient 
of  dy/dz  Ix'comes  a  constant  k,  the  equation  is  integrable.  (Trying  if 
«"  =  ±  Qz^  will  make  x"  +  Pz'  =  kz''^/z  is  needless  because  nothing  in 
addition  to  6*  is  thereby  obtained.  It  may  happen  that  if  «  be  deter- 
mined 80  as  to  make  +  Ap'  »  0,  the  equation  will  be  so  &r  simpli- 
fied that  a  solution  of  the  lednoed  equation  beoomee  evident) 

(fi/     2  dv  ofl 

Consider  the  example  v-i  +  --r  +  -:y  =  0-  ^^^re  no  aolution  is  apparent. 

dx*    zdx    z*  ' 


I  oompixlc  Q  —  J  P'  —  J  r*.  This  is  o'/x*  and  is  neither  constant  nor  pniimr- 
U>  1/2^.  Hence  the  methods     and  6°  will  not  work.  From     =    =  a'*/x* 
or    at  a/x',  it  appears  that  s"  +  iV  =  0,  and  tf*  works ;  the  new  equation  b 

^  +  lf  =  0  with 

TbesolitUon  is  thsrefore  seen  Immediately  to  be 

irsC,ooss— Opsins  or  ysO',oos(4^><f  O^ibi(«0»). 

If  there  had  been  a  right-hand  member  In  the  original  equation,  the  eolation  ooald 

have  been  found  by  the  method  of  variation  of  constants,  or  by  some  of  the  short 
methods  for  finding  a  particular  solution  if  M  had  been  of  the  proper  form. 


1.  If  aielatioii  Ciy,  ^■(7^,-|>>>>  + C;ilf•s<^ wIfheoiiitanteoellleientsiiotaUfk, 
exists  between  n  functions  2/, ,  ,  •  •  • ,  y.  of  z  f or  all  values  of  z,  the  f unottaw  are 
llj definition  said  to  be  linearly  dependent;  if  no  such  relation  exists,  they  are  said 
to  be  Unearlif  independent.  Show  that  the  nonvanisliiug  of  the  Wronsltiau  is  a 
eiiterion  for  linear  Indcpendenoe. 

t.  If  the  general  lolatlon  y  —  C,yj  +  C,y,  +  h  C„j/.  is  the  same  for 

X^<»>  +  Xjy<»-»>  +  .  • .  +  A',v  =  0  and  P^<»)  +  P,y<» -»>  +  •••  +       =  0, 

tivo  Uasar  equations  of  the  nth  order,  show  that  y  satisfies  the  equation 

{X^P^  -  A\P^)i/i^' -')  +  ...  +  (A'.Pg  -  JTpP.)!/  =  0 

ol  the  (a  —  l)st  order;  and  benee  Infer,  from  the  fact  thai  y  oontidno  n  arUtmiy 
eonstams  eonssponding  to  a  arMtrarj  Initial  conditions,  the  important  theotem: 

If  two  linear  equations  of  the  nth  order  have  the  «me  geneml  sohitioD,  the  oom' 
jading  coefficients  are  proportional. 
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3.  If  y, ,  i^,,  •  •  • ,  are  n  independent  solutions  of  an  6qiuti<m  of  the  nth  ordei; 
show  that  the  equation  may  be  taken  in  the  form  ^(yi*  y^,  •  •  't  Vmt  V)  —  ^• 

4.  Show  that  if,  in  any  reduced  I'quatinn,  A'„  _]  4-  r.Tn  =  0  i(if'ntically,  then  x 
is  a  solution.  Find  the  condition  that  z"  be  a  solution ;  also  that  e<^  be  a  aoiution. 

5.  Find  by  inspection  one  or  more  independent  solutions  and  integmte : 

(a)  (1  +  x^)v"- 2zy'  +  2y  =  0,  {0)  ry"  +  (l  _  j-)  j/'  -    =  0, 

(7)  (ax-«a-2)y"-«/  +  2f^  =  0,        (3)  i      +  xj/' ~  (x  +  2)i/ =  0, 

(e)  (logx  +  l-i  +  l)r'  +  (logx  +  l  +  ij-l)r+(^-i)(|^ 

6.  If  V,  is  a  known  solution  of  the  equation  +  IV  +  Qy  =  S  of  the  Moond 
order,  abow  that  the  general  solution  may  be  written  as 

y«Cr,y,  +  Cjf,/e-/'^^  +  i/./ le-/'*'/y.s/'*«(«liJt. 

7.  Integrate: 

(a)  xy"-(2x+l)y  +(x+l)y  =  x»-x-l, 

O)  r-aSV  +  «ysjB.  <7)  2y"  +  a'«)y'-y"«'. 

(I)  /'-sy'  +  («-l)ys  JI,        («)  y"siti*«  +  y'sln«ooes-y  =rs-rins. 

8.  After  writii^  down  the  iiitagral<rfUieTedaoedequatlmili7iiiqpeetion,  apply 

the  method  of  the  variation  of  constants  to  these  equations  : 

(a)  (Z>»  +  1)  y  tan  x,  03)  (JJ^ \)y  =  8ec«x,  (7)  {D  -\fy  =  -  x)-  «, 
(«)  (l-x)y  "  +  xi/'-j^...(l-x)»,  («)  (l-2x  +  x«)(r'-l)-xV+2xy'-y  =  I. 

9.  Iiitcs^nitc  the  following  equations  of  the  second  order: 

(a)  4  x2y"  +  4  xV  +  (x^  +  l)*y  =  0,  (p)  v"-2  y'  tan  x  -  (a^  +  1)  y  =  0, 

(7)  xy  '  +  2i^  -  xi/  =2e*,  («)  y"8inx  +  2/co«a5  +  Syainx  =  e«, 

(•)  y^  +  ytan«  +  yoo«^»=:a.  (f)  -^^y-^ 

(f)  y"  +  («««-l)y'  +  <^  =  e*»,  (^)  aEV  +  8«V  +  y  =  ar>. 

10.  8how  that  if  Jroy^-f'Z^|y'  + J^sB  may  be  written  in  faetonaa 

(JToDi  +  X,J)  •!•  X,)y  s  ( +  g,)  ( jXtl>  +  9s)  V  = 
where  the  factors  are  not  commutative  inasmuch  as  the  differentiation  in  one 

factor  is  applied  to  the  varinble  coeflRrii-nts  of  the  sticcccding  factor  as  wdl  aa 
to  X>,  then  the  solution  la  ohtainuble  in  terms  of  quadratures.  Show  that 

9,  Pj  +  ;'i  v'l  +  PiV,  =  A'l    and    q^q^  +        =  JT, . 

In  this  manner  intcj^rato  the  followin;:  equations,  di'msin^'      andp,  as  factors  of 
and  determining     and  9,  by  inspection  or  by  assuming  them  in  some  form  and 
appiyinf  the  metliod  of  nndetermlned  coefficients : 

(or)  aey^  +  (l-x)y'-y  =  «»»  (jS)  8aSV  +  <2-esB»)y'-4aO, 

(7)  8xV'+(2  +  6x-6x2)!/-4y  =  0,  («)  (x«- (3x  + 1) x (x =  0, 
(f )  oaty"  +  (8a  +  te)y'  +  86y  =  0,       (f)  ay" -  2»(1  +  «)y'  +  2(1  +  »)y  =«». 

11.  Integrate  theee  equations  in  any  manner : 
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(0  (l-J^ir-«|f'-«^y«0,  if)  (a*.««)/'~8aey'.MysO, 

(»)  /'  +  -  nV  =  0,  («)  J/ "  -  4f>/  +  (4x«  -  8)y  =  e'*, 

(X)  y"  +  iin/cotnx  +  (ma-n2)y  =  0,       (m)  y'  +         +  Bx-'^y' +  Ax-*v  =  0. 

12.  If  ^1  and  are  solutiuas  of  ^",+  Py'  +  =  0,  show  by  eliuiiuatiug  Q  and 
Integrating  that  . 

What  if  C  =  0?  If  C;«0,  note  that  and  i/,  cannot  vaniKh  together ;  and  if 
y,(a)  =  j/,('>)  =  0,  use  tho  relation  (VjJ'i )«  :  (VtVW  =  t>0  to  show  that  aa  y',„  and 
have  uppotdte  aiguA,  y%a  i^i>d  have  opposite  Higiis  and  hence  =  0  where 
a<{<b.  Henoe  the  theorem:  Between  any  two  xwiCs<tf  a  aolatioii  of  an  aquation 
of  the  second  order  there  is  one  root  of  every  solution  independent  of  the  given 
aolution.  What  conditions  of  oontinui^  for  y  and  y'  are  taoltljr  ■mmwl  have  f 

107.  The  cylioder  functioiis.  Suppose  that  Cj^x)  is  a  function  of  « 
which  is  different  tat  different  values  of  n  and  which  eatiafiee  the  two 
equations 

C.-,(x)-C.^,(«)-2£c.(«),    C._»(«)  +  C.^,(a:)=^C.(»).  (29) 

Such  a  function  is  calli'd  a  n/liiuh-r  finir/ion  and  tin-  indox  n  is  called 
the  order  of  tlic  function  and  may  have  any  real  value.  The  two  ccjua- 
tions  arc  su})j)osed  to  hold  lor  all  values  of  n  and  for  all  values  of  x. 
They  do  not  completely  determine  the  functions  but  from  tliem  follow 
the  chief  rules  of  operation  with  the  functions.  For  iustauce,  by  addi- 
tion and  subtraction, 

C.{x)  =  C\_,(x)  -  I  CJx)  - 1  C,{x)  -  C.  ^^ix).  (30) 

SB  X 

Other  relatiiHis  which  are  easily  deduced  are 

Dj:afC.(«r)]  =  «a-C._,(««),       D,[x-C.(ax)]  =  -  «ar-C.+,(x),  (31) 

/>,[x"c.(  V^)]  =  \  V^^C.     V^),  (32) 
C.{xy  C,ix),       C..(x)  =  (-1)-C.(a:),      » integral,  (33) 

C.(«) K-Jix)  -  CJx)  K.(x)  =  C.  ^,(x)  K,(x)  -  C.(ar)  /C.+,(x)  -  ^ ,  (34) 

where  C  and  K  denote  any  two  cylinder  functions. 

The  proof  of  these  relations  is  simple,  but  will  be  given  to  show  the  use  of  (29). 
In  fhe  flnt  case  differentiate  dlrecUy  and  mbetltttte  from  (29). 


I\rl«-C,(a»)]  =x»raI>«C.(ax)  +  ^  C.(ax)  j 
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The  teeond  of  (81)  la  proved  •IibIImIx.       (89),  dlfinontlato. . 

>  Lvos  vox  J 

K«zl  (8Q  li  oblftliied  1*     nilMtttatiiig  0  fmr » in  both  oqiMtioiiB 

(7.i(x)-Ct(s)s9C;(x),  C.i(s)  +  C,(x)sO,  henoe  C,»s->at^); 
end  9P  hj  nlMtltating  anooeatre  Talnai  for  » In  the  leoond  of  ^B)  wiitten  in  the 
fotai«C«.i<f  sCtti-isSnCV  Then 

xO.«  +  xC.t  B  —  6  C»,         xC,    XC4  s  6  C, , 

and  80  on.  The  first  giveg  C_  1  =  — r, .  Subtract  the  next  two  and  use  C_j  +  =  0. 
Then  C_2  —  =  0  or  C_a  =  (-  1)''C,.  Add  the  next  two  and  use  the  relations 
already  found.  Then  C_«  +  C,  =  0  or  C-t  =  (—  1)'C,.  Subtract  the  next  two, 
and  ao  on.  For  the  laat  of  the  relatione,  ft  very  Important  one,  note  flnt  that  the 
two  eipwealona  become  equlTaient  bj  Tblaa  of  (M) ;  for 

C»K'  —  CiKn  —  -  C^K^  —  Cm^m  +1  C^K^  +  Cm  i-iiT. . 

Z  X 

Now  £[9(0.^  A  -  CA+j)]  =    A  -  o.x;4,  +  xi;((7.  -  c,+,) 

-xc«(jr,-2iir,+,)  =  a. 

Henee  z{CU*tKm^  CJCm+i)  »  oonaL  =  il,  and  the  relation  la  proved. 


The  founder  functions  of  a  giren  order  »  satiefy  a  linear  differential 
equation  of  the  second  order.  This  may  he  obtained  by  diffsientiating 
the  first  of  (29)  and  comlnning  with  (80). 

=  I  (C..»  +  C.+O  -  i  (C._i  -  C.+O  -  2  C.. 

96  SB 


(36) 


This  equation  is  known  as  JBstfeTs  sgfiafiMt;  the  fonetions  Cj(x),  whioh 
have  been  called  ojlinder  functions,  are  often  called  BeuePt  JkiuHem. 
From  the  equation  it  foUows  that  any  three  fonetions  of  the  ssjne  order 
n  are  connected  by  a  linear  relation  and  there  are  only  two  independent 
fonetions  of  any  given  order. 
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By  ft  obange  of  the  independent  variable,  the  Bessel  equation  may 
tike  on  several  other  foms.  The  easiest  way  to  find  them  is  to  operate 
diieotly  with  the  relations  (81),  (32).  Thus 

=  -  «---»C,^,  +  2(»  + 1)*— »C.+j  -  a:-C.. 
Henos      ^^ittll^ii^.^o,  y^^^C^i.). 


(36) 


^      g  +  ii^l  +  .^O,      y.^C.(,).  (37) 

Also  a;y"  +  (l  +  n)y'  +  y  =  0,      y  =  «"^C.(2  Vi).  (38) 

And  ay  +  (l-»)y'  +  y-0^      y^JcJl;i^,  (89) 

In  all  these  differential  equations  it  is  well  to  restrict  x  to  positive  values 

>  ■ 

iiiastnuch  as,  if  n  18  not  specialized,  the  powers  of  x,  asx*,  jr  ",  x\  x'*f  are 

not  always  real. 

108.  The  fact  that  n  oc(;urs  only  squared  in  (35)  shows  that  both 
Cjr)  and  C'_,(x)  are  solutions,  so  that  if  these  functions  are  iude- 
]M'ndent,  the  complete  solution  is  y  a  aC.  +  6C_..  In  like  manner  the 
equations  (36),  (37)  form  a  pair  which  differ  only  in  the  sign  of  n. 
Henoe  if  If.  and  ir_«  denote  partioolar  integrals  of  the  first  and  seoond 
xespeetively,  the  oomplete  integrsls  are  lespeotively 

y  =  o^,  +  */f_^«»  and   y  =  o/f_,  +  6H^-; 

and  similarly  the  reajjective  integrals  of  (38),  (39)  are 

y  =  a/,  +  f^f- "    and    y  =  a/_,  -f-  i/^, 

where  7,  and  /_  „  dcnnU'  ])articular  integrals  of  these  two  equations.  It 
should  be  noted  that  tlit  se  forms  are  the  complete  solutions  only  when 
the  two  integrals  are  indejx^udent  2^ote  that 

/.(«)  =  «-i-C.(2VS),      <?.(«)  «(t«)-/.(ia^.  (40) 

As  it  has  been  seen  that  »  (—  1)"C_,  when  n  is  integral,  it  follows 
that  in  this  esse  the  above  forms  do  not  give  the  complete  B<dntion. 

A  particular  solution  of  (38)  may  readily  be  obtained  in  series  hy  the 
method  of  undetermined  ooeflBeients  (f  88).  It  is 

as  is  derived  below.  It  shoold  be  noted  that  /_«  formed  by  changing 
the  sign  <rf  »  is  mesningless  when  it  is  an  integer,  for  the  reascm  that 
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from  a  certain  point  on,  the  coefficientB  have  zeros  in  the  denominatoc 
The  detenu i nation  of  a  series  for  the  second  independent  solufcioii  when 
n  is  integral  will  \)e  omitted.  The  solutioiis  of  (3d),  (36)  o(»xespoiidiiig 
to  IJ^x)  are,  by  (40)  and  (41), 

where  the  factor  nl  has  been  intioduoed  in  the  denominator  merely  to 
conform  to  usage.*  The  chief  eyiinder  funotion  CJ(x)  is  J^{x)  and  it 
always  carries  the  name  of  BesseL 

To  derive  the  series  for  write 

a^z+       Oyc' +  .  • .  +  a*_iX*-»  + . . 
ai  +  2ajZ  +     3a^*  +  •••  +  (*—  l)at-ix*-*+ 

2ag  -f  8-2ayr  4- •  •  •  +  (*  -  1) (*  -  2)at-iz*-« -f  •  •  • , 


1 

/, 

+ 

K 

X 

0 

+  . . .  +  zt-\[at-i  +  atfc(n  +  *)]  +  ••. 
Henoe  a, -l- a|(A  + 1)  =  0^  (4  +  a|2(a  +  8)  =  0,.>«,  4|fc.i-|-4ftt(a4-il)  =  Q^ 

«t  =  -r^.     0,  =  -^=   


a-l-l'      ^    2(11  +  2)    21(n  +  l)(»-|-a)'  * 

^     ik  !  (n  +  1) . . .  (n  +  A:) 

II  now  the  choice     =  1  Is  made,  the  series  for        ia  as  giTcn  in  (41), 
The  f&muu8  diflerential  equation  of  the  first  order 

3*1/'  -  «J/  +  =  CJt",  (4S) 

known  as  Rkcati^s  eqiuilion^  may  be  integrated  in  terms  of  cylinder  functions. 
Kote  that  if  n  =  0  or  c  =  0,  the  variables  are  separable ;  and  if  6  =  0,  the  equation 
Islinear.  Aa these eaaes are ImmadIateljlatQgrBlile,aamm0 tea 9^0.  ^famltalile 
ehftUffe  of  variable,  the  equation  takes  the  foim 

«^-{-r4-^='^  -ill-  <«> 

A  compariMNi  of  this  with  (SO)  shows  that  the  sohitlon  is 

^ = AI_.(-  tet)  +  «/.(-  tef) .  (-  M^, 

which  In  terms  of  Beasel  functions  /  becomes,  by  (40), 

•Ifnbm)tfntegisI,hothiiisad  (n  +  OI  arast  be  nplaeed  (§14T)byr(a  +  l)  sad 
r(»  +  i+l>. 
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The  Telue  of  y  may  be  foand  hy  ■abedtotlon  and  nee  of  (29). 


ri     n~  m 


where  A  denotes  the  one  arbitrary  constant  of  int^ration. 

It  ie  noteworthy  that  the  blinder  f  nnetloiiB  are  aometiiDeB  ezpreaible  in  temw 
of  trigonometric  fanctlone.  For  wlien  a  =  }  the  equation  (S6)  haa  the  intogzala 

ysilainS'l-Beoex  and  V  =  z^[AO^(pt)  +  BO^^i^], 
Henoe  it  is  permiMlhie  to  write  Ae  relations 

s}C|(x)  =  Bin  X,      xi(7_  |(2)  =  C08X,  (46) 

where  (7  is  a  saitaUy  eliosen  igrlinder  fonetion  of  order  |.  From  tliese  eqoatlons 
hy  application  of  (89)  tlie  cylinder  functions  of  order  jp  <f    where  p  is  any  integer, 

may  be  found. 

Now  if  Riccati^B  equation  is  such  that  6  and  c  havu  opposite  signs  and  a/n  is 
of  tiM  fonn  p  +  i,  the  integral  (44)  can  be  expwsed  In  terms  of  trigonometric 
faneti<nis  by  ndng  the  valuee  of  tlie  functions  C,^^  just  found  in  place  of  the /^s. 
Mweorer  if  b  and  c  have  the  same  aign,  the  trigonometric  solution  will  Ktill  hold 
formally  and  may  he  converted  into  <'xiKint'iifiiil  or  hyjMTlMilir  form.  Thus  Riccati's 
equation  is  integrable  in  terms  of  thu  elementary  fuiictious  when  a/n  =  p  +  ^  no 
mattv  wliat  the  sign  of  8e  is. 

EXERCISES 

1.  Prove  the  following  relations: 

(a)  4C:'  =  C._8-2C,+ 6'.  +  ,,       (/3)  xC.  =  2  (n  +  1)  C. +i  -  xC.  +  t , 

(7)  2» c;"  =  C»  _  »  -  «  C-i  +  8  C,  +1  -  C, + , ,  generalize, 

(I)  «0,  =  8(a  + 1) C,+i  -  2(11  +  «) +  a(»  +  6) atC^+s. 

9.  Study  the  functions  defined  by  the  pair  of  relatlonB 

Jf..i  (X)  +  F,  +1  (X)  =       F,(x),      F._i  (X)  -  F.+i  (X)  =  |  F,(») 

espedally  to  And  results  analogous  to  (M)-(IM9. 

5.  UseSx.  18,  p.M7,  to  obtain  ^>  and  the  ooneqionding  relati<«  in  Bz.  2 

4.  Show  that  the  solution  of  (88)  is  y  =  AI^J  ^^"^ 
B,  Write  out  life  terms  in  the  ezpansloiis  of  7«,  J^,       J,,  J^, 

6.  Show  from  the  expansion  (42)  that  J  !  "^'"^iC')  —  -  >unx. 

7.  F^om  (4S),  ^  obtain  the  following : 

si(7|(s)s^^  — coes,  «JCj(/)  =^  Q  -  l^ain«  — ?oos«, 

-  "  sicr_|(s)  s  |sln«  +(^-^) 
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8.  Prove  by  integr»tion  by  pftits:  J =  ^  +  ®^  +  ^ '  ^ 
BoppoM  0;,(b)  and  ir.(«)  so  ehosen  that  il  s  1  in  (M).  Show  tliat 

If  =  ACJ,x)  +  ^A'.(z)  +  L^K^(z)  f^dx  -  C,(x)  J ^^dxj 

to  tin  intflgnl  of  tlM  diinmttel  aqnallmi  sV"  +     +  ^  —  s 

10.  NolA  that  flM  nlatloii  of  Btooatf eqiukdon  has  the  fofn 

"yS+^gw'  l+PW** «(»)*•=«(») 

will  be  the  fom  o<  Uie  eqaatton  whieh  has  suoh  an  e^vesrion  for  tta  integial. 

11.  Integiate  these  eqoalioiis  In  tenns  of  ofUnder  fonetioiie  and  rednoe  the 
lesnlte  wheiie?er  poaillile  bj meaiisoC  Bx.  7: 

It.  Identify  the  fniietloiis  of  Bz.  S  with  the  cylinder  funotloiis  of  te. 

IS.  Le(CgEP-l)P;;  =  (»-|-l)(P,^i-sP.),      i^^i  =  sF;  +  (»  +  l)P.  (M) 

be  taken  as  defining  the  LegemirtfkmMom  P«(«i)  of  order  n.  Prove 

(a)  (z«  -  1)  P:  =  n(zP,  -  P«_i),      (^)  (2 n  +  l)zP,  =  (n  +  1)  l\  +1  +  nP._i, 
(7)  (2n  +  l)P.  =  P;+i-P:_„       (a)  (l-z«)P;'-2zP:  +  n(n  +  l)P,.CL 

14.  ShowUi*tP,Qi-i^»«.  =  3^  Md  P,QU+i-P«+i<a.  =  -4T» 

~  1  n  + 1 

where  P  and  Q  aie  aipy  two  Logendxe  fnnotions.  Bxpnei  the  general  solatloa  of 
the  dmerenttal  equation  of  Ex.  18  (t)  analogouly  to  Bx.  4. 

18.  Let»  =  a^  — 1  andletDdenole'dliforeDtiationbys.  Show 

I>i+»i#»+«  s  l>>+>(i(tfO  s  «Z>i-i-itfi  +  S(n  +  l)»Dlf  +  n(ii  + 

l>i<i-itf»+i  s  D-Dtfi^i  a  s<n  -I-  l)l>>(ari)  a  8(n  +  l)s2>w>  -I-  Sn(n  +  l)I>>-ttfi. 

Henoe  show  that  the  derivative  of  the  second  equation  and  the  eliniinant  of  l^~h^ 
between  the  two  eqnatlone  give  two  eqpiatkmB  which  rednoe  to  If 


_  ,  .         1      <i"  ,  ,     ,v  fWTien  n  is  inteRTal  ^ 

P,(z)  =  (i«  —  I)".       4  ^  ,      ,        .  , 

2"  •  n !  dz"  \Legenare  8  polynomtaa 

16.  Detennine  the  solutions  of  Ex.  18  (8)  in  series  for  the  initial  conditions 

<«)p.(0)=i,  («p.(0)  =  ai 

17.  Take  Pq  =  1  and  P,  =  z.  Show  that  theeeaiesolntions  of  (48)  and  oompnte 

P,,  Pg,  P^  from  Ex.  18  (^).  If  z  =  co«  $,  show 

Pi  =  |cos2tf  +  4,      P»  =  |coe8tf +  icoetf,      P«  =  ||coe4^ -I- ||ooe2tf  +  A* 
IS.  Write  Ex.  18  («)  as  1  [(1  -     P^]  +  »(»  +  1)P. -Oandabow 

/•+»  r+if    dd-z^if  d(l-z«)Pn 
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Integrate  bj  parts,  assume  the  fonctlons  and  their  derivatives  are  finite,  and  show 

19.  By  luccessive  integration  by  parts  and  by  reduction  formulas  show 

rW  =  _J_  r^»d"(x'-i)",d-'(x'-i)-  (-1)2 

and  I  JPJdxss- — — •.       n  integral. 

20.  Show       J  ^  x-»P|,<fa  =  J  ^  X-  =0t      if  wKn. 

Satennino  the  Talus  of  fbe  Integial  when  ms  ».  Cannot tbeiMuUa of  Bn.  18, 19 
for  »  nnd  n  Intsgial  be  obtained  rfmply  ffom  fbeae  naalteF 

tl.  Oooalder  (88)  and  Its  aolatioii  lo^l^'+o^'^  +  ri"" 
a  =  0.  Assume  a  t^ulution  of  the  form  y  s  I^o  +  u;  so  that 

it  the  equation  f   w  If  v  Mtidlea  the  equatioii  anr*  +    s  0.  Show 

37  aasuming  to  =  a^x  +  o^'  +  •  ■  • «  determine  the  a*s  and  hence  obtain 

and  (A  +  £  log  z)  /q  +  10  is  then  the  complete  solution  containing  two  constants. 
As  AI^  is  one  sdatlon,  Blogs*  +  w  Is  another.  From  this aeoood  solution  foi 
n  =  0,  the  second  solution  for  any  integral  value  of  n  may  be  obtained  by  diffen 
entiatioa ;  the  wo^  however,  is  long  and  the  result  is  somewhat  complicated. 
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CHAPTER  X 

DIFFXSXHTIAL  iqOATUm  DT  MORS  THAIT  TWO  VARIABLES 
100.  Total  differential  equationa.  An  equation  of  the  f onn 

-PC**  y»      +  <i(«»  yf  «)rfy + yi «)   ■»  o,  (i) 

involving  the  differentials  of  three  variables  is  called  a  total  differen- 
tial e^tfoKpif.  A  similar  eqvati<m  in  any  number  of  yariables  would 
also  be  called  total ;  bat  the  diaouseion  here  will  be  restricted  to  the 
case  of  .three.  If  definite  values  be  assigned  Utx,^,*,  say  a,  b,  e,  the 
equation  becomes 

where  «,  y,  s  are  supposed  to  restricted  to  values  near  a,  h,  r,  and 
repi^esents  a  small  portion  of  a  ])laue  passing  through  (a,  b,  c).  From 
tlie.analogy  to  the  lineal  element  (§  85),  sneh  a  portion  of  a  plane  may 
be.oa]led  tkj^nar  elemeiU.  The  differential  equation  therefore  repre* 
•  sents  an  infinite  number  of  planar  elements,  one  passing  tiirough  each 
point  of  space. 

Now  any  family  of  surfaces  F(Xf    «)  b  C  also  represents  an  infinity 

of  planar  elements,  namely,  the  portions  of  the  tangent  planes  at  eTety 
point  of  all  the  surfaoes^in  the  neighborhood  of  their  respective  p(nnts 
oftangenoy.  In&ot 

dF»F;;dx-^F'^  +  F',dM^O  (3) 

Is  an  equation  similar  to  (1).  If  the  planar  elements  represented  hy 
(1)  and  are  to  be  the  same,  the  equations  cannot  ditteat  by  more 
than  a  factor  |ft  (as,    »).  Hence 

=  fip,     f;  =  fiQ,     f;  =  ^r. 

If  a  function  F(x,  ?/,  z)  =  C  can  \ye  found  which  satisfies  these  condi- 
tions, it  is  said  to  be  the  integral  of  (1),  and  the  factor  /x  (jr,  y,  z)  by 
which  the  equations  (1)  and  (3)  differ  is  csdled  an  integrating  factor 
of  (1).  Compare  191. 

It  may  happen  that  /«  s  1  and  that  (1)  is  thus  an  exact  differential 
In  this  case  the  conditions 

^;  =  q;,    q;  =  /?;,    k--p:»  (4) 
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which  arise  from  =  f;^,f;;,  wm  F^,  F^- F^,  mtiflt  be  satisfied. 
Moreover  if  these  conditions  are  satisfied,  the  equatioii  (1)  will  be 
an  exact  equation  and  the  integral  is  given  by 

/'(x,y,«)= J  P{x,y,z)dx-\- J'Q(x^tf,z)dy+Jjl(x^,y^,z)dz  =  C, 

where  y,,  «^  may  be  ohoeen  so  as  to  render  the  integration  aa  simple 
as  possible.  The  proof  of  this  is  so  similar  to  that  given  in  the  ease  of 

two  variables  (§  92)  as  to  be  omitted.  In  many  cases  which  arise  in 
practice  the  equation,  thoagh  not  exacti  may  be  made  so  by  an  obvioas 
integrating  factor. 

As  an  example  take  —  yxdx  +  aB%b  s  0.  Here  the  oondltloiis  (4)  aie  not 
IttlfiUed  but  the  integnting  factor  l/xH  is  suggested.  Thai 

Z         \x  / 

is  at  once  perceived  to  be  an  exact  differential  and  the  integral  is  y/z  +  logx  =  (7. 
It  appears  therefore  that  in  this  simple  ease  ndther  the  senewed  appUoatton  of  the 
oonditions  (4)  nor  the  genenl  fennola  for  the  intagrsi  wu  neoeasHy.  It  often 
happfflut  that  both  the  inlegiatliig  fa^^r  and  the  intsgial  can  be  reoogdised  at  onoe 
as  above. 

If  the  equation  does  not  suggest  an  integrating  fsetor,  the  qnesiion 
arises,  Is  there  any  integrating  factor  ?  In  the  ease  of  two  variables 
(§  94)  there  ahvnys  was  an  integrating  factor.  Ifi  the  oase  of  three 
variables  there  may  be  none.  For 


If  these  equations  l^e  multiplied  by  R,  P,  Q  and  added  and  if  the  result 
be  simplified,  the  condition 

is  found  to  be  imposed  on  P,  <^  J2  if  there  is  to  be  an  integrating  &o- 
tw.  This  is  called  the  condition  of  tnteffrabilHy,  For  it  may  be  shown 
conversely  that  if  the  condition  (5)  is  satisfied,  the  equation  may  be 

integrated. 

Suppose  an  attempt  to  iiit<>f^rate  (1)  1m>  made  as  follows  :  First  assume 
that  one  of  the  variables  is  constant  (naturally,  that  one  which  will 
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make  the  resulting  equation  simplest  to  integrate),  say  z.  Then 

Pdx  +  Qdy  =  0.  Now  integrate  this  simplified  equation  with  an  iiite- 
^natiiig  factor  or  otherwise,  and  let  y,  z)  z=  <^{z)  be  the  integral, 
wlu'ie  the  constant  C  is  taken  as  a  function  <^  of  z.  Next  try  to  deter- 
mine (/>  so  that  the  integral  F(x,  y,  z)  =  ^{z)  will  satisfy  (1).  To  do 
this,  differentiate  j 

Compare  this  equation  with  (1).  Then  the  equations* 

must  hold  The  third  eqnatioa  (F^  ->  XR)  d»ssd^  may  be  integnled 
provided  the  eoefiicient  S^F^  — XRoidMiatL  fanetum  of  «  and  ^ 
that  i8»  of  •  and  F  alone.  Tliis  is  so  in  ease  the  condition  (1^  holds.  It 

therefore  appears  that  the  integration  of  the  equation  (1)  for  which  (5) 
holds  reduces  to  the  euooeesion  of  two  integrationa  of  the  ^rpe  diaouBoed 
in  Chap.  VIIL 

Asaaenmpietake^x^  +  Saqf +  9«B*'|>l)dB'f  dly  +  SiCbsO.  The  oonditioii 

(9aE« -I- »cy  +        + 1)0  + 1(~  4cc>  +  Sc(2x)  =  0 

of  integrability  is  satisfied.  The  greatest  simplification  will  be  bad  by  making  x 
oonstant.  Tbend^  + Ssdi(s0aiid|r4' i^s^(c).  Oompwe 

4y  +  Ssdbscl#  and  (2x>  +  2xy +  2k<>  + l)(ie  +  <fy  +  8xdkBQ. 

Then  Xs=l,      —  (2j^+ 2xy  +  2i2«  +  l)di  =  ; 

or  —  (2x«  +  l  +  2z^)dx  =  d0   or       +  2z^  =- (2x«  +  1)46. 

This  is  the  liuear  type  with  the  inttgnuing  factor  e^.  Then 

e*'(d^  +  2x^)  s-  e**(as<  +  l)<te   or   e^^  =- J* e^<2x*  +  l)d»  +  O. 

Hence  y  +  «■  +  e-'^J e^(2atP  +  l)iiB a  Oe-^  or  e^(y  +  «^ + / 1)*8  =  O 

is  the  solution.  It  may  be  noted  that  is  the  integmting  factor  for  the  original 
equation : 

e«*[(2jb«  +  2xy  +  2xz*  +  l)dx  +  dy  +  2zdz]  =  d|^c**(y  +  ««)  +  J*  e*'(2i«  +  l)ibj. 

To  complete  the  proof  that  the  equation  (!)  is  integrable  if  (6)  is  fatisfied,  It  is 
necessary  to  show  that  when  the  condition  is  satisfied  the  coefficient  .s"  =  F,'  —  \R 
is  a  function  of  z  and  F  alone.  Let  it  be  regarded  as  a  function  of  z,  F,  t  instead 
of(B,y,s.  Itisneoeaaaiy  toinovethatthederiyatiTeof  Sliyc  wbanFandsam 
Gomtant  Is  aero.  By  the  f  onniilas  f  or  diange  of  vailaUe 

•Here  the  factorXlsBofcBnlBte!gtmtliiglketorot(l)tbatonlyof  Uiandiiesdeqiiat^ 
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Bat     n-XP«ul,J  =  X<^«adI^Qf4-p(^^^  =q(|)^^^ 

How  /—I  _i./££!.^xBW— . 

\dc/y,a    dx\ts       /    Sfte     As      Ai  to 

wbeie  a  temi  has  been  added  In  the  fint  htaeket  and  aabtiaeted  la  the  Moond. 

Now  as  X  Ib  an  integrating  factor  for  JPdz  +  Qk^,  it  follows  that  (XQ)^  =  (XP)^  ;  and 

only  the  first  bracket  remains.  By  the  condition  of  iiif  t'lrrability  this,  too,  vanishes 
and  hence  S  as&  function  of  x,  F,  z  does  not  contain  x  but  is  a  function  of  F  and 
t  alone,  as  was  to  be  proved. 

110.  It  has  been  seen  that  if  the  equation  (1)  is  integrable,  there  is 
an  integrating  factor  and  the  condition  (5)  is  satisfied ;  also  that  con- 
versely if  the  condition  is  satisfied  the  equation  may  be  inte^^'nited. 
Geometrically  tliis  imans  that  the  intinity  of  planar  elements  defined 
by  the  equati(ni  can  be  grou|x^d  ujx>n  a  family  of  snrleuses  F(x,  t/,x)ssC 
to  whkth  they  are  tangent  If  the  oonditiaci  tH  integrability  is  not  satis- 
fied, the  planar  elements  cannot  be  thus  grouped  into  snr&ees.  Kever^ 
theless  if  a  surface  G(x,  «)  »  0  be  giyen,  the  planar  el«nent  of  (1) 
which  pasaeB  through  any  ptnnt  (x^,  y,,  «^  of  the  sur&oe  will  eat  tiie  ' 
aorfBce  (7  s  0  in  a  certain  lineal  element  of  the  surface.  Thus  upon  the 
Borfaee  G(Xf  y,  «)  =  0  there  will  be  an  infinity  of  lineal  elements,  one 
through  each  point,  whieli  satisfy  the  given  equation  (1).  And  these 
elements  may  l)e  grouped  into  curves  lying  upon  the  surface.  If  the 
equation  (1)  is  integrable,  these  curves  will  of  course  Ije  the  intersections 
of  the  given  surface  Cr  =  0  with  the  surfaoes  F=C  defined  by  the 
integral  of  (1). 

The  method  of  obtaining  the  curves  upon  G  (x,  y,  «)  =  0  which  are 
the  integrals  of  (1),  in  case  (5)  does  not'poeseaa  an  integral  of  the  form 
F(Xf  y,  «)  =  C,  18  as  follows.  Consider  the  two  equations 

of  which  the  first  is  the  given  differential  equation  and  the  second  is 
the  diiierential  equation  of  the  given  suiface.  From  these  equations 


Digitized  by  Google 


258 


DIFFERENTIAL  EQUATIONS 


one  of  the  differentials,  say  dz,  may  be  eliminated,  and  the  correspond- 
ing variable  «  may  also  be  eliminated  hy  substituting  its  value  obtained 
by  solviiif^  (;(x,  y,  z)  =  0.  Thus  tlieie  is  obtained  a  differential  equa- 
tion Mdjc  Ndi/  =  0  connecting  the  other  two  variables  x  and  y.  The 
int^^gral  of  this,  F(x,  y)  =  C,  consists  of  a  family  of  cylinders  which  cut 
the  given  surface  G  =  0  in  the  curves  which  satisfy  (1). 

Consider  the  equation  ydx  +  xdy  —  {x  +  ]/  +  z)dz  =  0.  This  does  not  satirfy  the 
condition  (6)  and  hence  is  not  completely  int^rable ;  but  a  set  of  integral  curves 
may  be  fonndoii  any  assigned  auifaee.  If  theauifM*  be  the  plane  g  b  c  +  y,  then 

ydx  +  xdy  —  {x  +  y  +  x)dx  —  0  and  dxtsdx  +  dy 

give         {z  + z)dr  +  {y  +  z)dy  =  0   or    {2x  +  y)dx  +  {2y  +  x)dy  =  0 

by  eliminating  dz  and  z.  The  resulting  equation  is  exact.  Hence 

X*  +  zy  +      =  C    and    z  =  x  +  y 

give  the  curves  which  satisfy  the  equation  and  lie  in  the  plane. 

If  the  equation  (1)  were  int^^ble,  the  integral  curves  may  be  used  to  obtain 
the  integial  mrf  aoea  and  thus  to  aocompUsh  the  eomplete  intagntiao  of  the  equa- 

Uon  by  yfayer's  method.  For  supixise  that  F{x,  y,z)  =  C  were  the  integral  surfaces 
and  tliat  y,  z)  =  F{0,  0,  were  that  particular  surface  cutting  the  z-axis  at  z,^. 
The  family  of  planes  y  =  Xx  through  the  2-axis  would  cut  the  surface  in  a  series 
of  come  which  would  be  Integnl  eorvee,  and  the  mif  aoe  oould  be  ragavded  at 
generated  by  these  curves  a&  the  plane  turned  about  the  axis.  To  reverse  then 
considerations  let  j/  =  Xz  and  dy  =  Xflr  ;  by  these  relations  eliminate  dy  and  y  from 
(1)  and  thus  obtain  the  differential  equation  Mdx  +  Ndz  =  0  of  the  intersections 
of  the  planes  with  the  aolntfona  of  (1).  Int^irate  the  equation  aB/(2,  z,  X)  =  C  and 
determine  the  constant  so  that/(z,  z,  X)  =/(0,  z,,  X).  For  any  value  of  X  this  gives 
the  intersection  of  F{i,  ?/,  ?)  =  ^"(0,  0.  z,,)  with  y  =  Xa.  Now  if  X  be  eliminated  bj 
the  relation  X  =  y/x,  the  result  will  be  the  surface 

/(z,z,|^=/^0,Zo,|),  equivalent  to  F(c,  y,  c)  s       (»» s^ 

which  is  the  integral  of  (1)  and  passes  tbrough  (0,  0,  z^).  As  Zq  is  arbitrary,  the 
solution  contains  an  arbitrary  oonatant  and  is  the  general  solution. 

It  to  dear  that  instead  of  ndng  planes  throng  the  s-axls,  planes  through  either 

of  the  other  axes  mipht  have  been  used,  or  indeed  planes  or  cylinders  through  any 
line  parallt  !  to  any  of  the  axes.  Such  moditications  are  frequently  necessary  owing 
to  the  fact  that  the  substitution  /(O,  z^,  X)  introduces  a  division  by  0  or  a  log  0  or 
sraae  other  Imposribillty.  For  Instanoe  oooiider 

y^4.«^.ydiKsO,     ysXc,     (|y  =  Vis,     X^Afe  ^.  Xcds  —  X«b  s  0. 
Then  xdx  +  ^^^^nOi  and  Xz X). 

SP  9 

But  hers  /(O,  Sq,  X)  to  ImposriUe  and  the  eolntioa  to  Olnsoty.  U  (he  plaaee      1)  s  X« 

passing  through  a  line  parallel  to  the  Muds  and  containing  the  point  (Qi,  1,  had 
been  used,  the  result  would  be 

4ysXdK,      (l  +  X«)MB  +  Xsds>(l-f'Xx)dssO, 
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or 


1+  Xx 


z 


Hanee 


1-1- Xs 


=—     or  s 


tothflaolntfon.  Thesame result oouldh&ve been olyt^&edwltiiVBXs or =  \{x—a) 
In  the  lalter  oaae,  however,  osre  shoold  be  taken  to  iwe/(x,  s,  X)  B/(a,  X). 


1.  Test  theHe  equationa  for  exactness  ;  if  exaofc,  Integnta ;  If  not  emet,  find  an 

iDtegralitig  factor  by  inspection  and  integrate : 

(a)  (M  +  z)dx  +  {t^x)dv  +  (x  +  y)(U  =  0,     {fi)  yhix  +  xdy-ydz  =  0, 
(t)  {ix+y*+  2xx)dx  +  2xydy  +  sMMts%    (V)  zydx  =  xxdy  +  y^^ 

U)  «(y-i)(s-i)(is-i-y^-i)^-i)dv-l>s(«-i)(v-i)dssO. 

S.  Apidy  the  teat  of  integnhilitj  and  intograte  fhaaet 

(cr)  (z«  -  v«  -  z«)(ix  +  23cydi/  +  2xzdz  =  0, 
(/S)  (J-  +     +  2«  +  l)<tc  +  2y(fy  +  2jNb  =  0, 
(7)  (V  +        +  zdy  =  0^  +  tt)<b, 

(e)  i«dr2  +  y*dy*  -  2«<iz«  +  22|«iH|v  =  0- 

(r)  '(pEds  -t-  ydy  +  adsi*  =  y*) (xdz  -t-  ydy  -I-  gdx)dg. 

Z.  IS  the  equation  is  homogeneoiu,  the  substitution  i  ~  uz,  y  —  vx.  frpqiiently 
ahortens  the  work.  Show  Uiat  if  the  given  equation  satiHfieii  the  condition  of  inte- 
grability,  the  new  equation  will  aatiafy  the  oorrc^pouding  oonditlim  In  the  new 
TaiUbtea  and  may  be  rendered  ezaet  by  an  obviooa  integrating  faetor.  Integmte : 

(a)  (f« -I-  yz)dx  +  {xz  +  z*) dy  +  (y«  -  xy) dz  =  0, 

(/?)  (j-«.v  -  y»  -  !/^z)  dx  +        -  x«z  -  x')  dy  +  (JT^*  +  x'l/)  dz  =r  0, 
(7)  (1/*  +  j/z  +  22)dx  +  (x«  +  xz  +  z^)  (/y  +  (x3  +  xy  +  i/«)dz  =  0. 

4.  Show  tliat  (f))  does  not  hold  ;  integrate  Kubject  to  the  relation  impowd: 

(a)  ydx  +  xdy  —  (x  +  y  +  t)dz  —  0,      z4-y  +  2  =  ':   or   y  =  Ax, 
(/J)  c(xdy  +  ydy)  -I-  Vl-  lAc^-  =  0,      crtS«  +  6»y« *V  » 1, 

(y)  dk s oyds M^i     v  =  te  or  (EP-|-y*-|-s^sl  or  y s/^). 

5.  Show  that  If  an  equation  iaintegimble,  ft  renudnalnt^gmble  after  any  change 
of  variablea  from    y, « to  n,  v,  ie. 

6.  Apply  Haiyer*8  method  to  aondiy  of  Bn.  S  and  8. 

7.  FhMl  the  oonditiona  of  eKactneea  for  an  eqoation  In  four  vaifaUea  and  write 

the  formula  for  the  integration.  Integrate  with  or  without  a  faelor : 

(a)  (2x  +  y»  +  2xz)dx  +  2xydy  +  x«dz  +  dVsO, 
(^)  yzudx  +  xzudy  +  xyudz  +  xyzdu  =0, 

(y)  (y    z  +  u)dx  +  (X  +  z  +  u)dy  +  (x  +  y  -h  u)dz    (x  +  y  +  z)du  =  0, 
(I)  «(^-|-fl)dgB-|-«0r-|-a-|-l)d^-|-iMb-0r  +  s)(iiisO. 

8.  If  an  equation  In  four  Tsriablee  la  intQgrable,  H  moot  he  ao  when  any  one  <A 

the  variables  is  held  constant.  Hence  the  four  conditions  of  integrability  obtained 
by  writing  (6)  for  each  aet  of  three  ooeffldenta  moat  hold.  Show  that  the  oonditiona 
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are  satititied  iu  the  following  cases.  Find  the  integrals  by  a  generalization  of  the 
metliod  in  tlie  tost  hy  letting  one  yariable  be  constant  and  integrating  the  three 
ramainlQg  tenns  and  determining  the  oonitant  of  Integration  as  a  function  of  the 
fourth  in  such  a  way  as  to  satisfy  the  equations. 

(a)  z{y  +  z)dx  +  z(»  -  j)dy  +  y(z  -  u)dz  +  t/(y -f  l)(b»as<^ 

(/3)  uyzdx  +  uzx  log  xdy  +  uxy  log  xdz  —  xdu  =  0. 

9.  Try  to  extend  the  method  of  Mayer  to  such  as  the  above  in  Ex.  8. 

10.  If  O  (z,  y,  z)  =  a  and  11  {z,  y,  z)  =  b  are  two  families  of  suxfaoas  defining  a 
family  of  curves  as  their  intersections,  show  that  the  equation 

is  the  equation  of  the  planar  elements  perpendicular  to  the  curves  at  every  point 
of  the  curves.  Find  the  conditions  on  G  aii<l  H  that  there  shall  be  a  family  <rf  soit- 
faces  which  cut  all  these  curves  orthogonally.  Determine  whether  the  curves  below 
havo  orthogonal  tiajeetoiies  (suxfaoes) ;  and  if  th^  have,  find  the  eoifaoea: 

(y)  2*  +  V'  =  a',  z  =  b,  (5)  xy  =  a,  zz  =  h, 

(«)  -rs  +  y«  +  2^     a\  xy  =  b,         (f)  jc«  +  2 +  Sz"  =  a,  xy  +  z  =  ^ 

(i,)  log az,  I  +  y  +  z  =  6,       ((9)  V  =  2 (W  +  a«,  2  =  2fcx  + 

11.  Extend  the  work  of  proposition  3,  §  94,  and  Ex.  11,  p.  234,  to  find  the  normal 
derlTative  of  the  solution  of  equation  (1)  and  to  show  that  the  singular  solution  may 
be  looked  for  amongtlM  factors  of      b  0. 

12.  If  Fs  Pl4>  014  Rk  be  formed,  show  that  (1)  beoomeB  F-d^sO.  Show 
tiiat  the  condition  of  exactness  is  VxF  =  0  by  expanding  VxF  as  the  formal  vector 
product  of  the  operator  V  and  the  vect<jr  F  (see  §  78).  Sliow  further  that  the  condi- 
tion of  integrability  is  F.(VxF)  =  0  by  similar  formal  expansion, 

IS.  In  Ex.  10  consider  VG  and  Vif.  Show  these  vectors  are  normal  to  the  sur- 
faces 6  s  a,  £r  s  6,  and  hence  infer  that  (y(?)x(VJEr)  is  the  direction  of  the  inter> 
section.  Finally  explain  wliy  dr>(VOKVir)  s  0  Is  tlie  diiferenttal  equation  of  the 
orthogonal  family  if  there  besttohafamily.  Show  that  this  TCt^r  form  of  the  family 
reduces  to  the  form  aboTO  given. 

111.  Syitenw  of  doiiiltaneoai  equatioiiB.  The  two  equations 

in  the  two  dependent  variables  y  and  z  and  the  indc{H;ndent  variable  .r 
constitute  a  set  of  simultaneou-s  equations  of  the  first  order.  It  is  more 
customary  to  write  these  equations  in  the  form 

A'  {x,  y,  z)      y{x,  y,  z)      Z  (x,  y,  z)'  ^  ' 

which  is  symmetric  in  the  differentials  and  where  X :  Y:  Z  =  1 :/:  ff. 
At  any  assigned  point  .r  ,  ?/^  ,  of  sjiacc  the  ratios  rlr  .ily.dz  of  the 
differentials  are  determined  by  substitution  in  (7).  Hence  the  equations 
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fix  a  definite  diieotion  at  each  point  of  space,  that  is,  thej  detenmine  a 
lineal  element  throagfa  each  point  The  problem  of  integration  is  to 
oomhine  these  lineal  elements  into  a  Ismily  of  corres  F(a^  y,  s)  s  Cj, 

C?(x,  y,  «)  =  Cj,  depending  on  two  parameters  C,  and  C,,  one  curve  pass- 
ing through  each  point  of  spaoe  and  having  at  that  point  the  direction 

determined  by  the  equations. 

For  the  formal  integration  there  are  several  allied  methods  of  pro* 
oedure.  In  the  first  place  it  may  hap])en  tlut  two  of 

dx_d^        d^_dx         Ac  _  cte 

are  of  such  a  form  as  to  contain  only  the  variables  whose  differential* 
enter.  In  this  case  these  two  may  integrated  and  the  two  solutions 
taken  together  give  the  family  of  curves.  Or  it  may  liapjH'U  tliat  one 
and  only  one  of  these  equationn  can  be  integrated.  Let  it  be  the  first 
and  suppose  that  =     is  the  integral.  By  means  of  this  inte* 

gral  the  variable  x  may  be  eHminated  £rom  the  seoond  of  the  eqnationa 
or  the  variable  y  from  the  third.  In  the  lespectivB  cases  there  arises 
an  equation  whidi  may  be  integrated  in  the  form  GQff  *,  C^ssC^m 
0(x,  »tf}^C^f  and  this  result  taken  with  F^x,  y)  »  will  determine 
the  Ihmily  of  conres. 

Conridertheenmple  ~  =  ~  =  — .  Here  the  two  eqiutiiom 

yz      xz  y 

are  integr&ble  with  the  reaalts  «*  —  y*  =  C|,  —  S*  s  C,,  and  tbass  two  mtspsls 
ooiwtltute  the  eohition.  The  eolation  might,  of  eoone,  appear  in  vwty  diffetent 

fonn ;  for  there  are  an  indefinite  number  of  pairs  of  equations  F(x,  j/,  z,  T,)  sOl, 
y,  r,  C,)  =  0  which  will  intersect  in  the  rurvcK  of  interaootion  of  j'  —  j/'  =  C,, 
and  X*  —  *«  =  C,.  In  fact  (y*  +  C\)*  =  (z*  +        ia  clearly  a  BoluUon  and  could 
replaee  either  of  thoee  found  above.  ... 

Oonrider  the  example -2 — ^ — :i  =  ^  =  ^'  H*" 

dw  dm 

2  =  — »  with  the  Integral  y  =  C.s, 
V  « 

is  the  only  equation  the  integral  of  which  can  be  obtained  directly.  If  y  be  elimi- 
uated  by  meauii  of  this  first  integral,  there  results  the  equation 


lUsishoaBOgs&eoaa  and  may  be  integrated  with  a  factor  to  give 
S*  +  (c;  +  l)r«  =  C^  or  as^  +     +  «•  =  C,f . 
BsBoa  y  =  +  y*  -t>  s 

la  the  aotaition,  and  lepiesenta  a  oert^  fanny  of  eirdes. 
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Auother  method  of  attack  is  to  use  composition  and  division. 

(8) 


Here  A,  |(,  v  may  be  chosen  as  any  functions  of  (x,  «).  It  may  1^ 
possible  80  to  choose  them  that  the  last  expression,  taken  with  one  of 
the  first  three,  gives  an  equation  which  may  Ix?  integrated.  With  this 
first  integral  a  secoml  may  V)e  ohtaiiud  as  Wfore.  Or  it  may  l)e  that 
two  different  choices  of  X,  /x,  v  C4in  1k'  made  so  as  to  give  the  two  desired 
inU'grals.  Or  it  may  be  possible  so  to  select  two  sets  of  multipliers  that 
the  equation  obtained  by  setting  the  two  expressions  equal  may  be 
Bolred  for  a  first  int^iiaL  Or  it  may  be  possible  to  ehoose  X,  /x,  v  so 
that  the  deiKmiinator  +  v-Z^  =  0,  and  so  that  the  numerator 
(which  must  vanish  if  the  denominator  does)  shall  give  an  equation 

Xdx-k-  ftdt/-\-vd»^0  (9) 

which  satisfies  the  condition  (5)  of  integrability  and  may  be  integrated 
by  the  methods  of  §  109. 

Consider  the  equaUons-;? — ^  =  — — ^  s=  ,         »  Here  take  X,  ^i,  r 

SS  1,  —  1,  —  1 ;  then  \X  +  fiY+  wZz=0  and  dx  —  dy—tiz  =  0  is  integrable  as 
f  —  y  —  z  =  C, .  This  may  be  ummI  to  obtain  another  integral.  Bat  another  choiee 
of  X,  ^  r  as  z,  V,  0,  combined  witli  the  last  expression,  gives 

x<Lz  +  ydx  dz  ^ 

Henoe  ae  —  y  —  «  =  C,  and  *"  +     =  Cjt* 

wiil  serve  as  solutions.  This  is  shorter  than  the  method  of  elimination. 

It  will  be  noted  that  these  equations  just  eolved  are  homogeneoaa.  The  aabitt- 
tntlonssus^y a wmightbetried«  Then 

ndt  +  xdu  _  «te4>sfc  _  dt  sds  sis 

i^  +  «*  +  »~i^  +  «^  —  u~ii +  tt»  +  •'"i^  — us— «* 

du               dv  dz 
or  —   =  — 

vr  —  uv  +  9     tt'  —  UD  —  u  z 

Now  the  first  equations  do  not  contain  z  and  may  be  solved.  Thin  iilwavH  liappens 
in  the  homogeneous  case  and  may  be  employed  if  no  shorter  methol  sugge^sts  itself. 

It  need  hardly  be  mentioned  tliat  all  these  methods  ajjply  equally  to 
the  ca,so  where  there  are  Uiore  than  tliree  equations.  The  geometric 
picture,  however,  fails,  altliough  the  geometric  hmgiuige  may  be  contin- 
ued if  one  wishes  to  deal  with  higher  dimensions  than  three.  In  some 
cases  the  introduction  of  a  fourtli  variable,  as 

dx     di/     ih     (It  dt  «^ 
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iB  useful  in  solving  a  set  of  equations  which  originally  contained  only 
three  variables.  This  is  particularly  true  when  JT,  F,  Z  are  linear  witii 
constant  coefficients,  in  which  case  the  methods  of  f  98  may  be  applied 
with  t  as  independent  variable. 
118.  Simultaneons  diffexential  equations  of  higher  order,  as 

(Pr        /r/<^V     „  /         fir   dd>\         Id/,  dd>\         I         dr  dd>\ 

u?-i-;n)=''  ('•'  Si  ■       rJt  ('-^  ut) = *  *•  M  •  ij' 

especially  those  of  the  second  order  like  these^  ate  of  constant  oecoT' 
xence  in  mechanics ;  for  the  acceleration  requires  second  derivatives 
with  res[)ect  to  the  time  for  its  expression,  and  the  forces  are  expressed 
in  terms  of  the  (•(Mjrdiiiat^^.s  and  velocities.  The  eomplete  integration  of 
such  (Mjuatiuiis  renuin^s  the  exj)ression  of  the  dependent  variables  as 
functions  of  the  indeijendent  variabh%  generally  the  time,  with  a  num- 
\)er  of  constants  of  integration  eijual  to  the  sum  of  the  orders  of  the 
equations.  Frequently  even  whea  the  complete  integrals  cannot  be 
f onnd,  it  is  possible  to  cany  ont  some  integrationa  and  leplaoe  the 
given  system  of  equations  by  fewer  equations  or  equations  of  lower 
order  containing  some  constants  of  integration. 

No  special  or  general  rules  will  be  laid  down  fw  the  integratum  of 
systems  of  higher  order.  In  each  case  some  paxtieular  combinations  of 
the  equations  may  suggest  themselves  which  will  Miafale  an  integration 
to  be  perfmmed.*  In  problems  in  mechanics  the  principles  of  energy, 
momentum,  and  moment  of  momentum  frequentiy  suggest  ffombinatiflne 
leading  to  integrations.  Thus  if 

«"«jr,  y"«r, 

where  a<x:ents  denot*^  differentiation  with  respect  to  the  time,  be  multi- 
plied by  dXf  dtff  dz  and  added,  the  result 

x"dx  +  y'^dy  +  *"d»  -  Xdx  +  Ydy  +  Zd»  (11) 

contains  an  exact  differnatial  on  the  left;  then  if  the  expression  on  the 
'right  is  an  exact  differential,  the  integration 

y"-!-  O  =»  +  Ydy+Zdx-^C  (ll*) 

•It  Is  possible  to  differentiate  the  given  equations  repeatedly  and  cliiniiiato  all  the 
dependent  variahlcs  except  one.  Tbe  resulting  differential  equation,  »ay  iu  x  and  t,  may 
then  be  treated  i>.v  t\w  methods  of  pmrkNttdMpten;  bat  thla  to  rswiy  imeimim  exoapt 
whan  the  •qasUon  ia  Unaar. 
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can  be  performed.  This  is  the  principle  of  energy  in  its  simplest  form. 
If  two  of  the  eqaatMOS  aie  mnlliplied  by  the  ehief  vanaUe  of  the  other 
and  subtracted,  the  letnlt  is 

yjs"-ay"«yX-.«r  (IS) 

and  the  exptession  on  tiie  left  is  again  an  exaet  differential;  if  the 
xight-hand  side  xeduoes  to  a  oonstant  or  a  fnnction  of  then 

is  an  integral  of  the  equations.  This  is  the  prine^pU  of  momuU  of 
mommhm.  If  the  eqnatifHis  can  be  multiplied  by  orastants  as 

fa"  +  my"  +  iw"  =  fx  +  mF  4-  nZ,  (13) 

so  that  the  expression  on  the  right  reduces  to  a  function  of  t,  an  inte- 
gration may  be  performed.  This  is  the  principle  of  momentum.  These 

three  are  the  most  commonly  usable  devices. 

Ag  an  example :  Let  a  particle  move  in  a  plane  subject  to  forcea  attracting  It 
toward  the  aze«  by  au  amount  proportional  to  the  mass  and  to  the  distance  from 
the  aans ;  dteoui  the  motkm.  Here  the  equattoos  of  motion  are  merely 

Then    <fc^  +  dv^=-*(xd*  +  ydy)  and  (^)'=-*('•  +  l^*)  +  <?• 

In  this  ca«e  the  two  principles  of  energy  and  moment  of  momentum  give  twc 
integrals  and  the  equations  are  reduced  to  two  of  the  first  order.  Bat  as  it  happens, 
the  <n|ghMl  eqnatlmis  oottld  be  totegmled  dlreetly  as 

(|/=-^.c..  -^=* 

vsfep=- 

The  constants  C*  and  Jr<  of  hitegration  have  been  written  as  squarssbeeanse  they 

an  nseosmrily  positive.  The  complete  integration  gives 

Ah  another  example :  A  particle,  attracted  toward  a  point  by  a  force  equal  to 
r/m'  +  h^/r*  per  unit  mass,  where  m  is  the  ma.ss  and  h  is  the  double  areal  velocity 
and  r  is  the  distance  from  the  point,  is  projected  perpendicularly  to  the  radius  vec- 
tor at  the  distanee  VmA ;  dlseoss  the  motion.  In  polar  ooOrdlnatei  the  equations 
of  motion  are 


m 
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The  Moontf  Integrates  direotly  M  rM#/d(  s  k  where  the  oonatuat  of  Intagntlon  A 
iitwketiiewMlTeloci^.  Now  ■ahedtnte  In  the  flat  to  elimlime 

dV    A«        r     A«        iPr        r         /dr\«  r« 

Now  as  the  particle  is  projected  perpendicularly  to  the  ladlne,  dr/dCsO  at  the 
atari  ivhenrsVmA.  Henoe  the  conataat  C  is  V"^  Then 

dr                    .    i*dA           .  VmMr 
_____  =  dt  and  -ji  s  dt  give  =  0^. 

\f*    A  r>    Am  mA 

Now  U  ft  be  aanined  that  #  B  0  at  the  Start  when  r  s  VmA,  wa  And  O  s  a 
Henoe  f«  =  -!^  istheoiMt 

To  find  the  reUtUm  between  #  and  the  time, 

f^sAdt  or  J!!^=de  or  (smtan-^, 

if  the  lime  be  taken  as  <  =  0  when  0  =  0.  Tliua  the  orbit  in  found,  the  erprpssion 
of  0  KM  a  function  of  Uie  time  is  found,  and  the  exprestdon  of  r  as  a  function  of  the 
time  in  obtainable.  The  problem  la  completely  solved.  It  will  be  noted  that  the 
conatants  of  Integration  have  been  detennlned  after  each  Integration  bf  the  Initial 
conditions.  This  simplifies  the  subsequent  integrations  which  might  in  faet  be 
imposBible  in  temw  of  elementaiy  lonotiona  witlumi  tliis  simplification. 


1.  Integrate  the»e  equations : 

dx    dy     dz  dx    dy  dz 

^  '  xz            ly  '  1/9            9  +  9 

i  \     dx  _dy  _    dz  dx^        dy            ^  _ 

S.  Intagrate  the  equations  t  {a)    ^    -          -  ^ 


hz  —  cy    cx  ~  az    ay  —  bx 

di  dy  dz  dx  dy  dz 

V*)  — ^  =  7^72 — :^.-T7:^ — zi;*    (•)  ~ 


y»x-2x«     2y*-3C«y  ^'x(v-z)     v(r-x)  z(x-y) 

.f^      dx      _      dy      _      dt  dx      _—  <^y_  <^ 

^'»-»    s-f-y    s  +  s  »-»    »  +  r  +  *    «  +  f  +  t 
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3.  Show  that  the  differential  equations  of  the  orthogonal  trajectories  (outtm 

of  the  family  of  surfaces  F(x,  y,  z)  -  C  are  (Lr:dy:dz  =  F^-.F^if^,  Find  theoorVM 
which  cut  the  following  families  of  surfaces  orthogonally  : 

(a)  a»x2  +  l^y^  +  d^z*  =  C,      (fi)  xyz  =  (y)  y»  =  Cm, 

(I)  y  =  staa(«  +  C),  (t)  y  stetaiiCk,      (hs  =  C^* 

4.  Show  that  the  solution  of  <to:4vt4isX:  F:Z,  where  X,  Zare  linear 
exprearionB  In  s,  y,  t,  eu  always  be  found  ptoHded  %  cectyn  oubio  eqaatfam  eui 
be  solved. 

5.  Show  that  the  solutions  (rf  the  two  eqnatloiis 

^  +  r  (<» + 5y)  =  7„     ^  +  ritf'a  +    )  =  r„ 

where  7,  Tj,  7,  are  functions  of  t,  may  be  obtained  by  adding  the  etjuation  as 

|(s  +  <y)  +  XT^  +  lv):s  7^  +  17, 

after  multiplying  one  by  I,  and  by  detennining  X  as  a  root  of 

XI  ~  (a  + X  +  atr  >  a«  =  0. 

6.  Solve:         <«)       +  a(x-y)  =  <,      *^  +  «  +  6y  =  <», 

mn{jif  —  z)     nl(z  —  x)     lm(x  —  y)  t 

7.  A  partii  le  moves  in  vacuo  in  a  vertical  plane  under  the  force  of  gravity  alone. 
Integrate.  Dctemune  the  cuiutantii  if  the  particle  staith  from  the  origin  with  a 
Telodty  V  and  at  an  angle  of  or  degrees  with  the  borlxontal  and  at  the  time  (  =  0. 

8.  Same  problem  as  in  £x.  7  except  that  the  particle  moves  in  a  T«^inm  wliicb 
redsts  proportionately  to  the  Telocity  of  the  partlde. 

9.  A  particle  uiovt»i  in  a  plane  al)out  a  center  of  force  wliich  attracts  propoitloo* 
ally  to  the  distance  from  the  center  and  to  the  mam  of  the  particle. 

10.  Same  a«  Ex.  9  but  with  a  repulsive  force  instead  of  an  attracting  force. 

11.  A  particle  is  projected  parallel  to  a  line  toward  which  it  is  attracted  with 

a  force  proportional  to  the  distance  from  the  line. 

12.  Same  a.'t  Kx.  11  except  tliat  the  force  i.s  iiiven^ely  proportional  tio  the  aqoaia 

of  the  distance  and  only  the  path  of  the  particle  is  wanted. 

13.  A  particle  i.<<  attracteil  toward  a  center  by  a  force  proportional  to  thesqiaan 

of  the  distance.  Find  the  orbit. 

14.  A  particle  i.s  phu  fd  at  a  point  which  repels  with  a  constant  force  under 
which  the  particle  moves  away  to  a  distance  a  where  it  striltes  a  peg  and  is 
deflected  off  at  a  right  angle  with  wndlmlnlahed  Teloctty.  lind  the  orUt  of  the 
auhaequent  motion. 

15.  Show  that  equations  (7)  may  be  written  In  the  form  dncV  s  0.  Find  the 
•onditim  on  V  or  on  X,  F,  Z  that  the  IntQgial  omnres  have  orthogonal  antfaoesi 
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113.  Introductioii  to  partial  differential  equations.  An  equutiuu 
which  contains  a  dependent  variable)  two  or  more  independent  varia- 
bles, and  one  or  move  partial  derivatiTes  of  the  dependent  varialila 
with  respect  to  the  independent  TariaUes  ia  called  a  partial  differenUal 
tqmOitnL  The  equation 

i'(«,y,»)^  +  Q(«,y,«)^  =  i2(x,y,«),  J»=»^» 

is  clearly  a  linear  jxirtial  differential  equation  of  the  first  order  in  one 
dependent  and  two  independent  variables.  The  discussion  of  this  equa- 
tion praliminaiy  to  its  intogiation  may  tie  carried  on  by  means  of  the 
concept  of  planar  e2am«nte,  and  the  discussion  will  immediately  suggest 
tibe  method  of  integration. 

When  any  point  (x^,  y,,  «J  of  apaoe  is  given,  the  coefficients  P,Q,R 
in  the  equation  take  on  definite  Tslnes  and  tiie  derivatiTes  p  and  q 
are  connected  hy  a  linear  relation.  Now  any  planar  element  through 
(Xq,  y^,  «o)  may  be  considered  as  specified  by  the  two  slopes  p  and  q ;  for 
it  is  an  infinitesimal  portion  of  the  plane  x  —  z^  =  p(x  —  x^-\-  q(y  — 
in  the  neighborhood  of  the  point.  This  plane  oontaina  the  line  or  lineal 
element  whose  direction  is 

dxidifidm^PiQiR,  (15) 

faeoanfle  the  snbstitation  of  P,  <^  R  for  im^»  —  x^^  ^y^tf  —  y^ 
A( B a  — > in  the  plane  gives  the  original  eqnation  Pp-^-  Qq^R» 
Hence  it  appears  that  the  planar  elements  defined  by  (14),  of  which 
there  are  an  infinity  through  each  point  of  space,  are  so  related  that  all 
which  pass  through  a  given  point  of  space  pass  through  a  certain  line 
through  that  ]X)int,  namely  the  line  (15). 

Now  the  problem  of  iiit<'gnititig  the  equation  (14)  is  that  of  grouping 
the  planar  elrments  which  satisfy  it  into  surfaces.  As  at  eiu-h  point 
they  are  already  grouiwd  in  a  certain  way  by  tlic  lineal  elements  through 
which  they  ])a.ss,  it  is  first  advisable  to  gruuj)  these  lineal  elements  into 
curves  by  integrating  the  simultaneous  equations  (lo).  The  integrals 
of  these  equations  are  the  curves  defined  by  two  families  of  surfaces 
F{Xf  y,  z)  =  Cj  and  G  (z,  y,  z)  =  c\.  These  corves  are  called  the  eAaroe- 
teri*^  eiifnwf  or  merely  the  «Aa»ieterM^  of  ^  Tlirough 
each  lineal  element  of  these  corves  there  pass  an  infinity  of  the  phinar  ele- 
ments which  satisfy  (14).  It  is  therefore  dear  that  if  these  corves  be  in 
any  wise  gionped  into  sorfues,  the  planar  elements  of  the  snrfsces  most 
satisfy  (14) ;  for  through  each  point  of  the  soi&ces  will  pass  one  of  the 
carves,  and  tiie  planar  element  of  the  surfaoe  at  that  point  must  there- 
fore pass  throogh  the  lineal  element  of  the  corve  and  hence  satisfy  (14). 
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To  group  the  cnrveB  F(x,  y,  «)  ■=  Cp  (7(z,  y,  x)  =  whieh  depend 
on  two  panmelen  Cj,  into  a  surftMse,  it  is  meiely  neoesttiy  to  intio- 
dnoe  sooie  fonetioDal  lelation  C,b/(c,)  between  the  pammetete  so 
that  when  one  of  them,  ,  is  given,  the  other  is  detmnined,  and 
thus  a  paitiinilar  curve  of  the  family  is  fixed  by  one  parameter  aJone 
and  will  sweep  out  a  surface  as  the  parameter  varies.  Henoe  to  mttgrate 
(14),       integrate  (15)  and  then  urriie 

0(«,|f,«)a:#[F(«^y,«)]   or  ♦(F,<!)-0,  (16) 

where  •  denotes  a&y  arbitrary  fiinetion.  This  will  be  the  intsgial  of 
(14)  tad  will  eontain  aa  arbittaiy  fonotion  A. 

As  an  emnple,  integrate  {y  —  x)p  +  {z  —  x)q  =  x  —  y.  Here  the  equations 

-^=-^  =  -^  gife  i^  +  y*-l-«*"Ci,  e+vt-SBC. 

M  the  two  integrals.  Hence  the  solution  of  the  given  equation  is 

X  +  y  +  z  =  *{x*  +  V*  +  z^)    or   *{z^ -{■     +  z\  X  +  y  +  z)  =  0, 

where  *  denotes  an  arbitrary  function.  The  arbitrary  function  allows  a  solution 
to  be  detmnbud  which  shall  pass  through  any  desired  curve;  for  if  the  enrre  be 
/(e»  li)  »  ^  9^  Vt  ^  ^  ^  ^  eUmlnatkm  of  s,  y,  s  from  the  f our  dmuttuMoiia 
eqpiatiaBS 

fl^^ffJO^Cii  J(»»|f,«)a0 

will  express  the  condition  that  the  four  surfaces  meet  in  a  point,  that  is,  that  the 
curve  given  by  the  first  two  will  cut  that  given  by  the  Bccond  two  ;  and  this  elimi- 
nation wHl  determine  a  relation  between  the  two  parameters  C|  and  C,  which  will 
be  predsely  the  leladon  to  eqprew  the  feet  that  the  lategial  enrres  eut  the  given 
curve  and  that  consequently  the  eoifBee  of  Integral  curvee  paisce  through  the  gtfen 
curve.  Thus  in  the  particular  case  here  comrideied,  eiqnpow  the  eolutkm  were  to 
pass  through  the  curve  y  =  z',  z  =  z ;  then 

«*  +  »*  +  «"  =  C„      z  +  v  +  z  =  C„      y  =  z\  t^z 
give  2z«  +  z*=C„      z«  +  2i  =  Cj, 

whence  (C|  +  2  C,  -  C,)'  +  8     -  24  C,  -  16  C^C,  =  0. 

The  substitution  of  C,  =  z»  +  +  z'  and  =  z  +  y  +  z  in  this  equation  will 
give  the  solution  of  (y  — z)p+  (s  — z)g  =z  —  y  which  passes  through  the  parabola 

114.  It  will  l)e  recalled  that  the  iiitc^'ral  of  an  ordinary  differ- 
ential equation  /(J",  y,  y',  ••  •,  y*"^)  =  0  of  the  nth  order  contains  n  con- 
stants, and  that  conversely  if  a  system  of  curves  in  the  plane,  say 
F(Xf  yt^v  '  )  =  0|  oomtaina  ii  oonstants,  tiie  oonstanis  may  be 
eUminatsd  6mn  the  eqnatioii  and  its  first  %  derivatives  with  respect 
to  «.  It  lias  now  bsen  seen  that  the  integral  of  a  certain  partial 
diffeiential  equation  contains  an  arUtraiy  fiinction,  and  it  might  be 
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infeived  tbat  the  elimination  of  an  arbittaij  fimoticm  wonld  give 
rise  to  a  partial  diffneatial  eqnatioa  of  the  first  older.  To  show 
this,  sappose  F{Xf  y,  «)aB  y,  «)].  Then 

follow  from  partial  differentiation  with  resju'ct  to  x  and  y;  and 

is  a  partial  differential  equation  arising  from  the  elimination  of 
More  generallyi  the  elimination  of  »  arlntrary  functions  will  give  rise 
to  an  equation  of  the  nth  order;  conversely  it  may  be  believed  that 
the  integration  of  such  an  equation  would  introduce  n  arbitraiy  func- 
tions in  the  general  solution. 

Ab  an  example,  eliminate  from  x  =  ^{zy)  +  4>  y)  the  two  srUtnuj  fmi^ 
tions  #  And  ir.  The  first  differentiation  gives 

NowdUbnentiateagataisiidletr^^,  a  =  -^,  t  =  Thin 

dx*        tzdy  dy^ 

TImss  two  eqastioiu  with  j»  —  g  be  (y  —      ia$k»  (hree  from  wUch 

may  be  obtained  as  a  partial  differential  equation  of  the  second  order  free  from 
«  and  i'.  The  general  integral  of  thia  equation  would  be  x  =  ^  (xu)  +  4'  (x  +  y). 

A  partial  differential  equation  may  refmsent  a  certain  definite  type 
of  surface.  For  instance  by  definition  a  conoidal  surface  is  a  surface 
generated  by  a  line  which  moves  i)arallel  to  a  given  plane,  the  director 
plane,  and  cuts  a  given  line,  the  directrix.  If  the  director  plane  be  taken 
as  X  =  0  and  the  directrix  be  the  »4ULis,  the  equations  of  any  line  of 
the  surface  are 

z  =  C^,       y  =  C^,  with    C,  =  *(Q 

as  the  relation  which  picks  out  a  definite  family  of  the  lines  to  form  a 
particular  conoidal  surface.  Hence  z  =  ^(ij/x)  may  Ix^.  ri-irarded  a,s  the 
general  equation  of  a  conoidal  surface  of  which  s  =  0  is  the  director 
plane  and  the  s-axis  the  directrix.  The  elimination  of  ^  gives  -\-qyss^ 
as  the  diffmntial  equation  of  any  such  oonoldal  surfiue. 

Partial  diflisrantiatioii  may  be  used  not  only  to  eliminate  arbitrary  funo- 
tiops,  but  to  eliminate  constants.  Forif  aaeqnation/(aE^y,«,  C,,  C^aO 
oontaaned  two  constants,  the  equatitm  and  its  first  derivatires  with  respect 
to  as  and  y  would  yield  three  equations  from  which,  the  constants  could 
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be  eliminated,  leaving  a  pai-tial  diffeiential  equation  F(x,  y,  z,  j?,  s  0 
of  the  fixst  Older.  If  there  had  been  five  oonstante,  the  equation  with 
its  two  fint  derivatives  and  its  three  seoond  derivatives  with  respect 
to  z  and  y  would  give  a  set  of  six  equations  from  which  the  constants 

could  be  eliminated,  leaving  a  diffetential  equation  of  the  second  order. 
And  so  on.  As  the  differential  equation  is  obtained  by  eliminating  the 
constants,  the  original  equation  will  be  a  solution  of  tiie  resulting  dif> 
f erential  equation. 

Vor  example,  eliminate  from  s  =  Ati^  +  2  Bqf  Cjn*  As  -f-  ^  the  five  OOQ- 
■taaits.  The  two  flnl  snd  three  second  derivatives  an 

p  sSite  +  SJ^-l- A    q-2Bx-\-2Cy  +  B^    rs%A^    •sBlT,  (sS(7. 

Hence  *  =  —  ^  nc«  —  J  ty*  —  asry  +  |W  +  7!/ 

is  the  differentfal  equation  of  tlip  family  of  surfaces.  The  family  of  surfaces  do 
not  constitute  the  general  tM»lutioii  of  the  equation,  for  that  would  contain  two 
ftiUtfai7  funetloM,  bat  they  give  what  li  esUed  a  eon^rfete  sdMIoii.  If  there  bad 
been  only  tbne  or  ftmr  constsatt,  tbe  ellmbistion  would  bsve  led  to  «  dlfferentlsl 

equation  of  the  poeond  order  whirii  nrr-d  havo  contained  only  one  or  two  of  the 
second  derivatives  instead  of  all  three  ;  it  would  also  have  been  pomible  to  find  three 
or  two  simultaneous  partial  differential  equations  by  differentiating  in  different  ways. 

11«.  If  /(«,  y,  «,  Cj,      =  0   and   F{x,y,z,p,q)^0  (17) 

are  two  equations  of  which  the  second  is  obtained  by  the  elimination  of 
the  two  constants  from  the  first,  the  first  is  said  to  l:>e  the  complete  solu- 
tion of  the  second.  That  is,  any  equation  which  contains  two  distinct 
arbitniry  constants  and  whi«'h  satisfies  a  partial  difFerential  criuatiou  of 
the  first  order  is  said  to  1h'  a  conipletei  sohition  of  the  ditTereiitial  equa- 
tion. A  coiujilt'te  solutio!!  lias  an  interesting  geonietrie  inter|)retati(>n. 
The  differential  equation  F  =  0  defines  a  series  of  planar  elements 
through  each  point  of  space.  So  does  f{x,  y,  z,  C^,  =  0.  For  the 
tangent  plane  is  given  by 


with  /(j-^,  y^,  z^,  C„  Q  =  0 

as  the  condition  that  Cj  and  shall  \w  so  related  that  the  surface 
passes  through  ('.r.  ?/^,  z^).  As  there  is  only  this  one  relation  l)etween 
the  two  arbitrary  constants,  there  is  a  whole  series  of  planar  elements 
through  the  point.  As/(.r,  y,  f\,  (\)  =  0  .satisfies  the  differential  equa- 
tion, the  planar  elements  defined  by  it  are  those  defined  by  tlu;  ditferen- 
tial  equation.  Thus  a  complete  solution  establishes  an  arrangement  of 
the  planar  elements  defined  by  the  differential  equation  upon  a  fomily 
of  snr&ces  dependent  upon  two  arbitrary  constants  of  integntion. 
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Fiom  the  idea  of  a  solution  of  a  partial  diffeiential  equation  of  the 
fiist  Older  u  a  snrfiaee  pieced  together  from  planar  elements  which 
satisfy  the  equation,  it  appears  that  the  envelope  (p.  140)  of  any  family 

of  solutions  will  itself  be  a  solution ;  for  each  point  of  the  envelope  is 
a  point  of  tangency  with  some  one  of  the  solutions  of  the  family,  and 
the  planar  element  of  the  envelope  at  that  point  is  identical  with  the 
planar  element  of  the  solution  and  hen(»  satisfies  the  differential  equar 
tion.  This  obserrntinn  allows  the  general  solution  to  be  determined  from 
any  complete  solution.  For  if  in  /(x,  y,  z,  (\,  C,^  =  0  any  relation 
(7j  =  4>(r',)  is  intrixlni  cd  Inr-tween  the  two  arbitrary  constants,  tliere 
arises  a  family  dejK'ndiiig  on  one  ])arani('tor,  and  the  envelope  of  the 
faoiily  is  found  by  eliminating      from  the  three  equations 

^.-•(C,).      ^  +  §^^-0.      /-«.  (18) 

As  the  relation     =         contains  an  arbitrary  function  <l>,  the  result 

of  the  elimination  may  be  considered  as  containing  an  arbitrary  func- 
tion even  though  it  is  genenilly  impossible  to  carry  out  the  elimination 
except  in  the  case  where  ^  has  been  assigned  and  is  therefore  no  longer 
arbitrary. 

A  family  of  surfaces  f(x,  if,  z,  Cj,  =  0  depending  on  two  param- 
eters may  also  have  an  envelope  (p.  139).  This  is  found  by  eliminat- 
ing     and      from  the  three  equations 

/(a,y,«,C„C^  =  0,      ^-0,  ^-0. 

This  surface  is  tangent  to  all  the  siirfaces  in  the  complete  solution. 
This  envelope  is  called  the  singular  solution  of  the  partial  differential 
equation.  As  in  tlie  case  of  ordinary  differential  ecpiations  (§  101),  the 
singular  solution  may  Ik;  obtained  directly  from  the  equation;*  it  IB 
merely  necessary  to  eliminate  jp  and  q  from  the  three  equations 

dF  dF 

The  last  two  equatioas  express  the  fiust  that  F(p,  f  )  «  0  tegaided  as 

a  function  of  p  and  q  should  have  a  double  point  (§  57).  A  reference 
to  1 67  will  bring  but  another  pointy  namely,  that  not  only  are  all  the 
surfiuses  represented  by  the  oompletc  solution  tangent  to  the  singular 
solution,  but  so  is  any  surfiAoe  which  is  represented  by  the  general 
solution. 

*  Ik  Is  hardly  necessary  to  point  out  the  fact  that,  as  in  the  case  of  ord innj  <qiatlwia 
COrtiaBwma  t»cion  may  sxiM  in  the  eliminatioii,  whetlm  of  Cit     or  of  p,  f  * 
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1.  Intflgnte  theie  UneMr  «qi»tlom: 

(or)  jBsp  +  ysgstqft  W       +    ■«!  (Y)<^  +  *^««*f 

(a)  -j/p  +  j^  +  i  +  z^aO,     (f )  VP  -  xg  =  x«  -  y«,     (r)  (s-l-s)p<By« 

(i,)  x^p  -  zj^9  +     =  0,  (B)  (o  -  i)p  +  (6  -       =  c  -  r, 

( i )  p  tan  X  4-  9  tan  y  =  tan  2,         («)  (y'  +  2*  —  z')p  —  2 xyg  +  2 zz  =:  0. 

2.  Detennine  the  integrats  of  the  preceding  equatioiu  to  paas  thzoqgh  the  cams  i 

for  (cr)  j«  +  y»  =  1,  «  s=  0,  for  (/J)  y  =  0,  z  =  z, 
for   (y)  y  s  2x,  x  =  1,  for  (c)  «  =    y  =  z. 

S.  Show  analytically  that  if  F(x,  y,  z)  =  is  a  solution  of  (15),  it  is  a  polution 
of  (14).  State  precisely  what  is  meant  by  a  solution  of  a  partial  differential  equa- 
tion, that  is,  by  the  statement  that  F(x,  y,  z)  =  C|  satisties  the  equation.  Show  that 
the  wfQStkns 

as       9y  te       ay  dc 

are  equivalent  and  stnif  what  this  means.  Show  that  if  F=.  C,  and  O^C^  are 
two  solutions,  then  F  =z'p(G)  is  a  solution,  and  nhow  conveFBdj  that  ft  functional 
relation  must  exist  between  any  two  soltitions  (we  §  62). 

4.  Generalize  the  work  in  the  text  along  tlie  analytic  lines  of  Ex.  3  to  estab- 
lish the  rules  for  integrating  a  linear  equation  in  one  dependent  and  four  or  n 
independent  Tariablefl.  In  parUcular  show  that  the  integral  of 


0K|  ett^  r"|  fm  r»4 


* 

+1 


and  that  if  =  C|,  •  •  =s  are  n  integrals  of  the  simultaneous  system,  the 
integral  ol  the  partial  dlflerentiel  equation  is  ^(Fx*  *  *  •»  -^m)  =  0. 

_  du       du  du 

5.  lolegtatoi  (a)      + y^  +  s~~av>i 

OS        off  0S 

cu  du  du 

(/J)(y  +  z  +  u)— +(z  +  u  +  z)-  +  (tt  +  z  +  y)-  =  z  +  y  +  «. 

6.  Interpret  the  general  eqni^on  of  the  flnt  order  F(x^  y, «,  j»,  ^  s  0  as  delar- 

niiniuf^  at  each  piiiit  (j-,^,  y^,  z^)  of  space  a  series  of  planar  elements  tangent  to  a 
certain  cone,  namely,  the  cone  found  by  eliminating p  and  q  from  the  three  simul- 
taoeoue  equations 

Vof  «ot  i^i  9)  =  <>i      (X  -  -To)?  +  (V  -  f o) 9  =  «  -  «ot 

7.  Eliminate  the  arbitrary  functions: 

(a)  X  +  y  +  z  =  ♦(x«  +  y^  +  z«),         (/?)  ♦(x«  +  v",  c  - xy) s 
(7)  «  =  »(X  +  y)  +  *(x-i/),  («)  z  =  e-*4.(z-y), 

(*)  z  =  y»  +  2*(x-»  +  logy),  (f) 


Digitized  by  Google 


M0&£  THAN  TWO  VABIABLES  278 


S.  Plod  the  dUfenntlal  Miuatfomi  of  Umm  tjfm  of  nnfaooi: 

(dr)  eyllnden  with  gaMrmtms  puallel  to  tlw  Um  s  s  oc,  y  a  As, 

{p)  conical  surfaces  with  vertex  at  (a,  6,  e), 

(7)  suxfaoM  of  revolution  about  the  line  2  :y :«  =3  a  :e. 

9.  Eliminate  the  constant!  fnmi  these  eqnationi: 

(a)  «  =  (X  +  a)  (y  +  h),  (jS)  a(a!«  +      +  la^  =  1, 

(t)  (»-a)«  +  (y-fc)2  +  (z-c)«  =  l,     («)  (x-a)2  +  (y-6)«  +  («-c)«=d«, 

(* )  Ax^  +  Bxy  +  Cj/«  +  Diz  +  Eyz  = 

10.  Show  geometrically  and  analyLically  tliat  F{x,  y,  z)  +  a(?(e,  y,  x)  =  6  is  a 
eoo^ete  eolntion  of  the  linear  eqnatlcm. 

11.  How  many  constants  occur  in  the  complete  solution  of  the  equation  of  the 
third,  fonitii,  or  nth  order? 

IS.  IMkrwi  the  eomplete,  general,  and  singular  aolutiotte  of  an  tquatioa  of  the 
llxrt  Older       y,  <^  m,  i^*  1^1 1^) «  0  with  three  independent  varlaUea. 

IS.  Show  that  the  planes  s  s  as -|-  ty  -|-  C,  wliere  a  and  b  are  oonneeted  hj  the 
idalionF(a,b)aBQ,areeompleteeolQtlonaof  the  equation  F(]>,  9)  sOl  Intsgiste: 

{a)pq  =  l,  +  (7)  P»  +  g«  =  m», 

{s)pq  =  k,    (e)  Hog7  +  j»  =  a,    U)  8j>»-a«»  =  *pg, 

and  determine  also  the  singular  solutions. 

14.  Note  that  a  simple  change  of  TaiiaUe  will  often  redooe  an  equation  to  the 
t^pe  of  Ex.  18.  Thus  the  equationa 

.(?.0=.^  r(f,^)-<^ 

with  «ss««',  s  =  c>^,     « =  e^, « s=  esf,  y  =  e**, 

take  a  simpler  f  onn.  Integmte  and  determine  the  aingolar  solntloiis : 

(a)  «=:«+!»,     (A  «V-l-yV'=s*t  {y)i=pg, 

19.  What  is  the  ohvioos  eompleta  solntion  of  the  extended  Clairaot  eqnatlon 
s  s  $9  +  ygr  +/(Pt  9)  t  Discuss  the  singular  sidntlon.  Integrate  the  equations : 

(a)  z  =  xp+vq  +  Vj)»  +  fl«  +  1,       (pi)  z  =  ip  +  vi  +  (P  +  7)*, 

(y)  «  =     + (a)  «  =  a3>  +  ya-2v58. 

116.  Types  of  partial  differential  equations.  In  addition  to  the 
linear  equation  and  the  types  of  Exs.  13-15  above,  there  are  BOTeral 
types  which  should  be  mentioned.  Of  these  the  first  is  the  general 
equatwn  of  fhp  Jtrsf  order.  If  F(x,  y,  z,  p,  y)  =  0  is  the  pvcn  equation 
and  if  a  second  equation  <t>(^,  //,  z,  p,  q,  o)  =  0,  which  liolds  t>iniuit;ine- 
ously  with  the  first  and  contains  an  arbitrary  constant  can  Ix*  found, 
the  two  equations  may  Ixs  solved  together  for  the  values  of  p  and  y,  and 
the  results  inay  be  substituted  in  the  relation  dz  =  pdx  +  qdy  to  give  a 
total  diffoential  eqnaticm  of  which  the  integral  will  contain  the  con- 
stant a  and  a  second  oonstant  of  integration  h.  This  integral  will  then 
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be  a  eompleto  integfal  of  ihe  given  equation;  the  genenl  integnl  may 
ihen  be  obtained  by  (18)  of  1 116.  This  is  known  as  CkarpU?9  method. 
To  iind  a  xelation  •  a  0  differentiate  the  two  equations 

'•(«,y,«ii',  ?)«0,      ♦(a^y,«il»i7,a)»0  (19) 

with  lespeet  to  9  and  y  and  nse  the  relation  that  dit  be  exact 


0, 

0, 

0, 

0, 

dp  dq 
dy  dx 

0, 

Hnltiiily  bj  the  qnantite  on  the  right  and  add.  Then 

« I + W + j/^)  5  - 15 1  -  f.  g  -  (pf; + ^  -  0.  (20) 

Now  this  is  a  linear  equation  tot  ^  and  is  equivalent  to 

dp     _     dq         dx       dy  d»  _d» 

Any  integral  of  this  system  containing  p  or  q  and  a  will  do  for  and 
the  simplest  integral  will  naturally  be  chosen. 

Ar  an  example  take        + 9)4*^(8— J))  — <'  =  0.  Then  Chupit's  equa* 

tiooB  are 

 dp  ^  ^  dx 

-«» +J»*(»  +  lf)  ~  «p  -  8«9 4-y)  ~       «-  c<x<f  y) 

~"  —  p     2j>»  -  2j>y  -  pz(x  +  v) 

ilow  to  combine  thes«!  m  as  to  get  a  ftolution  is  not  very  clear.  Suppose  the  sub 
stitution  z  —  e*\  p  =  e*'p\  q  =  c*'q'  be  made  lii  the  equation.  Then 

p'(j;  + j/)  +  p'(7'_p')-l  =  0 

it  the  new  equation.  For  this  Charpit's  Hinuiltaneous  system  is 

dp'  _dq'  ^   dy  A(  

The  fint  two  equations  give  at  once  the  solution  dp'  ~  dq'  or  g'  =  p  +  u.  Solving 
l''(i  +  »)  +  P'(9'-l>')-l  =  0  g'  =  p'  +  a, 

-'^  1  .     «'=  I  +  0.     dr'=-^i±^  +  ««^. 
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Then    ff  8|Qg(«  +  Si|.|f)4  ay  ^.d  or  logs  s  k|g(a  •f  s    y)  +  ay  > 

is  ft  oonpiete  aolntioo  of  tht  given  eqitttton.  will  dittwrmtnft  the  genenl 
Intignl  iij  rilmlnatii^  •  tatwasn  fhe  thiw  aqnatioiM 

where  /(a)  denotee  an  arbitrary  function.  The  rnlea  for  determining  the  ringnlar 
eolotlon  giTO  s  =  0;  but  it  la  dear  tliat  the  surf  acee  in  the  complete  solution  can- 
not be  tangent  to  the  plane  2  =  0  and  bence  the  result  z  —  0  tmistbsnoCasiiiignlas 
solution  but  an  extraneous  factor.  There  is  no  singular  solution. 

The  method  of  solving  a  partial  differantial  eriuation  of  higher  order 
than  the  first  is  to  reduce  it  first  to  an  equation  of  the  first  order  and 
then  to  complete  the  integration.  Frequently  the  form  of  the  equation 
will  suggest  some  method  easily  applied.  For  instance,  if  the  deriva- 
tives of  lower  Older  corresponding  to  one  of  the  indejiendent  variables 
are  absent,  an  iutegratiou  may  be  })erformed  aa  if  the  equation  were 
an  ordinary  equation  with  that  variable  constant,  and  the  constant  of 
integration  may  be  taken  as  a  function  of  that  variable.  Sometimes  a 
change  of  variable  or  an  interchange  of  one  of  the  independent  vai  iables 
with  the  dependent  variable  will  simplify  the  equation.  In  general  the 
Mdver  to  left  mainly  to  hto  own  devioea.  Two  speeial  methods  wiU  be 
mentioned  below. 

117.  If  the  equation  to  linsar  with  etmitatU  eotifflcUiniU  and  all  the 
deriTBtives  are  of  the  same  Grder,  the  equation  to 

(o„Z);  4-  aJ)r'D,  +  . . .  +  a,_,D,Dr'  +  o,D;)z  =  H  (x,  y).  (22) 

Methods  like  those  of  S  d5  may  be  applied.  Factor  the  equation. 

a,(X).  -  «,D,)  (i>.  -  «^,)  . .  (D.  -  a.D,)  «  -  J?  (ar,  y).  (22> 

Then  the  equation  is  reduced  to  a  succession  of  equations 

eeeh  of  whieh  to  linear  of  the  first  order  (and  with  constant  eoeffleients). 
Short  eats  analogous  to  those  previously  given  may  be  developed,  but 

will  not  be  given.  If  the  derivatives  are  not  all  of  the  same  order  but 
the  polynomial  can  be  factored  into  linear  factors,  the  same  method  will 
apply.  For  those  interested,  the  several  exercises  given  below  will  serve 

as  a  synopsis  for  dealing  with  these  types  of  equation. 
There  is  one  equation  of  the  second  order/  namely 

F«  a«>  ~  ate*  a/  a**' 

*Ttab  is  one  «f  the  tanportnt  diffsvantiileqiiatleaaof  i^des;  other  lovorlaat  eqi» 
ttone  and  aethode  of  treating  thsn  an  dhmMssd  In  Ghi^  XX. 
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which  ouGois  constantly  in  the  diBCOSsion  of  waves  and  whioh  has  theie- 
f  ore  the  name  of  the  wave  equation.  The  solution  may  be  written  down 
by  inspection.  Vot  try  the  form 

ii(a^y,«,0»''(<(»  +  V  +  «s-FiO  +  <?(a»H-^  +  «B  + Vie).  (84) 

Substitation  in  the  equation  shows  that  this  is  a  solution  if  the  relation 
a'  + ^  +  ^slholds,no  matter  what  functions^ and  (r  may  be.  Note 
that  tiie  equation 

a«  +  %  4-  <»  —  F<  «  0,      o"  +  ft^  4-  c«  =  1, 

is  the  equation  of  a  plane  at  a  ^perpendicular  distance  17  from  the  origin 
along  the  direction  whose  cosines  are  a,  6,  «.  1£  t  denotes  the  time  and 
if  the  plane  moves  away  from  the  origin  with  a  velocity  V,  the  fonetaon 
F(a«  +  Ay  +  M-'  K<)  =  F(0)  remains  constant;  and  if  G  s  0,  the  valne 
of  u  will  remain  constant.  Thns  u^F represents  a phencnnenon  which 
ia  constant  over  a  plane  and  retreats  with  a  velocity  V,  that  is,  a  plane 
wave.  In  a  similar  manner  u=iG  represents  a  {dane  wave  approaching 
the  origin.  The  general  solution  of  (23)  therefore  represents  the  saper- 
poeition  of  an  advancing  and  a  retreating  plane  wave. 

To  Mooge  Is  doe  a  method  scnnetfams  mefol  fai  treaUng  dillevBntlal  equatkms 
of  the  second  order  linesr  in  (he  derivstlTeB  r,  «^  f ;  U  is  known  ss  Mong^M  mdkod, 

LH  Br  +  St+TtsV  (S6) 

be  the  equation,  where  R,  S,  T,  V  are  f unetlons  of  (be  vsriaUessnd  (hederlTatlTee 
p  and  q.  From  the  given  equation  and 

dp  =  nix  4-  adj/,      dq  =  ads  +  M^, 

the  eUmination  of  r  and  t  gives  the  equation 

a  {Rdy*  -  Sdxdy  +  Tdz')  -  (Hdydp  +  Tixdq  -  Fdxdy)  =  0, 

and  thJj  will  surely  bo  satisfied  if  the  two  equations 

IJdy*  -  Sdxdy  +  Tdx«  =  0,      Rdydp  +  Tdxdq  -  Vdxiy  =  0  (260 

can  be  aatisfied  simultaneously.  T)u>  first  may  be  factored  as 

dy-/,(x,  y,  r,p,  9)dc  =  0,      dy -f^(x,y,t,p,q)dx  =  Q.  (26) 

The  problem  then  is  reduced  to  integrating  tlic  system  consiRtinp  of  one  of  thi'se  fac- 
tors with  (26')  and  dz  —  pdx + qdy^  thai    a  system  uf  three  total  differential  equations. 
If  two  bidependent  eoluttoiu  of  this  system  csa  be  found,  es 

«i  (X,  y,  z,  p,  7)  =  C„      u, («,  y,  «,  p,  q)  =  C,, 

then  =  4>  {u^  is  a  tirst  or  intermediary  integral  of  the  given  equation,  thegeoeial 
Integrsl  of  which  maj  be  found  by  Integrating  thto  equation  of  the  flnt  order.  If 

the  two  factors  are  distinct,  it  may  happen  that  the  two  systems  which  arise  may 
both  be  integrated.  Then  two  tirst  integrals  u,  -  *  (i/,.)  nml  r,  =  4-  (r_,)  will  Ix'  found, 
and  Instead  of  integrating  one  of  the^e  equations  it  may  \>v  better  to  solve  both  for 
p  sad  q  and  to  anhetltute  in  the  expreaeUm  dt  =  pdx  +  qdy  and  integrate.  When, 
however,  it  is  not  poedble  to  find  even  one  flnt  integral,  Mongers  method  fslls. 
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Aa  an  example  tote  (s +  9) (r—l)=—4p.  TIm  aquaUooa  an 

and  fB  +  y)4l4»-(s<l-V)dnl9-|>4jMr«0.  (A) 

NowtlMeqiiatioii4jV'--dB  =  Ooiajbeiiilegiatad  atoooetoglveif  bs  +  C|.  The 
aaoond  eqnatloii  (A)  tlua  takaa  the  form 

Sa4p  +  4jitfB-  Satff  +  C^Cd^-  dg)  s  0; 

tint  aa    B^da  +  fiv  s    if  ^  A»  In  tUa  caae,  i*e  have  Iqr  oomblnation 

S^-fjNb)-S(8d^  -I-  flda)    C|(4p-dg)  +  9ds  s  0 

or  ^«-|-C,)<p-«)-|-Sf  =  (7,  or  ^•l-y)(j>-9)  +  S«aC,. 

Hanoe  ^-f  y)(p<- 9)  (ST) 

la  a  lint  integral.  Thla  la  linear  and  bu^  be  Integrated  I17 

dx  (ij/  dz  „  dk; 

or  x  +  y  =  K.,      —  = 


TUa  eqoatUm  ia  an  <mllna(7  linear  equatloo  In  s  and  x.  The  Integration  givee 

tx      /*  1* 

Henoe     (a  +  y)stf'^ v-  i  -  8x)dc  =  iC,  =  <»(Jirj) 

is  the  general  integral  of  the  given  equation  when  A'j  tiafi  been  replaced  by  x  +  y 
after  integration,  —  an  integration  which  cannot  be  performed  until  ^  U  given. 

The  other  method  of  eolation  would  be  to  uee  alao  the  eecond  ejratem  containing 
dy  +  dz  =  0  instead  of  dy  —  dx  =  0.  Thus  in  addition  to  the  first  integral  (27)  a 
second  intennediary  integral  ni!<,'ht  lae  sought.  The  sutetitution  of  dy  4-  dj  =  0, 
y  -f  z  =  Cj  in  (A)  gives  C'|  (dp  +  d^)  +  4pdx  =  0.  Tliis  equatiuu  ia  not  iutegrable, 
beeanae  dg  la  a  perfect  diflerentlal  and  pdz  la  not.  The  combination  with 
dz  =pdz  +  qSif  s  (p  —  9)dz  does  not  improve  matters.  Hence  it  is  impoarible  to 
determine  a  necond  intermediary  intoi^ral,  ami  the  method  of  competing  the 
solution  by  integrating  (27)  is  the  only  available  method. 

Take  the  equation p»  —  qrsO.  Here  5  s p,  JR  =  —  9,  Ts F=s 0.  Then 

—  qdy*  —  pdxdy  =  0    or   dj/  =  0,    pdx  +  qdy  =  0    and    —  qdydp  =  0 

are  the  equations  to  work  with.  The  system  dy  =  0,  qdydp  =  0,  ds  =pdL  +  qdy, 
and  the  system  pda  gdy  =  0,  qdydp  =  0,  dx  =  pdx  +  ^dy  ate  not  very  mHafectory 
for  obtaining  an  intennedlary  integral  ii^  a  •(v,),  although  p  s  is  an  obvious 
solution  of  the  first  aet  It  la  better  to  nae  »  method  adapted  to  thia  qpeclal 
equation.  Mote  that 
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1.  IntegxAte  these  eqoAtioiiB  Mid  dlacan  the  ringulw  aolatioa : 

+    =  W  (J»"  +  fl^»=J»«,       (7)  (P  +  «)(ltt  +  w)=l, 

(•)J»«=JW  +  W«  («)  P*  +  g«  =  x  +  i/,  {n  xp*-2zp  +  xv  =  0, 
(^)  7«  =  z»(p-9),  7(p«z  +  9«)  =  l,         («)  P(l  + 9')  =  c), 

(«)  xp (i  +  «)  =  gz,  (X)     (p»  -  1)  =  ac«p»,      (m)     (J>*  +  «^  +  1)  = 

(Ol>  =  («  +  W)*»  (Oiwsl  +  g*,     {w^t-pq^O,     (p)  ?  =  ag»+ii». 

2.  Show  that  the  rule  for  the  type  of  £x.  13,  p.  273,  cau  be  deduced  by  Cliarpii'ti 
method.  How  about  the  genenllsed  Clftiisnt  fonn  <k  Ex.  16  T 

3.  (a)  For  the  solution  of  the  type (2,  p)  —/^{y,  9),  the  rule  i»i  Set 

P)  =/2{fT  9)  = 

aud  solve  for  p  and  g  as  p  =  {^^(z,  a),  q  =  ^^(y,  a) ;  the  complete  solution  Is 

*>  /  ft<*»  «)*  +  /  + 
0)  Wot  the  Qrpe      p,  9)  s  0  the  rale  la:  Set  JT  =  «  +  cv«  flolve 

the  eomplete  eolntton  la  s    ciy  ^>  6  =/(s»  a).  DfacitM  theee  rales  in  the  light  of 

Charpft'8  method.  Establish  a  nile  for  the  type  F(x  +  y,  p,  q)  —  0.  Is  there  any 
advantage  in  usin^  the  rule»  over  the  use  of  the  general  method  f  Assort  the  ezao^ 
pies  of  Kx.  1  accunling  to  tliese  rulert  tus  far  ah  jxjssible. 

4.  What  is  (i))t:vinable  for  partial  differential  eqoatioosout  of  any  cliaracterisUoi 

of  homogeneity  lliat  may  be  present  ? 

5.  By  differentiating  p  =/{x,  y,  z,  q)  successively  with  refqiect  to  x  and  y  show 
that  the  expansion  of  the  solution  by  Taylor's  Formula  about  the  point  (Zq,  y^,  z^) 
may  he  f oond  If  the  snooeorfve  derivatlTee  with  respeet  to  y  alone, 

7Z*  ^3'      ***'      Z^'  '*** 

are  assigned  arUtraiy  values  at  tbat'polnt.  Note  that  this  arUtrariness  allows  the 
eolntkm  to  he  psmd  thtoagh  any  curve  through  («^,  y^fS^  inthe{ihuie«s«^. 

6.  Show  that       y,  s,    9)  «  0  aatiafles  Ghaiplt*!  equatlmu 

du  =  -i?^-=-^  =  ^  =  (28) 

wliere  «  is  an  anzUlary  variable  introdueed  for  aymmetiy.  Show  that  tlie  flnt 

three  equations  are  the  differential  equations  of  the  lineal  elements  of  the  cones  of 
Ex.  6,  p,  272.  The  integrals  of  (28)  therefore  define  a  system  of  curves  which  have 
a  planar  element  of  the  equation  F  =  0  passing  through  each  of  their  lineal  tan- 
gential elements.  If  the  equations  be  integrated  and  the  results  be  solved  for  the 
variables,  and  If  the  constants  be  so  determined  as  to  epedfy  one  particular  curve 
with  the  initial  conditions  ac^,  y,,  s^,     9,,  Uien 

8BX(H,x„y,,a^,D,,«g),  ysy(...),«ss(>  *),  «  =  «(•")• 
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Note  that,  along  the  curve,  q  =f{p)  and  that  consequently  the  planar  elements 
just  mentioned  must  lie  upon  a  developable  surface  coutaiiiiug  the  curve  ({  07).  The 
dure  »nd  the  planar  elements  along  it  are  osUed  a  characteristic  and  a  ekaraeUrttUe 
itr^  of  the  given  differential  equation.  In  the  ease  of  the  linear  equation  the 

characteristic  curves  afforded  the  intep^tion  and  any  planar  element  throuj^ 
their  lineal  tanpentiiil  flonients  Kitistied  the  eciuation  ;  but  here  it  is  only  those 
planar  elements  wliich  constitute  the  characteristic  strip  that  satisfy  the  equation. 
What  the  eomplete  intcignl  does  Is  to  piece  the  chanu^sxistio  strips  into  %  f iodlj 
of  surf  BOSS  dspsndsmt  on  two  psxuist8iB> 

7.  By  simpis  derioes  integrate  tbs  eqastions.  Cheift  tiis  snswen: 


(a)  {Dl  -  a^l)  z  =  0,  {p)  {D,  -  D,)»  z  =  0,  (7)  ( T).J>1  -J^l)z  =  0, 
(3)  (2^  +  8  B^,  +  2  I^)z  =  X  +  (*)  (I^  -  D,D^  -  6/^)z  =  ly, 

(f)  (I^-2^-8D,  +  8D,)z  =  0,        (,)  (UJ - i)J  +  2 X).+  l) «  =  €-•. 


where  the  4*8  are  all  arbitrary  functions.  This  gives  the  solution  of  the  reduced  equi^ 
tionlntiiesiinploitoBse.  What  tsnns  wonld  consipopd  to  (JW—  aD^  -  ^)'»z  a  Of 

11.  Write  the  solntlons  of  the  equations  (or  equations  rednoed)  of  Bx.  8. 

12.  State  the  rule  of  Ex.  9  (7)  as :  Integrate  (x,  y  —  ox)  with  respect  to  x  and 
In  the  TQsnIt  oliangs  y  to  y  +  as.  Apply  this  to  obtalaliig  paitienlsr  sohitlons  of 
Ex.  8  (^),  ((),  (f)  with  the  aid  of  anj  short  onts  that  an  aoakgoos  to  those  of 

Chap.  VIU. 

13.  Inte^te  the  foUowiqg  equations: 

(a)  (I^-Da^+I>^-l)z=  coe(x  +  2y)+e»,      (^)  i«r«  +  2 xya  +       =  x«  +  y*, 

(y)  (Z^+ Z>^-l)z  =  8in(x  +  2y),  (3)  r  -  «  -  8p  +  8?  =  C  + 

(e)  (2^-2Z>,I>J  +  Z)J)z  =  x-»,  (f)  r-f  +  P  +  3(z-2z  =  e'-i'-x«y, 

(9)  D;pD,  -  2  Z)J  +  2  Dx+  2D,)t  =  «•«+•»+  rin(2z  +  v)  +  xy. 

14.  Try  Monge's  method  on  these  equations  of  the  second  order  : 

(a)      -  2pqa  +  j>at  =  0,  (^)r-o«t  =  0,  (7)r  +  s=-p. 


(•)  ff(l+«)r-.(p  +  g  +  2«)s  +  j»(l+j»)«  =  «i  («)  lA^  +  Scyt-l-y^sC^ 
it)  (>+esrt^-«(6+cg)(a  +  cj>)s  +  (a  +  qi)«fa«i     {n)  r  +  MsSos. 

Xf  aoj  simplsr  nethod  is  aTailaUsb  slsts  what  it  is  aad  i^ipljr  It  also. 


(3)  s  +  p/{x)  =  g{y),  (e)  ar  =  xy,  (f)  xr  = 
8.  Integrate  these  equations  by  the  niethwl  of  factoring: 


10.  Prove  that  if  [(D,  -  aJJ,)'^  •  •  (D,  -  atD,)"*] «  =  0,  then 
S  ss  ♦^(y  +  a,«)  +  +  a^x)  +  . . .  +  x»i       ^{y  +  a,x)  +  •  •  • 

+  *ki{y  +  atx)  +  x*ta{V  +  «*^)  +  •  •  •  +  z^t-'+tmjtd^  +  a-**), 
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15.  Show  that  an  equation  of  the  form  itr  +  St  +  Tt -\-  U{rt  —  ^sV  mmi 
sarily  aritHiS  from  the  elimination  of  the  arbitrary  function  from 

V,     P,  ?)  =/[w,(x,  V,    P,  ?)]• 
Note  that  only  such  an  equation  can  have  an  intermediary  integral. 

16.  Treat  the  more  general  equation  of  Ex.  15  by  the  methods  of  the  text  and 
thusahow  that  an  intermediary  integral  may  be  sought  by  solving  one  of  theq^stems 

Udy  +  \Tdx  +  X,  Udp  =  0,  Udx  +  \Rdy  +  \  Udq  =  0, 

Udx  +  \Rdy li^Udq  =  Of         l^di^  +  Xt^dx  +  S^<|p  =  <V 
dz  =  pdx  +  qdy,  dz  =  pdx  +  gtfy, 

where  \j  and  X,  are  roots  of  the  equation  X*(fir  +  UV)  -k'  \U8  +  I7>  s  0. 

17.  Solve  the  equations  :       (a)  «"  —  r(  =  0.       09)     —  rf  -  a*, 

(■y)  ar  +  6s  +  ct  +  e(r<-f^  =  A,      (*)  agr  +  Kpt  +  aw(«* -  rt)  =j>fl. 
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CHAPTER  XI 


piB  nmoKAis 


(1) 


s  definite  integral  which  oontains  in  the  integrand  a  parameter  a,  Ji 
the  indefinite  integral  is  known,  as  in  the  case 


008  osBdbi  as  —  ain  ccx. 

or  ' 


cos 


1  . 

-Bin  ox 


a' 


it  is  seen  that  the  indefinite  integral  is  a  fuiu  tiou  of  x  and  a,  and  that 
the  definite  integral  is  a  function  of  a  alone  because  the  variable  x 
disappears  on  the  substitution  of  the  limits.  If  the  limits  themselves 
depMid  on  or,  as  in  the  case 


f. 


s  -  (sin  a*  —  sin  1), 


the  integral  is  still  a  fnnctioa  of  «. 

In  many  instances  the  indefinite  integral 
in  (1)  cannot  be  found  explicitly  and  it  then 
becomes  necessary  to  discuss  the  conti- 
nuity, differentiation,  and  integration  of  the 
function  <f>(n)  defined  by  the  integral  with- 
out having  recourse  to  the  ac^tual  evaluation 
of  the  integral;  in  fact  these  discussions 
may  be  required  in  order  to  effect  that 
evaluation.  Let  the  limits  and  x^  be  taken 
as  constants  independent  of  a;  Consider  the  range  of  Tallies  oei^ScSai 
for  Xf  and  let  o^S be  the  range  of  valnes  over  which  the  fono- 
tion  4(«r)  is  to  be  disoossed.  The  function  /(x,  a)  may  be  plotted  as 
the  snrboe  s         a)  over  the  leotangle  of  values  for  (x,  a).  The 

m 
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Tftlne  f  (o^  of  the  funotion  when  a  a  is  then  the  axea  of  the  aeetknt 
of  this  surface  made  by  the  plane  a=sa^  If  the  sorfoce  /(a;,  a)  is  con- 
tinuous, it  is  tolerably  clear  that  the  area  ^(a)  will  be  continuous  in  a. 
The  function  ^(a)  i$  eontituunu  iff{Zf  a)  is  eonttMuous  w  the  two  varioF- 
ble»  (Xf  a) 

To  disoiiM  the  oontlBiiltj  of  ^(<r)  form  tlie  diilteeirae 

Now  ^  (a)  will  be  continuous  if  the  difference  ^  (a  +  Acr)  —  ^  (a)  can  be  made  as 
■mil  u  dflrfied  Iqr  teUiig  Aa  ■afllcfenilj  mell.  If  /(z,  y)  Is  e  oontiiiaoas  faao- 
tloo  of  ifB,  y),  U  Is  possible  to  take  A»  end  Ay  so  snssll  tbet  the  difisienee 

|/«B  +  Ae,|f  +  A|r) -/(«.»)!<€,     tAc|<«,  (A|r|<f 

for  all  polats  («,  y)  of  the  region  over  whlcfa/(s»  y)  Is  oontinaoas  (Ex. 8,  p. 02). 
Hence  in  particular  if /(z,  a)  bo  oontlmioas  In  (e,  or)  ofsr  the  lectaijglei  It  Is  poa- 
slble  to  take  Aa  so  small  tliat 

|/(«,  a  +  Aa)  -  /(X,  a)  I  <  e,      |Aa|  <  • 

for  all  values  of  a  and  a.  Hence,  by  (66),  p.  26, 

|#(«  +  Art)  -♦(«)!  =  I  p[f{^  <r  +  Aff)  -/(a.  a)]dB|<         a  tCJH  -  a?,). 

It  is  Uierefore  proved  that  the  function  ^{a)  is  continuous  provided /(x,  a)  is  con- 

tlnnons  In  the  two  variables^  a);  for  c(St So)       ^  ">>^*  ^'"''^ 

If  c  may  be  made  as  Rmall  as  desired. 

As  an  illustration  of  a  case  where  the  condition  for  ootttinuity  Is  violated,  take 

=  I  -5  5  =  t»n"*  - 

Here  the  integrand  fails  to  be  continuous  for  (0,  0);  it  becomes  infinite  when 
(z,  a)  =  (0,  0)  along  any  curve  that  Is  not  tangent  to  a  s  0.  The  function  ^(a)  Is 
defined  for  all  values  of  aSQl,  Is  oqoal  to  oot-^er  when  ft  #  0,  and  should  there- 
fore \m'  tM|u:iI  to  ^  tr  when  a  -  0  if  it  is  to  he  oontlnnous,  whereas  it  is  equal  to  0. 
The  importance  of  the  imposition  of  the  condition  that  /(x,  a)  be  continuous  is 
dear.  It  should  not  be  inferred,  however,  that  the  funotion  ^(a)  will  neeetssr^y 
bs  disoootinnoas  when/(2,  <r)  fails  of  oontlnnl^.  Foriastanoo 

This  fonetlott  Is  oontinaoas  In  or  for  all  values  <rSO;  yet  the  Integrand  Is  dl^ 

continuous  and  indeed  becomes  infinite  at  (0,  0).  The  condition  of  continuity 
imposed  on  /(x,  a)  in  the  theorem  is  si{fficient  to  insure  the  continuity  of  ^{a) 
but  by  no  meana  necessary  /  when  the  condition  is  not  satisfied  sume  closer  exami- 
naUott  of  the  problem  will  sometimes  disclose  the  fact  that  ^  (a)  is  still  eOBttaHMna. 

In  case  the  limits  of  the  integral  are  functions  of  a,  as 


1 

=  ootria:  if  a^Hi,  and  ^^sQ. 

0 


J/»^,-»,( 
I 
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the  fiinction  ^(tx)  will  surely  he  contumous  it/(Xfd)  is  continiioiis 
over  the  region  bounded  by  the  lines  or  as  o^,  ar  =  ar^  and  the  carves 
8        X|  s  y^(a),  and  if  the  functions  gj(a)  and  g^(a)  ara  contiinioiu. 

Hot  in  this  esse 

•'».(") 

Tbe  absolute  values  may  be  taken  and  the  iute- 
gnOsfdhned  hy  (66),  (65'),  p.  25. 

|f(a  +  Aa)-*(a)I<.|9,(a)-j7o(ff)|  +  l/(f„«  +  Aa)I|A(^i|  +  |/((o,a  +  Aa)[IAaol, 

where  ^  and  (|  are  values  of  x  between  and  +  At;,,  and  and  -f  By 
tiklBC  Aa  aMll  ttnoagli,  g^{a  +  Ao)  —  g,(a)  and  Aa)  —  may  be  made 
as  mdl  aa  dMised,  and  henoe  A#  nay  be  nutde    smaU  as  dednd. 

119.  To  find  ike  denwUwe  of  a  funetion  ^  (a)  d^ned  by  am  mUgral 
WHtainimff  aparameterf  fonn  tbe  qiiotient 

A«  Aa 


Aa 


1  r  ^9ifl'*Am)  /•»,(.)  1 

/         /(a!,«  +  A«)ifc- f  /(a5^«)cii;L 

The  transformation  is  made  by  (63),  p.  25.  A  furtluT  reduction  may 
be  made  in  the  last  two  int^'grals  by  (Go'),  p.  25,  vrhicli  is  the  Theorem 
of  the  Mean  for  integrals,  and  the  i.iti'i^rund  of  th"  first  integral  may  be 
modified  by  the  Theorem  of  the  Mean  for  d  ivea  (p.  7,  and  Ex.  14, 
p.  10).  Then 


^  =  jT^f^^"^  a  +  flAsr)     -/(^,  a  +  A.)  ^  «  +  A«)  ^ 


and 


A  critical  examination  of  this  work  shows  tlu^t  t]u>  derivative  ^'(a) 
exists  and  may  be  obtained  by  (4)  in  case        sta  and  is  oomtiniioaa 
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in  (fls^  a)  and  ff^(a)f  ff^(a)  aie  differantiaUe.  In  the  particolar  case  that 
the  limits    and  7,  an  oonstuitBy  (4)  lednoee  to  LmbnUft  Bvle 

which  states  that  the  dcrirative  of  a  fnnrfinn  defined  hj  nn  integral 
vith  fixed  limits  mnij  he  oiitdined  by  different iatinfj  under  the  sign  of 
integration.  The  additional  two  t^^rius  in  (4),  when  the  limits  are  variar 
ble,  may  be  considered  as  arising  from  (66),  p.  27,  and  Ex.  11,  p.  30. 

This  process  of  different itr ting  under  the  sign  of  integration  is  of 
frequmd  MM  III  twUnating  the  functim  ^(a)  in  flBBOt  vImto  tiie  indefi- 
nite integnl  of  /(ar,  a)  cannot  be  found,  bat  the  indefinite  integral  of 
/I  Qon  be  found.  For  if 

4(a)=jy{x,a)dx,   then   ^  ^  jy^d^c  ^  f(a). 

Now  an  intef^ration  with  respect  tr>  a  will  g'wt'  <f>  as  a  function  of  a 
with  !i  constant  of  integration  which  may  Ixj  determiued  by  the  usual 
method  of  giving  a  some  special  value.  Thus 

But  il^(P)=J  Odx  =  0   and    ^(0)  =  logl  +  C. 

Hence  =J    -j^^^     =  log  (a  +  1). 

In  the  way  of  comment  upon  this  evaluation  it  may  be  remarked  that  the  funo- 
tionfl  (ae^— l)/logx  and  a*  are  oontlmMNis  fonotknis  of  (s,  for  all  valtiea  <rf  s  in 
the  Interval  O^gz^l  of  integration  and  all  positive  vaiuei  of  a  le^s  than  any 
aflsigned  value,  that  in,  0^  cx^  K.  The  conditions  which  permit  the  differen- 
tiation under  the  sign  of  integration  are  therefore  satisfied.  This  is  not  true  for 
nagatlve  valoM  <rf  dr.  When  «<0  the  derivative  cbecomea  Infinite  at  (0^  0).  The 
method  of  evaluation  cannot  therefore  be  applictl  without  further  examination. 
As  a  matter  of  fact  <p{a)  =  log  (a  +  1)  is  definod  for  fr>  —  1.  and  it  would  be 
natural  to  thinlc  that  some  method  could  be  found  to  justify  the  above  formal 
evaluation  of  the  Intsfral  when  —  l<<tS.K'  (see  Chap.  XIII). 

Tb  illustrate  the  application  of  the  xule  im  differentiation  when  the  limits  an 
fonotions  ol  a,  let  it  be  required  to  differentiate 

^{a)^  I  dx.      3^=1   «**B+-;  a--.  • 

Jm    l^gs  da   Jm  loga  nga 
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da    a+lL  J    wg«L  J 

I  fomial  remit  !•  only  good  subject  to  the  oondftioiw  of  oonttamitj.  Cliuly  a 
t  te  gKMter  thui  SMO.  This,  howerer,  to  the  only  rettriotloii.  Itmlghteeeniat 
first  a*  thov^  the  value  x  =  \  with  log  a:  =  0  in  the  denoniiiiator  of  (i*  —  l)/logi 
would  cease  difBculty ;  but  when  x  =  0,  tblH  fraction  i»  of  the  form  0/0  aad  he*  e 
finite  velue  which  piecra  on  continuously  with  the  neighboring  valuee. 

ISO.  The  next  problem  would  \ye  to  find  ffie  integral  of  a  function 
defined  by  an  integral  rontnining  it  panunetfr.  The  attention  will  be 
restricted  to  the  case  where  the  limits  aad  are  constants.  Consider 
the  integrals 

/    ^(a)da=  j    •/  f(x,a)dx-daf 

where  a  may  be  any  point  of  the  interval  a,  ^  a  S  of  values  over 
which  ^(a)  is  treated.  Let 

Then  ^^^^J  '^J  /{■^t<')da*imwmj^ f(Xf  a)dx  =  <t>ia) 

by  (4*),  and  by  (66),  p.  27 ;  and  the  dilfenntiBifeioii  is  legitunate  if  /(x;  a) 

in  (2,  a).  Nowintegmtowith  leepeottooe.  Then 


Bat*(a^8s0.  Henoe,  on  snbstitation, 

J    .  C'f{x,a)da  dx^  f  ^(a)da^  f    C  /(x,a)dx'da,  (5) 

Hence  appears  the  rule  for  integration,  namely,  integrate  under  the 
sign  of  integratiim.  The  rule  luis  here  been  obtained  by  a  trick  from 
the  previous  rule  of  differentiation ;  it  could  be  proved  directly  by 
considering  the  integral  as  the  limit  of  a  sum. 

It  Ib  intensting  to  note  the  interpretation  of  this  integration  on  the 
figure,  p.  281.  As  ^(a)  is  the  area  of  a  section  of  the  sni&oe,  the 
prodoot  4(a)Ar  is  the  infinitesimal  volnme  nnder  the  surftoe  and 
inelnded  hetween  two  neighboring  plaaes.  The  integral  of  4(a)  is 
tiieiefoie  the  volnme*  nnder  the  snrfeu»  and  bozed  in  by  the  foor 

*For  the  "Tolajiie  of  e  aoUd  with  perallel  beiea  end  rerieble  eroM  feetloa"  cm 
Bz.  10b  Pb     aad  f  as  «lth  Bse.  » 
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planes  a  =  a^,  a  =:  a,  x  =  jr^,  x  =  x^.  The  geometric  siguificanoe  of 
the  reversal  of  the  order  of  integrations,  as 

18  in  this  case  merely  that  the  volume  may  be  regarded  as  generated 

a  cross  section  moving  parallel  to  the  «ar-plane,  or  by  one  moving 
parallel  to  the  2a--plane,  and  that  the  evaluation  of  the  volume  may 

be  made  by  either  iiu'thcKl.  If  tlif  limits  x^  and  x^  depend  on  a,  the 
integnil  of  ^('i)  cannot  found  l»y  the  .simjile  rule  of  intetjnition 
tmder  the  sign  of  integration.  It  should  Ix?  remarked  that  integration 
under  the  sign  may  serve  to  evaluate  functions  defined  by  integrals. 

As  an  illuFtration  of  intetrnitidn  under  the  Ripn  in  a  raw  where  the  method  leads 
to  a  functiou  which  may  be  cunsiilered  a«  evaluated  by  the  nif  thml,  consider 

In  this  ra-sp  the  inteprand  contains  two  parameters  a.  h.  and  the  function  defined 
is  a  function  of  the  two.  If  a  =  0,  the  function  reduces  to  one  previooaly  found. 
It  wotild  U.'  p4>.ssible  to  repeat  the  intention.  Thug 

S^l^^  =  »og(«  + 1).      J^'«<«(«  +        =  («  +  !)  log{a  +!)-«. 

TUaisaiMwfotm.  If  here  «r  be  aei  aqnal  to  any  number,  aqr  l*  than 

 ^-"5_cli!  =  21og2-l. 

0  (logx)' 

In  this  way  there  ha«  been  evahiated  a  definite  integral  wlu(  h  depends  on  no 
parameter  and  which  might  iiave  been  difficult  to  evaluate  directly.   The  introduc- 
ffom  qf  a  paramtimr  tmd  He  mtbaequent  eqvaUffm  to  a  parUaUair  vahu  is  qf  /requaU  Mm 
eMtaofiiiy  ddlMile  infaprab. 

1.  Xnloate  diractly  and  dlwiiai  for  oootimiltj,  0  S  a  S 1: 

2.  If  /(s,  a^fii  ia%  fonetkm  containing  two  paxameten  end  is  oimtinnoas  in 
the thtee variaUee  («,  a, ^  wiien i^ssSs,,  a^SaStti«/i^S^S/tit "Imv 

a*  f)dz  s  f  (a,  /I)  la  oootbraotis  in  (a,  fi). 
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S.  DUfazeDtlate  and  henoe  eTslaate  mm!  itate  the  valid  mqge  for  at 

{a)       log(l+ a:co8i)dz  =  wl<jg— ^— g  , 

4.  Find  the  derivatives  without  previously  integrating: 

-tanoaRb,      (jS)  JT  tan->;^«b,     <>)  /   e  «•  de. 

5.  Extend  the  assumptionA  and  the  worlc  of  Ex.  2  to  find  the  partial  deriva- 
tiTM     an<l     and  the  total  dlfleiviitial  i^Hat^  and  S|  ara  coutanta. 

6.  ProTO  the  rule  for  integrating  undsr  the  sign  of  integration  by  the  direct 
mathod  of  traatlng  tha  Int^gial  aa  the  limit  of  a  aunn. 

7.  From  Bx.  8  derive  the  Talefordifferentlatliigiouidortbe  ^n.  Can  the  oomp 
plate  rule  Indudlng  the  caaa  of  wlabla  llmlta  be  obtained  khia  way  r 

/%  17 (x,  a) 

8.  Note  that  the  integral  /  /(x,  a)dx  will  bo  a  function  of  (x,  a).  Derive 
formulae  for  the  partial  derivatiToe  with  reapect  to  «  and  a. 

9.  IMfferantlate  t  (a)  —  r**Bln  (x  +  a)  dx,   (/3)  ^  T^aMfc 

ca  a/o  dx  Jo 

10.  Integrate  onder  tha  algn  and  hence  evaluate  bj  aubeequent  differentiation  t 

(a)  jfVlogwix,      (/3)  jf^xainaztbe,      (7)  J^xw&c^axdx. 

11.  Integrate  or  differantiate  both  aidea  of  theae  eqnationa : 

[,^'^  =  ^+1   ^'^'^^^   X  ^'<*"8x)-dx  =(-!)- ^-j-^, 
fl)   r-_^  =  _J[_   toahow     r  ^irl.3.5...(2n-l) 

7)  /  e-«»coa»mto  =  -B-: — s  toahow  I   -dx  =  ^  log  I  ^-^  

r-«rfnai«b  =  -— — -  toahow  1  -dx=tan-* — — tan-*— » 

tt^  +  Jo      X  c»c  rnx  to  m 

€)  I   =   ■         to  find  /  f  log  . 

Jo   a  — coax    Va^—l  •'o  (a  — cosx)"   Jo      a  — ooas 

r'i^^_;r_  /"» x'-Uogxdx^ 

'Jo    1  +  x     Bin  war  Jo        l+X       Jo    (l  +  /)lngx 

Note  thiit  in  (^)-{S)  the  inteprals  extend  to  infinity  and  that,  as  tlie  niles  of 
the  text  have  been  proved  on  tlie  hypothetuH  that  the  interval  of  integratiun  is 
flnite,  a  further  JiutUIeation  for  app^ring  the  rolea  la  neceamry ;  thla  will  be 
treated  in  Chap.  XIII,  but  at  this  point  the  rules  may  be  applied  formally 
without  jostiAcatifMi. 
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18.  Evalitate  hf  uiy  mmoM  theae  intqgimlss 

r\\og (1  +  co8«-co»») a, ^  1  _ 
Jo  coex  2\4  / 

w 

iy)  r'log(a>oOiFs4-<S^aiB*x)d8»vlog^^* 
(I)  J-^-«-"co.^-^=^. 

CMS 

181.  CvnrlliiiMr  or  line  intiecnte.  It  is  funiliar  that 

VI  the  area  between  the  curve  y  =/(x),  the  x-axis,  and  the  ordmates 
as  ss  a,  X  ss  The  foarmiila  may  be  naed  to  evaluate  mora  oomplicated 
axeas.  For  iii8tB]ioe,theaNabetweenthepanbola/s»andthe8eiiii> 
enbieal  paiabola    k  is 

il  =  r  X^tbs  —  f  X^dx  sa    C  ydx  —     C  ffiOB, 

»/0  «/0  F»/0  sJo 

where  in  the  second  expression  the  subscripts  P  and  5  denote  that  the 
integrals  are  evaluated  for  the  parabola  and  semicubieal  parabola.  Aa 
a  oliange  in  the  order  of  the  limits  chaoges  the  sign  of 
the  integral,  the  area  may  be  written 

f  ydx  +   I  ydx  =  —   /  ydx  —    I  ydXf 
•  sJi  rJx  ««/• 

and  is  the  area  bounded  by  the  closed  curve  formed 
of  the  portions  of  the  pambola  and  semicubieal  parabola  from  0  to  1. 

In  considering  the  area  bounded  by  a  closed  curve  it  is  convenient  to 
arrange  the  limits  of  the  different  integrals  so  that  they  follow  the  curve 
in  a  detinite  order.  Thus  if  one  advance's  along  /*  from  0  to  1  and  re- 
turns along  S  from  1  to  0,  the  entire  closed  curve  ha«  heen  described 
in  a  uniform  direction  and  the  inclosed  area  has  Ix'en  constantly  on  the 
right-hand  side;  whereas  if  one  advanced  along  ^'  from  0  to  1  and 
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rptiirned  from  1  to  0  along  P,  the  curve  would  have  been  desciilied 
ill  opposite*  direction  and  the  area  would  have  l)een  constantly 
on  the  left-liand  side.  Similar  considenitions  apply  to  more  general 
closed  curves  and  lead  to  the  definition :  If  a  closed  curve  which 
nowhere  crosses  itself  is  descriUnl  in  such  a  direction  as  to  keep  the 
inolosed  area  always  upon  the  left,  the  area  is  considered  as  positire ; 
whereas  if  the  descriptuMi  wwe  sueh  as  to  leave  the  aiea  oa  the  tight, 
it  would  be  taken  as  negative.  It  is  dear  that  to  a  person  standing  in  the 
inclosuie  and  watching  the  description  of  the  boondaiy,  the  deserip- 
tion  would  appear  oonnterdockwise  or  positive  in  the  first  ease  (f  19), 
In  the  case  above,  the  area  when  positive  is 

LsJo  pJ\        J  Jo 

where  in  the  last  integral  the  symbol  O  denotes  that  the  integral  is  to 

be  evaluated  around  tlie  closed  curve  hy  describing  the 
curve  in  the  ]>ositive  direction.  That  the  formula  holds 
for  the  ordinary  case  of  area  under  a  curve  may  he 
verified  at  once.  Here  the  circuit  consists  of  the  con- 
tour  ABB' A' A.  Then  « 

Jc  f*^ 
I  ydx  —  j    ydx  +  I    ffdx  +  /    ydx  +  |  ydx. 

The  first  integral  vanishes  because  y  0,  the  second  and  fourth  vanish 
because  « is  oonstant  and  <fo  s  0.  Hence 

Jr>  pA'  pB' 

|ye£Es—  I    ydx—  j  ydx. 

It  is  readily  seen  that  the  two  new  formulas 

A  sss  j  xdy    and    A  =  ^  I  {xdy  —  ydx')  (7) 
Jo  Jo 

also  give  the  area  of  the  dosed  curve.  The  first  is  proved  as  (fi)  was 
proved  and  the  second  arises  from  the  additicm  of  tiie  two.  Any  one 
of  tile  three  may  be  used  to  o(nnpnte  the  area  of  the  dosed  curve ;  tiie 
last  has  the  advantage  of  symmetry  and  is  particularly  useful  in  finding 
the  area  of  a  sector,  because  along  the  lines  issuing  frasn  the  origin 
yxx^dy.dx  and  xdy — ydx s=  0 ;  the  previous  form  witli the  int^;rand 
xdy  is  advantageous  when  part  of  the  contour  consists  of  lines  parallel 
to  the  a--axis  so  that  dy  =  0 ;  the  first  form  has  similar  advantages 
when  parts  of  the  contour  ai-e  parallel  to  the  y-axis. 
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The  connection  of  the  third  formula  with  the  vector  ezpreBsion  for 
the  area  is  noteworthy.  For  (p.  175) 

and  if  r  =  acl  +  y  j,     dr  =  idx  4-  jrfy, 

then  A-  I rxdrs^k  f(xdjf^pdx), 

Jo  Jo 

The  unit  vector  k  merely  calls  attention  to  the  fart  tliat  the  area  lies 
in  the  7//-])lane  perpendicular  to  the  x-axis  and  is  described  so  as  to 

appear  positive. 

These  formulas  for  the  area  as  a  curvilinear  integral  taken  around 
the  boundary  have  been  derived  from  a  simple  figure  whose  contour 
was  <mt  in  only  two  pointe  Iqr  a  line  paxallel  to  thie  Mea.  The  exten- 
sion to  more  complicated  oontouis  is  easy.  Bi  tSie  first  plaoe  note  tliat 
if  two  closed  areas  are  contiguous  over  a  part  of  their  oontoon,  the  inte- 
gral around  the  total  area  following  both  contours,  bat  omitting  the  part 
in  common,  is  equal  to  the  sum  of  the  int^rals.  For 


/  ^/  =/  =/ 

Jfrsp   Jfqrp   Jpr   Jr.sp   Jpqr   Jrp    J  ( 


QRSP 

since  the  first  and  last  integrals  of  the  four  are  in  o]>po- 
site  directions  along  tlie  same  line  and  must  cancel.  But 
the  total  area  is  also  the  sum  of  the  individual  areas  and  hence  the 
integral  around  the  contour  PQRSP  must  be  the  total  area.  The  for- 
mulas for  deteimining  the  area  of  a  closed  curve  are  thereline  applicable 
to  such  areas  as  may  be  composed  of  a  finite  number  of  areas  eadi 
bounded  by  an  oval  curve. 

If  the  contour  bounding  an  area  be  expressed  in  parametric  form  as  x  =/(<)• 
y  s  ^(Q,  the  area  may  be  evaluated  as 

J/itm)dt=- J  Ht)mdt = i  f  i/m\t)-f{t)/\i)]dt,  (7-) 

where  the  limits  for  (  are  the  value  of  t  corresponding  to  any  point  of  the  contour 

and  the  value  of  t  mrrcspondinp  to  the  name  point  after  the  curve  has  been 
described  once  in  the  positive  direction.  Thus  in  the  case  of  the  strophoid 

^^gfilZl,  theUne  ysls 

eats  the  eonre  In  the  doable  point  at  the  origin  and  in  only  one  other  point;  the 
ooflrdiaatea  <tf  a  point  on  the  curve  mi^  be  e«pre— ed  ae  rational  functiona 

« r=  a  (1  -  «•)/(!  +         y  s  at  (1  -  «•)/(!  + 1^ 

of  I  by  solving  the  strophoid  with  the  line ;  and  when  t  varies  from  —  1  to  •(■  1  the 
point  ^  y)  describes  the  loop  of  the  stro^Mld  and  the  UmitB  lor  t  are  —  1  and  •f  t 
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189.  Consider  next  the  meaning  and  the  evalnation  of 


(8) 


This  is  called  a  curvilinear  or  line  integral  along  the  curve  (J  or  i/  =  /(J*) 
from  the  point  (a,  b)  to  (x,  y).  It  is  possible  to  eliminate  y  by  the  rela- 
tion y  —f(x)  axid  write 


(«) 


The  integial  then  becomes  an  ordinary  integral  in  x  alone.  If  the  carre 
had  been  given  in  the  form  x  =  /(]/),  it  would  have  been  better  to  con- 
vert the  line  inti^gral  into  an  inti^f^'ial  in  //  aloiio.  T/if  method  of  evaluat- 
ing the  integral  i,-<  therefore  de^fined.  The  differential  of  the  integral 
may  be  written  as 

d  C  \pdx-\'Qiiy)^PdX'\-Qiiy,  (10) 

where  either  x  and  dx  or  y  and  dg  may  Ix?  eliniinatfd  by  means  of  the 
equation  of  the  curve       For  further  ])articulan>  see  §  123. 

To  get  at  the  meaning  of  the  line  integral,  it  is  necessary  to  con- 
sider it  as  the  limit  of  a  sum  (compare  §  16^  Suppose  that  the  curve 
C  between  (a,  b)  and  (a;,  y)  be  divided  into  n  parts,  that  Aar^  and  Ayi 
are  the  incrementB  corresponding  to  the  tth  part,  and  that  is 
any  point  in  that  part  Form  tiie  sum 

'  =         nd^i-^  <i(^«*  ifc)  AyJ 

when  %  beoomes  infinite  so  that  A«  and  Ay  eaeh 
appNMhes  0  «a  a  limifey  tiie  snm  «-  apfpraaehes  a 
definite  limit  indepradent  of  how  the  individual 
increments  Aj-^  and  Ay^  approach  0,  and  of  how  the 
point  (Jtit  T^i)  is  chosen  in  its  segment  of  the  correi' 
then  this  limit  is  defined  as  the  line  integral 

lim  <r  =    f  \pix,  y)dx  +  Q{x,  y)dy^.  (12) 
C*Ai,ft 

It  should  be  noted  that»  as  in  the  case  of  the  line  intsgial  which  gives 
tiie  aieai  any  line  integral  which  is  to  be  eTslnated  along  two  corres 
whidi  have  in  common  a  portian  described  in  opposite  directions  may 
be  replaced  by  the  integral  along  so  much  of  the  oorres  as  not  repeated ; 
for  the  dements  of  o>  eoixesponding  to  the  common  portion  are  eqnal 
and  opposite. 
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That  9  does  approach  a  limit  provided  P  and  Q  are  continuous  functions  of  (x,  y) 
and  provideil  the  curve  C  is  monotonic,  that  is,  that  neither  Ax  nor  Ay  changes  its 
sign,  is  easy  to  prove.  For  the  expression  for  9  may  be  written 

bj  iiriqg  the  equttlcni  y         or »  s/-i(|f)  of  C.  Now  m 

ue  both  exiilant  OKdlnaiy  deflnita  integrals  In  view  of  the  Mamnitttone  as  to  omi- 
tinoity,  tiie  mm  #  must  approach  their  sum  as  a  limit.  It  may  be  noted  that  this 

proof  does  not  require  the  continuity  or  existence  of /'(x)  as  does  the  formula  (9). 
In  practice  the  added  generality  is  of  little  use.  The  restriction  to  a  monotonic 
onrve  nuy  be  replaoed  bj  tiie  lanmptloa  of  a  enrve  C  whieh  can  be  regarded  aa 
made  np  of  a  finite  number  of  moootonic  parte  Induding  perhape  aome  portiona  of 
lines  parallel  to  the  axes.  More  general  TaxtotieB  of  C  are  admimible,  but  are  not 
very  useful  in  practice  (i  127). 

Farther  to  eiamine  the  line  iiit^;nil  and  ai^redate  its  ntQity  for 
mathematicw  and  i^yaios  oonsider  some  examples.  Let 

be  ft  complex  function  (§  73).  Then 


=    I      {Xdx-Ydy)-^i   I      {Ydx  +  Xdy). 


(13) 


It  is  apparent  tliat  ike  integral  of  fAe  complex  funetkm  i$  the  mtm  of  two 
line  intepvle  in  the  complex  plane.  The  Talne  of  the  integral  can  be 
computed  only  the  aesumption  of  some  dofinite  path  C  of  integT»> 
tion  and  will  dilfer  for  different  paths  (bat  see  §  124). 

By  definition  the  work  done  a  constant  force  F  acting  on  a  particle, 
which  moves  a  distance  s  along  a  straight  line  inclined  at  an  ang^le  $  to 
the  force,  is  W  =  Fs  cos  0.  If  the  path  were  curvilinear  and  the  force 
were  variable,  the  differential  af  work  would  taken 
as  dW  =  FcosBds,  where  ds  is  tlie  infinitc'simal  arc, 
and  $  is  the  angle  between  the  arc  and  the  force. 
Hence 


>K= fdw^  r*VcosAis=  rv^, 


where  the  path  must  be  known  to  evaluate  the  integral  and  where 
the  last  expression  is  merely  the  equivalent  of  the  others  when  the 
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notations  of  veotora  are  used  (p.  164).  These  expressions  may  be  con- 
verted into  tha  ordinary  form  of  the  line  integraL  For 

and  IF  =       Vco6  ed*=^  C  \xdx  +  Ydy), 

%/«.»  •/•>» 

where  X  and  Y  are  the  components  of  the  force  along  the  axes.  It  is 
readily  aeen  that  any  line  integral  may  be  given  thia  same  int6^ 
pretation.  If 

/     Pdx  +  ddy,    form  F=/^-HQJ. 

J /»•!.»  » 
[     Pdx  +  Qdy=  I  Fea&Bda, 


To  thft  prindplM  of  momentam  and  monuot  of  nKnientom  (|8<^  may  now  be 
addad     ptine^to  of  woriE  tod  eneigj  f or  meohaiitoa.  CoiMider 


m-^  =  F  and  m— •dr  s  F«dr  =  dH^. 

d  /I  dr  dr\  _  1  d«r  *    1  dr  df«r  _  £^  ^ 

In  woird* :  3%e  cAoiii/e  qf  the  kindle  emergif  |  nw'  qf  a  jNvtiele  MOviiHr  wider  the 
«hMm  4f  fl«  f«iiil(«rt  >bm  V  !■  cgiwl  fo  Cte  NMNifc 

Integra!  of  the  force  along  the  path.  If  there  were  several  mutually  IntenictinR 
particles  in  motion,  the  results  for  the  ener^'y  and  work  would  merely  be  added  as 
Z  ^  mv'  —  =  Z  )K,  and  the  total  change  in  kinetic  enetgy  is  the  total  work 

dome  liyeU  the  forees.  The  result  gains  its  lignifloaDeoohMly  by  the  oomlderatlon 
of  what  forces  may  be  diKregarded  in  evaluating  the  work.  Aa  dW=  F«dr,  the 
work  done  will  be  zero  if  dr  is  zero  or  if  F  and  dr  arc  perpentlicnlar.  Hence  in 
evaluating  fT,  forces  whose  point  of  application  does  not  move  may  be  omitted 
(for  esampla,  f oroes  of  tappwrt  at  iftfote),  and  so  nay  f oroas  whose  point  of  applU 
aatfon  moves  normal  to  the  foVBO  ^or  example,  thesonnal  reactions  of  smooth  curves 
or  surfaces).  When  more  than  one  particle  is  concerned,  the  work  done  by  the 
mutual  actions  and  reactions  may  be  evaluated  as  follows.  Let  r|,  r,  be  the  vectors 
to  the  partidee  and  r^  —  r,  the  veotiMr  Joining  them.  The  fotees  of  aetlon  and  r»> 
action  may  be  written  as  J:e(r|  — r^,  as  thayars  equal  and  opposlto  and  in  the  line 
joiniag  the  particles.  Hence 

dW^  d +  d »r,  =  c (r,  -  rj).dr,  -  e(r,  -  r,)Mir, 

where  r,,  fs  the  distance  between  the  particleR.  Now  dTf  vanishes  when  and  only 
when  drjg  vanishesi  tiiat  iS|  when  and  only  when  the  distance  between  the  particles 
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remaiii.s  constant.  Hence  tchen  a  iryiUein  of  particles  is  in  imtion  the  ciuinge  in  the 
Mai  kinetic  energy  in  passing  from  one  potUion  to  another  is  equal  to  the  work  done  6y 
Me/ofOM,  where,  in  eoatuaUng  ike  work,  forcei  wSUng  at  fixed  pobUe  or  normal  to  the 
line  of  motion  of  their  points  of  ap/pMoaiJUm,  andforete  due  to  aeUoM  and  reaeUem  ef 
paHicles  rigidly  connertf^l,  may  fie  disregarded . 

Another  important  applicatiuu  us  in  the  theory  of  thermodynamics.  If  IT,  « 
are  the  eneigy,  pressure,  volame  of  a  gas  ineloied  iaany  reoeptadef  and  If  dU  end 
d»  ace  the  iiMveinenta  of  eueigy  and  Tohmie  when  the  amountdff  of  heat  ia added 

to  the  gaSi  then  ^ 

dlI  =  dU  +  pdv^   and  heuce  JJ  =  J  dU  +  pdv 

la  the  total  amount  of  beat  added.  J^taldogji  and*  as  the  independent  varlahlei» 

The  amount  of  heat  absorbed  by  the  system  wUl  therefore  not  depend  merely  or 
the  initial  ami  tinal  value.i  of  (p,  c)  but  on  the  sequence  of  these  values  between 
those  tsvu  iK)int«,  that  is,  upon  the  path  of  integration  in  the  pn-plane. 

123.  Let  there  given  a  simply  connected  region  (p.  89)  bounded  by 
a  closed  curve  of  the  type  allowed  for  line  integrals,  and  let  P(.r,  y)  and 
Q(x,  If)  l)c  continuous  functions  of  (.r,  y)  over  this  region.  Thea  if  the 
line  integrals  from  {o,  b)  to  (x,  y)  along  two  paths 

f     Pdx  +  Qdy  ^    I     Pdx  +  Qdy 

are  equal,  the  line  integral  taken  aroond  the  combined  path 

[     +        =1  Pdx-^Qdy^O 

a,b         vJx,}f  Jo 

vanishes.  This  is  a  corollary  of  tlic  fact  that  if  the  order  of  description 
of  a  curve  is  reversed,  the  signs  of  A.r,  and  Ay^  and  hence  of  the  line 
integral  are  also  reversed.  Also,  conversely,  if  the  in- 
tegral around  the  closed  circuit  is  zero,  the  integrals 
from  any  point  (a,  b)  of  the  circuit  to  any  other  point 
{x,  y)  are  equal  when  evaluated  along  the  two  different 
parts  of  the  ciicait  leading  from  {a,  1)  to  {x,  y). 

The  diief  value  of  these  observatioiis  arises  in  theix  applioaftioii  to 
the  case  where  P  and  Q  happen  to  be  such  funotions  that  the  line  inte- 
gral around  any  and  every  dosed  path  lying  in  the  region  is  sera  In 
this  case  if  (a,  be  a  fixed  point  and  (x,  jf)  be  any  point  of  the  region, 
the  line  integral  from  (a,  b)  to  (x,  y)  along  any  two  paths  lying  within 
the  region  will  be  the  same ;  for  the  two  paths  may  be  considered  as 
forming  one  closed  jxith,  and  the  integral  arotind  that  is  zero  by  hy- 
pothesis. The  value  of  the  integral  will  therefore  not  depend  at  all  on 
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the  path  ot  integntioii  bat  only  on  the  final  point  (x,  y)  to  which  tiie 
integtatum  is  extended.  Henoe  the  integnd 


•.6 


extended  from  a  fixed  lower  limit  (a,    to  a  Tixiable  ujqper  limit  (x,  y), 

must  be  a  function  of  (x,  y). 

This  result  may  be  stated  as  the  theorem :  The  ntee$»arp  and 
cierU  condition  that  the  line  integral 

dtfin»  a  «»N0l0  9ai'u§d  Jkm^on  of  (x,  y)  over  a  aimply  commeUd  n^ion 
it  that  the  eireuit  integral  taken  around  any  and  everg  eieted  move  In 
the  region  ehall  be  zero.  This  theoiem,  and  in  fust  all  the  theorems  on 
line  int^ixals,  may  be  immediately  extended  to  the  ease  of  line  integxals 
in  space, 

lP{x,  y,  z)dx  +  Q(u-,  y,  z)dy  +         y,  (15) 


If  the  integral  about  every  doted  path  is  zero  ao  that  the  inteyral  from 
afiated  lower  limit  to  a  variable  upper  limit 

Ja,h 

definiu  a  function  F(x,  y),  that  function  has  contumem  firet  partial 
derimtiieee  and  hence  a  total  differential^  namelg, 

^  =  P,       ^=Q,       dF^Pdx  +  Qdy.  (16) 
To  prove  this  statement  apjdy  the  definition  of  a  deriTati?e. 

Pdx-^Qidg-  \  PtkB-{-(tig 

—  =  iim  -— -=  iini  — •■  T  • 

ox     AxAoAx     aj  =  o  Aa; 

Now  as  the  integral  is  independent  of  the  path,  the  integral  to 

(x  4-  Aa*,  y)  may  follow  the  same  path  as  tliat  to  (x,  y),  except  for 
the  passatj'e  from  (r,  i/)  to  (x  +  \t,  i/)  wliich  may  be  taken  along  the 
straight  line  joining  them.  Then  Ay  =  0  and 


P{x,  y)dx  =  —  /'(^,  y) Ax  =  P{$,  y), 


Ax 
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by  the  Theorem  of  the  Mean  of  (60*),  p.  25.  Now  when  Ax  ^  0,  the 
value  $  intermediate  between  x  and  z  +  Ax  will  approach  x  and  P  y) 
will  approach  the  limit  P(r,  tj)  by  virtue  of  its  continuity  Hence 
AF/Ax  approaches  a  limit  and  that  limit  i»  P(Xf  )f)sstdF/dx,  The  other 

derivative  is  treatt^d  in  the  same  way. 

If  thf  integraiul  Ptix  +  Qdi/  of  a  line  integral  is  the  total  differfntio-l 
dF  of  a  single  valued  function  F(Xf  y),  then  t/te  integral  aiMiut  any  closed 
eireuU  if  Mero  and 

f'pdx  +  Orfy  =  r'dP^  F(at,  y)-  F<a»  h),  (17) 

%/a.h  »J  a,b 

If  equation  (17)  holds,  it  is  clear  that  the  int<»gral  around  a  dosed  i)ath 
will  Im'  zero  provided  F(jr,  y)  is  single  valued;  for  F{x,  y)  must  come 
Uu;k  to  the  value  F(a,  b)  when  {x,  y)  returns  to  (a,  b).  If  the  function 
were  not  single  valued,  the  coneliuion  migbt  not  hold. 

Tu  pruve  the  relation  (17),  note  that  by  definition 

Md  AnsP(|,,w)Asi  +  Q(((,ii)A|ft-|.«,A«i  +  ««A|r«, 

wli(<r<<  t^  anci  r.^  urc  quantities  which  by  the  a«8umptionH  of  continuity  for  Pand  Q 
niiiy  b4i  made  uuifunnly  ({  S5)  less  than  t  for  all  points  of  the  curve  proYkled  Ax< 
litid  A^i  are  taken  Hniall  enough.  Tlien 

j  5^(P^  +  QfAifi)        AF*  j  <  «]g(|A*,|  +  |Ay,))i 

end  since  ZAFi  a  F(x,tr)—  F(a,  6),  the  snm  ZP|Asi  + eppraeAM  a  Itaniti 
end  that  limit  i» 


1.  FtndtheeMeotthelof^oftbeitropholdisindteKtedehove. 

2.  Find,  from  (S),  (7),  the  three  expressions  for  the  integnuid  of  the  line  faite> 

gralH  which  ^ive  the  area  of  a  closed  carve  in  polar  oottrdinates. 

3.  (liven  tl>e  equation  of  the  .  llipRe  x  =  a  cost,  y  =  ftsin  t.  Find  the  total  area, 
the  ares  uf  a  Hegment  from  tlie  end  of  the  major  axis  to  a  line  parallel  to  the  minor 
axis  and  cutting  the  ellipse  at  a  point  whose  parameter  is  <,  also  the  area  of  a  sector. 

4.  Find  tlio  area  of  a  segment  and  of  a  sector  for  the  hyperbola  in  its  parametric 
f urm  «  B  e  cosh  (,  y  s  6  sinh  I. 

5.  Bipiwi  the  foUom  e*  -|*  y*  =  Zwetf  In  paienstiie  fotin  aod  flnd  the  ene  of 
the  loop^ 

f .  What  ana  Is  given  bf  the  eorvllineer  Intsgral  enwiid  the  perlnMer  of  the 

Hotu'l  nirvr  r  (f  sin' )  0  ^  What  in  the  case  of  the  lemniSGKle  t*s|^ooai^ 
ilsscrlliua  as  iu  making  the  tigure  8  or  the  sign  ob? 
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7.  Write  for  y  the  analogous  form  to  (0)  for  z»  Show  that  in  eurrillnear 
coftnUnaUMi  x  a  ^(h,     y  s  f  (u,  b)  the  area  to 

8.  Oompate  thew  line  integraU  aki^g  the  path*  aMigned: 

jflydz )^dy^      y*ss  or  ysx  or  y*ss^, 

0.0 

r  '  (je' +  y)(lx  +  <«  +  |f«)dif,     K«  =  »  or  ysx  or  |f>«^, 
ve,o 

(7)  r'  *-<ia:  +  dy.      y  =  log*  or  y=0  and 

•'1,0  * 

(a)      "sain yds •|>ycoafld|y,     ysms  or  '^sO  and  yssy, 

(X— lv)<is,  y  =  x  Mr  0sO  and  y  =  l  or  y  =  0  and  z  =  l, 
(a^.(l.|>i)«y  +  lfi)de,     quadrant  or  atmiglit  line. 

•■1 

9.  Show  thai  Jpds  +  ^  =  J  VP*  +  ^ooaMfbj  working  direotly  with  the 
flgnra  and  wlthont  the  use  of  veotonk 

10.  'Show  that  if  any  drenlt  la  divided  into  a  number  of  circuite  by  drawing 
linps  within  it,  as  in  a  Hi,'uro  on  p.  91,  the  line  intejrral  around  the  original  circuit  is 
equal  to  the  Huni  of  tlie  iniegnilH  around  the  subcircuits  taken  in  the  proper  order. 

11.  Explain  the  method  of  evaluating  a  Une  Integral  in  qiaoe  and  evalaata : 

<«)  r^'^'^nte^f Sydir-f sde»     |(*s5«i     ^  =  »  or  y  =  ssss, 
•/o,o.o 

ifi)  r'*''*yJ<»g«*»  + +         ¥  =  *  — li   «  =  «•  or  yslogxi  ssss. 

12.  ShowthatJ fldK+Qd^  +  Ab=  / VP*  +  Q>  +  A^coaMk. 

13.  A  bead  of  mam  m  Rtrang  on  a  frictionleHi  wire  of  any  shape  falls  from  one 
point  (Zq,  Zq)  to  the  point  (X|,  y|,  z^)  on  the  wire  under  the  influence  of  gravity. 
Show  that  mg(t^  —  C|)  la  the  work  done  hj  all  the  foreea,  namely,  gravltj  and 
the  normal  reaction  of  the  wire. 

U.  If  z         y  =  y(£),  and/'(t),  y'CQ  he  amamad  oontinuom,  ahow 

^yP(x.  y)dz  +  Q(x,  y)dy  =J^'(^|+ 

where/(<^ssaand9(lg)sK  Kola  that  thiaprarea  the  atatement  made  on  page  SM 
in  regard  to  the  po8sibllltj  of  anbatltatlng  In  a  line  integrat  The  tbaoran  la  alao 

needed  for  Ezs.  1-8. 

15.  Extend  to  line  integrala  (16)  in ^paoe  the  nauluof  iU8L 

16.  Auijle  ax  a  line  iiUef/ral.  Show  geometrieal]^  loT  a  plane  curve  that 
s  coa(r|  a)d^r,  where  r  la  the  radiua  veetor  of  a  oarte  and  da  the  element  of 
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arc  and  (r,  n)  the  angle  between  the  nuliiis  prcnluced  and  the  normal  to  tli6  Ottr?tt, 
is  the  angle  nibtended  at  r  s  0  by  the  element  da.  Hence  stiow  that 

J       r  J  rdn       J  dn 

where  the  intCfrralK  arc  line  integrals  along  the  curve  and  dr/dn  is  the  normal 
decivative  of  r,  is  the  angle  ^  subtended  by  the  curve  at  r  =  0.  Hence  infer  that 

•     f^d,^iw  or  r^dt  =  0  or  f'^'^^A^* 

Jo  dn  Jq  an  Jq  an. 

according  as  the  point  r  =  0  is  within  the  curve  or  outside  the  curve  or  upon 
the  curve  at  a  puiut  where  the  taugenttt  in  the  two  directions  are  iiidiued  at  the 
angle  S  (oaually  v).  Mote  that  the  fommlft  nuij  be  apfilled  at  any  point  (|,  f)  If 
t<  =  ((  -  x)<  +  -  y)*  where  (x,  y)  to  a  point  of  the  ourre.  What  woold  the  Inte- 
gral give  if  ai^ed  to  a        eurve  f 

17.  Are  the  line  Integrato  of  Ex.  16  of  the  aame  type +  Q(x,  jfydg 

as  thoie  in  the  text,  or  are  they  more  Intbnatelyanodated  with  the  curve  f  Cf.f  16& 

J«  0.  1  pO.X 
(X  —  y)dt,  (/9)  I     zyd«  along  a  right  line,  along  a  quad- 
i.e 

rant,  along  the  aicee. 

IM.  IndeffOitacy  of  flie  patii.  It  has  beon  seen  that  in  ease  the 
integral  around  every  closed  path  is  zero  or  in  case  the  integrand 
Pdx  +  Qiy  is  a  total  differential,  the  integral  is  independent  of  the 
path,  and  conversely.  Hence  if 

.        dF  dF 

,  dT     BQ         a"F     dp        dp  cQ 

and  r-.  .  —  -r->      a  ■>  =  = 

<7jr<:?y  oxjcx     oy         cy  cx 

provided  the  partial  derivatives  P'^  and     are  continuoos  fanctions.* 

It  remains  to  prove  the  converse,  namely,  that:  If  the  two  partial 
derivatives  P,  and      are  continuous  and  equalf  the  integral 

X'''pdx+Qdy    with  (18) 

is  in/I>'/irn<If'nt  nf  the  path,  h  zero  around  a  closed  j)ath,  and  the  quantity 
Pdx  +  Udy  is  a  total  dijffn  ntial. 

To  show  that  the  integral  of  Pdx  -f-  Qdy  around  a  closed  path  is  lero 
if     =     oonsider  first  a  region  R  such  that  any  point  (j;,  y)  of  it  may 

*  See  §  52.  In  particular  observe  the  oonunentB  there  made  relative  to  differentials 
which  are  or  which  are  not  exact.  Thii  dlffeieaoe  ooimponds  to  integrals  which  an 
and  whkli  are  not  Independent  of  the  path. 
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be  reached  from  (a,  b)  by  following  the  lines  y  =  b  and  x  =  x.  Then 
define  the  function  F{Xf  y)  as 


This  results  from  Leibniz's  rule  (4')  of  j  IIU,  which  uuiy  Ije  applied 
since     is  by  hypothesis  continuous,  and  from  the  assumptiun  ii'^  =  P'^ 


Ileiu'o  it  follows  that,  within  the  region  sjK'citied,  Pdx  -f-  Q'/.V  is  the 
totiil  (litferential  of  the  function  /•'(>,  ij)  defined  by  (19).  Henee  along 
any  eloaed  circuit  within  tliat  i*egiou  li  the  integral  of  Pdx  +  Qdy  is 
the  integral  of  dF  and  vanishes. 

It  remains  to  rotnovf  tlie  restriction  on  the  tyiie  of  repi«)n  within  whirh  tho 
intv{$ral  around  a  clused  path  vanishes.  Consider  any  closed  path  C  which  lie» 
within  the  region  over  which  r'^  and  ^  we  equal  oontinnoas  fanetions  of  (at,  y). 
As  the  path  lies  wholly  within  R  it  is  poshiMr  xn  rule  i?  ho  finely  that  any  little 
rectangle  which  contains  a  portion  of  the  patli  shall  lie  wholly  within  li.  The 
reader  may  construct  his  own  figure,  possibly  with  reference  to  that  of  §  128,  where 
a  flner  nding  would  be  needed.  The  path  C  may  thus  be  earrotinded  by  a  zigzag 
line  which  lies  witldn  E.  Each  of  the  small  rectangles  within  the  zigzag  line  is  a 
region  of  the  type  above  considered  and,  by  the  proof  above  piveji,  the  integral 
around  any  cltmed  curve  within  the  small  rectangle  must  be  zero.  Now  tlie  circuit 
C  may  be  replaced  by  the  totality  of  amall  drcolte  eonrietlqg  either  of  the  perim- 
etns  of  small  reetanglee  lying  wbdly  within  C  or  of  portions  of  the  cnrre  O  and 
portions  of  the  perimeters  of  Rtu  h  rectangles  a.s  contain  jmrts  of  f\  And  if  C  be  so 
replaced,  tin*  integral  around  C  is  resolved  into  the  sum  of  a  large  number  of  inte- 
grals alx)ut  tiie«e  small  circuits;  for  the  integrals  along  such  parts  of  the  small 
drooiti  w  are  portiom  of  the  perlmeten  of  the  rectangles  occur  in  pain  with  oppo- 
site algna*  Hence  the  integral  around  C  is  zero,  where  C  is  any  circuit  within  R. 
Hence  the  integral  tif  P(lx  +  Qily  from  (n,  h)  to  y)  is  independent  of  the  path 
and  defines  a  function  F{z^  y)  of  which  Pdx  +  (^y  is  the  total  differential.  As 
this  fuiwtloD  Is  continuous,  Its  Value  for  points  on  the  boundaiy  of  1?  may  be  defined 
•s  the  limit  of  F(z,  y)  as  (z,  y)  approaches  a  point  of  the  boundary,  and  it  may  thereby 
be  Been  that  the  line  integral  of  (18)  arounrl  tlie  V)oundar\-  is  also  0  without  any  fur- 
ther restriction  than  that      and  Qj^  be  equal  and  fontinuous  within  the  lK)undary. 

*  See  Ex.  10  above.  It  is  well,  in  connection  witli  §§  l-i:(-l2.'S,  to  read  carefully  the 
worlt  of  hh^Ar^  dealing  with  varieties  of  regions,  reduciblllty  of  circuits,  etc. 


Theu 


=  P{x,  b)  +  P{x,  y)  -  P(aj,  *)  =  P{x,  y). 
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It  should  be  noticed  that  the  line  integral 

n  "pdx  +  Qdy  =  f  P(x,  b)  dx  +         (ar,  y)  rfy,  (19) 

whm  +  Qdy  it  an  txaet  diffiartnUalf  that  ia,  when  P^as  q;,  may  h9 
BOtthMUdiifthe  ruU  given  far  kitegraiing  an  eaeaet  d^ermUial  (p.  209), 
proTided  the  path  aloiigya6aiid«8«doeanotgooiitsidetheregioiL 
If  that  path  ahould  eat  oDt  of  R,  some  otiier  method  of  evaluation  would 

be  required.  It  should,  however,  be  brane  in  mind  that  Pdx  +  Qdj 

is  best  integrated  by  inspection  whenever  the  function  F,  of  which 
Pdx  +  Qdy  is  the  differential,  i-an  l)e  recognized ;  if  F  is  multiple  valued, 
the  consideration  of  the  path  may  l)e  required  to  pick  out  the  par- 
ticular value  which  is  needed.  It  may  be  lulded  that  the  work  may  be 
extended  to  line  integrals  in  space  without  any  material  niodific^itions. 
It  was  seen  (§  73)  that  the  conditions  tliat  the  complex  function 

i?(x,8f)=JIC(a,y)+ir(«,y),      «  =  «  + 

be  a  fonotum  of  the  eomples  variahle  «  are 

j[; »-  y.  and  X',  =  y;.  (20) 

If  tiwse  eonditionB  be  applied  to  the  expreasimi  (18), 

/F(«,  y)«  r  'xdx  -Ytfy+t  C  'rdx  +  JCrfy, 
«/a.  b  «/<■,  b 

for  the  line  integral  of  such  a  function,  it  is  seen  that  they  are  pre- 
cisely the  conditions  (18)  that  each  of  the  line  integrals  entering  into 
the  com])lex  line  integral  shall  indejiendent  of  the  path.  Hence 
fh*^  intt'fjnil  of  u  funrtlnn  of  a  romjdrx  fitrlnhle  is  iiulepemlent  of  thf 
path  of  inteyrution  in  the  complex  plane,  and  the  integral  aroumi  a 
doMd  path  vanuhea,  Thia  appUea  of  oonne  only  to  simply  oonneeted 
legions  of  the  plane  tfatooghoat  which  the  derivatives  in  (20)  aie  equal 
ai^  continuous. 
If  the  notations  <ii  vectota  in  three  dimensions  be  adopted, 

J Xdx  +  Ydy  +  Zd»  =  J"  F.«ir, 

where         F  =:  Xi  +  Fj  +  ^       dt  =  idx  +  ^dy  +  kdz. 

In  the  particular  case  where  the  integrand  is  an  exact  difitoiential  and 
tiie  int^;ial  around  a  closed  patii  is  sero^ 

Xdx  +  Tdg  +  Zd*T=»  Fnfr  a  rflT  «  dt^VU, 
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where  CT  is  the  fnnotion  defined  bgr  tbe  integxal  (for  VU  see  p.  172). 
When  F  is  inteipieled  as  a  forbe,  the  function  V^^U  siioh  that 

is  called  the  potontial  function  of  the  force  F.  Tfic  negatlt'i'  of  the 
slope  of  the  jmtt'niinl  fimrtion  i*  the  force  F  and  the  negatives  of  the 
partial  derivatives  are  the  component  forces  along  the  axes. 

If  the  forcen  are  mich  that  they  are  thus  dexivAble  Izom  %  potential  fanetton, 
they  ue  nid  (o  be  conaenatiioe.  In  fact  if 

m0  =  F«-VF,  m^.dr=-dr.TF=-dr, 


* 

U 
m 


Thus  the  mm  of  the  Unetlc  energj  ^wi^  and  the  potential  energy  T  Is  the  Hune 

at  ali  times  or  poeltions.  This  is  the  principle  of  the  congtrtalUm  of  energy  lor  the 
simple  ca«e  of  the  motion  of  a  particle  when  the  force  is  oonsorvatiTe.  In  Cise  the 
force  Is  not  oonservatiTe  the  integration  may  still  be  perlonued  as 


where  W  Btanda  for  the  work  done  by  the  force  F  durinp  the  motion.  The  result  is 
that  the  change  in  kinetic  energy  is  equal  to  the  worlc  done  by  the  force ;  but  d  W 
Is  then  not  an  exact  differential  and  the  work  mmt  not  be  regarded  as  a  function 
of  (s,  IT,  s),—>  It  depends  on  the  path.  The  geaeialintion  to  any  number  of  partldea 
■sin  I  US  Is  Immediate. 

125.  The  conditions  that  and  be  continuous  and  equal,  which 
insures  independence  of  the  piith  for  the  line  integral  of  Pdx  +  Qip, 
need  to  he  examined  more  closely.  Consider  two  examples : 

It  appears  fonnally  that  =  Qk-  If  the  Integral  be  calculated  around  a  square  of 
ride  S«  nunmindlag  tbo  oilgin,  the  readt  Is 

/«•»•■  +  adz     f*»  ady      /•-•  — a&     r-^  —  ady  _  ate 
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The  integral  faila  to  TanUb  around  the  c1oae<l  path.  The  reason  is  not  far  to  seek, 
the  derivatives  and  are  not  defined  for  (0,  0),  and  cannot  bt-  so  defined  M 
to  be  oontinuoufl  fimctionH  of  (x,  y)  near  the  origin.  Aa  a  matter  of  fact 


r,  V 

$ 


and  tan  -i  (y/x)  is  not  a  single  valued  function ;  it  takes  on  the  increment  2  w  when 
one  traces  a  path  ninounding  the  origin  (§  46). 
AnoClier  Ulutistton  nuqr  1»  found  in  the  integnl 

taken  along  a  path  In  the  oomplex  plane.  At  the  origin  s  =  0  the  integrand  1/b 
becomes  infinite  and  so  do  the  partial  derivatives  of  itanal  and  imaginary  parts. 
If  the  integral  be  evaluated  around  a  path  pairing  enoe  about  the  odgin,  the 
resolt  is 

J^7  =  [^log(x»  +  y^)  +  itan-iy^[  =  2«.  (21) 


In  this  ease,  aa  In  ths  previous,  the  integral  would  neceaaullj  be  leio  about  aax 

closed  path  which  did  not  include  the  oripi"  ;  for  then  the  con- 
ditions for  absolute  independence  of  the  path  would  be  satisfied. 
Moreover  the  integrals  around  two  different  paths  each  encircling 
the  origin  oooe  wmddbe  eqnal;  fw  the  paths  marbeoonridefed 
as  one  single  closed  circuit  by  Joining  them  with  a  line  as  in  the 
device  (§  44)  for  making  a  ninltiplv  connected  region  fiimply  con- 
nected, the  integral  around  the  complete  circuit  is  zero,  the  parts 
dne  to  the  deesrlpCton  (rf  the  line  in  the  two  diieettona  cancel, 
and  the  integrals  around  the  two  given  circuits  taken  In  opposite  directions  are 
therefore  equal  and  opposite.  (Con^iare  this  work  with  tiie  nultiple  ndiwd  natoie 
of  logs,  p.  161.) 

Suppose  in  general  that  P(Xf  y)  and  y)  are  single  rained  fano* 
tioos  whieh  have  the  first  partial  derivativps  P'^  and  continiiom 
and  equal  over  a  region  R  except  at  certain  points  Af  JB,  Surroond 
these  points  with  small  circuits.  The  remaining  portion  of  /?  is  such 
that  P'^  and  Q'  are  everywhere  equal  and  eontinuous ;  but  the  region 
is  not  simjily  coniuH-ted,  tluit  is,  it  is  ]>ossible  to  draw  in  the  region 
circuits  whicli  cannot  shrunk  down  to  a  p<>int,  owing  to  the  fact 
that  the  circuit  may  surround  one  or  more  of  the  regions  wliicli  have 
been  cut  out  If  a  circuit  can  be  shrunk  down  to  a  point,  that  is,  if  it 
is  not  inextricably  mmnd  about  one  or  more  of  the  deleted  pottimu, 
the  integral  around  the  oiroait  iriU  vanish;  for  the  prsTious  reasoning 
will  apply.  But  if  the  circuit  coils  about  one  or  nune  of  the  deleted 
regions  so  that  the  attempt  to  shrink  it  down  leads  to  a  eiieuit  whieh 
consists  of  the  contours  of  these  regions  and  of  lines  joining  them,  the 
integral  need  not  ▼anish;  it  rednoestothesumof  anumher<tf  intsgialii 
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taken  avonnd  the  oontoon  of  the  deleted  portioiti.  If  one  oixoiiit 
oui  be  shrunk  into  another,  the  Integtak  anmnd  the  two  civoaHi  an 
equal  if  the  direction  of  deseription  is  the  same;  for  a  line  connecting 
the  two  circuits  will  give  a  ocnnfauied  ciroait  whieh  can  be  ahronk  down 
to  a  point 

The  inference  from  these  various  observations  is  that  in  a  multiply 
connecU'd  region  the  integral  around  a  circuit  need  not  be  zero  and 
the  integral  from  a  fixed  lower  limit  Qt,  h)  to  a  varial)lo  upjx^r  limit 
(Xj  y)  may  not  be  absolut-<'ly  indcjunulent  of  the  path,  but  may  be  dif- 
ferent along  two  paths  whirh  are  so  sitmitcd  rchitively  to  the  excluded 
regions  that  the  circuit  formed  of  the  two  paths  from  (a,  b)  to  {x,  y) 
cannot  be  shmnk  down  to  a  point  Hence 

the  fonotion  defined  hf  the  integral,  is  not  neoesaarOy  rin^  Tallied. 

Nevertheless,  any  two  values  of  p)  for  the  same  end  point  will 
differ  only  by  a  sum  of  the  form 

F,(aj,  y)  -  Ft(x,  y)    iN|/t  +  i«,/t  +  •  • 

where  /,,  /j,  .  .  .  are  tlie  values  of  the  integral  taken  around  the  con- 
tours of  the  excluded  regions  and  where  m^,  vi^  .  .  .  are  positive  or 
negative  integers  which  represent  the  number  of  times  the  combined 
circuit  formed  from  the  two  paths  will  ooil  axonnd  the  deleted  regiona 
in  one  direction  or  the  other. 

196.  Suppose  that  /(«)  «  Jr(fl^  y)  +  iT(x,  y)  is  a  single  valued  fiUMy 
tion  of  m  over  a  region  R  surrounding  the  origin  (see  figure  above),  and 
that  over  this  region  the  derivative  /*(z)  is  continuous,  that  is,  the 
relations  AV  =  —  and  A';  =  1^'  are  fulfilled  at  every  p(»nt  SO  that 
no  points  of  H  need  be  out  out  Consider  the  integral 

over  paths  lying  within  It,  The  function  f(z)/z  will  have  a  contin- 
uous derivative  at  all  jioints  of  It  excej)t  at  the  origin  z  =  0,  where  the 
denominator  vanishes.  If  then  a  small  circuit,  say  a  circle,  bo  drawn 
about  the  origin,  the  function  / (z) Jz  will  satisfy  the  requisite  condi- 
tions over  the  region  which  remains,  and  the  integral  (22)  taken  around 
a  dnmit  which  does  not  oontain  the  origin  will  vanSah. 

The  Integnil  (22)  taken  around  a  drcuit  irhioh  oofla  once  and  only 
onoo  about  the  origin  will  be  equal  to  the  integtal  taken  around  the 
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■mall  dnde  abont  the  origiin.  Now  for  the  dxdd, 

where  the  assumed  continuity  of  f(z)  makes  \rj{z)\  <  c  provided  the 
oirole  about  the  origin  is  taken  soffloiently  emalL  Henoe  by  (21) 

jr^ci.=.jf^4^»2wi/(0)  +  f 

with         |^|  =  jy|ii«js  J'j^j|.i«|S€jf"<»  =  2wi. 

Hence  the  difference  between  (22)  and  2  'nif(P)  can  be  made  as  email 
as  desired,  and  as  (22)  is  a  oertsin  oooatant^  the  result  is 

r^<te  =  2iri/(0).  (28) 

Jo 

A  function  f(z)  which  has  a  continuous  derivative  at  eveiy 

point  of  a  region  is  said  to  be  analytic  over  that  region.  Hence  if  the 
region  includes  the  origin,  the  value  of  the  analytic  function  at  the 
origin  is  given  by  the  formula 

where  the  integral  is  extended  over  any  circuit  lying  in  the  region  and 
passing  just  once  about  the  origin.  It  follows  likewise  that  if  «  s  a  is 
any  point  within  the  region,  then 

where  the  circuit  extends  once  around  the  point  a  and  lies  wholly  within 
the  region.  This  important  result  is  due  to  Oanchy. 

A  mote  oonvenient  form  of  (24)  is  obtained  }aj  kttmg  t^m  repre- 
sent the  yalue  of  #  along  the  eireoit  of  integration  and  tiien  writing 
«  M  a  and  regarding  «  as  TariaUe.  Henee  Gaoohy's  Integral: 

This  states  that  ofty  eireuU  As  draum  in  the  region  over  whAA  /(*) 
ur  analytic,  the  value  of  f(z)  at  all  points  irithin  "  "*  circuit  mayAao&- 
tamitd  bff  evaluaUng  Cauekj^e  Integral  (25).  Thus  /(«)  may  be  regarded 
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as  defined  bj  an  integral  ocmtaining  a  panuneter  «;  for  niany  pur- 
poaes  this  is  oonvenient.  It  may  be  renuu^ed  ^t  when  the  valnea  of 
/(«)  an  given  along  any  cironit,  the  integial 
may  be  regarded  as  defining/(«)  for  all  pointi 

within  thiit  circuit. 

To  find  the  successive  derivatives  o  f  f(z),  it 
fa  raer»'ly  nerossary  to  differentiate  with  respect 
to  z  under  the  sign  of  integration.  The  condi- 
tions of  continuity  which  are  required  to  justify 
tlie  differentiation  ai-e  satisfied  for  all  points  z 
actually  within  the  circuit  and  not  upon  it.  Then 

As  the  differentiations  may  be  performed,  these  formulas  show  that  an 
analytic  function  has  continuotts  derivatives  of  all  orders.  The  definition 
of  the  function  only  required  a  continuous  first  derivative. 
Let  a  be  any  particular  value  of  x  (see  ligiure).  Then 

#  — «     (*  —  «)  —  («  — a)    <  — z  —  a 

-  «y 


1  + 


a 


1- 


f  —  or 


with       jg^JLr(--«r   ^  m.^ 


Now^  is  the  variable  of  integration  and  «  —  a  is  a  constant  with  respect 
to  the  int^pwtion.  Henoe 

/(*) =/(«) + (« - «)/'(«) + ^^^V"(«) 

This  is  Taylor's  Formiila  for  a  fnnctioii  of  a  oomplex  Tarialile. 
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SZXSCISB8 

1.  If  —  (j^,  =  i;^,  =  and  if  Uieae  derivatives  are  continuous,  show 
tbat  PidB -I-      +      b  a  total  dillBniititl. 

S.  Shoir  that  f''*P(/c,  y,  o^de  -|>  QCae,  y,  <r)d|y,  whero  0U%  gtftn  oarre, 
dofliMa  a  oonitiiiioa*  fanottoo  <rf  oc,  Uie  derlvat^ 

entiatiiiK  under  the  sign.  What  UBompttons  aa  to  the  oontlnoltj  of  P,  ^  P^,  Ql, 

do  you  make  ? 

S.  If  log«=  r^=  p'?d|±J^^^.,  p'':iJ^+_^  1«  taken  M  the 
definition  of  log  z,  draw  paths  wluch  make  log    +  i  V—  3)  =  i     2|  vi,  —  1|  vi. 

4.  Stndj  r*^^-^  with  en^eobl  i«ferenoe  to  dooad  paths  vUdkMmwuid  •fL 

•r*  «•  —  1 

—  1,  or  both.  Draw  a  doted  path  tamranding  both  and  maldiig  the  integral  vaiUdi. 

5.  If /(«)  is  analytic  for  all  values  of  z  and  if  |/(z)  |  <  K,  show  that 

taken  over  a  circle  of  large  radius,  can  be  made  as  small  as  desired.  Heuoe  infer 
that/{z)  most  be  the  constant/(z)  =/(0). 

6.  If  (t  (z)  =  fT„  4-  rt,r  4-  •  •  •  +  fi„r"  is  a  poljmomial,  show  that /(i)  =  \/G  (z)  must 
be  analytic  over  any  region  which  doe«  not  include  a  root  of  G  (z)  =  0  eitlier  within 
or  on  Ita  boundary.  Show  that  the  aaanmptkui  that  0(f)  =  0  haa  no  roota  at  all 
loads  to  the  conclusion  that/(s)  b  eonatant  and  equal  to  aero.  Henoe  Infer  that 
an  algebraic  equation  haa  a  root. 

7.  Show  that  the  abaolntondiie  of  the  lenainder  In  Taylors  Fotmolab 

1  r-  ML 


Iff  ■  f 


for  an  polntaa  within  a  drde  of  radloa  r  about  a  aa  center,  when  p  ta  Che  ladina 
of  the  laigaat  circle  conct-ntric  with  «  which  can  be  drawn  within  the  circuit  alxint 
which  the  integral  is  taken,  M  is  the  maximum  value  of  /(I)  upon  the  circuit,  and 

L  in  the  length  of  the  circuit  (figure  above). 

8.  Examine  for  independence  of  path  and  in  case  ol  independence  integrate: 

(«)  J  (x«  +  xy)d3t  +  (y»  +  cv)dy,     (t )  J y ooadBdy  +  i y*ain«te. 

9.  Find  the  oonaert athre  forces  and  the  potential : 
(tf)X=  — 5,  ]r=  ^ — j,Z  = 


(x«  +  y«)t         (x«  +  (x»  +  y*)l 
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10.  If  B(r,  ^)  and  <fr(r,  ^)  are  the  component  forces  resolved  along  the  raditis 
vector  and  perpendicular  to  the  radius,  show  that  dW  —  Hdr  +  rM^  is  the  differ- 
ential of  work,  and  express  the  condition  that  the  furct-s      *  be  coiiservative. 

11.  Show  that  if  a  particle  is  acted  on  by  a  force  R  =  —f{r)  directed  toward 
the  origin  and  a  function  of  the  distance  from  the  origin,  the  force  is  conservative. 

12.  If  a  force  follows  the  Law  of  Nature,  that  is,  acts  toward  a  point  and  varies 
invexsely  as  the  square     of  the  dist&uce  from  the  point,  show  that  the  potential 

It.  TromtlMraiiltaFB-VFor  Fa.  J* F«<b s  J*Xiis -f      ^. Zcb  abow 

that  if  F,  Is  the  potential  of  F,  and  F,  of  F,  then  F  =  F|  +  F,  will  fee  the 

potential  of  F  =  F,  -f  F.^,  that  is.  show  that  for  conservative  forces  the  addition  of 
potentials  is  equivalent  to  the  parallelogram  law  for  adding  forces. 

14.  If  a  particle  is  acted  on  by  a  retarding  force  «-At  proportional  to  the 
velocity,  show  that  /f  =  |     is  a  function  such  that 

9R        .         dB       .         tR  . 
O^r  v*y  vCc 

dlFs  —  tf^  s  -  lb(MK  +  V'y  +  ^lif^)- 
Here  R  is  called  the  dissipative  function  ;  show  the  force  is  not  conser^'ative. 

15.  Pick  out  the  integrals  independent  of  the  path  and  int^rate : 

(a)  J*i(«b-|-aHikf  +  «vdR,        J*  i«bi/e^> «iNb/c*, 

(7)  J*«»«(<to +  d|f  +  <fa),      («)  J\og{xy)dz+xdi/  +  ydt. 

16.  Obtidn  loguillunic  f onna  for  the  invoiw  trigonometric  f onotioiM,  analogou 

to  those  for  the  inverse  hyperbolic  functions,  cither  alt^pbraically  otliy  consldoting 
the  inverse  trigonometric  functions  as  defined  by  integrals  as 

tBn-is=  r*-^^'     ain-ifs  f  — ->».«. 

•/O    1  +2^  Jo    Vl  —  2* 

17.  Integrate  these  functions  of  the  complex  variable  directly  according  to  the 
rules  of  integration  for  reals  and  determine  the  values  of  the  integrals  by 
BulMtitation: 


«e«»*dr,         ifi)  J    cosSzdr,         (y)  /       (l  +  z^)-^dz^ 

(•)  /"'-^.  (.)  /'-^.   (T)  r 


VI  +  2« 

In  tlie  eaae  <A  moitiple  valued  functions  marlc  two  diflerent  paths  and  give  two  valuet. 

18.  Can  the  algorism  of  integration  by  parts  be  applied  to  the  definite  (or  indefi- 
nite) integral  of  a  function  of  a  complex  variable,  it  lieing  understood  that  the 
integral  must  be  a  line  integral  in  the  complex  plane  ?  Consider  the  proof  of 
Taylor**  Fonnnla  hf  Integration  by  parts,  p.  67,  to  aaoertain  whether  the  inoof  la 
valid  for  the  oomplez  plane  and  what  the  remainder  i 
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19.  Suppose  that  In  a  plane  at  r  =  0  there  h  a  particle  of  tnanm  which  attracts 
according  to  the  law  F  =  m/r.  Show  that  the  potential  is  F  =  m  r,  so  that 
F  =  —  VK.  The  induction  orjlux  of  the  force  F  outward  acroas  the  element  (U  of 
a  tnm  in  the  ptone  Is  by  deOnitioii  —  Fgos(F,  i»)cig.  By  nfennoe  to  Bz.  1<H 
p.  Sl^,  ahofw  that  the  total  liidoetlcm  or  flux  of  F  aeiOM 
(along  the  onive) 

-/'«-('••>■«— 

vhere  the  circuit  extends  around  the  \>oiui  r  =  0,  U  a  formula  for  obtAiningthe 
nam  m  within  the  olrouit  from  the  field  of  force  F  which  is  set  up  by  the  mam. 

80.  Sup;>oHe  a  number  of  masses  m^.m,,  ■  •  ■ ,  afetnoting  as  In  Bx.  19,  ate  ettuated 

at  pointh  (ij,  ijj),  (|„  ifj),  ■  •  •  in  llu-  plane.  Let 

F  =  F,  +  +  . .  . ,  1'  =  r,  +  r,  +  .  .  . ,  r.-  =  los?  [(f.  -  *)«  +  -  yfji 
be  the  force  and  potential  at  {x,  y)  iliie  to  tlie  nia8»»e>*.  SIhiw  that 

where  Z  extendi  over  all  the  manee  and  T  over  all  the  maaee  within  the  clrenlt 
(none  being  on  the  ciroolt),  gives  the  total  msss  M  within  the  drcolt. 

127.  Soms  critical  commentt.  In  the  discussion  of  line  int^gmU 
and  in  the  futore  discussion  of  donUe  integrals  it  is  necessaiy  to  speak 
frequently  of  onrves.  For  the  nsnal  pioUem  the  intoitive  conception 
of  a  curve  suffices.  A  curve  as  ordinarily  conceived  is  continuons,  has 
a  continuously  turning  tangent  line  except  perhaps  at  a  finite  number 
of  angular  points,  and  is  cut  by  a  line  parallel  to  any  given  dizectimi  in 
only  a  finite  number  of  points,  except  as  a  portion  of  the  curve  may 
coincide  with  such  a  line.  The  ideas  of  length  and  area  are  also  appli- 
cable. For  th()S(»,  liowcviT,  who  are  interested  in  more  than  tlie  intuitive 
presentation  of  tlie  idea  of  a  curve  and  some  of  the  waiters  therewith 
connected,  the  following  sections  are  offered. 

If  ip  (t)  and  ^  (f)  are  two  Hingle  valued  real  functions  of  the  real  variable  I  defined 
for  all  values  in  the  interval    ^  t  ^  t^,  the  pair  of  equationa 

«  =  v  =  f{t),      to^<^«i,  (87) 

will  be  said  to  define  a  nine.  If  (f>  and  i/*  are  ecnitinuous  functions  of  t,  the  p»ne 
will  be  called  continuous.  If  ^  (t^)  =  0  (t J  and  f  a  }/>  (tg),  bo  that  the  initial  and 
end  points  of  the  eurve  coincide,  the  curve  will  be  called  a  cIomI  curve  provided 
it  is  coptlaiieus.  If  there  ie  no  other  pair  of  values  t  and  t'  which  make  both 
^{t)  =  0(f')  and  ^^(O  —  ^(f),  the  curve  will  be  ra11t'<l  sini}>h' :  in  onlinary  language, 
the  curve  does  not  cut  itself.  If  t  describes  tiic  interval  from  to  continuoody 
and  constantly  in  the  same  sense,  the  point  (x,  y)  will  be  said  to  describe  the  curve 
inagivensenae;  the  <v|Mi4teseiiie  can  be  had  by  allowiqgt  to  deicribe  the  interval 
in  the  opposite  direction. 
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Let  the  Interval  t^St  be  divided  into  any  number  n  of  siibintemli 
A|t,      •  •    4at.  There  will  be  n  oorresponding  incremente  foj  x  And  y, 

an  obrloiu  liwqiuUtlMk  It  will  be  necn— ly  to  eonrider  the  Uuee  lonw 

1  1  II 

For  any  liiviHion  of  the  interval  from  to  (j  eacli  of  these  sums  haa  a  definite 
poaitive  value.  When  all  possible  modes  of  division  are  considered  for  any  and 
vnaj  Tftlne  of  m»  the  nuiiB  #,  wlU  f oim  an  Inflnlte  aet  of  numben  which  mj  be 
either  limited  or  unlimited  above  ({ 22).  In  case  the  aet  la  linatted,  the  upper 
frontier  of  the  wt  in  called  the  variation  of  x  over  the  curve  and  the  curve  is  said 
to  be  of  limited  varialion  inx;  in  case  the  set  is  unlimited^  the  curve  is  of  unlimited 
variatton  In  s.  Similar  otawrvatioiia  for  the  auna  r,.  Itmajbereiiiarlndthatthe 
geometric  oonoeption  corresponding  to  the  variation  in  z  is  the  sum  of  the  projeo- 
tions  of  the  curve  on  the  x-:ixis  wlien  the  sum  is  evaluated  arithmetically  and  not 
algebraically.  TIuis  the  variation  in  y  for  the  curve  y  =  sinz  from  0  to  2  V  is  4. 
The  curve  y  =  Bin(l/x)  between  tbeae  aame  limita  la  of  unlimited  variation  in  y. 
In  both  eaaea  the  variation  In  c  la  9  v. 

If  both  the  sums  and  liave  upper  frontierg  Z,  and  the  sum  will  have 
an  upper  frontier  A,  ^  -f.  ;  and  conversely  if  *-j  has  an  upper  frontier,  both 
9^  and  9^  will  have  upper  frontiers.  If  a  new  point  of  division  is  intercalated  in  AfL^ 
the  aum  #|  caiinol  deereaae  and,  moreorw,  it  cannot  increaaa  hf  more  than  twice 
the  oaolllation  of  sin  the  Interval  A^t.  For  If  ibi* 'f  iWiSB »  ^  then 

Here  AmC  and      are  the  two  Intervala  into  whidi  i4  ia  divided,  and  Jft — aw  la  tiie 

oadllaUon  in  the  interval  A^.  A  dmllar  theorem  is  true  for  r,.  It  now  remains  to 
Bhnw  that  if  th«>  interval  fmrn  f  ,  tx)  fj  Is  divided  siifBciently  fine,  the  sums*',  andr^ 
will  differ  by  as  little  as  desired  from  their  frontiers  and  L,.  The  proof  is  like 
that  of  the  dmllar  problem  of  §  28.  First,  the  fact  that  £|  ia  the  frontier  of  r|  ahowa 
that  aoBM  method  <rfdivldon  can  be  fonndao  that  £|  — V|  <}«.  Snppoaethenmn- 
.ber  of  pointA  of  division  is  n.  Let  it  next  be  a^v^umed  that  ^(0  i«  continuous;  it 
must  then  1m'  nnifoniily  continutiuH  (§25),  and  hence  it  is  possible  to  find  a  S  so 
small  that  when  Ait  <  S  the  oscillation  ot  x  ia  Mi  —  mt  <  </4  n.  Consider  then  any 
method  of  dlvMon  for  which  A|(  <  and  Ita  earn  The  aaperpoaltlon  of  the  former 
division  with  n  points  upon  this  gives  a  sum  9"  ^  f[.  But  9"  —  9[<2  m/i  n  =  | 
and  <r\'  ^  .  Hence  l<i  —  #1  <  ^  c  and  —  A  similar  demonetiatlon  maj 
be  given  for  9^  and  L^, 

To  treat  the  mm  r,  and  Ita  npper  frontier  note  that  here,  too,  the  intercalation 
af  an  addltfcmal  point  of  divtaion  cannot  deereaae    and,  aa 

V(Ar)«  +  (Ay)«S|A/|  +  |Aj/l, 

It  cannot  increase  r,  by  more  than  twice  the  sum  of  the  oecillationB  of  x  and  y  in 
the  interval  At.  Hence  If  the  carve  ia  contlnnona,  that  la,  if  both  «  and  y  are  oon- 
tinnoiia,  the  dlvUmi  of  (ha  imarval  from  1^  to  l|  can  be  tikan  ao  fine  that  ahall 
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difTt-r  from  it.s  up{>c'r  frontier  hy  It  ss  tlian  any  »*rfg»*«*  quantity,  no  matter  how 
HiiKiU.  In  this  »  n  is  r.illi  il  thi'  Imijth  of  the  curve.  It  is  thorofore  seen  that 

the  mccaaary  ai\d  nmfficienl  condition  that  any  conlinuoua  curve  shall  have  a  lenffih  is 
UiatU9CaHe$kaicoiirdi»ate»xmidfadUboth  It  it  dear  that 

If  the  frontiera  X|(<),  £|(£)  from  to  any  value  of  (  be  regarded  as  functions 
of  t,  they  art'  continuous  and  nondHcn  iisinK  functions  of  <,  and  that  Lj{t)  is  an 
increasing  function  of  t;  it  would  therefuri>  iw  possible  to  take  s  in  place  of  t  as 
the  parameter  for  any  oontinuoua  curve  having  a  length.  Moreover  if  the  deriva- 
tiveax'aiid  y'  of  x  and  y  with  leqieet  io<  eiiat  and  an  conttnaoaa,  the  derivative  ^ 
exists,  is  continuous,  and  is  given  by  the  usual  formula  s'  =  Vj'*  +  y'*.  This  will 
be  left  as  an  exercise;  80  will  the  ezteoaioa  of  these  conaiderationa  to  three 
dimensions  or  more. 

la  the  anm  -> =  2A|»  d  the  aetual,  not  abiolata,  valaea  of  A|C  there  may 
be  both  positivf  and  negative  terms.  Let  w  be  the  torn  of  the  positive  terme  and 
p  be  the  sum  of  the  negative  terms.  Then 

OTj  —  x^,  -  IT  - (Tj  -  X  +  »,       2  a- =  J-,  -  j„  +  <r,,       2 »- =     —  a-,  +  «r,. 

As  (f  J  has  an  upper  frontier  L,  when  z  is  of  limited  variation,  and  as  j^,  and  /,  are  con- 
stants, the  sums  tr  and  p  have  upper  frontiers.  Let  these  be  II  and  N.  Considered 
as  functions  of  t,  neither  II(Q  nor  N(l)  can  deereaae.  Write  2(0  bx^+  n(t)  —  K((). 
Then  the  function  x{t)  of  linuted  variation  has  been  resolved  into  the  difference  of 
two  functions  each  of  limited  variation  and  nondocn'jvsing.  As  a  limited  non- 
decreasing  function  is  integrable  (Ex.  7,  p.  64),  this  sliows  that  a/unction  m  uUegrable 
ever aay  Msfvof  over wMeA  It  fef/ttmitodearlaUoii.  That  the  dlllerenoe  s  a 
of  two  limited  and  nondecrea>«inm'  functions  must  be  a  function  of  United  variation 
follows  from  the  fact  that  |  Ac|  £  |Ax"|  +  |A2'|.  furthermore  if 

z-x^+n-TSf  bewritten  «  =         n  +  |Xa|+ <- y -[N +I«ol+ «- «c]i 
it  is  seen  that  n  functhm  of  limited  variatirm  can  be  regarded  as  the  difference  of  tieo 
positive  fundiotuf  which  are  constantly  increasing^  and  tiiot  these  /unctions  are  con- 
tiUuunu  if  the  given  funetion  x{t)is  continiMms. 

Let  tiie  cam  C  defined  by  the  eqnatlons  x  ss  ^(t),  y  ss  ^(l),  t^stStn  be 
oontinuottB.  Let  P(aB,  y)  be  a  conUnnoaa  function  of  (x,  y).  Form  the  aom 


where  A^x,  A^c,  •  •  •  are  the  ineremflnta  oorraqpowdtng  to  Aj^  A,(,  •  •  • ,  where 

la  the  p(dnt  on  the  curve  which  correaponda  to  acMne  value  of  t  in  A|(,  where  x  la 

assuni("(l  to  be  of  limited  variation,  and  where  x"  and  x'  are  two  continuous  increas- 
ing functions  whose  difference  is  x.  As  x"  (or  x  )  is  a  continuous  and  constantly 
increasing  function  of  t,  it  is  true  inversely  (Kx.  10,  p.  46)  that  t  is  a  continuous  and 
Gonslantlj  increasing  function  of  x"  (or  s^.  As  P(x,  y)  la  continuous  In  («»  y),  it 
is  continuous  in  t  and  also  In  and  s'.  Now  let  A|(  &  0;  then  Afif  ±  0  mid 
A^dbO.  Also 


The  Umita  exist  and  are  Int^grala  simply  becanae  P  la  contlnuoua  In  or  in  c'. 
Hence  lAe  Mm  on  tte  1^  <er  (M)  Aim  a  ttntt  omi 


and 


limVPA<z=  f'Pdc 


^C^pdx  -r 


Pdx' 
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may  be  dt^nai  as  the  line  integral  of  P  along  the  rurce  C  of  limited  variation  in  x. 
The  assuuiptiun  ihal  y  in  ol  limiled  variatiun  aud  that  ^(x,  y)  is  cuntinuoiu  wuuld 
leadtoftcorrMpondinKlineinlegnl.  T1^aM$m9tiomUutbothzanivoni^UmiUi 
variaUmi^  that  i»,  tluU  the  curve  i»  reri^/Uibte,  ami  that  P  and  Q  an  etniUmutm  woM 
lead  to  the  txidsnee  qf  the  iine  integral 

f^'  '''l'{x,  y)dx+Q(z,v)dy, 

A  condclenbte  theory  of  line  integraU  over  general  rectiflable  oturrea  maj  be  ooo- 

gtructed.  The  subject  will  not  he  ciirricd  further  at  this  point. 

128.  The  question  of  the  area  qf  a  curve  requires  careful  consideration.  In  tlie 
first  place  note  that  the  intuitive  closed  plane  cuire  which  does  cut  ffeaelf  is  intui- 
tively  believed  to  divide  the  plane  into  two  rogiona,  one  interior,  one  exterior  to  the 

curve  ;  and  these  regions  have  the  proi)erty  that  any  two  jMjint«  of  the  same  region 
may  be  connected  by  a  continuous  curve  which  does  not  cut  the  given  curve, 
whereas  any  continuoua  curve  which  connects  any  point  of  one  r^on  to  a  point 
of  the  other  must  cut  the  given  curve.  The  first  question  wUoh  arises  with  regard 
to  the  genenil  rlosed  simple  enrve  of  pa;.'p  308  is :  Does  such  a  curve  divide  the  plane 
into  just  two  regions  with  the  pmpertieH  in<licateil.  that  is,  is  there  an  interior  and 
exterior  to  the  cun'e  ?  The  atmoer  ia  nffl,rmative^  but  tlie  proof  in  Homewhat  difficult  — 
not  because  the  statement  of  the  problem  is  involved  or  the  proof  replete  with 
advanced  mathematics,  but  rather  because  the  statement  is  80  rimple  and  elemenp 
tary  that  there  is  little  to  work  with  and  the  proof  tJierefore  requires  the  keenest 
aud  mo«t  teUiouii  logical  analysin.  The  theorem  that  a  ulot>ed  biutple  plane  curve 
has  an  interior  and  an  exterior  will  therefore  be  assumed. 

As  the  functions  x{t),  y{t)  which  define  the  curve  are  oontinnouB,  they  are  lim- 
ited, ami  it  in  i>»)8Kihle  to  draw  a  rectangle  with  sides  r  =  a,  x  —  h,  y  =  c,  y  =  d  so 
as  entirely  to  surround  the  cun'e.  This  rectangle  may  next  be  ruled  with  a  num- 
ber of  lines  parallel  to  its  sides,  and  thus  be 
divided  into  smaller  rectangles.  These  little  reo- 
tanglei)  may  be  divided  into  three  categories,  thoK-e 
outride  the  eurve,  those  inside  the  curve,  and 
those  upon  the  curve,  liy  one  upon  tlie  curve  is 
meant  one  which  has  so  much  as  a  single  point 
of  its  perimeter  or  interior  iqion  the  curve.  Let 
A,  Ai,  A„,  A,  flenote  the  area  of  the  large  rec- 
tangle, the  sum  of  the  areas  of  Ute  small  rectan- 
gles, which  are  Interior  to  the  curve,  the  sum  of 
the  areas  of  those  upon  the  curve,  and  the  sum  of 
those  exterior  to  it.  Of  course  .1  -  ,!,  +  A^  +  A^. 
Now  if  all  methods  of  ruling  be  contiidered,  the 
quantities  Ai  will  have  an  upper  frontier  X^,  the  quantities  A,  will  have  an  upper 
frontier  and  the  quantities  A,  will  have  a  lower  frontier  i^.  If  to  any  method 
of  ruling  new  rulings  be  added,  the  quatitities  A{  and  A,  iM-come  A'  and  A'^  with 
the  conrlitions  .1^  ^  .-1,,  A^  g  .1,,  and  hence  A'^  ^  yl„.  Vntm  this  it  follows  that 
A  =  Li  -\-  I,  +  Lf.  For  let  there  be  three  modes  of  ruling  which  for  the  respective 
cases  At,  A.,  A.  make  these  three  quantities  differ  from  their  frontiers  £f,  X^, 
bjless  than  I  e.  Then  the  sutterposition  of  the  three  systems  of  rulings  gives  rise 
to  a  ruling  for  which  A'f,  A'^  A'^  must  differ  from  the  frontier  values  by  leas  than 
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\  e,  and  hence  the  sum  Li  -f  f«  +  Lt,  which  is  conntant,  diffeit  from  tlM  comitmt  A 

by  leas  than     and  must  tliercforc  he  equal  to  it. 

It  is  now  possible  to  d^^lHt  tw  the  (ijual^ed)  areas  of  the  curve 

Li  s  inner  am«      i»  =  area  on  the  cun  e,         +    =  total  area. 

In  the  case  of  curves  of  the  sort  Intuitively  familiar,  tlw  limit  ?„  is  zero  and 
Li  =  A  —  Lt  l)«conie8  merely  the  (unqualified)  area  bounded  by  the  curve.  The 
question  arises :  Does  the  same  bold  for  tbe  general  curve  bere  under  discosdon  t 
Thto  Uma  Me  cnuwer  is  negat/bte;  lor  there  are  curve*  which,  though  eloced  and 
simple,  are  still  so  sinuous  and  meandering  that  a  finite  area  2.  lies  upon  the  curve, 
tliat  Is,  there  is  a  finite  area  ho  bestudded  with  points  of  the  curve  that  no  part  of 
it  is  free  from  points  of  the  curve.  Thiii  lact  again  will  be  left  as  a  statement  with- 
out liroof.  Two  further  facts  maj  be  mentioned. 

In  the  first  place  there  is  applicable  a  theorem  like  Theorem  21,  p.  61,  namely: 
It  is  possible  to  find  a  number  S  so  small  that,  when  the  intervals  between  the 
rulings  (both  sets)  are  less  than  9,  tbe  sums  Au^  Ai^  A^  differ  from  their  frontiers 
bylemtittii  Sc.  For  there  ia,  aa  seen  aboTe^  lome  method  of  ruling  such  that  tiieie 
sums  dUler  from  their  f  rontiere  hy  lees  than  t.  Moreover,  the  adding  of  a  dngle 
new  ruling  cannot  chaM^re  the  sums  by  more  tlian  AD,  wlierc  A  is  the  larpest  inter- 
val and  D  the  largest  dimension  of  the  rectangle.  Hence  if  the  total  number  of 
intervals  (both  sets)  for  tbe  given  method  is  N  and  if  <  be  talten  less  than  t/NAD^ 
the  ruUug  obtahied  hf  ■nperpoeing  tlie  given  ruling  upon  a  ruling  where  the  Intet^ 
val-s  are  less  than  S  will  be  such  that  the  sums  differ  from  the  given  ones  by  less 
than  (,  and  hence  the  rulini:  with  intervals  less  than  i  can  only  give  rise  to  num 
which  differ  from  their  frontiers  by  less  than  2c. 

In  the  Moond  place  it  ahould  be  obaerred  that  the  1  imlta  If,  1^  have  been  ohtalned 
hy  means  of  all  possible  modea  of  ruling  whaie  the  nUea  wave  parallel  to  the  x-  and 
y  artir  and  that  there  is  no  a  priori  assurance  that  these  same  limits  would  have 
been  obtained  by  rulings  parallel  to  two  other  lines  of  the  plane  or  by  covering  the 
plane  with  a  n^work  of  trlanglee  or  hexagons  or  other  llgnres.  In  any  thonmgh 
treatment  of  the  subject  of  area  such  matters  would  have  to  be  discussed.  TIttt 
tbe  diKcussion  Is  not  given  here  is  due  entirely  to  the  fact  that  these  i-ritical  com- 
ments are  given  not  so  much  with  the  desire  to  establish  certain  theorems  as  with 
the  aim  ti  showfaog  the  reader  the  sort  of  questions  which  come  up  for  oonsidera> 
tion  in  the  rigorous  treatment  of  such  elementary  mattem  as  "tbe  area  of  a  plane 
curve,"  which  he  may  have  thought  he  "  knew  all  alK)Ut." 

It  is  a  common  intuitive  conviction  that  if  a  repon  like  that  formed  by  a  square 
be  divided  into  two  regions  by  a  continuous  curve  which  runs  across  the  square 
from  one  point  of  the  boundary  to  another,  the  area  of  tbe  square  and  tbe  sum  of 
the  areas  of  the  two  parts  into  which  it  is  divided  are  equal,  that  is,  tbe  curve 
(counted  twice)  and  the  two  portions  of  the  perimeter  of  the  square  form  two 
simple  closc-d  cur\'e8,  and  it  is  expected  that  the  sum  of  the  areas  of  the  curves  is 
the  area  of  the  sqiuwe.  Now  in  case  tbe  curve  Is  such  that  the  fnmtien  1^  and  4 
fonned  for  the  two  curves  are  not  zero,  it  is  clear  that  the  wam  Lt+l>i  fw  the 
two  curves  will  not  pve  the  area  of  the  scpiare  but  a  smaller  area,  whereas  the 
sum  (I>4  +  M  +  +  Q  will  give  a  greater  area.  Moreover  in  this  case,  it  is  not 
ea^  to  formulate  a  general  deflnltimi  of  area  applicable  to  m6h  (rf  the  r^ons  and 
such  that  the  sum  of  the  areas  shall  be  equal  to  the  area  of  the  oomUned  reghm. 
But  if  1.  and  <;  both  vanish,  then  the  sum  X«-l>£<  does  give  the  combined  area. 
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eloHd  curves  a»  have  ^  =  0,  and  to  say  UuU  Ike  quadrature  of  mch  amtet  <•  foml$Mt 
bat  that  the  <iuiulniture  of  curves  for  which  l^-^Q'xa  impossible. 

It  may  be  proved  that :  If  a  curve  u  r€ct\fiaJliU  or  even  if  one  of  the  functiona  z  (Q 
ory(f)  <tf  ttnttetf  tartaUan,  ttc  Ifnitt  i»  omI  ttc ftuHbutiire  ^ Me  cunw it 
poa^bU.  For  let  the  interval  ^  t  S  (i  be  divided  into  intervals  Aj(,  A,t,  •  in 
which  the  owiUations  of  ?  and  y  are  *2,  •  •  •  ,  i»p  •  ■  •  .  Then  the  portion  of 
the  curve  due  to  the  interval  Ait  may  lae  inscribed  in  a  rectangle  cy^f,  and  that 
portion  of  the  emrve  will  lie  wholly  witliin  a  ractnagle  8«i  •  %m  oonomtrie  with 
this  (me.  In  this  waj  may  be  obtafaied  a  set  of  leetengles  which  entirely  contain 
the  cur\'e.  The  total  area  of  these  rectangles  must  excee<l  For  if  all  the  sides 
of  all  the  rectuiiules  be  pro<iuce(l  so  aii  to  rule  the  plane,  the  rectangles  which  go 
to  make  up  ^i.  lor  this  ruling  must  be  contained  within  the  original  rectangles, 
and  as  ■^■>4«  the  total  ana  of  the  original  reetaa^^es  ie  greater  than  Nest 
BUpinee  S(Q  is  of  limited  variation  and  is  written  a8  +  n(0  —  ^^'(0*  ^^^^  differ- 
ence of  two  nondecreasing  functions.  Then  2«,  ^  n(/,)  +  N{t^),  that  is,  the  .sum 
of  the  oscillations  of  x  cannot  exceed  the  total  variation  of  x.  Un  the  other  hand 
as  y  (0  is  eontlnooos,  the  divisions  AiC  could  have  been  taken  eo  small  that  %  <  9. 
Henoe 

The  quantity  may  be  made  as  small  as  desired,  since  it  is  the  produet  of  a  finite 
qnantitybyY.  Hence  4  »  0  and  the  qnadntnre  is  possible. 

It  may  be  observed  that  if  x  (t)  or  y  (I)  or  both  are  d  limited  variation,  one  or 
all  of  tiie  three  curvilinear  integrals 

may  be  defined,  and  that  it  should  be  expected  that  in  this  case  the  value  of  the 
integral  or  integrals  would  give  the  area  of  the  curve.  In  fact  if  one  desired  to 
deal  only  with  leetiHable  cnrvea,  it  would  be  possible  to  take  one  or  all  of  these 
integrals  as  the  d^nUion  of  area,  and  thus  to  obviate  the  discuasions  of  the  ptes 

ent  article.  It  wems,  however,  advisable  at  leant  to  point  out  the  problem  of 
quadrature  in  all  its  generality,  especially  as  the  treatment  of  the  problem  is  very 
similar  to  that  nsnaUy  adopted  for  double  Integrals  (}  182).  From  the  present 
viewpoint,  therefore,  it  would  be  a  proposition  for  demonstration  that  the  curvi- 
linear integrals  in  the  ca.seK  where  they  are  applicable  do  give  the  value  of  the 
area  as  here  defined,  but  the  demoustratiou  will  not  be  undertalieD. 

BZSRCI8B8 

1.  For  t"he  continuous  curve  (27)  prove  the  following  properties: 

(a)  Lines  x=ia^z  =  b  may  be  drawn  such  that  the  curve  lies  entirely  between 
thmn,  has  at  least  one  pdnt  on  each  line,  and  cuts  every  line  ssf,«<|<|^lnal 
least  one  point ;  similarly  for  y. 

(/3)  From  p  =  z  cos  or  +  1/  sin  a,  the  normal  equation  of  a  Une,  piove  the  prop* 
ositions  like  those  of  (a)  for  lines  parallel  to  any  direction. 

(7)  If  ((,  1})  is  any  point  of  the  zy-plane,  show  that  the  distance  of  ({,  n)  from 
the  curve  has  a  minimum  and  a  maximum  value. 
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(i)  If  m((,  i;)  and  Jf(|,  ^)  Are  the  minimum  and  maximum  distanceK  of  ((,  r)) 
from  the  curve,  the  functlonmn((,  »>)  ami  3/ {f,  ij)  are  continuous  functions  of  ((,  ij). 
Are  the  cuordiuates  x({,  17),  9)  of  the  points  on  the  curve  which  are  at  mini- 
mnm  (or mazlmiim)  dfaUooe  from  (|,  ir)  eontfamoiiB fonotioiM of  (|,  Hf 

( c )  If  t*',  •  •  •  •  •  are  an  infinite  set  of  valuea  of  t  in  the  interval  t^^^t^t^ 
and  if  n  point  of  condensation  of  the  set,  then  ar*'  =  ^C^*),  \fi  =  yf  i**  *  i>oint 
of  condeiibation  of  the  set  of  points  (x',  y*),  y"),  •  •  («<*),  y'*^)t  •  •  •  oorre- 
qponding  to  the  Mt  of  valim  t',  . 

CoDTeraely  to  (c)  show  UuA  If  (s',  y^t  <^'*       ■ " «  •  •  •  are  an 

infinite  set  of  points  on  the  curve  and  httVO  ft  poilli  of  OOOdoimtkHl  (XO,  H**),  than 
the  point  (z*>,  y")  is  also  on  the  curve. 

{^)  From(|)diovtluitlf aliiiossfcatstheoorvelnaHtof pointsy', v'', •  ■ 
then  thli  ntte  of  v's  oonlafw  ita  nj^er  and  lowor  frantioa 


8.  Define  end  dieooM  reotlflelile  eorvee  In  q^ncOi 

1  1 
St  Are  y  s    sin  -  and  y  =  Vz  sin  -  rectifiable  between  x  =  0,  x  =  1  ? 
z  z 

4.  Us(t)in(S7)laof  total  variation  n(<,)  +  ir  (It),  ahow  that 

where  Jf  ia  the  maximam  value  of       y)  on  the  oorve. 

5.  Consider  the  function  0 (t,  if,  0  =  tan-i  ^  ~       which  Is  the  Inclination  of 

the  line  joining  a  point  n)  not  on  the  curve  to  a  point  (x,  y)  on  the  curve.  With 
the  not^iona  of  Ex.  1  {8)  show  that 

2  Mi 

where  a  >  1  A/ [  and  <  >  I  Ay  I  may  be  made  as  smaU  aa  dflrited  Iqr  teUqg  At  •nfldentlf 
amall  and  where  it  ia  aMamed  that  m  #  0. 

6.  From  Ex.  5  infer  that  ${^,  if,  t)  ia  of  limited  variation  when  t  describes  the 
interval  t^^  ^  I  ^  ty  detining  the  curve.  8how  that  0{it  9«  0  ^  continuous  in  ((,  f) 

through  any  region  for  which  m  >  0. 

7.  Let  the  parameter  t  vary  from  to  (|  and  suppose  the  curve  (27)  is  closed  no 
that  («,  y)  xetttma  to  Ita  Initial  value.  Show  that  the  Initial  and  final  valuea  of 
tf((,  1;,  t)  dlller  hjan  integral  multiple  of  2ir.  Ht  iu-e  infer  that  this  difference  la 
constant  over  any  repion  for  whicli  m  >  0.  In  particnlar  show  that  the  constant  is 
0  over  all  distant  regions  of  the  planti.  It  may  be  renmrked  tiiat,  by  the  study  of 
thia  change  of  9  aa  f  deaeribea  the  carve,  a  proof  may  be  given  of  the  theonm  that 
the  eloaed  oontlnuoua  curve  divldea  the  plane  Into  two  regional  one  interior,  one 
eattexUw. 

1.  Bxtendthelaattheonmof  lUStoxectifiahleenmi. 
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129.  Double  sums  and  double  integrals.  Suppose  that  a  IxkIv  of 
matter  is  so  thin  and  flat  that  it  can  U*  considered  to  lie  in  a  plane. 
If  any  small  portion  of  the  IxkIv  surrounding:  a  ^iwn  point  P{jr,  y)  l)e 
considered,  and  if  its  nuuss  Ix'  denoted  hy  Awj  and  its  area  by  A.l,  the 
average  (surface)  density  of  the  portion  is  the  quotient  Am/A.I,  and  the 
actual  density  at  the  point  P  is  defined  as  the  limit  of  this  quotient 
when  Ail  &  0,  that  is, 

The  density  may  vary  from  point  to  point.  Now  conversely  suppose 
that  the  density  D{x,  y)  of  the  hody  is  a  known  fimotion  of  (a^  y)  and 
that  it  l>e  recjuired  to  find  the  total  mass  of  the 
body.  Let  the  IkkIv  1k»  considered  a.s  divided 
up  into  a  large  nunilxT  of  pieces  each  of  which 
is  snuill  in  every  direction,  and  let  A.lj  be  the 
area  of  any  piece.  If  (^j,  ijt)  be  any  point  in 
Ail,,  the  density  at  that  point  is  rn)  and 
the  amonnt  of  matter  in  the  piece  is  approzi- 
matelj  D(it,  f^A^li  provided  the  density  be  regarded  as  eontiniunis, 
that  is,  as  not  varying  much  over  so  small  an  area.  Then  the  sum 

extended  over  all  the  pieces*  is  an  approximation  to  the  total  mass, 
and  may  be  sufficient  for  practical  purposes  if  the  pieces  be  taken 
tolerably  smalL 

The  process  of  dividing  a  body  up  into  a  large  number  of  small  pieces 
of  which  it  is  regarded  as  the  sum  is  a  device  often  resorted  to;  for  the 
])rf)i>erties  of  the  small  pieces  may  h-  known  ap|)roximat*'ly,  so  that 
the  correspondint,'  ])roperty  for  the  whole  body  can  Ih'  obt;iined  aj>prox- 
imately  by  suniniation.  Thus  by  definition  tlie  moment  of  inertia  of  a 
small  particle  of  matter  relative  to  an  axis  is  mr*,  where  m  is  the  mass 
of  the  particle  and  r  its  distance  from  the  axis.  If  therefore  the 
moment  of  inertia  of  a  plane  body  with  rsspect  to  an  axis  perpendicular 
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to  its  plane  were  lequiied,  the  body  would  be  divided  into  a  laige 
number  of  small  x)ortions  as  above.  The  mass  of  each  portion  would 
be  approximately  D(ii,  rii)^A,  and  the  distance  of  the  portion  from 
the  axis  might  be  considered  approximately  the  distance  r,  from 
the  point  where  the  axis  cut  the  })lane  to  the  point  (^|,  in  the  por- 
tion. The  moment  of  inertia  would  Ije 

D{$u  nx)ri^t  +  •  •  +  HL»  =2)i)(^i,  *)r/A^« 

or  nearly  tiuB,  where  the  sum  is  extended  over  all  the  jneoes. 

These  sums  may  be  called  double  vama  because  they  extend  over  two 
dimensions.  To  pass  from  the  approximate  to  the  actual  values  of  the 
mass  or  moment  of  inertia  or  whatever  else  inifjlit  }ye  desired,  the 
underlying  idea  of  a  division  into  parts  and  a  subsequent  summation 
is  kept,  but  tliere  is  added  to  this  the  idea  of  passing  to  a  limit.  Com- 
pare S§  16-17.  Thus 

would  be  taken  as  the  total  mass  or  inertia,  where  the  sum  over  n 
divisions  is  replaoed  by  the  limit  of  that  sum  as  the  number  of 
divisions  beoomes  infinite  and  each  becomes  small  in  every  direction. 
The  limits  are  indiimted  by  a  sign  of  integration,  as 

^XH^u  nd^i  ^jD{x,y)dA,     limj)  i>(^i,  ^i^rf^JL^  =  JdiNU. 

The  use  of  the  limit  is  of  course  dependent  on  the  fact  that  the  limit 
is  afltnally  approached,  and  for  practical  purposes  it  is  further  depend- 
ent on  the  invention  of  some  way  of  evaluating  the  limit  Both  these 
questions  have  been  troated  when  the  sum  is  a  simple  sum  (§§  16-17, 
28-30, 85);  they  must  now  be  treated  for  the  case  of  a  double  sum  like 
tbose  above. 

130.  Consider  again  the  problem  of  finding  the  mass  and  let  Z)^  be 
used  briefly  for  ij^.  Let  3f,  be  the  maximum  value  of  the  density 
in  the  piece  Ail|  and  let     be  the  minimum  value.  Then 

In  this  way  any  approximate  expression  D^A^  for  the  mass  is  shut  in 
between  two  values,  of  which  one  is  surely  not  greater  than  the  true 
mass  and  the  other  surely  not  less.  Form  the  sums 

extended  over  all  the  elements  Ai4,.  Now  if  the  sums  s  and  S  approach 
the  same  limit  when  A^^sO,  the  sum  'SkDAAi  which  is  constantly 
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included  between  •  and  S  mmt  also  approach  that  limit  independently 
of  how  the  pointa  (it,     aie  choeen  in  the  areaa  ikAg. 

That  «  and  S  do  ttppntck  a  oonunon  limit  in  the  usual  case  of  a 
oontinnoaa  function  D{Xf  y)  may  be  ahown  atrikingly  if  the  anifiwe 

K^Dir,  y)  be  drawn.  The 
term  is   then  repre- 

sented by  tlie  vohinio  of  a 
small  cylinder  iipoti  the  Uuse 
and  with  an  altitudt*  ctjual 
to  the  height  of  the  surface 
«  =  Z>(x,  y)  above  some  point 
of  Ail|.  The  anm  SA^.i,  of 
all  theae  oylindera  will  be  ap- 
pmndmately  the  vdnme  nnder 
the  anxfaoe  y)  and 

over  the  total  area  A  =  lAAt, 
The  term  A/, A. 4,  is  represented 
by  the  volume  of  a  small  cylin- 
der upon  the  Ijttse  A.-J,  and  oir- 
cumsciiljed  alxjut  the  snrfiice  ; 
tlie  term  7«,A-'!„  by  a  cylinder 
inscribed  in  the  surface.  When  the  nuralxir  of  elements  A.l,  is  increased 
without  limit  so  that  each  becomes  indefinitely  small,  the  three  sums 

and  2/><A.i,  all  approaeh  as  tiieir  limit  the  Tciume  nnder  the  anrfaoe 
and  over  tiie  area  A,  Thna  the  notion  of  volome  doea  for  the  double 
awn  the  aame  seryioe  aa  the  notion  of  area  for  a  aimple  anm. 

Let  the  notion  of  the  integral  be  applied  to  find  tkt  formttla  for  the  eemier  «f 
gntittf      plane  lamina.  Aeenme  that  (he  leetawgelar  eottRUnates  of  the  center 
of  gravltj  are     y).  Consider  the  bodj  as  divided  into  flmall  areas  AAt,  If  (It,  in) 
Ifl  any  point  in  the  area  A^(,  the  approximate  moment  of 
the  approxiuiate  maflsZ^A/ij  in  that  area  with  respect  to 
the  line  «  s2  is  the  prodnet  (ft  —  S)DiiA^{  of  the  maas 
by  ita  distance  from  the  line.  The  total  exact  moment 
would  therefore  be 

MmJ  (f*  -  2)  AAiii =/(»  -  «)i>(«»  V)dA  «  0, 

and  must  vauiBli  if  tlie  center  of  gravity  lies  on  the  line 
z  =  X  as  assumed.  Then  ^  ^ 

JmDi?^  y)dA  ^jzD{?t^  p)dA.  »  0  or  J zMA  =  z  jD{z^  y^dA. 

These  formal  opetatione  pteeoppoee  the  facts  that  the  difference  of  two  Integnle  Is 
the  integral  (rf  the  dUlerenoe  and  thai  the  integral  of  aoonstantS  tlmea  afnnotion  B 
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Ih  the  product  of  the  ronstaiit  by  the  iiitppral  of  the  functinn.  It  slionld  ho  !minp- 
diately  apparent  that  as  tbese  rules  are  applicable  to  huiiih,  they  uiust  be  applicable 
to  the  limits  of  the  •diim.  Tbe  equation  may  now  be  aolved  for  x.  Then 

r 9MA     fxOm.  f vLdA     f  ydm 

x^i  P=-  -  =  ^^;r-»  W 

where  m  stands  for  the  maas  of  the  body  Mid  dm  for  Ddil,  jtut  uAmw  might  replace 

DifkAit  the  result  for  y  may  bf  written  down  from  symmetry. 

As  another  example  let  the  kinetic  energy  of  a  lamina  moving  in  U»  plane  be  cal- 
culated. Tbu  use  of  vectors  is  advantageous.  Let  to  be  the 
veotor  f  ram  a  Ibrad  origin  to  a  polut  which  is  fixed  in  the 
body,  and  let  ti  be  the  vector  froD  this  point  to  any  other 
point  of  the  body  so  that 

fi  =  li»  +  ri,,      _  =  -  +—  or  Tj^To  +  Vi*.  ^ 

The  Unetteeneisy  is  Z  4  i^Ami  or  better  the  integral  of  iiMn.  Now 

1^  =  T|.T<  =  Yo.T(i  +  rit^Tu  +  2to.t»  =  «^  +  r,V*  +  «  T(».Tm. 

That  Yit^Yii  =  ri'j«>,  where  =  jrid  and  m  is  the  angular  velocity  of  the  body 
aboat  the  point  u*  follows  from  the  faet  that  ri<  is  a  vector  of  constant  laqgth  rn 

and  hence  |dTi,'|  =  radff,  where  dff  h  the  angle  that  rn  turns  tbronj^  and  ooose- 
quently  w  =  dfi/dt.  Next  integrate  over  the  body. 

=  *  ••"J^  +     frldm  +  To.  J  Tidm ;    *  (2) 
for  «^  and  «^  are  constants  rdatiTe  to  the  Integration  over  the  body.  Note  that 
v/^t«'"»  =  <>  *f      =  ©  or  if  J*T,dm=y*^r|dn»s^  J*r,dinsO. 

But  =  0  holds  only  when  the  p<»lnt  r,,  is  at  rest,  and  fxjdm  =  0  is  the  condition 
that     be  the  center  of  gravity.  In  tbe  last  case 

As  I  Is  the  integral  which  has  been  called  the  moment  of  inertia  relative  to  an  axis 
through  tbe  point  r,  perpendicular  to  the  plane  of  the  body,  the  kinetic  energy  is 
seen  to  be  the  sum  of  |  Jfs^t  which  would  oe  the  kinetic  energy  if  all  the  mass  were 
concentrated  at  tlie  center  of  gnivity,  and  of  \  /w',  which  is  the  kinetic  enerp5'  of 
rotation  about  the  center  of  gravity  ;  in  case  indicated  a  point  at  rest  (even  if 
only  instantaneously  as  in  §  30)  the  whole  Unetic  energy  would  xednoe  to  the 
Unetio  energy  of  rotation  ^  /m*.  In  case  r^  indicated  neither  the  center  of  gravity 
nor  a  point  at  rest,  the  thinl  term  in  (*2)  would  nnt  \;\tiish  and  the  expre^^ion  for 
the  kinetic  energy  would  be  more  complicated  owing  to  the  presence  of  this  term. 
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181.  To  evaluate  the  double  integral  in  ease  the  regUm  ie  a  reetangte 
paraUU  to  the  aaeee  of  eoSrdwatee,  let  the  diTision  be  made  into  email 
reotangles  by  drawing  lines  parallel  to  the 
axes.  Let  there  be  w  equal  divisions  on  one  ^ 
side  and  n  on  the.  other.  There  will  then  Ije 
mn  small  pi«'ees.   It  will  Ih^  convenient  to  in- 
troduce a  douhlf  index  and  denote  by  AJ,^  the  y 
area  of  the  rectangle  in  the  ith  column  and  Jth  -g 
row.  Let  (^^,  i;^)  I*  any  jvoint,  sa\'  the  mid- 
dle [)oint  in  the  areu  A.4y  =  A.r,A//,.  Then  the  sum  may  be  written 

i  Vii)^^H  =  ^^w^-^Ai/x  +  iJjiA^rjAi/,  H  +  D„^\r^t/i 

+  Z^uAjTiAy,  4-  Df^^y^  -I  h  Dmi^wAg% 

+  

-f-  A-^-^iAy.  +  D,AJ^AVn  +  •  •  •  +  />„,Ax^A//,. 

Now  tlie  terms  in  the  first  row  arc  the  sum  of  the  contributions  to 
"S^j  of  the  rectangles  in  the  first  row,  and  so  on.  Hut 

(i),^ + i)„Axi + •  •  •  +  D^jAjfj  =  ^ifjX Hit*  ni)^ 

and  ^!/i^i>iJitiii)^i  =  ^J  JJ(x,  i^)dx -\- (,^Aifj, 

That  is  to  say,  by  taking  m  sufficiently  large  so  tljat  the  individual 
increments  AX|  are  sufficiently  small,  tiie  sum  can  be  made  to  differ 
from  the  int^pral  by  as  little  as  desired  becanse  the  int^jial  is  fay 
definition  the  limit  of  the  sum.  In  fact 

if  c  U-  the  niaxinmm  variation  of  D(x,  i/)  over  one  of  the  little  rectangles. 
After  tlius  suiuming  up  according  to  rows,  sum  up  the  rows.  Then 

+  ^..  +  PD(a!,i^)<faAy.  +  A, 
W  =         +  «*Ay.  +•  •  •  •  +f.Ay,|  S  .(x  -         Ay  =  «(ar  -  - 
If  r  'i5(x,y)<fe»^(y), 

then     2  i^iiAAii  =  ^<nd^yv  +  +  •  •  +  ^UO'^y.  +  ^ 

=y  4(y)rfy  +  «  +  A,  AsmalL 
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Hence* 


(3) 


It  is  seen  that  the  double  integral  is  equal  to  the  lesnlt  obtained  \if 
fint  integrating  with  lespeot  to  x,  regarding  y  as  a  parameter,  and  tiwn, 
after  sabetitating  the  limits,  integrating  with  respect  to  y.  If  the  sum- 
mation had  been  first  aooording  to  oolnmns  and  second  according  to 
rows,  then  symmetry 

DdA=        I    D(x,y)dxdy^        /    D{x,y)dydx,  (3') 

This  is  really  nothing  but  an  integration  under  the 
sign  (§  120). 

If  the  region  over  which  the  summation  is  extended 
k  not  a  rectangle  parattU  to  the  axetf  the  method 
could  still  be  applied.  But  after  summing  or  rather 
integrating  aocoiding  to  rows,  the  limits  would  not 
be  constants  as  and  but  would  be  those  func- 
tions X  SB  ^^(jy)  and  x  =  ^|Cy)  of  y  which  represent  tiie  lefthand  and 
righMiand  curves  which  bound  the  region.  Thus 


DdA  =  I     /      D(Xf  y)dxdy. 

And  if  the  summation  or  integration  had  heen  first 
with  respect  to  columns,  the  limits  would  not  have 
been  the  constants  and  y^,  but  the  functions 
y  =  ,f,^(x)  and  y  =  ^^(x)  which  represent  the  lower 
and  upper  bounding  curves  of  the  region.  Thus 


(3") 


D(x,  y)dydx. 


The  order  of  tike  integrations  cannot  be  inverted  without  making  the 

corresponding  changes  in  the  limits,  the  first  set  of  limits  being  such 
functions  (of  the  variable  with  regard  to  which  the  second  integration  is 

to  be  performed)  as  to  sum  up  according  to  strips  reaching  from  one  side 
of  the  region  to  the  otlicr,  and  the  second  set  of  limits  l>eing  constants 
which  determine  the  extreme  limits  of  the  second  variable  so  as  to  sum 
up  all  the  strips.  Althongh  the  results  (3")  and  (3"')  are  equal,  it  fre- 
quently happens  that  one  of  them  is  decidedly  e.isier  to  evaluate  than  the 
other.  Moreover,  it  has  clearly  been  assumed  that  a  line  j^>arallel  to  the 

*  The  result  may  »1m>  be  obuined  u  in  Ex.  8  bekm. 
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aads  oi  the  fint  mtegiatioii  eala  the  bounding  oiunre  in  only  two  points ; 
if  this  condition  is  not  fulfilled,  the  area  must  be  divided  into  snbaieaB 
for  which  it  ib  fulfilled,  and  the  results  of  integrating  over  these  smaller 
areas  most  be  added  algebaraioallj  to  find  the  oomplete  value. 

To  apply  tbwa  mlfli  for  ermlnftting  a  doable  integral,  oonrider  the  problem  of 
finding  the  moment  of  inertia  of  a  rectangle  of  oonitant  dcndty  with  reipeet  to 
one  yertez.  Here 

I=f  DMA  mDf^  +  ^dA  =  I>f^''fJ  {X*  +  ^dxdf 

=  X)J*j^j  x«  +  xy^J^dy  =  -DJ^\jo«  +  ay»)dy  =  +  ft^). 

If  the  problem  had  been  to  find  the  moment  of  inertia  of  an  dllpae  of  nnlfoim 
demitj  with  respect  to  the  center,  then 

a 

Either  of  these  forms  might  Ix;  evaluated,  but  the  moment  of  inertia  of  thfi  wliole 
ellipse  is  clearly  four  times  that  of  a  quadrant,  and  hence  the  simpler  rraulta 

Jo  Jq  4 

It  is  highly  advisablp  to  make  use  of  gymmetry,  wherorer  pOMlble,  to  redooe  the 
region  over  which  the  integration  is  extended. 

18S.  With  regard  to  the  man  can^  eoMtferaHoa  Me  ibnlti  toooM  telle 
d^niUoa  cf  a  double  integral  a  few  oboenrationa  will  be  soflScient.  CSoneldev  the 
mim«  .S  and  n  and  let  3f,Avl,-  he  any  tenn  of  the  first  and  m,A.4,-  the  corresponding 
term  of  the  necond.  Suppose  the  area  AAi  divided  into  two  parta  AAu  and  A^j,-, 
and  let  Mu,  Ma  be  the  maxima  in  the  parts  and  mu,  »4(  the  minima.  Then  since 
the  wayimnm  In  the  whole  area  AAt  cannot  be  leee  than  that  in  either  partf  and 
the  mininnim  in  tlie  whole  cannot  he  greater  than  Uiat  in  etUier  part,  It  f olIoWB 
that  w^^i  ^  m,,  m-j,  ^  m,,  Mu  ^  ^  Mi,  and 

Hence  when  one  of  the  pieces  is  subdivided  the  sum  H  cannot  Increase  nor  the 
sum  «  decrease.  Then  continued  inequalities  may  be  written  as 

4 

mA  S  5)imA^,  ^  5jD(ft,  «)A^  s  S  MA. 

If  then  the  original  divisions  be  subdivided  indetinitely,  both  S  and  «  will 
MVroacb  limita  ({§  ;  and  If  thoee  llndts  are  the  same,  the  aum  ZAAA<  will 
approach  that  common  limit  aa  its  limit  Independently  of  how  the  potnta  (|<,  %) 
are  chosen  in  the  areas  AAi, 
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It  has  not  been  shown,  however,  tliat  tho  limit,';  of  .S  and  «  are  Independent  of 
the  method  of  division  and  subdivision  of  the  whole  area.  Consider  tlierefore  not 
only  the  sums  and  a  due  to  some  particular  mode  of  subdivision^  but  consider  ail 
such  annul  due  to  all  poaaibte  roodee  of  aubdivtahm.  As  the  some  8  are  United 
below  by  mA  they  must  have  a  lower  frontier  L,  and  as  the  sums  a  are  limited 
above  by  MA  they  must  have  an  upper  frontier  I.  It  must  be  shown  that  I  ^  L. 
To  see  this  consider  any  pair  of  sums  S  and  a  corresponding  to  one  division  and 
any  other  pair  of  anina  8'  and  ^  oorreapondlng  to  another  method  of  divirioa;  alao 
the  aniiia  S'*  and  a"  corresponding  to  the  divWoo  ohtained  hgr  oonUning,  that  ia, 
hy  aupeipoaiim  the  two  methods.  Now 

It  therefore  iaaeen  that  any  S  is  great^-r  than  any  «,  whether  these  sums  correspond 
to  the  same  or  to  different  meth<Kl«  of  subdivision.  Now  if  L  <  /,  some  wouM 
have  to  be  less  tlian  some  a ;  for  as  L  is  the  frontier  for  the  sums  there  must  be 
aome  aooh  anna  whioh  differ  by  a«  little  aa  deaf  red  from  L ;  and  in  like  manner 
there  must  be  some  auma  »  which  differ  by  as  little  aa  desired  from  I.  Henoe  aa  no 
8  can  be  less  than  any  s,  the  stipposition  L  <l  is  untrue  and  L  ^  L 
Now  if  for  any  method  of  division  the  limit  of  the  difference 

Urn  (8  -  •)  s  llm  ^  ( Jfi  -  m«)      s  Urn  2)  a(4ii<  s  0 

of  the  two  anmscorreapondliig  to  that  method  ia  aera,  the  frontlera  Land  <  moat  be 

the  aame  and  both  8  wod  a  approach  that  common  value  as  their  limit ;  and  if  the 
difference  S  —  a  approaches  zero  for  every  method  of  division,  the  sums  S  and 
a  will  approach  the  same  limit  L  =  I  for  all  methotis  of  division,  and  the  sum 
ZJh^i  will  approach  that  limit  Independently  of  the  method  of  dlviaton  aa  well 
aa  independently  of  the  selection  of  ((,,  in),  TMa  reaidt  follows  from  the  fact  that 
L  —  I  ^  S  —  a,  S  —  L  ^  S  —a,  /  —  »  ^  ,S  _  and  hence  if  the  limit  of  S  —  a  is 
zero,  then  L  =  I  and  S  and  a  must  approach  the  limit  L  —  1.  One  case,  which 
covers  thoae  arising  in  practice,  in  whidi  theae  reaolta  are  true  la  thai  in  whieh 
D(Xy  v)  ia  eonttonooa  over  the  area  A  except  perhapa  upon  a  finite  nombor  of 
c'lrvi's,  each  of  which  may  be  inclosed  in  a  strip  of  area  as  small  af^  dpsirod  and 
uiKjn  which  I>(i,  y)  remains  finite  though  it  be  discontinuous.  For  let  the  curves 
over  which  jD(x,  y)  is  discontinuous  be  Indoeed  in  strips  of  total  area  a.  The  con- 
tribation  of  theae  areaa  to  the  dillerenee  8  —  9  cannot  exceed  {it—  m)a.  Apart 
from  theae  areas,  the  function  D{x,  y)  is  continuous,  and  it  is  jMssible  to  take  the 
divisions  A/lf  so  small  that  the  oscillation  of  the  function  over  any  one  of  them 
is  less  than  an  assigned  number  «.  Hence  the  contribution  to  iS  —  «  is  less  than 
t{A  —  a)  for  the  remaining  nnddeted  re^ooa.  The  total  valne  of  S—  a  ia  there- 
fore  less  than  {M  —  m)a  +  «{A  —  a)  and  can  certainly  be  made  as  small  as  desired. 

Thf  proof  of  the  cxiKtence  and  uniqueness  of  the  limit  of  ^J),AA{  is  therefore 
obtained  iu  case  J)  is  contiuuuuti  over  the  region  A  except  for  points  along  a  finite 
nmnber  of  cnrvea  where  It  may  be  diaoootinaoaa  provided  it  remalna  Unite. 
Thnrnghont  the  dlscoaaion  the  term  "  area  **  haa  been  applied ;  thia  ia  JnaHflad  by  the 
previous  work  (§  Instead  of  dividing  the  area  A  into  elements  A.l,  one  may 

rule  the  area  with  lines  parallel  to  the  axes,  as  done  in  §  128,  and  consider  the  sums 
XMMAyy  2mAzAy,  Z7>AzAy,  where  the  first  sum  ia  extended  over  all  the  rectan- 
glea  irtifoh  Ue  within  or  upon  the  curve,  where  the  aeoond  aom  la  extended  over 
all  the  rectangles  within  the  curve,  and  where  the  last  extends  over  all  rectangles 


Digitized  by  Google 


ON  KULTIPLE  INTEGRALS 


828 


within  the  curve  and  over  an  arbitrary  numln^r  of  thiwt  uj)on  it.  In  a  certain 
sense  this  method  is  simpler,  in  that  the  area  then  falls  out  as  the  integral  of  tlio 
•pedal  faBotioQ  which  radnow  to  1  within  the  oonre  and  to  0  outride  the  cuire, 
and  to  either  upon  the  curve.  The  reader  who  dedree  to  follow  this  method  through 
may  do  ho  for  himself.  It  is  not  within  the  range  of  this  Ixwk  to  do  more  in  the 
way  of  rigoruuB  analysis  than  to  treat  the  simpler  questions  and  to  indicate  the 
need  of  oomqionding  treatment  for  other  queettone. 

The  justification  for  the  method  of  evaluating  a  definite  double  inte|{ral  as  given 
above  offers  some  difficulties  in  case  tlie  function  7)(x,  y)  is  discontinuous.  The 
proof  of  the  rule  may  be  obuvined  by  a  careful  consideration  of  the  integration  ol 
n  function  defined  by  an  integral  containing  a  parameter.  Consider 

#(y)  =  /'*D(x,  y)dB,      /'V(|f)dy  =  V)dxdi,.  (4) 

It  was  aeen  (f  118)  that  ^(y)  la  a  oontinaoos  function  of  y  if  l><z,  y)  is  a  oon- 
tlnuooB  function  of  (x,  y).  Suppoae  that  I>(z,  y)  were  discontinuous,  but  remained 
finite,  on  a  finite  number  of  curves  each  of  which  is  cut  by  a  line  parallel  to  the 
x-azis  in  only  a  finite  number  of  points.  Form  as  before.  Cut  out  the  short 
intervals  in  wUeh  dhwontittuities  may  ooevr.  As  the  number  of  snob  intervals  is 
finite  and  as  each  can  be  taken  as  short  as  desired,  their  total  contribution  to  ^(y) 
or  ^(y  -f  Ay)  can  be  made  as  small  as  desired.  For  the  remaining  portions  of  the 
interval     —  '  —  previous  reasoning  applies.  Hence  the  difference  can 

still  be  made  as  small  as  desired  and  ^(y  )  i»  continuous.  If  D  (2,  y)  be  discontinuous 
along  a  line  y  =  /i  parallel  to  the  x-axia,  then  #<y)  might  not  be  defined  and  might 
have  a  discontinuity  for  the  value  y  —  ^.  But  there  can  be  only  a  finite  num- 
ber of  such  values  if  />(/,  y)  satisfies  the  conditions  imposed  up<in  it  in  considering 
the  double  integral  above.  Hence  ^(y)  would  still  be  integrable  from  y^ttu^^.  Hence 

f' r''D(x,y)dM^  aziili 
and      m(Xj  —  xJCy.  —  y^)^  T f  *i)(x, y)din^  ^  M(x^  —        —  y«) 

under  the  conditions  imposed  for  the  double  integral. 

Now  let  the  rectangle  Xq  S  x  ^  x,,     £  y  2  Vi  ba  divided  up  aa  before.  Then 

mffiattitHf  SJ         J        X>(x,  y)dxdy  ^  MffAiZ^y, 
Add :      2^  nuiAXiAyj  s  ^  jT »+ ^  ^  M^^AtxAjy 

Now  if  tlie  number  of  divisions  is  multiplied  indefiidtely,  the  limit  is 

'"jJ'Di^  y)(My  s  lim  ^m^Aily  s  Um  2)if«AJy  =  J D(aB,  y)dA. 

nna  tiie  prevtooa  rule  for  the  laetaai^a  la  proved  with  proper  allowance  for  poa> 
alble  dtoeonttmiltiaa.  In  oaaa  the  ana     did  not  fonn  a  rectangle,  a  rectangle 

could  be  described  about  It  and  the  function  D(j,  y)  could  be  defined  for  the 
whole  rectangle  as  follows:  For  points  within  A  the  value  of  X>(x,  y)  is  already 
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defined,  for  points  of  the  rectangle  outside  of  .1  take  />(/,  v)  =  0.  The  discon- 
tinuities across  the  bouiidary  of  A  which  are  thiui  intruduced  are  of  the  sort 
aUowaUe  for  efthmr  intefxal  In  (4),  and  tin  ivHtgnUaa  whan  appUad  to  the  no- 
tangle  would  then  clearij  give  merely  the  IntagiBl  orer  A,  The  Umita  oonld  than 
be  adjusted  so  that 

The  rule  for  ev&iuatiiig  the  double  integ;ral  by  repeated  integration  ia  therefore 
proTed. 

EXERCISES 

1.  The  sum  of  the  moments  of  inertia  of  a  plane  lamina  about  twopaipendkalar 
Unea  In  tta  plana  la  equal  to  the  nonaent  of  Inertia  about  an  azla  peipandiealar  to 
the  plane  and  peering  throng  their  point  rfinteiaectton. 

2.  ThenKMnent  of  inertia  of  a  plane  lamina  about  any  point  is  equal  to  the  sum 
of  the  moment  of  inertia  about  the  center  of  gravity  and  the  pnxiuct  of  the  total 
mass  by  the  wjuare  of  the  distance  <»f  the  point  from  the  center  of  gravity. 

S.  If  upon  every  line  issuing  fntm  a  point  O  of  a  lamina  there  is  laid  off  a  di»- 
tanoe  OPaoch  tliat  OP  ia  invereely  proportional  to  the  square  root  of  the  moment  of 
inertia  of  the  landna  aboat  the  line  QP,  the  loeoa  of  P  ia  an  ellipae  with  eenler  at  O. 

4.  VInd  the  momenta  of  inertia  of  tliaee  anifbm  laminae: 

(a)  aegmant  of  a  drde  aboot  tlie  oenter  of  tlie  drele, 

(P)  rectangle  about  the  center  and  about  either  side, 

(■y)  parabolic  segment  bounded  by  the  latiis  rectum  about  the  vertex  or  diameter, 
(i)  right  triangle  about  the  right-an^'K-d  vertex  and  about  the  hypotenuse. 

5.  Fiml  by  double  integration  the  following  anas: 

(a)  quadrantal  s<^meut  of  the  ellipse,      {p)  between     =  x*  and  y  =  x, 
(y)  between  Sy*  s  f6«  and  6a*  »  9y, 
(J)  between  7«  +  y*  -  2jr  =  0,  x*  +  y*  -  2  y  =  0, 
(«)  between  y*  =  4ttr  +  4a*,  y*=  —  4bB  +  46*, 
(f )  within     -  X  —  2)«  =  4  —  ««, 
(«)  between  a*  =  4ay,  y(a*  -f  4a^  =  8a^, 

C  Vlnd  the  oenter  of  giari^  of  the  areaa  in  Ez.S  (a),      (y),  (I),  and 
(a)  qaadrantola*y*  =  aV  — ^«  qioadiant  of  «t  •f  y t  s  al, 

<V)  between cisyi -I- «i,  s  +  y  so,      («)  aagmeni of  a einde. 

7.  find  the  votamw  under  tibeamfaoea  and  ofw  tlie  axeaa  given: 

(a)  qihere  a  s  Va*  — ^'-f*  and  aqnare  Inaeiibed  in       y*  s  i^, 

{p)  sphere  t  =  Va*"— x*  — and  circle  x'  +  y*  —  oj-  =  0, 
(7)  cylinder  z  —  \'A  a*  —  y*  and  circle  jr*  +  y*  —  2  ox  =  0, 
(i)  paraboloid  t  =  kzy  and  rectangle  O^x^a,  0^y^&, 
(•)  paiaboloid  tsfeqr  anddrdea^  +  ir*  — So  — SoysO, 
it)  plane  x/a     y/b     z/c  =  \  and  triangle  Xi/(x/a  -4- y/b—l)s€^ 
(17)  paraNili.id  j  -  1  -        —  5/^/9  above  the  plane  JTssO^ 
)  paraboloid  z  s=  (x  +  y)*  and  circle  x*  +     =  a*. 
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8.  IiMAaad  of  choosing     ly)  aa  pMticuIar  pointa,  luttnely  the  middle  points,  of 

the  rectanples  and  evaluating  2Z)((,-.  ry)  AiiAyj  subject  to  errors  X,  k  wlilch  vanish  in 
the  limit,  awume  the  function  l>(x,  y)  continuous  and  resolve  the  double  inUigral 
into  a  double  sum  by  repeated  use  of  the  Theorem  of  the  Mean,  as 

♦  (y)  =  r  'D  (»,  y)  (fc  =  V  D  {(u  y)Axif      f  s  properly  cboaen, 

9.  Consider  tlio  genenliiatlon  of  Oigood's  Theorem  (§  86)  to  apply  to  double 
Int^grab  and  mna,  namely:  If     are  Inflnlterimala  such  that 

Of/  =  D({i,  m)liAif  +  fyAA^, 

where  tlf  Is  nniformly  an  inflniterimal,  then 

Urn     tt<,  =  J'D(*,  lf)dil  =  J^'''^''D(a!,  |f)4Mir. 

DiaeiMe  the  itatement  and  the  reaolt  in  detail  In  view  of  f  84. 

10.  Mark  the  region  of  the  xj^-plane  over  which  the  integration  extends:* 

w/.V/mi*.      w^'//***-  w/.'X-'***^ 

11.  Tlu'  (ItMiHity  of  a  rectaii^'lo  varit-s  as  tlie  wjuan^  of  the  distance  from  one 
vertex.  Find  the  moment  of  inertia  about  that  vertex,  and  about  a  aide  through 
the  vertex. 

18.  Find  the  mass  and  center  of  gravity  in  Ex.  11. 

13.  Show  that  the  moments  of  momentum  ($  80)  of  a  lamina  about  the  origin 
and  nboat  the  point  at  the  extremity  of  the  vector  r,  satisfy 

J  rxTdm  =  r^x  J  ydm  +  J  r'xvdm, 

or  the  difference  between  tlie  moments  of  ninmrntun)  alxtutPand  Q  is  the  moment 
about  P  (if  the  total  momentum  considenMl  ivs  appliml  at  Q. 

14.  Show  that  the  formulas  (1)  for  the  center  of  gravity  reduce  to 

i  =  ^^  .      f  =         —  or  8«lf'  

yLix  fyDdz  jT ''(y,  -  y»)iMs 

J[J'ny>-f  yo)(y,-y,)ihte 

*  Exercises  involving  polar  courdiuates  may  be  postponed  until  §  134  is  reached,  unless 
;  Is  afanady  somewhat  CunOlar  with  the  sabjeet. 


826 


INTEG&AL  CALCULUS 


wlMo  D(2,  y)  rednoM  to  »  fnnotloo  1>(2),  It  being  undentood  thai  for  tiia  fii» 
two  tbe  WM  is  bounded  byxsO,  xsa,ir y  =  0|  mod  for  tho  aeoond  tiro 
by  s  B s  =  s,,  Ift  =/i(x),  y«  =/•(«). 

1ft.  A  reotaagiilar  bole  la  eat  thnnigh  a  apbere,  the  axis  of  the  bole  bdi«  a 
diameter  of  tbe  sphere.  Find  tbe  volume  cut  out.  DiflcoM  the  problem  bj  double 
int^Kratfam  and  aiao  as  a  aoUd  with  parallel  baaee. 

16.  Show  that  the  moment  of  momentum  of  a  plane  lamina  about  a  fixed  point 

or  about  the  instantaneous  center  is  lu,  where  w  is  the  angular  velocity  and  I  the 
moment  of  inertia.  Is  this  true  for  the  center  of  gravity  (not  neceaaarily  fixed)  ? 
la  ii  true  for  other  points  of  the  lamina  f 

17.  Invert  tbe  order  of  intagiation  in  Ex.  10  and  'nj*  |  J^*' ^^^JMtudti, 

18.  In  theae  integrals  cut  down  tbe  regiun  over  which  the  int^ral  must  be 
extended  to  the  amalleat  poaalUe  by  uaing  aymmetiy,  and  evaluate  if  poaaible: 

(a)  theinlesralof  Bz.l7with2>sy*.2xV* 

ifi)  theintasndof  Bx.I7withi>»(x-.SVi)Vorl>s(x-S>/iOy«, 

(y)  the  Integral  of  Ex.  10(«)  with  2>sr(l  +  ooe^)  or  i> sain ^ooe^ 

18.  TbB  enrve  f^f^z)  between  sssa  and  ss6  ia  eonalantly  Incrcarfny, 

Express  the  volume  obtained  by  revolving  the  curve  about  the  7-axi8  aa 
w{/{a)]\b  —  a)  plua  a  doable  intagial,  in  rectangular  and  in  polar  oottrdinatea. 

20.  Exj^eaa  the  area'of  the  oardioid  r  =  a  (1  —  cos  ^)  by  means  of  double  inte- 
gration in  rectangular  oo6rdinatea  with  the  limita  for  both  ordera  of  integration. 

133.  Triple  integrals  and  change  of  variable.  In  tlu'  «'xtt»nsion  from 
double  to  triplt'  and  higher  integrals  there  is  little  to  cause  difficulty. 
For  the  discussion  of  the  triple  integral  th»!  same  foundation  of  njasa 
and  deniiity  may  be  made  fiuidamental.  If  D{x^  z)  is  the  density  of 
a  body  at  any  point,  the  mass  of  a  small  volume  of  the  body  surronnd- 
ing  the  point  (^,,  ij,,  li)  will  be  approximately  Z>(^<,  i^^,  9xA  will 

aorely  lie  between  the  limits  M^Vi  and  mA^o  vbere  Af(  and  «•«  are 
the  mwx^m<^»q  and  minimnm  Talnes  6t  the  density  in  the  element  of 
YohimeAFf.  The  total  mass  of  the  body  would  be  taken  as 

where  the  sum  is  extended  over  the  wliole  IkhIv.  That  the  limit  of  the 
sum  exists  and  is  independent  of  the  metliod  of  clioice  of  tlie  points 
ii)  ^^'^  the  nietluxl  of  division  of  the  toUd  volume  into  elements 
Al'(,  provided  y,  z)  is  continuous  and  the  elements  approach 
zero  in  such  a  manner  that  they  become  small  in  every  direction,  is 
tdetably  apparent 
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The  evaluatioa  of  the  triple  int^^  by  repeated  w  iterated  integrap 
tifm  is  the  immediate  generalisation  of  the  method  used  for  the  double 
integral.  If  the  region  over  which  the  integration  takes  place  is  a  rec- 
taKgular  parallelepiped  with  its  edges  parallel  to  the  axes,  the  integral  is 


«/  t/w. 


The  integration  with  respect  to  x  lulda  up  the  mass  of  tlie  elements  in 
the  cohunn  ii|i<)n  the  \kisv  dydz,  the  int<»j,'ration  with  res{>e«'t  to  y  then 
adds  these  toluiini.s  to^^t  ther  into  a  huiiina  of  thickness  dz^  and  the 
integration  with  icspix  t  to  ~  linally  adds 
together  the  laiuiiias  and  obtains  the  mass 
in  the  entire  parallelepiped.  This  could 
be  done  in  other  orders ;  in  fact  the  inte- 
gration might  be  performed  first  with  re> 
gard  to  any  of  the  three  variables,  second 
with  either  of  the  others,  and  finally  with 
the  last.  There  are,  therefore,  six  equivap 
It'iit  methods  of  integration. 

If  the  region  over  whi«'h  the  inte^'ration 
is  desired  is  not  a  rtctaiif^'ular  ]»;u-allele- 
j)iped,  the  oldy  uiodilii-aliKU  which  must  1h'  intr<Khi('ed  is  to  adjust  tlie 
limits  in  the  suceessivt;  integrations  so  as  to  cover  the  entire  region. 
Thus  if  the  lii-!it  integration  is  with  respect  to  x  and  the  region  is 
bounded  by  a  surface  x  =  z)  on  the  side  nearer  the  y«-plane  and 
by  a  sorfaoe  x  ss  ^^(y,  z)  on  the  remoter  side,  the  integration 


D(Xt  y,  $t)dxdydz  «=  0(y,  K)dyd» 


will  add  up  the  mass  in  elements  of  the  column  which  has  the  cross 

section  dydz  and  is  int4'rcei)ted  In'tween  the  two  surf;u'es.  The  problem 
of  adding  up  the  cnlunnis  is  m»>n"ly  one  in  double  iiit4'gration  over  the 
region  of  the  ys-plane  upon  whii  li  tlicy  stand  ;  tliis  region  is  the  pro- 
jection of  the  given  volume  upon  the  yz-plaue.  The  value  of  the 
integnd  is  then 

DdV^  I    I         QdydMta  I    j       I        Ddadydm,  (5") 

Here  again  the  integrations  may  be  performed  in  any  order,  provided 
the  limits  of  the  integrals  are  carefully  adjusted  to  owrespond  to  that 
order.  The  method  may  best  be  learned  by  example. 
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Find  the  inaf»,  center  of  gravit)-,  and  innmprit  nf  inertia  alniut  the  axes  of  the 
volume  of  the  cylinder  x*  +  —  2  ax  =  0  which  lies  in  the  lirat  octant  and  undei 
pamlMloid  ^  +    s  as,  if  tbe  density  be  aammed  eonattnt.  The  tntegnbto  eral- 

j  xdm  j'ydm  J zdm 


X  = 


V  = 


(«) 


The  consideration  of  how  the  figure  looks  shows  that  the  limits  for  x  are  z  =  0  and 
s  s  (x>  +  l^/a  if  the  tin*  liittgiitlon  be  with  mpeot  tos ;  then  the 
in  X  and  y  has  to  be  evaluated  over  a  semi- 
circle, and  the  first  integration  Is  nmre  simple 
if  made  with  respect  to  y  with  limits  y  —  0 
and  y  =  V2  ox  —  X*,  and  final  Umite  «  a  0 
and  se  8a  fore.  If  the  attempt  wen  made 
to  integrate  first  with  respect  to  y,  there 
would  be  difficulty  because  a  line  parallel  to 
the  y-axis  will  give  different  limits  according 
aa  it  cats  both  the  pambolfdd  and  cylinder  or 
the  X2-plane  and  cylinder ;  the  total  integral 
would  be  the  sum  of  two  integrals.  There 
would  be  a  similar  difficulty  with  respeci 
to  an  initial  Int^gntion  bj  x.  The  order  of 
iatagxation  ahould  therefore  be    y,  a. 


r     f  f  d*dyds  =  DC  f 

~  i  J«    If  '  ^'^  +  ^(2  ax  -  a;«)ijdx 


-dydx 


Da» 


00a  ^  dn«  #  4- 1  iin«  f J  «W  s  f  «<^X> 


4 

f 


f  X  =  a(l  —  costf) 
J  VSax  — d^aadu^ 
[d»»aaia#iV 


jr.2o    pVloj-i'  p(z' 


a 


Hence  z  =  4  a/8.  The  computation  of  the  other  integrals  may  be  left  a«  an  exerclM. 

134.  Sometimes  the  region  over  which  a  multiple  integral  is  to  be 

evaluat*^!  is  such  that  the  evaluation  is  relatively  simple  in  one  kind 
of  coordinates  but  entirely  impracticable  in  another  kind.  In  addition 
to  the  rectangular  eoordinates  the  most  useful  systems  are  polar  coor- 
dinates in  the  plane  (fur  double  integrals)  and  ])olar  and  cylindrical 
coordinates  in  space  (for  triple  integrals).  It  lias  been  seen  (§  40)  that 
the  element  of  area  or  of  Yolnme  in  these  cases  is 

dA  =  rdrd^,       dV  =  r' sin Hrded^^,       dV  ^  rdrdiftdx,  (7) 
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except  for  infinitesimals  of  higher  order.  These  qoantities  nay  be 
aabetitated  in  the  double  or  triple  integral  and  the  OTalnation  may  be 
made  by  successive  integration.  The  proof  that  the  substitution  can 
be  mafic  is  entirely  similar  to  that  given  in  f  §  34-35.  The  proof  that 
the  integral  may  still  be  evaluated  by  successive  integration,  with  a 
proper  dioice  of  the  limits  so  as  to  cover  i\w  ivf^ion,  is  contained  in 
the  statement  tluit  the  formal  work  of  evaluating  a  multiple  integral 
by  repeated  integration  is  indejx^udent  of  what  the  coordinates  actually 
represent,  for  the  reason  that  they  could  be  interpreted  if  desired  as 
representing  rectangular  coordinates. 

Find  the  area  of  the  part  of  one  loop  of  the  lemniscate  =  2a^  cos  20  which  in 
exterior  to  tlie  circle  r  =  a ;  aldo  the  center  of  gravity  and  the  moment  of  inertia  rela- 
tfve  to  the  orifta  under  tbeammptloDfRfeonataatdaii^  Hera  the  integrals  an 

A^fdA^      Ax^fsdA,     Ap^fydA,      I:sDft*dA,  mssDA. 

The  integraUona  may  be  performed  flrat  with  respect 
to  r  so  as  to  add  up  the  eleiiiMitB  la  the  Utlie  radial 
seolofB,  and  then  with  regard  to  ^  so  as  to  add  the 

sectors  ;  or  first  with  rcgani  to  ^  8o  a«  to  combine  the 
eleiiieuLM  of  the  little  circular  strips,  and  then  with  re- 
gard to  r  8o  ati  tu  add  up  tlie  HtripH.  'i'hux 

Ai=2j*  ^J"        *r  006^ .  nlrd^  =  |  jf  '(2  Va  a«  cosi  2  ^  -  a^)  cos^ 

_2  ri[8V^(l-SBlnV)S4sbi^-oos#d#]s:?a*sMaP. 
~8  Jo  • 

Henee  S  s  8«a/(l8Vi  —  4w)  =  1.16a.  The  sTia- 
netiy  of  the  figure  shows  that  9  s  0.  The  esleola- 

tlon  of  /  may  be  left  as  an  exercise. 

Given  a  ^bere  of  which  tbe  density  varies  as  the 
distance  from  some  point  of  the  surface ;  required  the 
mass  and  the  center  of  gravity.  If  polar  coordinates 
with  the  origin  at  the  given  p<:)lnt  and  the  ]>cil:ir  axis 
along  the  diameter  through  that  point  be  a«8umed, 
the  equation  of  the  sphere  reduces  to  r  =  2aooBtf 
where  a  Is  the  radius.  The  center  oi  gravis  from 
reajv>ns  of  symmetry  will  fall  on  the  diamster.  To 
cover  the  volume  of  the  uphere  r  must  varj'  fmm  r  =  0 
at  tbe  origin  to  r  =  2acos^  upon  the  sphere.  The 
polar  an^e  must  fangs  from  ^sOtotfslv,  and  the 
longitudinal  angle  from  ^  ss  0  to  ^  s  S  v.  Then 
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I       /       /  kr -r  COB  e-r^  sin  0drdM^ 


6 

omter  of  gravity  is  therefora  i  s  8  a/7. 
Sometiines  it  is  necessary  to  make  a  change  of  Tariahle 

or         a;  =  ^(«,  r,  iv),       >/  =  il/(u,  r,  w),       z  =        r,  w)  (8) 

ill  a  double  or  a  triple  integnil.  Tlu>  element  of  area  or  of  volume  has 
been  seen  to  be  (§  63,  and  Ex.  7,  p.  Vdb) 

Hence  J I>(af,  y)rf.4  =  J ^)|/  (S*^ 

and  J D{x,  y,  a;)</I'=  j D{4^,  ^,  «)|/(^^-||^)|rft«*«rfw. 

It  should  be  noted  that  the  Jaeobian  may  be  either  positive  or  negative 
but  should  not  vanish;  the  difference  between  tiie  case  of  positive  and 
the  case  of  negative  values  is  of  the  same  nature  as  the  difference 
between  an  area  or  v<dame  and  the  xeflectum  of  the  area  or  volome. 

As  the  elements  of  area  or  volume  are  considered  as  positive  when 
th*3  increments  of  the  variables  are  positive,  the  absolute  value  of  the 
Jacobiau  is  taken. 

EXERCISES 

1.  Show  that  (6)  are  the  formulas  for  the  center  of  gravity  of  a  soUd  body. 

S.  8ho«rtl»tJ«s  J (y*  +  tP)diR, =  j (s' +  «*) An*  A  s y*(xP4-y>)Aa«ntlie 
formulM  for  the  moment  of  Inertia  of  a  aolld  about  the  axes. 

3.  Prove  that  the  dUfereiioe  between  the  moniente  of  inertia  of  a  adttd  about 

any  lino  and  alwmt  a  parallel  line  through  the  center  of  (jravity  is  the  product  of  the 
maas  of  the  body  by  the  square  of  the  perpendicular  distanre  between  the  lines. 

4.  FincI  the  nioment  nf  inertia  of  a  bcMly  about  a  line  through  the  origin  in  the 
direction  dctennined  by  ttie  cosines  m,  n,  and  show  that  if  a  distance  QP  be  laid 
off  along  this  line  invenety  pvoportional  to  the  squere  root  of  the  mooMnt  of 
inertia,  the  loeus  of  P  is  an  ellipwild  with  0  m  center. 
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5.  Find  the  momentB  of  InwUa  of  theie  aoUds  of  nnifonn  dendty: 

(a)  rectangular  parallelppiped  at>r,  ;ilx»ut  the  edge  a, 

(/3)  elHpeoid  xVa«  +  y^/b^  +  z^/c^  -  1.  about  the  z-axis, 

(y)  circular  cylinder,  about  a  perpendicular  bisector  of  its  axis, 

(I)  we4geciikfn«it]w47Uiiders^  +  y"Bi*bys  =  ±inx,  about  Its  edge. 

9.  Hud  the  toIuhio  of  the  nUA of  Bz.  6  (/3),  (d),  and  of  tho: 

(or)  trii«etangiiUurtetmliodn>iibefewo«mas|f«asOandc/a<f  y/b-f  «/e=:1, 

(/3)  solid  bounded  by  the  surfaces  j^J^i?~\  as,     =  ru,  /  =  8  a, 

(7)  solid  common  to  the  two  equal  perpendicular  ojUnders    +    =  a",  j-^  4.  <,f 


(«)  octant 


7. "  Find  the  center  of  gravis  in  Ex.  5  (S),  Ex.  6  (a),  </9),  (fl),  (<),  density  uniform. 

8.  Find  the  aroa  in  these  ca«eR :       (a)  bftween  r  =  a  sin  2  0  and  r  =  J  a. 

{fi)  bftwet- n  r*  =  2  cos  2  and  r  =  3i  a,  (7)  between  r  =  a  sin  ^  and  r=: 6 COS ^, 
(3)      =  2  a*  cos  2^,  r  cos^  =  \  v'3«,  («)  r  =  a(l  +  cos^),  r  =  a. 

9.  Find  the  momenu  uf  inertia  about  the  pole  for  the  cases  in  Ex.  8,  dendtj 
nnifonn. 

10.  Aswimfag  nnifonn  dwaity,  And  the  center  of  grwlty  of  the  atea  of  one  loop ; 
<a)  r"  =  S4*ooBS#^  rsa(l*ooe^%     (y)  rsaaln2#^ 

(I)  r s  asln*| ^  (nuJl  loop),     («)  dreidar eeotor  of  ao^e  Sor. 

11.  Find  the  momenti  of  inertia  of  the  areas  in  En.  10  (o),  ifl^  (y)  aboat  the 

initial  line. 

12.  If  the  density  of  a  sphere  decreases  uniformly  from  Do  at  the  center  toD^ 
at  the  surface,  find  the  mius.s  and  the  moment  of  inertia  about  a  diameter. 

13.  Find  the  toUil  vohune  of : 

(a)  (z«  +  v«  +  2^)^  =  axi/z,       03)      +     +  jS)"  =  27  a^xyz. 

14.  A  spherical  sector  is  bounded  by  a  cone  of  revolution ;  iind  the  center  of 
giavlty  and  the  moment  of  inertia  aboat  the  axle  of  roToIatloa  if  the  dendty 
Taries  as  the  nth  power  of  the  distance  from  the  center. 

15.  If  a  cylinder  of  liquid  rotates  about  the  axis,  the  diape  of  the  lozfaoe  is  a 
paraboloid  of  revolution.  Find  the  kinetic  energy. 

16.  Compote  J  0'^) ,  J  ('~~)  •  J  (^f^) 

17.  Sketch  the  region  of  integration  and  the  curves  a  =  const.,  v  =  const. ; 
hence  diow: 

\      /('i  v)^^V  —  I    I     /(u  —  uc,  uv) ududvy  if  u  =  y  +  2,  y  =  uv, 

r 

(7)  or  / — L-^dudo- r'' f"' V—^dwie. 
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10.  FtedtiwvoliiM«Cthecfliiiters9««»#bettPMtke«0M«BraBd 
IIm  piaMSsOL 

19.  Same  aa  Ex.  18  for  rrlindfr  r*  =  2a*  <xmi^  ;  and  find  the  n— t  0< 
inertia  about  r  =  0  if  the  denfsity  variea  M  tbe  diiUooe  from  r  =  0. 

20.  AfHniming  the  law  of  the  inrerse  square  of  tbe  distance,  phnw  that  the 
attraction  of  a  bomogeoeoiM  ipbere  at  a  point  outside  tbe  sphere  is  as  though  aU 

BMB  WMV  cwmwitiateJ  st  tlw  orator. 

21.  Find  the  attni'  ti'^iii  <.>f  a  right  circular  cone  for  a  panicle  at  the  rertex. 

22.  Find  the  attraction  of  (a)  a  aolid  cylinder,  a  cylindrical  aheil  upon  a 
pofnt  on  its  axis  ;  aithume  bomotreneity. 

23.  Find  the  poteouaia,  along  the  axes  only,  in  Ex.  22.  Tbe  poienlial  Baj  be 
deflned  w  Zr-*dbi»  or  a«  ^  ini^gnl  of  the  force. 

24.  Obtain  the  formulae  for  the  center  of  gravity  of  a  ifwrlffrill  Vtmwm 

and  explain  bow  they  could  be  derived  from  the  fact  that  the  center  of  gravity  of 
a  oolfofm  triangle  is  at  the  Inteweethm  of  the  medlaoa. 

S5.  Find  tbe  total  illumination  upon  a  circle  of  radius  a,  owing  to  a  light  at  a 
dlataaoe  k  abore  the  center.  Tbe  Olumlnatlon  Tariea  inrerMly  as  the  square  of  tbe 
distance  and  directly  as  the  eorine  of  tbe  an^^e  beiween  the  nj  and  the  nonnal 

to  tbe  surface. 

26.  Writ«>  the  limltA  for  the  examples  worked  in  ff  Mid  184 wheo  the  Inte- 
grations are  pexformed  in  various  other  onlere. 

27.  A  theorem  of  Pappus.  If  a  closed  phne  curve  be  revolved  about  an  axis 
which  does  not  cut  it,  the  volume  generated  is  equal  to  the  product  of  the  area  of 
fho  corro  hj  tho  diataooe  travened  bj  the  orator  of  gravity  of  the  area.  Fnnfo 
either  analytically  or  by  infiniterfmal  analysis.  Apply  to  various  figures  in  which 
two  of  the  three  quantities,  volume,  area,  position  of  center  of  gravity,  are  known, 
to  find  tbe  third.  Compare  Ex.  8,  p.  846. 

135.  Average  yalues  and  higher  integrals.  The  value  of  some  siiecial 
interpretation  of  integn^  other  mathematical  entities  lies  in  the 
ooneretenees  and  snggestivenees  which  would  be  lacking  in  a  purely 

--IjrtW  k-dlln,  »f  tk.  Porlb.  dmpl.  int.g«l//(.)* 

the  curve  y  ss/(x)  was  plotted  and  the  integral  was  interpreted  as 
aa  area;  it  would  have  been  possible  to  remain  in  one  dimension  by 
interpreting  f(x)  as  the  density  of  a  rod  and  the  integral  as  the  mass. 

In  the  case  of  the  double  integral  J*fi^f  V)^-^  conception  of  den- 
sity and  mass  of  a  lamina  was  made  fundamental ;  as  was  pointed  out, 
it  is  possible  to  go  into  three  dimensions  and  plot  the  surface  s  ^/(^  y) 
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and  interpret  the  integral  as  a  volume.  In  the  treatment  of  the  triple 

mtegral^^(»,    M)dV  the  dentitjr  and  mass  of  a  body  in  space  were 

made  fondamental;  here  it  woold  not  be  possible  to  plot «  z) 
as  thero  are  only  tbree  dimensions  available  for  plotting. 

Another  important  interpretadon  of  an  integral  is  found  in  the  con* 
oeption  of  «wfra0K»  «aliM.  If  ^.are  «»nnmbers,tlioaTetageof 

the  munbers  is  the  quotient  of  their  sun  by  a. 

a  a 

If  a  set  of  numbers  is  formed  of  minilKTs  q^,  and  nuinlx'is 
q^,  and  u\  numbers  9,,  so  that  the  total  uumber  of  the  numbers 
is  iTj  4-     +  •  •  •  +  w'l.j  the  average  is 

U7j  +  u?,  H  H  M^n  Si^i 

The  ooefReients  iff,,  «ff,, or  any  set  ot  numbers  which  are  pro- 
portional to  them,  are  called  the  weights  of  q^,  y,.  These  defi- 
nitions of  average  will  not  apply  to  findint,'  the  avorage  of  an  infinite 
number  of  nuinl)ors  Ixvause  the  denoniinator  n  would  not  be  an  arith- 
metical ninnlHT.  Hence  it  would  not  l>e  possil)le  to  ap{)ly  the  definition 
to  finding  the  average  of  a  function  f{jr)  in  an  interval     —  ^ 

A  slight  change  in  the  point  of  view  will,  however,  lead  to  a  defi- 
nition for  the  average  vahu  of  a  fwneiUm,  Suppose  that  the  interval 
«,SaBS2|  is  divided  into  a  number  of  intervals  Aor^,  and  that  it  be 
imagined  that  the  number  of  values  of  y  in  the  interval  Aor, 

is  proportional  to  the  lengtii  of  the  intervaL  Then  the  quantitiea 
Aa;^  would  be  taken  as  the  weights  of  the  values  and  the  average 
would  be 

y^^m,  -better  V-'^r^  W 
by  passing  to  the  limit  as  the  Afr/s  appxiach  sera  Then 


or 


In  like  manner  if  z  =j\j',  //)  be  a  function  of  two  variables  or 
a  —JX-Tf  y,  z)  a  function  of  three  variableSi  the  averages  over  an  area 
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or  volume  would  be  defined  by  fbe  integrals 

f  fix,  tf)dA  f  fix,  y.  M)dr 

  end   OUT) 

It  should  be  particularly  noticed  that  t/tt-  mine  <>/  tlw  avera^ft  it  de- 
fined  with  referenrf  to  the  tmriables  of  whir h  the  ftinrtion  averaged  in  a 
function  ;  a  rhanfje  of  variable  will  in  general  bring  about  a  change  in 
the  value  of  the  average.  For 

but  if         y^fim)*    W)  =  ~^fJV{m)dti 

and  there  is  no  reason  for  assuming  that  these  rety  different  ezprea- 
sioDS  have  the  same  nomerical  value.  Thns  let 

p-a^f       OSxSl,      xssmitf  OStS^rr, 

w 

=  \  jT'^te  - 1,      ^(t)  =  ±^J\m*tdt  =  \  ■ 

The  average  values  of  x  and  y       a  plane  area  are 

x^jjxdA,  y-^JydAy 

when  the  weights  are  t^iken  proi>ortional  to  the  elenieiits  of  area;  hut 
if  the  area  U'  ()e(  U])ied  hy  a  lamina  and  the  weights  be  assigned  as 
proportional  to  the  elements  of  mass,  then 


and  the  average  values  of  x  and  y  are  the  oo(tedinates  of  the  center  of 
gravity.  These  two  averages  cannot  be  expected  to  be  equal  unless  the 
density  is  constant.  The  first  would  be  called  an  area^verage  of  x  and 

y;  the  second,  a  mass-average  of  x  and  y.  The  mass  average  of  the 
square  of  the  distance  from  a  point  to  the  different  points  of  a  lamina 
would  be  *  p 

and  is  defined  as  the  radius  of  gyration  of  the  lamina  about  that  jK}int ; 
it  is  the  quotient  of  the  moment  of  inertia  by  the  mass. 
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At  a  proUem  In  avengM  oomiidar  the  determtniitioii  ot  the  eTenge  value  ot  a 

prniK^r  fmrtinn  ;  alsf)  tlic  average  value  of  a  proper  fraction  subject  to  tlu>  cnndi- 
tion  that  it  be  one  of  two  proper  fractions  of  which  the  sum  shall  be  less  than  or 
equal  to  1.  Let  x  be  the  proper  fraction.  Then  in  the  first  case 


J  =  -  I  xdx  =  -. 
1  Jo  fi 


In  the  second  case  let  y  be  the  other  fraction  so  that  x  +  y  ^  1.  Now  if  (x,  y)  be 
taken  aB  eoUdlimtee  In  a  pUuie,  the  laoge  is  over  a  triangle,  the  nnmber  of  points 
(j*.  v)  in  the  element  dzrfy  vrould  naturally  be  taken  as  proportional  to  the  area  of 
the  element,  and  the  avemge  of  z  over  the  region  would  he 

fjBiA         j^~'xdxdv     f\l-2y  +  y*)dy  ^ 

Now  if  X  were  one  of  four  proper  fractlone  whose  sum  was  not  greater  than  1,  the 
IwoUem  would  he  to  avenge  z  over  all  aete  vi  valoee  (s,  y,  a,  «)  sa1)|ect  to  the 
relation  x  +  ir4^s-fiiSl.  From  the  analogy  with  the  above  proUema,  the  reeult 
would  be  .... 

If         f  xdxdydidu 


XAxAtfAcAM 


J-.  1  /%l—U         1  —  ■  —  J  /• 


1 - ■  —  «  — f 


The  evaluation  of  the  quadruple  integral  gives  z  s  1/6. 

186.  The  foregoing  problem  and  other  pioUeme  which  may  arise 
lead  to  the  consideration  of  integrals  of  greater  multiplicity  than  three. 
It  will  be  sufficient  to  mention  the  case  of  a  qiiadmple  int^jiaL  In  the 
first  place  let  tiie  four  variableB  be 

a!,aajSj»„      y^sySifit      «.S«S«j,      ic,S«Sv,,  (12) 

included  iu  intervals  with  constant  limits.  This  is  analogous  to  the 
case  of  a  rectangle  or  rectangular  parallelepiped  for  doable  or  triple 
integrals.  The  range  of  values  of  a;,  ^,  x,  u  in  (12)  may  be  spoken  of 
as  a  rectangular  volume  in  four  dimensions,  if  it  be  desired  to  use  geo- 
metrical as  well  as  analytical  analogy.  Then  the  product  Ax^f^^Xf^u, 
would  be  an  element  of  the  region.  If 

X,  s    ^  T,  +        . . w,  ^  $i  ^  ff<  +  Am,, 

the  point  (^,,  i;,,  d,)  would  lie  said  to  lie  in  the  element  of  the  region. 
The  formation  of  a  quadruple  sura 

could  be  carried  out  in  a  manner  similar  to  that  of  double  and  triple 
sums,  and  the  sum  could  readily  be  shown  to  have  a  limit  when 


Digitized  by  Google 


836 


IIJTEGKAL  CALCULUS 


Aari,  Ayii  AC|,  Hug  approaoh  zero,  provided  /  is  eontinuoiii.  The  limit  of 
tills  sum  could  be  evsluated  by  itented  inte^ation 

hm^/AxAvA^A^     f   f   f   fVc**  V»  «t  u)dwktdydx 

•/a^  •/jr,  Jn^ 

where  the  order  of  the  integrations  is  immaterial. 

It  is  possible  to  define  regions  other  than  by  means  of  inequalities 
such  as  arose  above.  Consider 

-F(«»y»«»«)=0  and  F(x,y,u,u)^% 

where  it  may  be  awmimed  that  when  three  of  tiie  four  variaUea  are 
giyen  the  sedation  of  0  gives  not  more  tiian  two  values  for  the 
fourth.  The  values  of  ar,  x,  u  which  make  F  <  0  are  separated  from 
those  which  make  F  >  0  by  the  values  which  make  F  =  0.  If  the  sign 
of  F  is  so  chosen  tliat  large  values  of  x,  y,  z,  u  make  F  positive,  the 
values  which  give  F  >  0  will  be  said  to  lie  outside  the  region  and  those 
which  give  F  <  0  will  be  said  to  Ix?  inside  the  region.  The  vahie  of  the 
integral  of /(x,  y,  x,  u)  over  the  region  F^  0  could  be  found  as 

I      /  /  /  /(-Ff  y»  «i  u)dudzdydjr, 

where  u n »^(x,  ij,  x)  and  u s  «»^(x,  y,  z)  are  the  two solu^mi  dF^O 
for  tt  in  terms  of  y,  «,  and  where  the  triple  integral  remaining  after 
the  first  integration  must  be  evaluated  over  the  range  of  all  possible 
values  for  (x,  a).  By  first  solving  for  one  of  the  other  variables,  the 
integrations  ooald  be  arranged  in  another  order  with  properly  dianged 
limits. 

If  a  ehaiige  of  vsilalde  Is  sieetsd  suoh  ss 

the  integrals  in  the  new  and  old  variables  are  related  bj 

fffffi^W*'^*)^'^^fffffi^*^X,^^^^  (14) 

The  result  may  bo  accepted  iia  a  fact  in  view  of  its  analogy  with  the  results  (8)  for 
the  slinpler  casea  A  proof,  however,  may  be  ghren  which  will  wrve  equally  wdl 
as  another  way  of  establishing  those  resulu,  —  a  way  which  does  not  depend  on  the 
somewhat  loose  treatment  of  infinitesimals  and  may  therefore  W  ((•nsidfn'il  a.«< 
more  satisfactory.  lu  tlie  first  place  note  that  from  the  relation  (33)  of  p.  134 
faivolviiig  JacoMaiw,  and  from  its  gencrallntioii  to  Mveral  variablci,  It  appsan 
that  if  the  diangc  (14)  is  possible  for  each  of  two  transformatlcoa,  it  Is  pomtble 
for  the  cuocBwion  of  the  two.  Now  for  the  simple  transformation 
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idileb  Invc^Tw  only  one  varlftUe,  /  s  dw/dn',  and  here 

j /(«,  y, u)dif  =  j /(«,  y, «,     j^'l**'  =  //(«'. ^'t     I  ■'I 

and  eaeh  aide  maj  be  tntegrated  with  nepeet  to  «,  y,  t.  Hence  (14)  la  tma  in  thia 
oaae.  For  tlie  tnaatonuatten 

»  =  10.  ir  =  *(«'.ir',»'.«0.  a  =  x(«',ir'.«',iO.  «  =  (IT) 

which  inTotvea  only  three  variables,  J (f^Jj' ^  "  A  =//j'     M  and 

\»iirt»t»»/      V^,  ir.r/ 

/// ^'^^'^  ^'  ^'     ' *^  Wdv'dzT. 

and  each  side  may  be  Integratfd  with  resprrt  to  w.  The  rule  therefore  holds  in 
thia  case.  It  rvniains  therefore  merely  to  i>huw  that  any  tranaformation  (18)  may 
be  naolTed  into  the  aaooearion  (rf  two  aneh  as  (W),  (18'^.  Let 

«j  s=  X',      V^  =  V%  =  =  «(x',  v\  z\      =         y,,  Zj,  uO- 

Solve  the  efiuatinn  Hj  =  w(/j,  j/,.  z„  w')  for  «'  =  w,  (j-,,  y,,  Zj,  Uj)  and  write 

Now  by  virtue  (if  the  value  of  w,,  thia  is  of  the  type  (18"),  and  the  substitution  of 
Zj,     Zj,  u,  in  it  givea  the  original  tiantfoRnatioii. 

BxncmtB 

I,  Detennine  the  average  values  of  these  f unctionn  over  the  intervals : 

t 

(a)      0  ^  z  ^  10,       (/3)  ainx,  0  S  X  s  ^ 
(y)  aB»,OSxSn,      (a)  oome, OSxSi«. 

Detennfaie  the  average  Talnea  aa  faMlicaCed : 

<a)  ordinate  bi  a  aemtcirde  z*  +  y*  s  4^,  y  >  0,  with  %  aa  TarlaUe, 

oniinate  in  a  semicircle,  with  the  are  as  variable, 
(7 )  orrlinatc  in  semiellipse  j  —  n  ens  if>.  y  —  h  sin  ^,  with  <f>  as  variable, 
(i)  focal  radius  of  ellipHc,  with  equiangular  spacing  about  focua, 
(c )  focal  radlna  of  elllpee,  with  equal  apacing  along  the  major  azia, 
It)  chord  of  a  circle  (with  the  moat  natural  aaanmpCion). 

5.  Find  the  average  height  of  ao  much  of  theae  auxfacea  aalleaaboTe  the  ay-plane: 

(a)  j«>  +  y*  +  C*  =  tf*,      (/I)  «Ba*-j^«4Vt      (7)  «»«4-aS»-y«. 

4.  If  a  man^a  height  ia  the  average  height  <tf  a  conical  tent,  on  how  mneh  of  the 
floor  qpace  can  he  atand  erect? 

6.  Obtain  the  average  Taluea<rf  the  f (blowing: 

{a)  distance  of  a  point  In  a  square  from  the  center,     (/3)  ditto  from  vertu, 
(7)  distance  nf  a  \w,'\ut  in  a  oin  lo  frouj  the  center,      (3)  ditto  for  Kphere, 
(«)  distance  i  f  ;i  point  in  a  sjjhtrt'  from  a  fixed  point  on  the  surface. 

6.  From  the  S.W.  comer  of  a  townatiip  persona  start  in  random  directions 
between  N.  and  B.  to  walk  acnai  llie  townaii^  What  la  their  average  walkf 
WUch  baaltr 
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7.  On  each  of  the  two  leg!  of  a  rlc^  triangle  a  point  !•  adectod  and  tha  line 

jnininp^  them  is  drawn.    Show  that  the  average  of  tUe  an»  Of  theaquanOII  thli 

line  is  \  the  square  on  the  hypotenuse  of  the  triangle. 

8.  A  lino  joins  two  points  on  opposite  Hides  of  a  square  of  aide  O.  Wb»t  ia  the 

ratio  of  tlie  avt-rajje  square  on  tlie  line  to  Ihv  ^iven  scjuare? 

9.  Find  tlie  average  value  of  the  sum  of  the  squares  of  two  proper  fractious. 
What  arc  the  results  for  three  and  for  four  fractions? 

10.  If  the  sum  of  n  proper  fractions  cannot  exceed  1,  show  that  the  average 
value  of  any  one  ei  the  f  raetiona  la  l/(n  +  1). 

11.  The  average  valne  of  the  ^wodnet  of  k  proper  fraettona  to  2"*. 

IS.  Two  points  are  selected  at  random  within  a  circle.  Find  the  ratio  of  tlie 
average  area  of  the  circle  deecrihed  on  the  line  joining  them  aa  diameter  to  the 
areaof  theeirde. 

IS.  81iowthatJ  =  r*8ln^^8in#fortIietnuiifonDBtion 

ssrooetf,    y  ssraintfooe#^    assrdntfaln^coaf,    wsralntfainf  rinf, 

and  prove  that  all  valooa  of  «,  y,  a,  v  defined  l^s^  +  v*  +    -I-  «^    a*  areeovered 

by  the  range  O^r^a,  O^S^w,  OS^Sr,  OS^S  Sw.  What  range  vrill 

cover  all  positive  values  of  JS,  y,     u  ? 

14.  The  sum  of  the  squaren  of  two  proper  fractiooa  cannot  exceed  1.  Find  the 

average  value  of  one  of  the  fractions. 

15.  The  same  as  Ex.  14  where  three  or  four  fractions  are  involved. 

16.  Note  that  tlic  solution  of  Uj  =  wfjj,  i/,,  r,.  u')  for  «'  =  W|(/,,  y,,  r,,  u,) 
requires  that  tu/cu'  shall  not  vanish.  Show  that  the  hypothesis  that  J  does  not  van- 
ish In  the  region.  Is  soffldent  to  show  that  at  and  in  the  nelghhorhood  of  each  point 

{z,  y,  z,  u)  there  must  be  at  least  one  of  the  16  derivatives  of  ^,  f ,  x«  by  s,  y,  c, « 
which  does  not  vanish  ;  and  thus  complete  the  proof  of  the  text  that  incafu-  J  0 
and  the  16  derivatives  exist  and  are  continuoius  the  ctiaage  of  variable  is  sui  gi\t  n. 

17.  The  intensity  of  light  varies  inversely  as  the  square  of  the  distance.  Find 
the  average  intensity  of  illumination  in  a  hemlq>herical  dome  lighted  by  a  lamp 
at  the  top. 

IS.  If  the  date  be  aa  In  Ex.  12,  p.       find  the  average  density. 

137.  Surfaces  and  surface  integrals,  (^onsidor  a  sorfaoe  which  has 
at  each  point  a  tangent  piano  that  change.s  coiitin- 
viously  from  point  to  ])oint  of  the  surface.  Consider 
also  the  projection  of  the  surface  ujM>n  a  ]>laue,  say 
the  xy-plaue,  aud  assiuue  tliat  a  line  perpoudicular 
to  the  plane  eats  the  surface  in  only  one  point      9      ji| i 
Over  any  elNnent  dA  of  the  projection  there  will    Z  'McU 
be  a  email  portion  of  the  surface.  If  this  small 
portion  were  plane  and  if  its  normal  made  aa  angle  y  with  the  c-aauS| 
the  aiea  of  the  surface  (p.  167)  would  be  to  its  projection  as  1  is  to 
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ooB  y  and  would  be  aeo  ydA.  The  Talue  of  oos  y  may  be  lead  from  (9) 
mi  page  96u  This  raggerte  that  the  quantity 

be  taken  as  the  ih  tinition  of  th»'  nrpit  nf  the  siirfntw,  where  the  doublt 
integral  is  extended  over  the  projection  of  the  surfacf  ;  and  this  defi- 
nition will  l>e  adopted.  Tliis  definition  is  really  dependent  on  the 
particular  plane  ujx)n  whieii  the  surtaee  is  j)rojeeted ;  that  the  value  of 
the  ai-ea  of  the  surface  would  turn  out  to  \yd  the  same  no  matter  what 
plane  was  used  for  projection  is  toleiably  apparent,  but  will  be  jwoved 
later. 

Let  the  area  cut  out  of  a  hemisphere  by  a  cylinder  upon  the  radiua  of  the 
beiiiliplMre  u  diameter  be  evaluated.  Here  (ur  by  geometty  dlieetly) 


+  ^  +  «•  =  o«» 


cz 

99 


This  integral  may  be  evaluated  directly,  but  it  is  lietter  tu  traosfurm  it  to  polar 
ooBrdlnates  In  the  plMie.  Then 

* 

It  is  clear  that  the  half  area  which  lien  in  the  first  octant  could  Ih*  projected  upon 
the  Sf-plsne  and  thns  evalnnted.  The  vision  over  which  the  integration  would 
extend  is  that  between  f *  =  a*  and  the  projection 

2*  4-  or  =  a*  of  the  curve  of  intersection  of  tlie  sjiliero 
and  cylinder.  Tlie  pntjectiun  could  ali>o  be  made  on  the 
yx-pUuie.  If  the  area  of  the  cylinder  between  s  =  0  and 
the  sphere  were  desired,  projection  on  s  ss  0  would  be 
UKcIesK,  projection  on  x  =  0  would  be  involved  owing  to 
the  overlapping  of  the  projection  on  itself,  but  projection 
on  y  =  0  would  be  entirely  feasible. 

To  ehow  that  the  definition  of  area  does  not  depend, 
except  apparently,  upon  the  plane  of  projection  couHider 

any  second  plane  which  iii:ik(M  !\n  an;;le  0  witli  flic  first.  T.et  the  line  of  inteXSeo* 
tion  be  the  y-axin;  then  from  a  figure  the  new  cuurdinate  z'  is 


s^sxcoetf +  saintf,  ysy,  and  J 


'=      =:cae9+  sin^, 

(J,  v)      ix  cx 


J  J  COSY    J  J    (x',  y)  COSY    J  J  e(my{eM0  +  p 


ain^ 


It  remains  to  show  tliat  the  denominator  cos  ^(costf  -K  y  sin^  =  cos  y'.  Referred 
to  the  original  axea  the  dlieetlon  ooalneB  of  the  nonnal  are  ^y :  •  g  :1,  and  of 
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the  z'-«da  M»  —  atntf  :0:OM^.  The  oodiM  of  the  M^e  iMtweon  theie  Uims  it 
therefore 

,    pgin^+O  +  rns^    pmn6  +  cm0  ,  .  ^ 

VMy'zn- — —— —  -    —   i  ssoMv(oastf  +J>8in^. 

Hence  the  new  fonn  of  the  area  Is  the  integral  of  k<'c  7 '(i.r  an<l  e»iual8  the  old  form. 

The  integrand  dS  s  sec  y^A  is  called  the  element  of  surface.  There 
are  other  forms  such  as  dS  =  see  (r,n)r*  sin  where  (r,  n)  is  the 

angle  Vn^tween  the  radius  vector  and  the  normal ;  but  they  are  usod 
coniparativi'ly  little.  The  j)ossessiou  of  an  expression  for  tlu-  t-lenient 
of  suiface  affords  a  means  of  eoniputiiif^  nvrriKje.s  ort-r  surfnvrs.  For  if 
n  —  u  (x,  y,  be  any  function  of  (x,  y,  z ),  and  z  =  f{jc,  y)  any  suiface, 
the  integral 

«  =  ^.J"  «(»,y,«)rf'S=  J  ^ »(ar,y,/)VT+7NT^y  (16) 

will  Ik»  the  aveniL^'t^  of  //  over  tlif  sin  iacf  N.  Thus  the  average  hei^t 
of  a  hemisphere  is  ^for  the  surfiu-*'  average) 

whereas  the  average  height  over  the  diametral  plane  would  be  2/3. 
This  illustrates  again  the  fact  that  the  value  of  an  average  depends 

on  the  assumption  made  as  to  the  weights. 

138.  If  a  surface  «  =/(j-,  y)  be  divided  into  elements  A5„  and  the 
funetion  ?/  f.r,  z)  lie  formed  for  any  jjoint  (^,,  i;,,  f.)  of  the  elenient, 
and  the  sum  l)e  extended  over  all  the  elements,  the  limit  of 

the  sum  as  the  elements  Imm-ouib  small  in  every  direction  is  defined 
as  the  surface  integral  of  the  function  over  the  surface  aud  may  be 
evaluated  as 

lim2^u(^j,  in,  it)^Si^  Ju(x  y,  »)dS 

= jj«    y,  /(^,  y)  J  Vi  +A'+f;'  ^^y- 

That  the  sum  approaohes  a  limit  independently  of  how  (^(,  i^f,  It)  is 
chosen  in  A5|  and  how  ASt  approaches  zero  follows  from  the  &et  that 
the  element  «(^|,  if^,  {i)A>9«  of  the  sum  differa  uniformly  from  the 
integrand  of  the  double  integral  by  an  infinitesimal  of  higher  order, 
provided  «(x,  y,  x)  assumed  continuous  in  (x,  y,  c)  tot  points  near 
the  surface  and  vT+j^^+J^  be  continuous  in  (x,  y)  over  the  surface. 

For  many  jnirposes  it  is  more  eonvenient  to  take  as  tlie  normal 
form  of  the  integrand  of  a  surface  int^^ial,  instead  of  ndS,  the 
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product  RcMydS  of  a  InnctUm  R(x,  y,  «)  by  ihe  oosine  of  the  in- 
clination of  the  surface  to  the  x-axis  by  the  element  dS  c/l  the  surface. 
Then  the  integral  may  be  evaluat^^d  over  either  aide 
of  the  surface;  for  R{x^  y,  x)  has  a  definite  value 
on  the  surfaee,  is  a  positive  quantity,  but  cos  y 
is  positive  or  nej^ative  aoeording  as  the  normal  is 
drawn  on  the  upjH'r  or  lower  hide  of  the  surface. 
The  value  of  the  iategral  over  the  surface  will  be 


J* U(jc,  y,  x)  cos  Yiii=JJ*Jidxd}/    or    -JJ*Rdxdy  (18) 

according  iw  the  evaluation  is  made  over  the  upper  or  lower  side.  If 
the  function  Ji  (x,  y,  z)  is  eontinnoiis  over  the  surfebce,  these  integrands 
will  be  finite  even  when  the  sorfiuse  becomes  perpendienlar  to  the 
jry-{^e,  which  might  not  be  the  case  with 
an  integrand  of  the  form  u(»,  y,  u)dS, 

An  integral  of  this  sort  may  be  evaluated 
over  a  closed  surface.  Let  it  be  assumed 
that  the  surface  is  cot  by  a  line  ])arallel  to 
the  «-axis  in  a  finite  number  of  points,  and 
for  convenience  let  that  numVxT  Ix'  two.  I^et 
the  normal  t(»  tlie  surfaee  U*  taken  con- 
stantly as  the  ext^-rior  normal  (some  take 
the  interior  normal  with  a  resulting  change 
of  sign  in  some  t'onuulas),  so  that  for  the 
upper  partof  the  surfaee  co8y>0  and  fcHT  Njt 
the  lower  part  oos  y  <  0.  Let  «  ^f^ixt  y) 

and  m  ^/^(x,  y)  be  the  upper  and  lower  values  of  «  on  the  surfaoe.  Then 
the  exterior  integral  over  the  dosed  surface  will  have  the  form 

Jjrcoeyrf5=jJiJ[a^y,/,(«,y)]cferfy-^  (IS") 

where  the  double  integrals  are  extended  over  the  area  of  the  prajeotkm 
of  the  surfaee  on  the  ory-plane. 

From  this  form  of  the  surface  integral  over  a  closed  surface 
it  apjK'ars  that  a  surface  intei^rral  over  a  closed  surface  may  l)e  ex- 
pressed as  a  volume  integral  over  the  volume  inclosed  by  the  surface.* 

■  Certain  restrictkMM  upon  the  fiinctinns  and  derivatives,  an  r«>Kardn  their  becoming 
Infinite  and  tliu  like,  miint  hold  upon  and  within  th<*  surface.  It  will  be  quite  sufBcient 
if  the  functions  and  derivatives  remain  tiuite  and  continuous,  but  such  extreme  conditioni 
an  by  ■ 
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For  by  the  role  for  integialdon, 

Henoe  jRoMydSsz  j 

(19) 

if  the  symbol  O  be  need  to  designate  a  closed  surfaee,  and  if  the  double 
integral  on  the  left  of  (19)  be  understood  to  stand  for  either  side  of 
the  equality  (18*).  In  a  similar  manner 

- ■  jOC  - iF  S    =/ S  *"'• 

r  r/dp   CO  dR\ 

Then  J  (P  cos  a Q  cos  fii- 1{  cony)  dS  -  J  ^a^  +  ^+^j^^' 

orJ£  {Pdydz  ^  QdMdx  +  Rdady)  (~  + +  ^)  dxdf^ 

follows  iimnediat^^ly  by  nu'it'ly  adding'  the  tliicc  ('([uulitit's.  Any  one  of 
these  equalities  (19),  (20)  is  soiiiet iiiies  called  (itiiiss's  Formnht,  soiiif- 
tiiiics  dri  i'n's  Lt  minii,  tiuiutitiuies  the  divergence  formula  owing  to  the 
iiiterj)retutiou  Indow. 

The  interpretation  of  Gauss's  Formula  (20)  by  vectors  is  important. 
From  the  viewpoint  of  vectors  the  element  of  surface  is  a  vector  iS 
directed  along  the  exterior  normal  to  the  surface  (§  76).  Constroet  the 
vector  function 

FCr,  »/,  z)  =  \P(.r,  //.      +  ]Q(-r,  »/,  x)  +  YR(t,  y,  z). 

Let    (/S  =  (i  cos  tf  +  j  cos  /3  -H  k  cos  y)  i/s  =  ida^  -f  jua,  -\-  kr/A',, 
where  dS^,,  dSg,  dS^  are  the  projections  of  dS  on  the  coOidinate  plaaea. 
Then  PcM€tdS  +  QeMfidS  +  RcMydSssTUtS 

where  rf5„  dSg,dS,  have  been  replaced  by  the  elements  dt/dz,  dxdx,  dxdy, 
which  would  be  used  to  evaluate  the  integrals  in  reotmgular  coordinates* 
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without  at  all  implying  that  the  projections  dS,,  dS^,  dS^  are  artnaUy 
lectangnlar.  The  «wmhination  of  partial  derivafeiTeB 

where  V.F  is  tlie  symbolic  scalar  product  of  V  and  F  (£x.  9  below)f  is 
called  the  divergence  of  F.  Hence  (20)  becomes 

JdiyFUV=  Jv»FdV^ Jl^dS,  (20") 

Now  the  function  F  (x,  y,  z)  is  such  that  at  each  point  (z,  y,  t)  of  space  a  vector 
b  defined.  Such  a  function  is  seen  in  the  velocity  in  a  moving  fluid  such  as  air  or 
water*  The  pictiire  of  a  aealar  fanotioii «(««  y,  t)  was  hy  mssns  of  the  nurihees 

«  =  con«t. ;  the  picture  of  a  vector  function  P(x,  y,  z)  may  be  fooild  In  the  I 
of  cur^'eji  tangent  to  the  vector,  the  stream  line*  in  the  fluid 
if  F  be  the  velocity.  For  tlie  immediate  purposes  it  is  better 
10  comider  the  function  F(«,  y,  •*  the  flux  2)?,  tiM  i^iod- 
uct  of  the  density  in  the  fluid  by  the  velocity.  With  this 
interpretation  the  rate  at  which  the  fluid  flows  tlirough  an 
element  of  surface  dS  is  Xhr>dS  —  F<dS.  For  in  the  time 
dt  the  fluid  will  sdTBuee  along  a  stream  Hue  by  the  amount 
rdt  and  the  veliune  ot  Uie  t^lhidrical  volume  of  flnid  which  advances  throng  the 
surface  will  he  T*(fS<tt.  Hence  I  />v>d8  will  be  the  xate of  diminntlon  ol  the  amocsk 
of  fluid  within  the  clo«e<i  surface. 

As  the  amount  of  fluid  in  an  element  of  Tolome  dF  Is  Dtf  F,  the  rate  of  diminution 
cf  the  fluid  in  the  dement  of  vdame  is  —  aD/M  where  aJD/Mlsthersteof  inerMss 
of  the  denrfty  D  at  a  point  within  the  element.  The  total  rate  of  diminution  of  the 
amount  of  fluid  within  the  whole  volume  is  therefore  —  2dD/dtdV,  Henoe,  loj 
virtue  of  the  principle  of  the  ludeHtructibility  of  matter, 

Now  If  tx,  Tp,  r,  be  the  components  of  v  so  that  P  =  Da^,  Q  =  Dr,,  R  =  Dv,  are 
the  components  of  F,  a  comparison  of  ('^1),  (20').  (20")  Rhows  that  the  integrals  of 
dD/dt  and  div  F  are  always  e(]ual,  and  hence  the  integrands, 

dl)     cP     tQ     ?R     aDrx  ,  tDv^  ,  tDv, 

 iT  —  -    +  ^»  ^■  ,    —  "TT'  + 

it     OX     &y     ii  &y  dt 

are  equal ;  that  Is,  the  sum  +  Q'^  +  li^  represent*  the  rate  of  diminution  of 
density  when  iP  +  jQ  +  kK  is  the  flux  vector;  this  combination  is  called  UlS 
divergence  of  the  vector,  no  matter  what  the  vector  F  really  representa 


Not  only  may  a  surface  integral  be  stepped  op  to  a  rolame 
integral,  but  a  line  integral  around  a  closed  curve  may  be  stepi>ed  up 
into  a  surface  integral  over  a  snrftoe  which  spans  the  curve.  To  begin 
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with  the  tiinple  oue  of  a  line  integral  in  a  planei  note  tiiafc  faj  the 
eame  reasoning  as  above 

This  is  sometimes  oaUed  Oreeit**  Lemma  /br  ^ptam  in  distinetion 
to  the  general  Gzeen's  Lemma  for  spaoe.  The  oppo- 
site signs  must  be  taken  to  presenre  the  direotioa 
of  the  line  integral  about  the  contour.  This  result 
may  be  used  to  establish  the  rule  for  transforming  a 
double  integral  by  the  ohange  of  variable  xss^(u,  v), 
y  a  ^(«,  v).  For 


(The  donUe  signs  have  to  he  introdnoed  at  first  to  allov  for  the  ease 
where  J  is  negative.)  The  element  (A  area  iA  « |/|  Auiv  is  tfaeiefote 

established. 

To  obtain  the  formula  for  the  conversion  of  a 
line  integral  in  s]>ace  to  a  surface  integral,  let 
P(x,  z)  l)e  given  and  let  z=f(x,  y)  be  a  surface 
spanning  the  closed  curve  O.  Then  by  virtue  of 
g  =f{Xf  y)t  the  function  P  {^x,  y,     =  Pj(jr,  y)  and 

X-     =//-  ^  -  -//(g  -  g  i)-^. 

where  O'  denotes  the  ^ii  ojection  of  O  <m  the  a-y-plane.  Now  the  final 
double  integral  may  be  tnuisformed  by  the  introduotioii  of  the  oosines 
of  the  nomud  direction  to  »  y). 

cos  /J :  C03  y  =  —  7  : 1,    dxdy  =  cos  ydS^  t^dxdy  =  —  eoa  /W-S  «  —  dxd». 
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If  this  result  and  those  obtained  by  permuting  the  letters  be  added, 
{Pdx  +  Qiy  +  RdM) 

This  is  known  as  Stokca's  Formula  and  is  of  especial  importance  in 
hydromechanios  and  the  theory  of  elcctromapnetisin.  Not«  that  the 
line  int(!gral  is  canifJ  around  the  rim  of  the  surface  in  the  direction 
which  ap])ears  positive  to  one  standing  u])oii  that  side  of  the  surface 
over  which  the  surface  integiul  is  extt'nded. 

Again  the  vector  interpretation  of  the  result  is  valuable.  Let 

F(x,  y,  z)  =  i/>(a-,  y,  z)  +  jQ(x,  y,  «)+  kiJ(x,  y,  «), 
JdR     dQ\  ,  ./dp     dR\  ,  ./dQ  dP\ 

Then  J^'*^^^f  '^"'^  ^'^^  =J"v»«F.«iS,  (23') 

where  T^F  is  the  symfaolU}  vector  product  of  V  and  F  (Ex.  9,  below), 
is  the  form  of  Stokes's  Formula;  that  is,  the  line  integral  of  a  Toctor 
around  a  closed  curre  is  equal  to  the  snrfuie  intogial  of  the  curl  of  the 
yector,  as  defined  by  (24),  around  any  sur&oe  which  spans  the  curve. 
If  the  line  integral  is  zero  about  every  closed  curve,  the  sur&oe  inte- 
gral must  vanish  over  every  surface.  It  follows  that  curl  F  =  0.  For 
if  the  vector  curl  F  failed  to  vanish  at  any  point,  a  small  plane  sur- 
face (fS  perpendicular  to  the  vector  might  be  taken  at  that  point  and 
the  integral  over  the  smfaee  would  l>e  apj)roxiniately  [curl  F|</5  and 
would  fail  to  vanish,  —  thus  contradicting  the  hypothesis.  Now  the 
vanishing  of  the  vector  curl  F  requires  the  vanishing 

of  each  of  its  components.  Thus  may  be  derived  tiie  condition  that 
Pdz  +  Qiff  +  Rtbt  be  an  exact  differential. 

If  F  be  inteipxeted  as  the  velodty  t  f  n  a  ilald,  the  Integnl 

of  the  component  ol  the  velocity  along  a  curve,  whether  open  or  dosed,  is  called 
the  dreiiloffeii  of  the  fluid  along  the  curve;  It  might  be  more  nataial  to  deflne 
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die  integral  of  the  flu  Dr  along  the  eurre  as  the  ciieulatloii,  bat  thfa  la  not 

the  convention.  Now  if  tin;  velocity  be  that  due  to  rotation  with  the  angular  veloc- 
ity a  about  a  line  through  the  origin,  the  circulation  in  a  closed  curve  is  readily 
compute*!.  For 


The  clrenlation  is  therefore  the  product  of  twice  the  angular  velocitj  and  the  area 

of  the  surface  inclo8e«l  by  the  curve.  If  the  circuit  be  taken  Indetlnitcly  nmall,  the 
intetjral  is  2a>(/S  and  ;\  coniparisnn  witli  ("i.T)  shows  thiit  curl  v  =  2  a;  that  is,  tin- 
curl  uf  the  velocity  due  tu  rotation  about  an  axis  is  twice  the  angular  velocity  and 
is  constant  in  magnitude  and  direction  all  over  space.  The  general  motion  of  a 
fluid  is  not  one  uf  niiiform  rotation  about  any  axis;  in  fact  if  a  small  element  of 
fluid  lie  considered  and  .in  interval  of  time  St  be  allowed  to  ehijxse.  the  element 
will  have  moved  into  a  new  poMlion,  will  liave  been  somewhat  deformed  owing  to 
the  motion  of  the  flnld,  and  will  have  been  somewbai  rotated.  The  Teetor  cuil  t, 
as  defined  in  (84),  may  be  shown  to  give  twice  the  instantaneous  angular  velocity 
of  the  element  at  each  point  of  space. 


1.  Find  tlic  areas  of  tlie  fidlowin^' Mufares  : 

(tt)  cylinder  X'^  +  y'^  —  ax  =  0  includetl  by  the  sphei-e  x*  +     +     =  u*, 

x/a  +  y/&  +  c/e=l  in  first  octout,    (7)  j:3  +  y*  +  «^sa'abover  =  acosN^ 
{»)  q>bere  2^  +  jr'  +    ^     above  a  square  \x\Sb,\ff\^b,b<  )  V2a, 

( <  )  z  —  ly  over     +  j/*  =  a',       ( f)  2  <7Z  =     —     over     =     cos  0, 

+  (xcosa  +  yslna)'  =  a'  in  first  octant,      (^)  z  -  zy  over  r*  =  cos 2^, 
( I )  cylinder  jr^  +  y*  =  ct*  intercepted  by  equal  cylinder     +     =  a>. 

2.  Cmnpiit*'  the  fullDwitii;  sujK'rfiriai  averages: 

(a)  latitude  of  places  north  of  the  equatur,  AitM,  82^®. 

ordinate  in  a  right  circular  cone  IC^^j^  +  yp)  —  a'^(z  —  A)"  =  0, 
(v)  illumination  of  a  hollow  spherical  surface  tqr  a  light  at  a  point  of  it, 
(8)  ilhmdnation  of  a  hendspherical  surface  by  a  distant  light, 
(c)  rectilinear  distance  of  points  north  of  equator  from  north  pole. 

3.  A  theorem  of  Pappu><:  If  a  doeed  or  open  plane  curve  revolved  about  an 
axis  in  its  ]ilano,  the  area  of  the  surface  jreneratefl  is  equal  to  the  pnxlurt  of  the 
length  of  the  curve  by  the  distance  described  by  the  center  of  gravity  of  the  curve. 
The  curve  shall  not  cut  the  axis.  Prove  either  analytically  or  by  inflniteslmal 
analysis.  Apply  to  various  figures  in  which  two  of  the  three  quantities,  length  of 
curve,  area  of  surface,  iMMutlon  of  center  of  gravity,  are  known,  to  find  the  third. 
Compare  Ex.  27,  p.  ;W2. 

4.  The  surface  integrals  are  to  be  evaluated  over  the  closed  surfaces  by  ezptes^ 
ing  them  as  volume  integrals.  Try  also  direct  calculation  : 

(ff)  ff^Mi/dz  +  aeydzc^  -f  Sfdnb)  over  tlie  spherical  surface  X*  +  y*  +  s*  s  a*. 


(/S)  j  /  {x^dydz  +  y'hUdz  +  z^dxdy),  cyliutlrical  surface     +     =  f *»   «  =  ± 
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(y)       [(x'  —  yz)  dydz  —  2  xydidz  -f  dxdyj  over  the  cube  0  €        2  ^  a, 

(«)      SHiycIe  =  JJ i/fi^t/z  =  JJ zdsdy  =  i  JJ (Mlyib+  ydxcb  +  nlHrv)s  F, 

(()  Ciilculute  the  line  integrals  ot  Ex.  8,  p.  297,  around  a  cluiivd  path  formed  by 
two  pftUia  then  given,  by  allying  Greenes  Lemma  (22)  and  evaluating  the  remlt- 
ing  double  intQgrab. 

5.  If  X  =  ^|(u,  c),  y  -  0j(u,  I),  z  ^,(u,  V)  are  the  parametrie  equations  of  a 
aniface,  the  direction  ratios  of  tbe  normal  are  (see  Ex.  16^  p.  181^ 

COsa:co«^:C067  =  J, if    Jt     J  (ti*hJ^i±ij , 

Show  1^  that  the  area  of  a  surface  may  be  written  as 


5  =      —dil^Ltdli3tdy  =  jj  y/jl  +  Ji  +  Ji  dudv  =  JJ  -^aa  -  FHudo, 

^'sCs/-  ''=si^r'  '-zk^' 

and  ib^BM«  +  2ftfiHiv+<M«». 

Show  2^  that  the  surf  aee  Integral  of  the  first  type  becomes  merely 

JJ/(^,  V,  z)6>icrUdy  =  JJ/(*|,  ^„  tt)  Vag  -  FMudv, 

and  detemiine  tlit-  iiitc;:ran(l  In  the  case  ot  the  developable  surface  of  Ex.  17,  p.  148. 

Show  3*'  that  if  z  =/i({,  if,  f),  y  =f-,{i,  {"),  z  =/j{{i  f)  transformation  of 
8pa<:e  which  transforms  the  above  surface  into  a  new  surface  (  =  f  |(u,  0),  i;  =  f  ,(u,  v), 

Show  4*  that  the  surface  Integral  of  tbe  seomid  ^pe  becomea 

where  the  intepration  is  now  in  terms  of  tin-  new  variables        f  in  place  of  x,  y,  z. 

Show  5°  that  when  It  =  z  the  doiiblc  iiitcirral  iil)ove  may  be  transformed  by 
Green's  Lemma  in  such  a  manner  as  to  establish  the  formula  for  change  of  variables 
in  triple  integrals. 

6.  Show  that  for  vector  surface  integi-als J  UdS  =  J V  L'd  V. 

7.  Solid  angle  a»  a  surface  integral.  The  area  cut  out  from  the  unit  sphere  by  a 
cone  with  its  vertex  at  the  center  of  the  sphere  is  called  the  nolifl  amjir  w  subtended 
at  tlie  vertex  of  the  cone.  The  solid  angle  may  also  be  defined  as  the  ratio  of  the 
ana  cut  out  upon  any  sphere  concentric  with  the  vertex  of  the  cone,  to  the  square 
d  the  radius  of  the  sphere  (compare  the  definition  of  the  angle  between  two  lines 
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In  ndlans).  Show  geometrically  (compare  Ex.  10,  p.  297)  that  the  inflnitenimal  wlid 

angle  du  of  tlip  cone  wliich  joins  the  ori;Lrin  r  ~  0  to  th«'  ix'riphery  of  the  element  dS 
of  a  surface  is  =  coe(r,  n)d:i/r*t  where  (r,  n)  ia  the  angle  between  the  radios 
pxoduoed  and  the  outward  normal  to  the  mrfaea.  Henoe  diow 

J  J    r*      J  r*  dn  J  dn  r  J  r 

where  the  integrals  extend  over  a  surface,  is  the  aolid  angle  subtended  at  the  origin 
by  that  surface.  Infer  further  that 

-f  ^-«  =  *«  or  -r-iidS  =  0  or  -  f  ±li8^0 

according  as  the  point  r  =  0  is  within  the  dosed  surface  or  outside  it  or  ui>on  it 
at  a  point  where  the  tangent  planee  envekq^  a  oone  of  aolld  angle  0  (usually  2  «■). 
Kote  that  the  f oimuU  maj  be  applied  at  an^  point  ((,    {)  if 

f«=(e-x)«+(,-if)«+(r-«)« 

where  (z,  y,  z)  is  a  point  of  the  snrface. 

8.  Oaxut'a  Integral.  Suppose  that  at  r  =  0  there  is  a  particle  of  nia«.s  m 
which  aUraeta  according  to  the  Newtonian  Law  F—m/r*.  Show  that  the 
potential  la  Fs— m/r  ao  that  Wss^YV,  The  induetlim  or  flax  (aee  Bz.  19, 

p.  806)  of  the  force  F  outward  acrowi  the  element  <fS  of  a  surface  is  by  definition 
—  Fco8(F,  n)dS  =  F*dS.  Show  that  the  total  induction  or  flux  of  F  aotoai  a 
surface  is  the  surface  intefi:ral 

Jr^s- J'd8.VK  =  -y  —  dS  =  iii  fdB>V^l 

and  rF^S  =  -^  rds.vr==il  rl^^ds, 

4w  Jo  €wJo  4w  Jo  da  r 

wlMie  the  ■mfaeelntegnl  eztenda  over  a  auifaee  aomonding  a  point  r  s  o,  is  tlie 
f ormnla  for  ohtafning  the  naaa  m  within  the  auifaee  from  the  fleid  of  f oiee  W 
which  !r  set  up  by  the  niajis.  If  there  are  aeveral  mawM  m|,  ffi|,  dtnated  at 
poiuu  di,  111,  fl),  (fj,  n,,  fa),  •  let 

F  =  F|  +  F,  +  --,     T'=  r,  +  r,  +  ..., 

be  the  force  and  potential  at  (g,  y,  «>  dne  to  the  ma— «,  Show  that 

—  rFHi»  =  -l-  rd8.VrB--Ly  f  ~ldS=ymt  =  M,  (26) 
4wJo  4wJo  4x^Jodn.n       ^  ^  ' 

where  2  extends  over  all  the  masses  and  Z'  over  all  the  masses  within  the  surface 
(none  being  on  it),  gives  the  t<>tal  mass  M  within  the  surface.  The  integral  (25) 
which  gives  the  mass  within  a  surface  as  a  surface  integral  is  known  as  Gauss's 
Integral.  If  the  force  were  repidaiTe  (aa  in  electricity  and  magnetiam)  initead  off 
attracting  (aa  In  gravitation),  the  reaolte  wouid  be  V  =  m/r  and 

4wJo  4w  Jo  Am^Jodnrt        ^  ^  ' 
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9.        =       +  j  —  "''^ai***      operator  deAiied  on  page  172,  show 

bf  tonnal  opMBition  OB  F  K  PI  +  Ql  4*  me*  Slum  ftuCber  that 

vxvir = 0,    vv.F  =  0,     (v.v)  (•)  =     +  ^  +  ^)(,), 

Vic(V»r)  =  V  (V-I)  ~       V     (write  tho  CwtedMi  fonn). 
Show  that       IT  sV.(Vir).  If  a  is  a  eolutaat  unit  vwtor,  ahow 


F  =  —  coa  a  +  —  C508/I  +  —  C06  7  = — 

lithadiiMtloiialdflrinitiTeof  FlnlhedixootlODV.  Show  (dr^F  s  dF. 

10.  Green's  Formula  (space).  Let  y,  t)  and  G  (x,  z)  be  two  funotions 
BO  that  VF  and  TO  become  two  vector  InnetlooB  and  F70  and  &9F  two  other 
vector  fanctlona.  Show 


and  the  similar  expressions  which  nn-  the  Cartesian  fH|niv;ih>nta  of  the  above  veotor 
forms.  Apply  Green's  Lemma  or  Uauas's  Formula  to  show 

JTfVOhIS  =  f VF»VadV  +  jFVJ9QdV^  (M) 
JjSVF-dS  =J  VF^VGdV+J  GV^VFdVt  (26') 
f(FVG  -  GVF)'dS  =J (FV.VO  -  GV.Vf')dr,  (26") 

The  formulas  (26),  (26^),  (26")  are  known  m  Green's  Formulas ;  in  particular  the  first 
two  are  nKyrametric  and  tl>e  third  synunetric.  The  onlinary  Cartesian  forms  of 
(26)  and  (20")  are  given.  Tlie  expression  d^F/dx^  +  ff^F/dy*  +  S*F/H*  is  often 
'  written  aa  AFfor  bverily ;  the  vector  form  b  V*VF. 

11.  From  the  fact  that  the  Integral  of  F*dr  has  opposite  valuer  when  the  curve 
is  traced  in  opposite  directions,  show  that  the  integral  of  VxF  over  a  closed  surface 
vaoiahee  and  that  the  intepal  ol  V*TkF  over  a  volume  vanlahea.  Infer  that 
▼•▼xFsOl 
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19.  B^dnoe  tha  Intaignl  of  VxVU  over  vaj  (open)  aoifeoe  to  tiie  diflemiee  In 
thevatiMeol  irattm>aMiiep(dntoof  tbeboondinf  carve.  &iiee  Infer  V»V17  s  0. 

IS.  Comment  on  the  nmnrk  Hint  the  line  inte!grBl  of  a  vector,  integnl  of  V-dlr, 

Ir  around  a  curve  and  along  it.  whereaa  the  surface  intej^ral  of  a  vector,  inte^^l 
of  F>(iS,  iM  over  a  surface  but  through  it.  Compare  Ex.  7  with  Ex.  16  of  p.  297.  In 
particular  give  vector  fonng  of  the  integrals  in  Ex.  10,  p.  297,  analogooa  to  those  of 
Ex.  7  by  ndng  ae  the  element  of  the  carve  a  mnnial  dm  eqoal  in  length  to  dr, 
Inateed  of  dr. 

14.  lfInFtBFl4*Q)  +  IQCi  the  fnnetionB  P,  Q  depend  onlj  on  y  and  the 
function  R  =  0,  apply  QaWa  Fotmola  to  a  lender  of  unit  height  upon  the 
sif-plane  to  show  tliat 

where  dn  has  the  meaning  given  in  Ex.  18.  Show  that  numerically  F«dn  and  Pxdr 
are  equal,  and  thus  obtain  Green's  Lemma  for  the  plane  (22)  as  a  special  case  of  (20). 
Derive  6veen*a  Vorarala  (Ex.  Id)  tm  the  plane. 

15.  If  J V'dx  =  J G^,  show  that  J(G-  VxT)*dS  =  0.  Hence  infer  that  if 

these  relations  hold  for  every  surface  and  iff?  bonixling  curve,  'then  G  =  VxP. 
Ampere's  Law  states  that  the  integral  of  the  magnetic  force  H  about  any  circuit  is 
eqnal  to  4r  tlmea  the  flnz  of  tiM  electric  carrrat  C  through  the  dreait,  that  iai 
tlirough  any  surface  spanning  the  circuit.  Faraday's  Law  states  tliat  the  integiai 

of  the  olectroniotive  force  E  around  any  circuit  is  the  negative  of  the  time  rate 
of  flux  of  the  magnetic  induction  B  through  the  circuit.  Phrase  these  laws  as 
integrals  and  convert  into  tlie  form 

4irC=:cnriR,      —  i  =  curlB. 

16.  By  formal  expansion  prove  V*(ExH)  =  H'VxE  —  E'VxH.  Assume  VxEs  — H 
and  VkE  =  It  and  establish  Poynting's  Theorem  that 

f  (ExE)«iS  =  -  ^  /  j<»««  +  H.H)dr. 

17.  The  "  equation  of  continuity   for  fluid  motion  ia 

9t^  dx  ^       ^  9t  <tt  ^    Vte  ^  »|f  ^  8»/  ^ 

where  D  is  the  density,  v  =  iOx  +  jvy  +  In.  Ib  the  velocity,  dD/&t  is  the  rate  of 
change  of  the  denaltj  at  a  point,  and  dD/dt  ia  the  rate  <rf  change  of  denaitj  as  one 
moves  with  the  fluid  (Ex.  14,  p.  101).  Explain  the  meaning  of  the  equation  in  vtow 
of  tlie  work  of  the  text  Show  thai  for  fluida  of  conatant  denaitj  V*v  s  0, 

IS.  If  f  denotes  the  acceleration  ol  the  particles  of  a  fluid,  and  if  F  is  the 

external  force  acting  per  unit  mass  upon  thf  olenients  of  fluid,  and  if  p  denotes 
the  pressure  in  the  fluid,  show  that  the  equation  of  motion  for  the  fluid  within  any 
aniface  my  he  written  as 

'^tDdV  =  '^VDdV-'^pdS   or  j tDdV  =  jvDdV - j pd». 
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where  fhe  iinminetl<wie  or  Integretioni  extend  over  the  volume  or  ite  bonnding  aar> 
feoe  end  the  pressures  (except  those  acting  on  the  bounding  eorfeoe  inward)  may 
be  disregarded.  (See  the  flnt  lialf  of  S  80.) 

IB.  97  the  aid  of  Bz.  0  traaaf oim  the  iuf  aoe  hitegral  In  Bz.  18  and  And 
J*DttF  =  J(DF-Vp)dF  or  ^  =  F-lyp 
aa  the  equationa  of  motion  lor  a  Hold,  where  r  la  the  vector  to  an7  paitlde.  FMve 

W  |<*«)-*.^ +  *|.T-*.g  +  ld(TOr>. 

20.  If  F  is  derivable  from  a  potential,  so  that  ¥=—VU,  and  if  the  density  is  a 
f  oncUon  of  the  preasure,  so  that  dp/D  =  dP,  show  that  the  equations  of  motion  are 

^-^ny*r^^V^U  +  P  +  ^^y  or  1  (thIi) »-d^ir  + P-is»j 

after  vniltipileation  by  dr.  The  lint  form  ia  Hefanliolta'a,  the  aecond  ia  Kelvin*a. 
Show 

r      xt^-*)*^  r      THlr=-  ir  +  P-ie"        and  /THlrs  const. 

In  partlettiar  expl^n  tiiafc  aa  the  differentiation  d/dl  f oUowa  the  pavtielea  In  thdr 

motion  (in  contra^^t  to  c/ct,  which  is  executed  at  a  iwiiit  <»f  spare),  the 

integral  must  do  so  if  the  order  of  differentiation  and  integi-ation  is  to  be  inter- 
cltangeable.  Interpret  the  final  equation  as  stating  that  the  circulation  in  a  curve 
which  movea  with  the  fluid  la  oonetant. 

M.  Sliow  that,  apart  from  the  proper  restrictions  as  to  continuity  and  differen- 
tiabOity,  the  neeeemiy  and  anffldent  condition  that  the  snrfaoe  Intc^iial 

J'J  Pdydt  +  Qixdz -i- Rdxdy  -  J^pdji  +  qijf -i- rdz 

depmida  only  on  the  curve  bounding  tlie  auif aoe  la  that        Q^-^  R^ssO.  Show 

further  that  in  this  case  the  surface  integral  reduces  to  the  line  integral  given  above, 
provided  p,  q,  r  are  such  functions  that  r^  —  q'^  =  P,  p',  —  t'^  =  Q,  ql  —  p^ss  B. 
Show  finally  that  thcise  differential  equations  forp,  9,  r  may  be  satisfied  by 

and  determine  by  iiispectiuit  alternative  values  of  p,  q,  r. 
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140.  Convergence  and  divergence.  The  definite  integral,  and  hence 
for  theoretical  pur^mscs  the  indefinite  integral,  has  been  defined. 


when  the  fanGtion/(«)  ie  UmUtd  in  the  interval « to  ft,  or  a  to  «;  the 
proofs  d  variolu  propositions  have  depended  essentially  on  the  fiiet 
ihttb  Cfttf  integrand  remained  flniU  owr  the  finite  interval  of  uUeffratum 
(§  §  16-17, 28-30).  NeverthelMS  problems  which  call  for  the  determina- 
tion of  the  area  between  a  enrve  and  its  asymptote,  say  the  area  under 
the  witch  or  oissoid, 


have  arisen  and  have  been  treated  as  a  matter  of  course.*  The  inte- 
grals of  this  sort  require  some  special  attention. 

When  the  inUgrami  of  a  d^mte  ttUegnU  heeame$  it^nite  wOhim  or 
ai  the  eaOremUiee  of  the  wUenftU  of  uitegraHom,  or  when  one  or  be^  iff 
the  Umite  of  integration  become  t^finitct  the  integral  i»  called  an  ii^imte 
integral  and  is  defined^  not  as  the  limit  of  a  »um,  but  as  the  limit  of  an 
integral  with  a  variable  limitf  that  ie,  as  the  Umit  tf  a  Junetion.  Thns 


These  definitions  may  b«'  illustmted  by  figures  which  show  the  connec- 
tion with  the  idea  of  area  l>'tween  a  curve  and  its  asymptote.  Similar 
definitions  would  l)e  given  if  the  lower  limit  were  —  oo  or  if  the  inte- 
grand l)eoame  infinite  at  x  =  a.  If  the  integrand  were  infinite  at  some 
intermediate  point  of  the  interval,  the  interval  would  be  subdivided 
into  two  intervals  and  the  definition  would  be  applied  to  each  part. 


f{x)dx  =  lim  1        ts  1   f(x)dx  L      infinite  upper  limit, 


integrand  f{b)  «  oo. 


*  Hera  and  below  the  coiutracticm  of  flgurae  to  left  to  Um  neder. 
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Now  the  behavior  of  F(x)  as  x  approaches  a  definite  value  or  becomes 
infinite  may  Ix^  of  three  distinct  sorts ;  for  F(x)  may  ap|»oach  a  definite 
finite  rjuaiitity,  or  it  may  Ix'come  infinite,  or  it  may  oscillate  without 
a])i)r()a(-iiing  any  finite  quantity  or  becoming  definitely  infinite.  The 
examples 

J"  ^  =  lim|^jf  ^  =  logxj,   becomes  infinite,  no  limit, 

J*  ooBxdx=  Yim^J^  coixdzBfunaD^f  osdUates,  no  limits 

illustrate  the  three  modes  of  In^havior  in  the  case  of  an  infinite  upper 
limit.  In  the  first  c^e,  u-here  thi'  limit  eruitm,  the  injinite  integral  is 
said  tn  rnnirerge;  in  the  other  two  cases,  where  the  limit  does  not  exist, 
the  integral  is  said  to  diverge. 

If  the  indefinite  integral  can  be  found  as  above,  the  question  of  the 
convergence  or  divergence  d  an  infinite  integral  may  be  detennined 
and  the  value  of  the  integral  maj  be  obtained  in  the  case  of  oonvergenoe. 
If  the  indefinite  integral  cannot  be  fonnd,  it  ie  of  prime  importance  to 
know  whetha  the  definite  infinite  integral  converges  or  divergea ;  for 
there  is  little  use  trying  to  compute  the  value  of  the  integral  if  it  does 
not  converge.  As  the  infinite  limits  or  the  points  where  the  integrand 
becomes  infinite  are  the  essentials  in  the  discussion  of  infinite  integrals, 
the  integrals  will  be  written  with  only  one  limit,  as 

J}ix)dx,        j'fix)dx,  Jf(x)dx, 

To  discuss  a  more  complicated  combination,  one  would  write 

Jr'  e-'dx  ^        r'^  r^^  e-'dx 
0  V^logx  J»    J|    Ji    J,  Vxlog 
and  treat  all  four  of  the  infinite  integrals 

Jr  e"*cte  /•*  e~*<ix  P  e~'dx  e~*dx 

0  Vi'logx       J    Vx*loga!       »/i  Vx'loga;       J  Vx'logx 

Now  by  definition  a  function  E(x)  is  called  an  ^-function  in  the 
neighborho(xi  of  the  value  x^sa  when  the  function  is  continuous  in 
the  neifjhliorhood  of  a-  =  a  and  approaches  a  limit  which  is  neither  zero 
nor  infinite  (p.  62).  Tfie  behavior  of  the  infinite  integnUe  of  a  function 
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whieh  doet  noi  ^an^e  $iffn  ami  of  the  produet  ikiU  f^nUion  by  an 
E-funrfion  are  identical  as  far  a»  convergence  or  divergence  are  eoneemed. 
Consider  the  proof  of  this  theorem  in  a  special  case,  namely, 

J  y V;  dx,       J  fix)  E  {X)  dx,  (1) 

where  fix)  may  be  assumed  to  remain  positive  for  large  values  of  x 
and  E  {x)  approaches  a  positiTe  limit  as  x  becomes  infinite.  Then  if  K 
be  taken  sufficiently  large,  both/(x)  and  E{x)  have  become  and  will 
remain  positive  and  finite.  By  the  Thecwem  of  the  Mean  (Ex.  5,  p.  29) 

""^  f  <  f  f{x)E{x)dx  <M  f  fix)dx,  x>K, 

Jk  Jk  Jk 

wliere  w  and  ^^  are  the  minimum  aiul  maximum  values  of  A'(.r)  U-tween 
K  and  xi.  Now  let  x  become  infinite.  As  the  integrands  are  jwsitive, 
the  integrals  must  increase  with  x.  Hence  (p.  35) 

if  J*  /(x) da;  converges,  J*  f(x)E(x)dx<Mj*  f(x)dxe(mYetge^ 
if  J*  /(x)JB'(x)<£e  converges, 

J*  f(x)dx  <     J"  f(x)E(x)dx  converges; 

and  divergence  may  be  treated  in  the  same  way.  Hence  the  integrals 
(1)  converge  or  diverge  together.  The  same  treatment  could  be  given 
for  tiie  case  the  integrand  l)e(;ame  intinite  and  for  all  the  variety  of 
hypotheses  wliieh  could  arise  under  the  theorejn. 

This  theorem  is  one  of  the  mast  nwful  and  most  easily  applied  for  determining 
the  convergence  or  divergence  of  an  intinite  integral  with  an  integrand  which 
does  not  change  si^xn.  Thus  consider  the  esse 

Here  a  simple  rearrangement  uf  the  integrand  throws  it  into  the  product  of  a  func- 
tion E{z)i  whtoh  spproeehes  the  limit  1  as  «  becomes  Infinite,  snd  a  function 
the  IntegraUoD  of  which  is  {Hmible.  Hence  by  the  theorem  the  original  integral 

ronverpes.  This  could  have  been  seen  by  intef^ratin},'  the  original  intepral  ;  but 
the  integration  is  not  altogether  short.  Another  catte,  in  which  the  integration  is 
not  noMllitft.  is 

c    ^    —  c 


dx 


1 


VI  +  x*  Vl  +x 
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141.  The  iutt'i  pii'Uitiou  of  a  detinite  iiitt!gral  us  an  area  will  suggest 
another  form  of  test  for  convergence  or  divergence  in  case  the  inte- 
grand does  not  cliange  sign.  Consider  two  functions  and  ^(x) 
both  of  which  are,  say,  positive  for  large  values  of  s  or  in  the  neigh- 
borhood of  a  value  of  x  for  which  they  become  infinite,  Jlf  the  cuivb 
y  =  ^(x)  remain*  above  y  =f(x),  the  integral  o//(x)  muH  eonverge  }f 
the  integral  of^(x)  eenvergee,  and  the  integral  offfr(x)  mutt  diverge  if 
the  uUegral  o//(x)  diverget.  This  may  be  proved  from  the  definition. 
For /(as)  <  ^(x)  and 

f{x)dx  <J  ip{x)dx   or   F(x)  <  ♦(«). 

Now  as  X  apprcaches  />  or  x,  the  functions  Fix)  and  ^(x)  lM)th  increase. 
If  ^{x)  :ip[>roa(  hes  a  limit,  80  must  j  and  if  F(x)  increases  with« 
out  limit,  so  must  ^(^J")- 

As  the  relative  Iwhavior  of  /(jc)  and  \lf{x)  is  consequential  only  near 
particolar  values  of  x  or  when  x  is  very  great,  the  conditions  nuiy  be 
expfessed  in  terms  of  limits,  namely :  ^(x)  doee  not  change  eign  and 
if  the  ratio  f(x)/^(x)  approaches  a  finite  limit  (or  Mero\  the  integral  of 
f(x)  will  converge  if  the  integral  of  ^(x)  eonoerget;  and  \f  the  ratio 
f(x)/^(-'')  (ipprodches  a  finite  limit  (not  zrro^  or  becomes  intinltr,  the 
integral  of  /(x)  will  diverge  if  the  integral  of  \1>(t)  diverges.  For  in  the 
first  case  it  is  possible  to  take  a*  so  near  its  limit  or  so  lar^,  as  the 
ciise  may  \yi,  that  tlie  ratio  /■(n/i/^f.r')  shall  Iv  less  than  any  assigned 
number  (i  great^-r  than  its  limit;  then  the  functions /(j*)  and  (!\pix) 
satisfy  the  conditions  est;d)lishe(l  above,  namely  /  <  and  the  inte- 
gral of  f^-f)  converges  if  tliat  of  ^^{x)  does.  In  like  manner  in  the  second 
case  it  is  possible  to  proceed  so  far  that  the  ratio  f{x)/*^{x)  shall  have 
become  to  remain  greater  than  any  assigned  number  g  less  than  its 
limit;  then/>  and  the  result  above  may  be  applied  to  show  that 
the  integral  otf(x)  diverges  if  that  of  ^(x)  does. 

For  an  infinite  upper  limit  a  direct  integration  shows  that 


dx 


dx  -1 


a*     *  -  1 


or  logos 


convert  if  k  >  1, 
diverges  if  A  s  1. 


Now  if  the  function  <^{x}  be  chosen  as  l/ar*  =  a'~*,  the  ratio 
f(:e)/^(x)  becomes  a^f{x)f  and  if  the  limit  of  the  product  ^f(x)  cxitte 
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and  may  be  shown  to  he  Jin  if  e  (or  zero)  as  x  becomes  infinite  for  aiif 
choice  of  k  greater  than  1,  the  integral  of  f{x)  to  infinity  will  converge; 
but  if  the  proiJuct  approarhes  a  finite  limit  (not  zero)  or  becomes  infinite 
for  any  choire  of  k  less  t/ian  or  equal  to  1,  the  integrnl  diverges.  This 
may  be  stated  as  :  The  integral  of  f{r)  to  infinity  will  converge  \i fix) 
is  an  iniinitesinial  of  order  higher  than  the  tirst  relative  to  as  ar 
becomes  infinite,  but  will  diverge  itf(x)  is  au  infinitesimal  of  the  first 
or  lower  order.  In  like  maimer 


dr 


(b-xf  k-l(b-x) 


or— log  (6— a;) 


converges  if  h<l,  „ 
diverges  if  ^Sl,  ^ 


and  it  may  Ix;  atat^^d  that :  The  integral  of  f{x)  to  b  will  converge  if 
/(«)  is  an  infinite  of  order  less  than  the  first  relative  to  (6  —  as  x 
approaches  h,  but  will  diverge  if  f(x)  is  an  infinite  of  the  first  or  higher 
order.  The  proof  is  left  as  an  exercise.  See  also  £x.  3  below. 

As  sn  ezauqple,  let  the  integral  j"*:e*e-*dx  be  tested  for  conrergeiioe  or  diver- 
gence. If  n  >  0,  the  Intflgnnd  never  Iwoomes  infinite,  »nd  the  onlj  Integnl  to 

examine  is  that  to  Inflnity  ;  but  if  n  <  0  the  integral  from  0  has  also  to  be  consid- 
ered. Now  the  function  e-'  for  large  values  of  i  is  an  infinitpsima!  of  infinite 
order,  that  is,  the  Itiuit  of  x*  +  "e~'  is  zero  fur  any  value  of  k  and  n.  Uence  the 
integrsnd  xne-*  is  an  inflniteafanal  of  order  higher  than  the  flrtt  and  tlw  integral 
to  infinity  oonvviges  under  all  ctrcumstanees.  For  a»  =  0,  tike  function  r-'  is  finite 
and  equal  to  1  ;  the  onler  of  the  infinite  z"e-*  will  therefore  be  precisely  the  order 
n.  Hence  the  integral  from  0  oonveiges  when  n  >  —  1  and  diverges  when  n  S  —  1. 
Henoe  the  function 

Jo 

defined  by  the  integral  containing  the  parameter  a,  will  be  defined  for  all  positive 
values  of  the  parameter,  but  not  for  negative  values  nor  for  0. 

Thns  far  tests  have  Wen  established  only  for  integrals  in  which  the 
int^'gnind  does  not  change  sign.  There  is  a  general  test,  not  ])arti('ularly 
useful  for  practical  ])ur])oses,  but  highly  useful  in  obtaining  theoretical 
results.  It  will  be  treated  merely  for  the  case  of  an  iulinite  limit.  Let 

F(x)=JJf(x)dx,      F(x'^-F{x')=JJ  fix)dx,      x\x^>K.  (4) 

Now  (Ex.  3,  p.  44)  the  necessary  and  solBcient  condition  that  F(x) 
approach  a  limit  as  x  becomes  infinite  is  that  F(x")  —  F(x')  shall 
apiNNiach  the  limit  0  when  x'  and  a-"  regarded  as  independent  varia- 
bles, become  infinite;  by  the  definition,  then,  this  is  the  necessary 
and  sufi!eient  condition  that  the  integral  of  f(x)  to  infinitjr  shall 
converge.  Furthermore 
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y  J*  \/(x)\<ix    converges t  then  J*  f(x)dx  (5) 

mMitwMWff»9xiAnnaA\oh^abaeh^  The  pxtwf  of  tlus 

important  theorem  is  contained  in  the  above  and  in 

To  see  whether  an  integnl  is  absolutely  convergent^  the  tests  estab* 

lished  for  the  convergenoe  of  an  integral  with  a  positive  integrand 
'nay  be  a])])lied  to  the  integral  of  tlie  absolute  value,  or  some  obvious 
direct  method  of  eompariaon  may  be  employed }  for  example, 

/•  eo6a»£E_  /"  Idx 

and  it  tlierefore  appeals  that  the  integral  on  the  left  eonverges  abso- 
Intely.  When  the  conTergenoe  is  not  absolute,  the  question  of  oon^ 
yergenoe  nuij  sometimes  be  setUed  by  inUffrat*^  JM**^  For 
suppose  that  the  integral  may  be  written  as 

by  separating  the  integrand  into  two  factors  and  integrating  by  parts. 
Now  if,  when  x  becomes  infinite,  each  of  the  right-hand  terms  approaches 
a  limit,  then 

snd  the  integral  of  /(«)  to  infinity  oonverges. 

/*soossds  r "'^  •Eloosslds 

-j^^-— Here  J         ^  ^ 

does  not  appear  to  be  conyergent ;  for,  apart  from  the  factorlcosx]  wliich  oscillates 
between  0  and  1,  the  integrand  is  an  infinitesimal  of  only  the  first  order  and  the 
integral  of  auch  an  integrand  does  not  converge ;  the  original  int^;ral  is  therefore 
apparstttly  Botabsolntely  eonveigenk.  However,  an  lategfattoii  by  parts  givts 

/'zetrnxSz    aalng  j*    /•*  a^  — ^ 
+     ~^  +  ap|  "J  (*«  +  «^"**^ 

Now  tlM  integral  on  the  rlf^k  is  seen  to  be  oomeigent  and,  in  fact,  aluolately 
eonveigent  as  s  becomes  infinite.  The  original  integral  therefore  most  approadi 
a  limit  and  be  oonveigaat  as  z  becomes  infinite. 
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EXERCISES 

1.  Establish  the  conveigeDce  or  divergeuce  of  these  infinite  int^rale: 

J  wf5^*        S  (a- + J  i^T^r 

(<)  f^'^'H)' "  (to  lum  u  inflnito  Int^gnl,  a  mint  be  Im  thaa  1), 

S.  Point  out  the  peculi&rities  which  make  these  integrals  infinite  Integrals,  and 
test  the  integrals  for  convergence  or  divergence : 

(a)  W  n  >  -  1.  div.  if  a  S  - 1,         J^*  dx, 

(y)  J*  (— logz)"dx,  (d)     Mogsinxdx,  ^'^  S  ^'^^^"^'^ 

«rnF->     <'>/;;-*.  ^-^rm- 

<*>  J«  W  /     .  -'  (»)J.  «  ^ 

Jo      f  Jo  V  1  — 

3.  Point  out  the  RimilariticR  and  differences  of  the  method  of  £-fiinctton8  and 
of  test  functions.  Compare  alito  with  the  work  of  this  section  the  remark  that  the 
detenninaUon  of  the  order  of  an  Infinitesimal  or  infinite  Is  a  problem  in  indeter- 
minate forms  (p.  63).  State  also  whether  it  is  nece5«ary  that /(z)/^(x)  or  zy{x) 
shooid  approach  a  limit,  or  wiiether  it  is  Kiit^icient  llial  llie  quantity  remain  finite. 
Distinguish  "of  order  liiglier"  (p.  3M)  from  "of  liigher  order"  (p.  (JS);  .see  Kx.  8,  p.  tk5. 

4.  DisouRs  the  convergence  of  these  integrals  and  prove  the  oonveigenoe  is 
absolute  in  all  cases  where  possible : 

w/-^*.  »/"«-^  tAj"^*^ 

w/.'^*.     o/V-^/**.  <o/.V^*- 
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(«)  r       ««-««-#c5o.(x«in/i)(li,  (X)  /         7^  <to, 

5.  If  /j(x)  and  are  two  limited  functions  intcgrable  (in  the  senae  of 
§S  28-30)  over  the  integral  a^z^b,  show  that  their  product  f(x)  =/,(x)/,(x) 
ia  int^^rable  over  Um  intenral.  Note  tliat  in  aiiy  interval  Si,  the  relations 
mi<iNti  SmS  MtS  MuMtt  and  MuM»t  -  numtt  s  MuMu  -  MxOHi  •¥ 

—  iih<«t<  s  XuQti  •¥  «f<0|(  bold.  Show  fmrthor  tluA 

JT  A(x)/t(x)<ix  =  Iiui2)/|«0/,(W«« 

-  Mm  2)/,(f.)      /,W«ta  -  Jll*  /,Wdi]. 
or        jr/^)4s«/i{{i)^ +  llm^- -/.(li-i)]  fy^^ 

i 

6.  TAe  ii>econ(i  Theorem  of  the  Mean.  lt/{x)  and  ^(z)  are  two  limited  functions 
integrable  in  the  interval  a  ^  z  ^  b,  and  if  ^  (z)  is  positive,  nondecreasing,  and 

jr%(x)/(s)<le  =  JTJJ /(«)*B.     a  S I S  ». 

And,  more  generally,  if  ^(j-)  natisficH  -  co  <  k  ^  <f>(r)  ^  K  <  to  and  Is  oitlwr 
nondecreasing  or  nonincreasing  throughout  the  interval,  then 

In  the  fiist  raj^e  the  proof  follows  from  Ex.  5  by  noUaf  that  the  IntflglBl  Ol 
^(z)/(z)  uwy  be  regarded  as  the  limit  of  the  sum 

+  - jf +  #(Wljr/(*)<to» 

where  the  restrictions  on  ^  (z)  make  the  coefficients  of  the  Intagiala  all  poeitive  or 
laro,  and  where  the  mm  may  oonaequently  be  written  as 

If  ii  be  ft  property  eboaen  mean  value  of  the  integrals  which  multt^y  then  ooeA- 
elonta;  aatholntofralaatoof  tbofoim  r/(c)diwhof«|sa,«|,  •••,fl^HfoUowa 
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thatM  muKt  he  of  the  same  form  where  aS^^h.  Tbe  noond  torn  d  the  thMCm 

follows  by  coiuiidering  the  function  ^  —  kor  k  —  ^. 

7.  If  0  (z)  is  a  funotion  varying  always  in  the  same  sense  and  approaching  a 
finite  limit  aa  z  becomes  infinite,  the  integral  f  ^(«)/(x)4te  will  codto^  if 

/(x)daBcoivrei8e8.  Conaider 

jT'V  (*)/(x)dz  =  ^{x')fj/(z)dx  +  ♦(x")^'"/(x)<lB. 

8.  If  ^(z)  is  a  function  vArjMn^^  always  in  the  same  lenae  and  approaching  0  aa 
a  limit  when  x  =  oc,  and  if  the  integral  F{x)  of  /(jr)  remaina  finite  when  x  =  oo, 

then  Ute  integral  J  ^{x)/{x)dx  is  oonvei;gent.  Ck>n8ider 

This  test  is  very  usef  nl  in  practice  ;  for  many  integrals  are  of  the  furmj"  ^  (x)  sin  idz 

where  ^(z)  cunutantly  decreases  ur  Iticreaties  toward  Uie  limit  0  when  z  =  oo;  ail 
tbeae  integral*  conveige. 

142.  The  ovaluatioil  of  infinite  integrals.  After  an  infinite  integi-al 
has  been  proved  to  converge,  the  problem  of  calculating  its  value  stUl 
remains.  No  general  method  is  to  be  bad,  and  for  each  intagial  some 
special  device  has  to  he  discovered  which  will  lead  to  the  desired 
result.  Thtt  may  freqtuntfy  i»  aeeompliaked  chooamg  a  Jkitetiam 
F(x)  of  the  oampieat  wurkAU  n^x  +  iy  and  iniegraUnff  the  fimeHon 
around  some  closed  path  in  the  x^plane.  It  is  known  that  if  the  points 
where  F(x)=  -Y(j-,  y)  +  tr(x,  y)  ceases  to  have  a  derivative  JP*(«), 
that  is,  where  A'(x,  y)  and  y(x,  y)  cease  to  have  continuous  first  par- 
tial derivatives  satisfying  the  relations  A'^  =  and  JC^  =  -^Yg,  are  out 
out  of  the  plane,  the  integral  of  F(z)  around 
any  closed  jKith  whicli  does  not  inchule  any  of  ~'f^^^^  .  j- 
the  excised  points  is  zero  (§  124).  It  is  some- 
times possible  to  select  such  a  function  F(x) 
and  such  a  path  of  integration  that  part  oi 

the  intend  of  the  complex  function  reduces   cte-dSp^ 

to  the  given  infinite  integral  while  the  rest  of  ^ 
the  int^fral  of  the  complex  function  may  be  computed.  Thus  there 
arises  an  equation  which  determines  the  valve  of  the  infinite  integod. 

/» •  sin  X 

Consider  the  integral  — — -  dz  which  is  known  to  converge.  Now 

J»    z        J9      Sia  Je  2ic   Jo  Sis 

suggestji  at  once  that  the  function  e^/z  be  enunined.  This  function  has  a  definite 
derivative  at  every  point  except  a  s  0,  and  the  origin  la  therefore  the  only  point 


dz—+id]/  dz—idy 
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vliioh  luM  to  be  cut  oQi  of  tin  pluM.  The  intagnl  of  0V«  aramd  maj  path  loeh 
w  that  marked  In  the  figure*  la  therefore  aero.  Then  if  a  ia  amall  and  A  la  laxge, 

ox         Jm     X  il-l-^         •'^  S+iB 

the  linit  by  the  ordinary  rules  of  iutegration  and  the  aecond  by  Maclaurin'a 
Fonnula.  Hence 

0=  f  ^dz=  C       '^^^  r ^"'^^+fowpothorfaitegiala. 

It  will  now  bp  shown  that  by  ticking  the  rectangle  sufficiently  Uirtre  and  the 
seniicircle  about  the  origin  Kutlicientiy  small  each  of  the  four  integrals  may  be 
made  as  guuUl  as  desired.  The  method  is  to  replace  each  integral  by  a  larger  one 
which  may  be  evaluated. 

\Jo  A  +  iv^l-Jo   |^  +  iy!'  '^^Jo  A  ^^A 

These  changes  involve  the  facut  that  the  integral  of  the  absolute  value  is  -ah  great 
aa  the  abiQlata  value  of  the  integral  and  thaAi(^->aB<t^y,  |e'><|  =  1,  \A-i-ijf\>A, 
e-'<l.  For  the  rdatlona and  \A  +  iif\>A,  the  Interpretation  of  the 

quantities  jw  vectors  suffices  (§§  71-74) ;  tluit  the  integral  «if  tht-  absolute  value  la 
as  great  as  the  abwilute  value  of  the  iiiteural  follows  from  the  same  fad  fnr  a  sum 
(p.  164).  The  absolute  value  of  a  fraction  is  enlarged  if  that  of  its  numerator  is 
enlaiged  or  that  of  its  denointnator  diminished.  In  a  similar  manner 

where  t  is  the  greatest  value  of  {t;'  od  the  s^Muicircle.  Now  let  the  rectangle  be 
so  chosen  that  A  —  7?eJ  *  ;  then  |  R|  <  4  c"  ^  *  +  irc.  By  taking  B  sufficiently  large 
e~  ^  ^  luay  be  made  as  small  as  desired ;  and  by  talcing  the  semicircle  sufficiently 

*  It  !■  also  pofwible  to  integrate  along  a  semicircle  from  ^4  to  —  ^,  or  to  come  back 
directly  from  ifi  to  Che  origin  and  separate  real  from  imaginary  parts.  These  Tarlations 
in  nethod  may  be  left  aa  exerdaes. 


/•**  dz  _  re*'id^  _ 
J—m    z     Jj  re*' 
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small,  t  may  be  made  as  small  a«  de«lre<l.  This  ;iinonnte  to  saying  that,  for  A  suffi- 
cii'iitly  lar;;f  and  for  a  giifficiently  small,  R  is  negligible.  In  other  words,  by  taking 

  may  be  made  to  differ  from    -  by 

w  UlUe  as  desired.  As  the  integral  from  zero  to  infinity  converges  and  may  be 
retarded  as  fhe  limit  of  tli«int0gnl  from  a  to  .A  (is  lo  doflned,  in  fact),  the  integral 
f com  sero  to  infint^  must  also  differ  from  |  «■  bj  as  little  as  dedred.  But  if  two 
constants  diHer  from  each  otlier  by  as  little  as  desired,  tbej  must  to  eqoal.  Heooe 


Am  a  seoond  example  consider  what  may  to  had  by  integrating  e^*/{x*  +  k*)  over 
an  aiipropriate  path.  The  denominator  will  vanish  when  s  a    ife  ajMl  ttore  are 

two  points  to  exclude  in  the  z-plane.  Let  the  iiue^^ral 
bo  extended  over  the  closed  path  as  indicated.  Tliere  is 
no  need  of  integrating  baclc  and  forth  along  the  double 
line  Oo,  because  tto  function  tatos on  tto  same  values 

and  the  integrals  destroy  each  other.  Along  the  large 
semicircle  s  s  Re^  and  ds  =  BWH^.  Moreover  -H 

X*    4^dx  /•*  e-««d*      X,    1       ^  1 

and   0=.  C  -^dM^2  f  ^'^^^  +  f 

Moreover  |  R*^^  +  cannot  posribly  exceed  it*  —  1^  and  can  equal  It  only  when 
^s|v.  Hence 

\X  +     |-A  *"  'Js  'B*-» 

Now  by  Ex.  S8,  p.  11,  sin  ^  >  S^/w.  Hence  tto  Integral  may  to  farther  increased. 

Moreorer.    f  =  C    -ilL  f  + 

wbere  9  is  aaifonnly  infinitesimal  with  tto  radius  of  tto  small  circle.  But 

 —  =  — 2w<,  and    I  -5 — 3  =  rT-  +  f» 

where  [    s  2  ire  if  t  is  the  largest  value  of  1 1}     Hence  finally 
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By  taking  the  small  circle  small  enough  and  the  large  circle  lai^ge  enough,  the  last 
two  temit  1W7  be  made  M  iMar  auo  IS  dealxed.  Henoe 

ooa«  .  w* 

It  may  be  noted  that,  by  Um  work  of  1126,  r  -il--J!L-s.8«i^ise3awt 

and  not  merely  approximate,  and  remains  exact  lor  any  cloeed  curve  about  z=:kt 
which  does  not  include  x  =  —  ki.  That  it  is  appmxiniate  in  the  small  circle  follows 
immediately  from  the  continuity  of  f^/{z  +  ki)  =  e-^/%ki  +  i|  and  a  direct  inte- 
graUon  about  the  circle.  , 

Ab  a  third  exan^e  of  the  method  let  j    j  dz  be  evaluated.  Thle  integral 

will  oonreige  if  0  <  or  <  1,  beoanse  the  inflni^  at  the  origin  la  tlien  ol  order  lem 
than  the  first  and  the  integrand  is  an  infiniteeU 

mal  of  order  higher  than  the  first  for  large  valucf? 
of  2.  The  function  f  V(l  +  becomes  inliuite 
at  a  B  0  and  t  s— 1,  and  theee  polnta  rnnat  be 
excladed.  The  path  marked  in  the  figure  is  a 
ddspd  path  which  does  not  contain  them.  Now- 
here the  integral  back  and  forth  along  the  line 
oA  cannot  be  neglected;  for  the  function  baa  a 
fractional  or  irrational  power  f-^  in  the  nu- 
merator and  Is  therefore  not  single  valued.  In 
fact,  when  z  is  given,  the  function  z*~^  is  deter- 
mined as  far  as  its  absolute  value  is  concerned,  but  its  angle  may  take  on  any 
addition  of  the  form  —  1)  with  k  integral.  Whatever  value  of  the  function 
is  assumed  at  one  point  of  tlie  patli,  tVic  values  at  the  other  points  must  be  such 
as  to  piece  on  continuously  wln  ii  the  path  is  followed.  Thus  the  values  along  the 
line  oA  outward  will  differ  by  2  ir  (a  —  1)  from  those  along  Aa  inward  because 
the  turn  hae  been  made  abont  the  origin  and  the  ang^e  of  s  liaa  increaaed  by  Sw. 
The  double  line  be  and  c6,  however,  may  be  disregarded  because  \v\  turn  abont  the 
origin  ia  made  in  describing  «de.  Hence,  remembering  that  e**  =  —  1, 

Now  f   LL-dr+f        ^  dr=f  (l-««»«0*"i 

Jm  1  +  r      Ja     l  +  r         Jm  1  + 

lL.f^H=U:i^"*K'T=-.*=f?.' 
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X!^Z-dt=  f ««- 1-  =-2»i(-l)«-»s=:-2»i«»<—i)<  = 


If  ^  be  taken  aollloiently  large  and  a  anflletMitlr  small,  f  may  be  made  as  asBall 
asdestted.  Then  by  the  Mine  naaonlng  as  before  It  follows  thai 


Oas(l  — e«"«»)  r  dr  +  aTTtc'"*,   or  0=— simraf   dr  +  ir, 

 dx  =  • 

0   l  +  «  sinov 

143.  One  integnl  of  pardcolar  importance  is^  e^^dx.  The  evalu- 
ation may  be  made  by  a  device  which  is  larely  useful.  Write 

The  peaaage  from  the  product  of  two  integraJa  to  the  double  integial 

may  be  made  because  neither  the  limits  nor  the  integrands  of  either 
integral  depend  on  the  variaUe  in  the  other.  Now  tnuuform  to  polar 
coordinates  and  integrate  over  a  quadrant  of  radius  A, 

where  R  denotes  the  integral  over  the  area  In'tween  the  quadrant  and 
square,  an  area  less  than  ^A^  over  which  er''^er  Then 


TT 


Now  A  may  be  taken  so  large  that  the  double  integral  differs  from  ^w 
by  as  little  aa  deaired,  and  hence  for  sofficientiy  large  values  of  A  tiie 
simple  integial  will  differ  fhnn  4-  Vw  by  aa  little  aa  desired.  Hence  * 

jfV-'cfe^jVw.  (9) 

•  It  Hlioulfl  bo  noticed  that  tin'  proof  just  pivnn  does  not  rcqtiiro  fht»  thforj'  of  infinite 
double  integrals  nor  of  change  of  variable ;  the  whole  proof  consists  merely  in  finding 
a  nnmber  |     fram  whleh  the  iiiteiijrtal  may  be  ghoini  to  differ  by  as  Uttle  as  desired. 

This  was  also  triu-  of  the  proof:*  in  §  14'_':  no  theory  had  to  he  devi  lnped  and  no  limiting 
processes  were  used.  In  fa<:t  the  evaluations  that  have  been  performed  show  of  them- 
sshree  that  the  htftalte  Intefrale  conrerge.  For  when  It  baa  been  sboim  that  an  Inteitial 
with  a  large  enough  upper  limit  and  a  snmll  enonnh  lower  limit  can  he  made  to  differ 
fteas  a  certain  constant  by  as  little  as  desired,  it  has  thereby  been  proved  that  that 
Integial  tnm  wno  to  Infinity  mnat  eonTeige  to  the  vahw  of  that  < 
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'When  BORie  infinite  integxak  have  been  eTalnatod,  others  may  be 
obtained  fnm  them  fay  yarioos  opentionsy  anch  as  integiation  by  parts 
and  diange  of  variable.  It  shoald,  however,  be  borne  in  mind  that  the 
rules  for  operating  with  definite  integrals  were  established  only  for 
finite  integrals  and  must  be  reestablished  for  infinite  integrals.  From 
the  direct  application  of  the  definition  it  follows  that  the  integral  of 
a  function  times  a  constant  is  the  product  of  the  constiint  by  the 
integral  of  the  function,  and  that  the  sum  of  the  integnils  of  two 
functions  taken  between  the  sanie  liniitvS  is  the  integral  of  the  sum 
of  the  functions.  But  it  cannot  be  inferred  conversely  that  an  integral 
may  be  resolved  into  a  sum  as 


when  one  of  the  limits  is  infinite  or  one  of  the  fonctions  beoones 
infinite  in  the  interval.  For,  the  fiiot  that  the  integral  on  the  left 
converges  is  no  guarantee  that  either  integ^  upon  the  right  will 
converge ;  all  that  can  be  stated  is  that  (/*  one  of  the  integrals  on  the 
right  converges,  the  other  will,  and  tlie  equation  will  be  true.  The 
same  remark  applies  to  integration  by  parts. 


^  in  the  process  of  taking  the  limit  which  is  required  in  the  defi- 
nilaon  of  infinite  integrals,  two  of  the  throe  torme  in  the  equaiton 
apjprottnk  limite,  the  third  will  apfnroa^  a  UnUt,  and  die  equation  will 
be  tme  for  the  infinite  integrals. 
The  foimnla  for  the  ohange  of  variable  is 


where  it  is  assumed  that  the  derivative  <f>'(f)  is  continuous  and  drx'S 
not  vanish  in  the  iiit<  r\  al  fiftiu  f  to  T  (although  either  of  these  con- 
ditions may  be  violated  at  the  extremities  of  tlie  interval).  As  these 
two  quantities  are  equal,  they  will  a}>])roach  equal  limits,  provided 
they  approach  limits  at  all,  when  the  luuit 


feqniied  in  the  definition  of  an  infinite  integral  is  taken,  where  one  of 
the  four  limits  a,  d,  t^  t^  is  infinite  or  one  of  the  integrands  becomes 
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infinite  at  the  eattEemitj  of  the  intenraL  The  fcrmula  for  M«  t^ami^ 
of  «Nmft<0  U  Hmr^fare  appUeabU  to  w^nUe  tnU^raU,  It  should  be 
noted  that  the  proof  applies  only  to  infinite  limits  and  infinite  valties 

of  the  integrand  at  the  extremities  of  the  interval  of  integration;  in 
case  the  integrand  becomes  infinite  within  the  interval,  the  change  of 
variable  should  be  examined  in  each  subinterval  just  as  the  question 
of  oonvergence  was  examined. 

X*  tin  X  w 
—-de  =  -  aodtatocsoa^. 

according  as  a  is  positive  or  negative.  Hence  the  results 

r"?!llf5(b=:+?  II  a>0  sad  -I  if  a<&  (10) 
Jo      X  2  S 

Sometimes  chanpow  of  variable  or  intf'irmfinns  hy  part^?  will  load  hack  to  ag^VOD 
integral  in  such  a  way  that  its  value  may  be  found.  For  instance  take 

i  sj^'logsinxdc  =  — logcosydy  =J^^  log  cos ydy,      y  =  ^  — «. 

i 

W  r 

Thtn  S/sB  r^(l«gdns-|-Iogeoss)diBs  r'log^~-^dB 

w 

=  I  jr'logdiia«fc-|log2  =j[Mogdiiafc-|kf  2. 

w 

Henoe  /sj^^logilii«bs -|log2.  (11) 

Here  the  first  change  vras  y  =  J  v  —  x.  The  new  integral  and  the  original  one 
weie  then  added  together  (the  vaxteUe  Indioatad  onder  the  of  a  daliBito  iale- 
gnd  Is  immateTial,  p.  20),  and  the  aom  led  back  to  the  original  intogial  bj  virtae 

of  the  8ubRtitvttion  y  =  2z  and  the  fact  that  the  curve  y  =  \op  n'm  x  is  symmetriesl 
with  respect  to  x  s  |  v.  This  gave  an  equation  which  could  be  solved  for  /. 


1.  Iategtate:s^^tasfortheoaaeof  (7),U>ahow  f  V^^t^-^rK 

2.  By  direct  integration  show  that  /    e- -  '''^Hlz  convcr^'t  s  to  (n  —  bi)-^,  when 

Jo 

a  >  0  and  the  integral  is  extended  along  the  line  y  =  0.  Thus  prove  the  relations 

•  o«  +  6»       Jo  o«  +  6» 

Along  what  lines  laming  from  the  origin  wonld  the  given  integral  oonvetfe? 
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5.  Show  f        *^  =  ILnfi?.  To  integrate  about  z  =  —  1  uw  the  binomial 

Jo   (1  +  X)'       sin  air 

expansion  «— »  =  [-  1  +  1  +  «]— »  =  (-  1)— +  U  -«)(!+«)  +      +  «)], 

1)  small. 

4.  Into^Tate  e-**  around  a  circular  sector  with  vertex  at  z  =  0  and  lx>ttiuled  by 
the  real  axis  and  a  line  inclined  to  it  at  an  angle  of  ^  t.  Hence  show 

«l''jr"(oo«i*  -  <  dnf^    =    V«Mb  o 

j["co«aMiB=:j["ila«»lte=l^^. 

f .  Int^gtato  e-<^ axomid  a netaaf^a  wsstt^p^Bt^^^.A^  and diow 
e-'*coe2oxda5  =  J  Virc-«*,      J'e-^tlniaxdx  =  0, 

6.  Integrate  s*-Ur«,  0  <  a,  along  a  sector  of  angle  9  <  | « to  tfMnr 

■eotfj  J^*a^->e-*""«oai(««lng)<te 

B  CM  og  jr*«*->«-"""t«ln  (s  sin  g)das  jf  *aF-i*-<*». 

7.  ErtaMfah  the  ioUowing  tewilte  by  tha  pwpar  change  of  Tariable ; 

8.  By  integiatlon  bj  parts  or  other  devicei  show  the  foUowiiif  t 
{a)  J[  xlogdnab«-  lir«log2,  (p)  jT"  = 

(Y)  f**'"****'"fe«?»-l<tt<l«or^if  g«±l,orOII|tt|>l, 


{{)  r (a  +  l)a  ar(a)  if  r(a)  =  j[  V-»«-'dx,  (,)  J^' 
(*)  +i)i"^^  =  "'^*^lJ^'  by  TlrtoeolaBtany. 


4  rt«  *  '  Jo  8  ff« 

»  z  sin  zdz  «• 
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9.  8upix)He  /  /(x)— t  where  a><k,  eoDTeiges.  Thm  if  p>0«ff  >0^ 


Jm  Z 


Henoe  (a)  f    —  s-dssO,  I   cteskf^, 

•TO  X  «fO  X  y 


10.  If /(x)  aDd/'(x)  are  continuoua,  show  by  integration  by  part8  that 


Apply  £x.  0,  p.       to  prove  these  formulas  under  general  bypotbeeea. 


144.  Functions  defined  by  infinite  integrals.  If  the  integrand  of  an 
integral  contains  a  parameter  (§  118),  the  integral  defines  a  function  of 
the  parameter  for  every  value  of  the  parameter  for  which  it  oonverges. 
The  Qontinuity  and  tiie  diffenn^ablliiy  and  integnlnlity  of  the  fiuuy 
tfton  have  to  be  treated.  Consider  &at  the  case  of  an  infinite  limit 


If  this  integral  is  to  converge  for  a  given  value  a  —  a^,  it  is  necessary  that 
the  remainder  A'  (r,  a  J  van  nuule  as  small  as  desired  by  taking  x  large 
enough,  and  shall  remain  so  for  all  larger  values  of  t.  In  like  manner  if 
the  integrand  becomes  infinite  for  the  value  x  =  6,  the  condition  that 


converge  is  that  R  (x,  can  be  made  as  email  as  desired  by  taking  x 
near  enough  to  b,  and  shall  remain  so  for  nearer  values. 

Now  for  different  values  of  a,  the  least  values  of  x  which  will  make 
\R(x,  a)\^  c,  when  <  is  assigned,  will  j)robably  ditTer.  The  infinite  inte« 
grals  are  said  to  convert/e  uniformly  for  a  range  of  values  of  a  such  as 
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or^SaStfj  wlieii  it  is  possible  to  take  x  so  large  (or  «  so  near  b)  that 
\R(x,a)\<  €  hdds  (and  eontinues  to  ludd  for  all  laiger  valnefl,  or  values 
nearer  ii)  simultaneously  for  all  values  of  a  in  the  rai^  a^SaSa^ 
The  most  useful  test  for  uniform  convergence  is  oontained  in  the 
theorem:  J/ a  pMUive  funotion  ^(x)  «an  be  found  smA  that 


foraU  large  vahtet  ofx  arndforaUwiuea  of  a  in  the  interval  a^^a^  a,, 
the  intesfrtU  off(x,  a)  to  inanity  eonverffee  un^fbrmfy  (and  abm^utefy) 
fir  the  range  of  valuee  m  a.  The  |iroof  is  contained  in  the  lelation 


which  holds  for  all  values  of  a  in  the  range.  There  is  clearly  a  similar 
theorem  for  the  case  of  an  infinite  integrand.  See  also  Ex.  18  below. 

Fundamental  theorems  are :  *  Over  any  intenral  a,  s  a  ^  where 
an  infinite  integral  oonverges  uniformly  the  integral  defines  a  oon- 
tinuous  fnnetion  of  a.  This  function  may  be  integrated  over  any  finite 
interval  where  the  eonveigenoe  is  uniform  by  integrating  with  respect 
to  a  under  the  sign  of  int^pration  with  respect  to  x.  The  function  may 
be  differentiated  at  any  point  of  the  interval  a^^a  ^  a^hy  differ- 
entiating with  respect  to  a  under  the  sign  of  integration  with  respect 
to  X  provided  the  integral  obtaiiu'd  Viy  this  differentiation  converges 
unifornily  for  values  of  a  in  the  neighlrarhood  of  a^.  Proofs  of  these 
theorems  are  given  immediately  below,  t 

To  prove  thai  the  f  unellon  to  ooatlnnoiiB  If  the  oooTeiganoe  to  onlf onn  let 


*  It  i»  of  couree  ANniimod  that /(z,  a)  in  continuous  in  (c,  or)  for  all  valuer  of  x  and  a 
under  conaideimtion,  and  in  the  ttaflorem  on  differentiatloa  It  is  further  uramed  that 
(x,  a)  is  cootinootu. 

t  It  nliould  be  noticed,  however,  that  although  the  conditions  which  have  heen 
imposed  are  stuffident  to  establish  tlie  theorems,  they  are  not  neeuaarn;  that  is,  it  may 
happen  tfiat  tiw  fkinctton  win  be  oonthraetis  and  that  Its  derivative  and  Integral  may  he 
obtaine<l  I'v  operiitinj;  under  the  ni/j^  although  tlic  <  <inverf;«  ni  ''  is  not  uniform.  In  thin 
case  a  special  investigation  would  have  to  be  undertaken ;  and  if  no  process  for  justifying 
tiw  ooottealty,  InteKratlon,  or  dlfrereiitlaftioii  eotdd  be  devtoed.  It  mlfl^t  1w  nece—iy  In 
the  case  nf  an  inteirral  occurring  in  some  appliration  to  assume  that  the  formal  work  led 
to  the  rigiit  result  if  the  result  looked  reasonable  from  the  point  of  view  of  the  problem 
■ader  diaeaMton, — the  diMiee  d  getting  en  trwrnee—  wenlt  would  lie  tolembjy  sman. 


converge*  and    ^  (x)  S  \J\x,  a)  | 
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Now  let  X  be  taken  so  large  that  |R|<<  for  all  a's  and  for  all  laxgar  Talaaa  of  z 
—  (ha  oondltion  of  ttniformitgr.  Than  tba  finite  integral  (S 118) 

J*       ar)<lc  la  oontiimoaa  in  a  and  Iwnee  |  J*        a  •(•  Aor)  — /(x,  a)]  cLe 

can  be  made  leas  than  f  by  taking  Aa  amall  enough.  Hence  |Af  |<Sffi  that  is,  by 
taking  Lot  aoiall  enough  the  quantity  |A^|  may  ba  made  laaa  than  any  uAgemA 

number  3c.  The  continuity  Is  therefore  proved. 

To  prove  the  inte<;rability  under  the  sign  a  like  use  is  made  of  the  ooadition  of 
uniformity  and  of  the  earlier  proof  for  a  finite  integral  (§  120). 

Now  lets  become  infinite.  The  quantity  fcau  approach  no  other  limit  than  0; 
forhy  taldnf « laxgeenou^  Jl<«  and  |f'|<«(<r|  —  Og)  Indepandantly  of  a.  Henca 
as  X  becomaa  infinite,  the  integral  oonveigea  to  tlw  oonataat  asprairion  on  the 
left  aud 

I    ^i^{a)da-  \     j   /{X,  a)dadx. 
Moreover  if  the  IntegraUon  be  to  a  Tarf  able  limit  f  w  a,  then 

l^(or)s  f%{a)da^  f  ffix^ei^Mzzz  CF{z,a)ix, 

Jm,  Jm^  Jn 

Alao  I  jr*'(«.  a)dx j  =  I  /" / a) Anb|  =  |  J[]"/  V(«» «)*BiIa|< «(« - 

Hence  it  appears  that  the  remainder  for  the  new  integral  is  less  than  e  (<r,  — 
lot  all  valoea  of  or ;  the  conveigenoe  ia  thoefore  onifonn  and  a  aeeond  integration 
may  be  performed  if  dadrad.  Thus  if  an  it^niie  integral  eonverget  uniformly^  it  may 

l>€  integrated  as  many  times  as  desired  under  the  .tifjn.  It  should  1>p  notioftl  that  tlM 
proof  fails  to  cover  the  case  of  integration  to  an  infinite  upper  limit  for  a. 
For  the  case  of  differentiation  it  is  necessary  to  show  that 

jT  ■/;(«,  a|)d«  =  Coorider  jf  */;(«,  «)d»  =  ••(«). 


Aa  the  Infinite  integnl  la  aanimed  to  oonTetge  uniformly  by  the  atatement  of  the 
theorem,  it  ia  pomible  to  integrate  with  req[>eet  to  a  under  the  dgn.  Tlian 

J\(a)da  =  jT"  J^V;(*,  a)dadz  =  f*[/{^,  «)  =  *(«|). 

The  integral  on  the  left  may  be  difTerentlated  with  rexpect  to  a,  and  hence 
^(a)  must  be  difTerentiabie.  The  differentiation  gives  u{n)~<f>'(a)  and  hence 
w(ar|)  =  ^'  (a|).  The  theorem  is  therefore  proved.  This  theorem  and  the  two 
above  could  be  proved  in  analogooa  waya  in  the  caae  of  an  Infinite  integral  doe 
to  the  fact  that  the  integrand  /(x,  a)  became  Infinite  at  the  ends  of  (or  within) 
the  interval  of  integration  with  respect  to  x;  tlie  proof  a  need  not  be  given  here. 

149.  The  method  of  integrating  or  diffefentiating  under  the  sign  ci 
integration  may  be  applied  to  evaluate  infinite  integrals  when  the  condi- 
tions of  uniformity  are  properly  satisfied,  in  precisely  the  same  manner  as 
the  method  was  pievioasly  applied  to  the  case  of  finite  integrals  where 
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the  question  of  the  nnifofmity  of  oonveigenoe  did  not  ariee  (|§  llQ-ldO). 

The  examples  given  below  will  serve  to  illustrate  how  the  method  works 
and  in  particular  to  show  how  readily  the  test  for  uniformity  may  be 
applied  in  some  cases.  Some  of  the  examples  are  purposely  chosen  iden- 
tical with  some  which  have  previously  been  treated  by  other  methods. 

Couldflr  lint  an  Intogral  wbieh  maj  be  found  by  diteei  integntlon,  namaly, 

e-**ooe!aDcte  = -r — — •       Compare  l   e-«*<li  =  -. 

The  Intefjrand  is  a.  j>ositive  quantity  greater  timn  or  equal  to  f-^cosh* 
for  all  values  of  b.  Hence,  by  the  general  test,  the  first  integral  regarded  as  a 
function  of  b  converges  uniformly  for  all  values  of  6,  defines  a  continuous  func- 
tion, and  may  be  Integiatad  between  any  llmha,  aay  from  0  to  6.  Then 

•  «/•  Jo  Jo 

tr^  tfs=  /    --  — =  tan-»-. 

•  X  Jo  a*  -f-  ^  a 

mtegiate again,  f^*^^-^~^^—f^^''~~~^~'^ 

-  b  tan- 1  -  -  ^  log  (a"  + 


Compwe  /V«lr:^&  and  j^-^^ 

Now  as  the  second  integral  has  a  positive  integrand  which  is  never  less  than  the  inte- 
grand of  tho  first  for  any  positive  %'alue  of  a,  tlie  first  integral  converges  uniformly 
for  all  po«iUve  values  of  a  including  0,  is  a  continuous  function  of  a,  and  the  value 
of  the  Intefral  for  a  s  0  may  befoond  by  settinga  equal  to  OIn  thetntegnukl.  Then 

The  ehangeof  the  variable  toe's  )s  and  an  Intefratlon  by  parte  t{l^  nepeetivaly 

r  __dx=-16|,  _d«=+-  or  as  6>0  or  6<0. 

This  last  lemlt  migbt  be  obtained  foma&g  ytf  taUng  tbe  llmtt 

It    r*    ■-.•Into J  j_    .     i**     .  » 

lim  I    t-**  dz=  I   dz  =  tan-*  -  =■  ±  — 

•AO*/*  X         J*     X  OS 

after  tbe  llrM  Integration ;  bat  saeb  a  ptoeess  woold  be  unjostiflable  withont  first 

diowing  that  the  integral  was  a  continuous  function  of  a  for  small  positive  values  of  a 
and  for  0.  In  this  rnsr  /  -  '  ("-"sin  ^|  j-i  sin  / 1.  but  a.s  the  inte','rul  of  [  j-'  sin  bx\ 
does  not  converge,  lite  test  for  uniformity  fails  to  apply,  llence  the  limit  would  not 
be  JoatiAed  withont  qwclal  Inveati^tion.  Here  tbe  limit  does  give  tlie  right  reeult, 
bat  a  simple  case  where  the  integnd  ot  tbe  limit  la  not  tbe  Ihnit  of  the  integral  le 

Urn  I   dx  =  Umldbxl  =  ±    5*  1   I    -dx  =  0. 

X  »At\     %/  9     •'0  X  J*  X 
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M  a  atomifl  «naipl«  eoiHtder  the  «valiutloii  of    "e" (*'«)  ds.  DtHsraittata 

♦-(a) = ±  f  %-(-9f*  -  s  r .-(-9"  -  1* 

da*'*  •'o  \  x/x 

To  justify  the  differentiation  this  last  integral  must  be  shown  to  converge  uni- 
formly. In  the  first  place  note  that  the  integrand  does  not  become  infinite  at  the 
orlfl^n,  althongh  one  of  Its  f eeUm  does.  Henee  the  Intcfnl  le  inllnlte  onlj  hj  Tir> 
tne  of  its  Infinite  limit,  dispose  a  S  0 ;  tlien  for  laxge  ndnee  of  « 

e" i)  ^1  _       s  e*^-'^   and   J"  t'-^'dx   converges  (8 148). 

Hence  the  convprgciu  t  is  uniform  when  a  ^  0,  and  the  differentiation  !•  jmtified. 
Bat,  by  the  change  of  variable  x' s  —  a/x,  when  a  >  0, 

Jq  X*     Jo  Jo 

Uence  the  derivative  atntve  fonnri  is  zero ;  ^'(a)  =  0  and 

^(a)ajr%~(*~i)dicaBOonat.  =sjr*«-«'daf  = 

for  the  integral  converges  uniformly  when  ago  and  it«  constant  value  may  be 
obtained  by  setting  a  =  0.  As  the  convergence  is  uniform  for  uuy  range  of  values 
of  o,  the  fimetion  is  eveiywliere  ooDtlnuoua  and  equal  to  }  Vv. 

Am  a  third  example  calenlate  the  integiai  ^(6)  =  f  e-^^coetadc  Now 

Jo 

db     Jo  "Za-l  Jo     '2  a- Jo 

The  second  step  is  obtained  by  integration  by  parts.  The  previous  differentiation 
IsliMtifledhgrthefaettbat  the  integral  of  sr-«v,  which  ii  greater  than  the  inte- 
grand  of  the  derived  Integral,  converges.  Tlie  differential  equation  may  be  solved. 

Henoe  ^(&)s0<O)e  <«*=J^  e-«^coabEdss.l^- — . 

In  determining  the  constant  C,  the  function  ^(6)  is  assumed  continuousi  as  the 
integral  for  ^(6)  obviooalj  oonveigee  uniformly  for  all  values  of  6. 

148.  The  question  of  the  integration  under  the  sign  is  naturally 
connected  with  the  question  of  infinite  double  integrals.  The  double 

mtegraX  J*/(Zf  y)  dA  over  an  area  A  is  said  to  Ix^  an  intinite  integral 

if  that  araa extends  out  indefinitely  in  any  direction  or  if  the  function 
/{Xf  y)  beoomes  infinite  at  any  point  of  the  area.  The  definition  of 
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eonveigeiioe  is  analogous  to  that  given  befoio  in  tlM  oase  of  infinite 
simple  integials.  If  the  area  A  is  infinite,  it  is  replaoed  by  a  finite 

aiea  A'  which  is  allowed  to  expand  so  as  to  cover  more  and  more  of 
the  area  A,  It  the  function       y)  becomes  infinite  at  a  point  or  along 

a  line  in  the  area  A ,  the  area  A  is  replaced  by  an  area  A '  from  which  the 
singularities  of  f(x,  y)  are  excluded,  and  again  the  area  A'  is  allowed  to 
exiKuid  and  approach  coincidence  with  A.  If  then  tlie  double  integral 
extended  over  A '  approaches  a  definite  limit  whicli  is  independent  of 
how  A'  approaches  A,  the  double  integral  is  said  to  converge.  As 


where  x  —  ^(«,  r),  y  =  ^(«,  v),  is  the  rule  for  the  change  of  variable 
and  is  applicable  to  A',  it  is  rhiir  that  if  cither  side  of  the  equality 
appnxiches  a  limit  wliicii  is  independent  u£  how  A'  approaches  A,  the 
other  side  must  apprwich  the  same  limit. 

The  theory  of  infinite  doulile  integrals  ])resentii  numerous  difficulties, 
the  solution  of  which  is  beyond  the  scojie  of  this  work.  It  will  be  sutti- 
cient  to  point  out  in  a  simple  case  the  questions  that  arise,  and  then 
state  without  proof  a  tiieor«n  whioih  coveis  the  eases  which  arise  in 
practice.  Suppose  the  region  of  integration  is  a  complete  quadvant  so 
that  the  limits  for  as  and  y  are  0  and  «e.  The  first  question  is,  If  the 
doable  integral  converges,  may  it  be  evaluated  by  successive  integra- 
tion as 

/(X,  y)dA  =  /       /    J\x,  y)dydx  =  /       /    /(x,  y)dxdy7 

And  oonversely,  if  one  of  the  iterated  integrals  converges  so  that  it  may 
be  evaluated,  does  the  other  one,  and  does  the  douUe  integral,  converge 
to  the  same  value  ?  A  part  of  this  question  also  arises  in  the  esse  of  a 
function  defined  by  an  infinite  integraL  For  let 

r"/(aJ,y)<^y  and  f  <l>(x)dx^  f     f  /(«,y)rfy«te, 

Xt  being  assumed  that  <l>{-r)  converges  except  i>ossibly  for  cert;iin  values 
ot  Xf  and  that  the  integral  of  <l>  (x)  from  0  to  qo  converges.  The  question 
arises,  May  the  integral  of  ^  (x)  be  evaluated  by  integration  under  the 
aign  ?  The  pnols  given  in  f  144  for  uniformly  convergent  integrals  inte- 
grated over  a  finite  region  do  not  apply  to  this  case  of  an  infinite  inte- 
gral In  any  particular  given  integral  special  methods  may  possibly  be 
devised  to  justify  for  that  ease  the  desired  transformations.  But  most 
oases  axe  covered  by  a  theorem  due  to  de  laValUe-Foussin:  Jf  lAs 
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function  /(Xf  y)doe*not  change  tignandiMConf  uvinis  fxrtpf  over  a  finite 
number  of  Unm  parallel  to  iM  axe$  of  x  emi    then  the  three  i$Uefft%Ue 

[f{x,y)dA,      f     r f{x,y)dydx,     f   f  f{x,y)dxdy,  (12) 

eann^  lead  to  different  determinate  reeuUe  ;  that  ie^  if  any  two  of  them 
lead  to  di^nUe  reeulte,  ^koee  retuUe  are  efwU.*  The  ohief  use  of  the 
theotem  ie  to  establiBh  the  equality  of  the  two  itexated  integrals  when 
eaeh  is  known  to  converge;  the  application  Tcqvires  no  test  for  uni* 
fwmity  and  is  very  simple. 

As  an  OTsmpte  of  the  me  of  the  theorem  ooulder  the  eralnatioii  of 

Multiply  hy  e-«*  and  intefrate  fram  0  to  a»  with  reepeet  to  a. 

Now  the  integrand  of  the  iterated  integral  is  positive  and  the  integral,  being  equal 
to  /*,  has  a  definite  value.  If  tlie  order  of  integiationi  is  ehaoged,  tiie  integral 

Ja  J*  Jo    l  +  z>  2     2  4 

is  seen  also  to  lead  to  a  definite  value.  Hence  the  values  /*  and  |«  are  equal. 

EXERCISES 

1.  Note  that  the  twn  integrands  are  continuoas  functions  of  (x,  a)  in  the  whole 
region  OSa<ao,  O=ix<ao  and  that  for  each  value  of  a  the  integrale  converge. 
Betahlieh  tlw  forme given  to  the  remaindecs  and  from  them  show  that  It  is  not  pas' 

Bible  to  take  z  so  large  that  for  all  values  of  a  the  relation  \  R(x,  <ir)|  <  <  satisfied, 
but  may  be  satisfied  for  all  tr'ssuch  that  0  <  a„  =  a.  Hence  infer  that  the  conver- 
gence \&  nonuniform  about  a  =  0,  but  uniform  elsewiiere.  Note  that  the  functions 
defined  are  not  eontinuous  at  a  s  8^  but  are  oontinnoua  for  all  other  values. 

<a)  jr"ae-«<to,  R(x^a)- y*ae-«»dK  =  e-«- 1, 

2.  Repeat  in  detail  the  proofs  relative  to  continuity,  integration,  and  diflS^ 
entiation  in  caae  the  integral  is  infinite  owing  to  an  Infinite  integrand  at  2  =  b. 

•The  theorem  may  be  Ktn<?nillzed  hy  allnwing  f(i,  y)  to  be  diHcontinaous  over  e 
finite  number  of  curves  each  of  which  is  cut  in  only  a  finite  limited  number  of  pointe 
by  lines  parallel  to  the  azii.  Moreover,  tiw  fnnetlda  may  deatly  be  aUowed  to  dumge 
sifrn  til  a  ri  rtiiin  cxtf^nt,  as  in  thi-  case  where />0  when  r  >  a,  and  /  <0  when  0  <  x  •  n. 
etc.,  where  the  integral  over  the  whole  region  may  be  resolved  into  the  sum  of  •  limt« 
number  of  integnle.  Finally,  If  the  integnls  are  abeoltttelycoovefgent  and  the  iaiegrali 
ef       y)l  lead  to  definite  lesolts,  ee  wOl  the  Integnle  ol/^,  y). 
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3.  Show  that  differentiation  under  the  tifffi  la  ftUowmble  In  the  folkmlng  tiniM, 
and  hence  derive  the  reaults  that  an  given : 

(o)  /V-*=l^,  «>«,  /W^*.:#'-«  • 

Jo  *\tt  Jo  2  SI"a«+4 

iP)  r"xe-«*dac  =  1  .  a  >  0,   f  xt«-n«-««dfe  =  LAlll?, 

Jo  2  a  Jo  2a"+» 

r"_!^  =  !rJL   i^A     f*        ^        ^ir  l-3-..(2n-l) 
Jo   x«  +  k     2  Vi'    ^  Jo        +  2"    2»»IA-  +  *  • 

({)  rWrr-i-.  »>-!,   r'ac-(-Iog«)«»<b«-  . 

Jo  n  +  1  '  Jo     *    ^  '  (n  +  l)"+i 

(«)  1    7-r-***  =  :;  '  0<a<i,  l      ,  .      <tea — s  -. 

J»   l  +  »       sln<nr  Jo      l  +  »  ooi^inr  — 1 

4.  Establish  the  right  to  integrate  and  hence  evaluate  theee: 

Ji»»                               /••g—  «t  e— 5 
c-OTdB^  0 <  ff« S a,  /   -disslog-.  A,  aso^ 
0                             •'0         1  a  * 

«-"coemzdx,  0<a,Sa,  I   co»mxdx  =  ^log  ,^ 

(*)  r  e-^Binnodx,  0<a4.Sa,       *"**^*"**«lnmaBdj  =  tan-^~  — taa->— , 
Jo  "       Jo        X  mm 

c— =  — ^,  0<aoSa,  /   e  x«-e     dx  =  (6 - o) Vir. 
0  Stf  Jo 

4.  Evaluate-:  (a)  fV- >-^^^4isstaii-^^, 

Jo  z  a 

•/O  X  Jo  X 

6.  U  0  <  a  <  6,  obtain  f romj^  e-'«*dx  =  ^ and  justify  the  relations: 

=  -T=l«na/  — — —  sindl  — — — 

J-*e-«**dx        ^  /'••-••^l 
 —  co&b  I  ,  It 
0    l  +  x«            Jo  l-(-S«J 

J"-8inr-         t      2  P.          «-'«*x«dr  e-'^dxl 
— —  dr--^-  ^iginrf  -_  +  co«r|   -I. 
0   Vr        ^>    VirL     Je                      Jo    l  +  x*J 
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7.  GiTen  that  — ^  =  2  f  *  ae-«*o+*^,  ibow  that 

Jr"l  +  co«mx.      IT,,  ,        .        ,   r*  cmmx  .      v  . 


8.  Express  ft  (x,  a)-=  C   ^'^^  ^  dx,  by  integration  by  parts  and  also  by  substi- 

tuting  z'  for  ox,  in  such  a  form  that  the  uniform  oonvezigeiice  for  a  such  that 
0  <  a,  ^  a  is  shown.  Hence  from  Kz.  7  proTe 

jf*f^^H^(bsje-«,     a>0  (IqrdUrwe&tiatioa). 

Show  that  this  integral  does  not  satisfy  the  test  for  uniformity  given  in  the  text; 
also  that  for  a  =  0  the  eonTeigenoe  is  not  unifocal  and  that  the  integral  is  also 

dlSOOOtilUEIOIISs 

f .  If /(z,  a:,  fi)  is  continuous  in  (x,  a,  /9)  f  or  0  ^  2  <  co  and  for  all  pcrints  (a,  /S) 

of  a  region  in  the  o^plane,  and  if  the  Integral  ^(a,  P)=  f  /(z,  a,  /9)ds  con- 

verges  uniformly  for  said  yalofls  of  (a,  fi)^  abow  that  #  (a*  /I)  Is  continaoaa  In  (a,  p). 
Show  fnitber  that  if (x,  a,  /})  and  /^(z,  a,  ^  are  oontlnuooa  and  their  Integrals 
ooorerge  uniformly  for  said  values  of  (a,  /i),  tlian 

•nd     ^0  an  conttnodus  in  (or,  /i>.  The  proof  In  the  text  holds  almoat  verlMtim. 

10.  If       y) a  <f  0)  la  a  function  of  m  and  the  oomplez  Tarlahle 

7  =  a  +  f/3  which  is  continuous  In  (x,  rr,  that  is,  in  (x,  7)  over  a  region  oC  the 
•y-plane,  etc.,  as  in  £z.  0,  and  Uf^{fi,y)  satisfies  the  same  conditions,  show  thai 

^(y)  s  r*/(x,  7)dc  deflnee  an  ana^tlo  fnnetlon  of  7  fan  mM  nglon. 

11.  Show  thai  J**r'V'tfB,  yssa-^UI,  3S  <x^>0^  definoa  an  analytic  fnne- 
tlon of  Y  over  the  whole  y-plane  to  the  right  of  the  vertioal  a  =  a^  Henoe  fnler 

A  2^2  a^H-^ 
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Jr***  1 
-  e-"*x  co«  fijckix  of  Ex.  11  by  jwirtH  with  xcon^*dx-=dH 

to  show  that  the  coovergence  is  uniform  at  a  =  0.  Hence  find  J  cmftz^dx. 
18.  From  J'^*co8x«dx  =J'*"co8(x  + a)«d*  =-^=  J*  **«ln^  + a)«dx,  with 

rtttg  to  M  odd  function^  trttWhh  the  reialloM 

U.  Calculate:      {a)  J^' e-'^cothbadz^        {fi)  J*zc'*oi»bxdx, 

add  (together)  (y)  J^"coe  (|  ±  ^)  <te,      <«>  X""^"!?  ^  ^^)*- 

15.  la  oontimiatloii  of  Ba.  10-11,  p.M8t  ptofo  at  loMt  fomaUyllM  valtttioiwt 

Um  J  /(X)— -(ix  =  -/(0).      jlm-J  /(X)— -de=/(0), 

J^^J''/(x)c<Mkxd3cdk=  J'  j'^^/{z)i»i»bedkd»~  J"'/(x)'^°^***8» 

The  last  form  is  known  as  Fourier's  Integral ;  It  represents  r  function  /{t)  u  a 
double  infinite  integral  containing  a  parameter.  Wherever  poaaible,  justify  the 
■tepi  after  placing  salBeieiit  laatrietiona  od/(z). 

16.  VtomJ^' e-*»dif      proTej^*^**~ daslgg^*  Frovaalaa 

-  8  j^'Fta+aa-a^****  J^alii<«-i#ooai»-V<#* 

17.  Treat  the  integrals  (12)  \tj  polar  oodrdinatea  and  ahow  that 

f /{x,  i)dA  */(r  coa    r  ato  ♦)rJnf# 

will  converge  if  |/|<  r-'-*  as  r  becomes  Infinite.  If  /(x,  y)  becomes  infinite  at  the 
origin,  but  |/|  <  r-*+*,  the  integral  converges  as  r  approaches  zero.  Generalize 
tbeaa  laaolta  to  triple  Integrala  and  polar  ooOtdlnalai  in  apaoa ;  the  onlj  dMbranoo 
la  that  2  becomes  3. 

It.  Ar  in  Exs.  1,  8, 12,  uniformity  of  convergence  may  often  be  tested  directly, 
without  the  test  of  page  ;  treat  the  inteigrand  z-  ^e-  aln  of  page  871,  when 
tbat  teal  failed. 
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CHAPTER  XIV 
SPECIAL  FUNCTIONS  DEFINED  BY  INTEGRALS 

147.  The  Onmm  and  Bttt  faacttoM.  The  two  integnli 

converge  when  n  >  0  and  m  >  0,  and  hence  define  functions  of  the 
pararaettns  n  or  n  and  m  for  all  positive  values,  zero  not  included. 
Other  forms  may  l>e  obtained  by  changes  of  variable.  Thus 

r(n)  =  2jrV"-**-«*'rfy,  liy  (2) 

B(m,n)«J^V-Hl-yr"'<'y«B(n,»),    by  (4) 

*<~'»>=r(iT^'       "ITS'  <^ 

w 

B(to,  n)  =  2jf 'sin'— '^eoe«"-V*i  by  (6) 

If  the  original  fann  of  r(i»)  be  mtegtated  bj  pertB,  then 

r(»)«J^V-»e-*«fe  =  i«"«-'j  +^jr  a:'«-»ite  =  ir(i»+l> 

The  resulting  relation  r(n  -|-  1)  =  nFfn)  shows  that  the  values  of  the 
r-function  for  n  4- 1  may  be  obtaiued  from  those  for  n,  and  that  con- 
sequently the  values  of  the  function  will  all  be  determined  if  the  values 
over  a  unit  interval  are  known.  IPWthennofe 

r(n+l)=nr(n)  =  n(n-l)r(n-l)  ^ 
^  n{n  -l)  -  {n-k)V{n-k)  ^  ' 

is  found  by  successive  reduction,  where  k  is  any  integer  lees  than  n. 
If  in  particular  n  is  an  integer  and  ^-  =  n  —  1,  then 

r(f»  +  i)s»(»-i)-  2  i  r(i)snir(i)siii;  (8) 

878 
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since  when  n  =  1  a  direct  integration  shows  that  r  (1)  =3 1.  Thus /or  inte- 
grai  values  of  n  the  T-fumHon  «t  thtfateUnial  /  and  for  other  than  integral 
▼alnea  it  may  be  regarded  as  a  sort  <rf  generalizatioii    the  faotoriaL 

Both  the  r-and  B-fnnctioiis  are  continiioas  for  all  ▼allies  of  the 
parameters  greater  than,  Imt  not  including,  sera  To  prove  this  it  is 
sufftcient  to  show  that  the  eonvergenoe  is  uniform.  Let  n  he  any  value 
in  the  interval  0  <    a  »  a  ilT;  then 

The  two  integrals  converge  and  tiie  goieral  test  for  uniformity  (§  144) 
therefore  applies ;  the  application  at  the  lower  Umit  is  not  necessary 
exoept  when  »  <  1.  SimUar  tests  apply  U>  B(m,  n).  Integration  with 
respect  to  the  parameter  may  therefore  be  carried  under  the  sign.  The 

derivatives  jftv(ii\  A** 

2^=jf  s^-^e-\logx)'dx  (9) 

may  also  be  had  by  differentiating  under  the  sign ;  for  these  derived 
integrals  may  likewise  be  shown  to  converge  uniformly. 

By  multiplying  two  r-fiinotlons  expressed  as  in  (2),  treating  the 
product  as  an  iterated  or  doable  integral  extended  over  a  whole  quad- 
rant, and  evaluating  by  transformation  to  polar  coordinates  (all  of 
which  is  justifiable  by  f  146,  since  tiie  int^rands  are  positive  and 
the  processes  lead  to  a  determinate  result),  the  B-function  may  be 
expressed  in  terms  of  the  r-function. 

r(n)r(m)=4^  a:«->e-'*da;jf*y«— »«-«^rfy=4 J  j^x^'-y-^e'-^tbody 

b4  rV***— Vrfr  fW— >4ooa^''i^^sr(»  +  m>B(«sn). 
•/»  Jo 

He»»  BK  -  Bin,  «).  (10) 

The  result  is  symmetric  in  m  and  n,  as  must  be  the  case  inasmuch 
as  the  B-fuuction  has  been  seen  by  (4)  to  be  symmetric. 

That  r(i)  s  Vw  follows  from  (9)  of  §  143  after  setthig  »  »  ^  in  (2) ; 
it  may  also  be  deduced  from  a  relation  of  importance  which  is  obtained 
hom  (10)  and  (5),  and  firom  (8)  of  §  142,  namely,  if  »  <  1, 


r(i)«i  J,  i  +  y*y 


-» 
sin  fir 


«  r(.)r(i-«)-3^.  (li) 
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As  ft  ma  aeen  Hbat  all  ▼aloes  of  r(n)  could  be  bad  from  tboae  in  • 
unit  mtonral,  say  from  0  to  1,  fh«  relation  (11)  sbows  that  tbe  inlev- 
val  may  be  fnither  lednoed  to  | s us  1  and  that  the  Tallies  for  the 

interval  0  <  1  —  n  <  |  may  then  be  found. 

148.  By  suitable  changes  of  variable  a  great  many  integrals  may 
be  reduced  to  B-  and  T-integrals  and  thus  expressed  in  terms  of 
F-functions.  Many  of  these  types  are  given  in  the  exercises  below; 
a  few  of  the  most  important  ones  will  be  taken  up  here.  By  y  oa^ 

y*  gr-\a  -  xy-^dx  «  a"**— ^ J  —  yy-^dy  =  a-+— »B(i»,  n) 

or  rV-»(«-x)-'cfa  =  a-+-'^;^^4^,     o>a  (12) 

Next  let  it  be  required  to  evaluate  the  triple  integral 

/«  Jjj  af-^'h^'hbidydM,      «  +  y  +  «isl, 

over  the  volume  bounded  by  the  oodrdinate  planes  and  x  +  y  4- «  =  1, 
that  is,  over  all  positive  values  of  x,  y,  m  such  that «  +  y  +  «  S  L  Then 

Iwm  1     t        I  a^-^i^-^s^'-^dzdydx 

-Iff  'f-'r-\i-»-9r^ 
B,  (12)  JT '■  V-.(i  -  .  -     =  ^ff;':^^>  (1  -  -r-. 

^r(m)r(n  +  l)  r(/)r(;«  +  n  +  l) 
nr(m  -I-  » -I- 1)  r(/  +  m  4-  n  +  1) ' 

This  result  may  be  simplified  by  (7)  and  by  cancellation.  Then 

There  ue  dmple  modlflestioiia  and  genentUntions  ef  those  remits  whtoh  ate 

HotnetiineH  uM'ful.  For  Instanos  if  it  were  desired  to  evaluate  I  ever  the  nnge 
of  positive  values  luoh  that  s/a    y/ft  <!•     S  A,  the  diaai»  aaoAft  ir»Mfi 

s  s  chi  givea 
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The  value  of  khla  Intagnl  eiciended  over  the  lamina  between  two  panllel  planee 
delen&liied  by  tbe  vahiee  k  and  k'^dhtm  the  conetant  k  would  be 

r(i+iR+») 

Henoe  if  the  Int^gmid  oontalned  a  faiietioii/(A),  the  ledoetlon  would  be 

r  (i  +  rn  +  7i)  Jo  ^  ' 
if  the  integration  be  extended  over  all  valuer  x/a  4-  y/b  +  z/c  ^  if. 


AnoCber  modlflcatton  ia  to  tbe  caae  of  tiie  Integral  extended  over  a  volQine 

.=///x.-.,.-...-^  Q'a  ». 

whieb  la  tbe  octant  of  the  aoifkoe  (ae/a)'  +  (jf/Kj/t  4*  (sAK-  A.  Tbe  rednotion  to 

lainadelqr  <*=(?)". dx  =  ?aM-\ .... 

o'6»c-    Vj)/    Vv/    Vr/    A  + 


9V 


r(i  +  -  +  ^+i) 


Tbla  integral  is  of  importance  becaiue  tlie  bounding  surface  here  occurring  In  of  a 
type  tolerably  familiar  and  frequently  arising  ;  It  Includes  the  elHpwijd,  the  surface 
j\  jf.  y  \  ^  i\  =  the  8urfarp  +  yl  +  =  a  J.  By  taking  /  =  m  =  n  =  1  the 
vuluuies  of  the  octants  are  expreteed  in  terma  of  the  T-function  ;  by  taking  first 
I  s  8,  m  B  a  ss  1,  and  then  m  »  8,  t  s  n  s  1,  and  adding  tbe  lemlta,  tbe  momenta 
of  inertia  about  the  c-axla  are  found. 

Although  the  case  of  a  triple  integral  has  been  treated,  the  results  for  a  double 
integral  or  a  quadruple  integral  or  integral  of  higher  multiplicity  are  made  obvioua. 
For  example, 


+  -  — 1 
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VP    g    r    •  / 


pgn    ^  ^ 

1. 


12       »  —  1 

140.  If  the  product  (11)  be  formed  for  each  of  ~» ->  •••>  >  and 

the  leBidtB  be  moltiiklied  and  rednoed     Ex.  19  below,  tihen 

The  logariUmiB  may  be  taken  and  the  result  be  divided  bj  n. 

Now  if  n  lie  allowed  to  l)ecom«3  infinite,  the  sum  on  the  left  is  that 
filmed  in  computing  an  integral  if  dxssl/n.  Hence 

Ijjn  2  logr(x,)Aa:  =  jf 'log r (x) =  log  V*^.  (15) 

Then  log r(a  +  x)dx  =  a(loga  —  1)+  log V2^  (15*) 

may  be  evaluated  fay  differentiating  under  the  sign  (Ex.  12  (^,  p.  288). 

By  the  use  of  differentiation  and  integration  under  the  sign,  the 
expressions  for  the  fint  and  second  logarithmie  derivatiTes  of  T(n) 
and  for  log  T{n)  itself  may  be  found  as  definite  integrals.  By  (9) 
and  the  expression  of  Ex.  4  (a),  p.  875,  for  log  ae, 

r'(»)=^*a-->«— log«d»=jf  s^-^e-'JJ^"'^^''dadx. 

If  the  iti'rated  integral  l>e  regarded  as  a  double  intep^ral,  the  order  of 
the  integrations  may  be  inverted ;  for  the  integmnd  maintains  a  posi- 
tive sign  in  the  region  l<a!;<Q<>,  0<a<Qo,  and  a  negative  sign  in 
the  region  0<a;<l,  0<a<«,  and  the  integral  from  0  to  »  in  x 
may  be  considered  as  the  sum  of  the  integrals  from  0  tx)  1  and  from 
1  to  00,  — to  each  of  irhieh  the  invenion  is  applicable  (§  146)  because 
the  integrand  does  not  change  sign  and  the  results  (to  be  obtained) 
are  definite.  Then  by  Ex.  1(a), 
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This  value  may  be  simplified  by  subtiaofciiig  from  it  the  pai-tionlar 
value  -  y  =  r (l)/r(l)  =  r(l)  found  for  n  =  1.  Then 

r(n)    r(i)     r(n)^y  J„  Vl  +  «  (H-a)"/« 
The  change  of  1  +  a  to  1/a  or  to  e*  gives 

III 

r(i 

Differentiate:  ^log:r(n)=jf  ~^^da,  (18) 
To  find  log  r  (n)  integrate  (16)  from  n  « 1  to  n  s  ik  Then 

since  r(l)  =  1  and  log  r(l)  =  0.  As  r(2)  =3 1, 

hy  subtracting  from  (19)  the  quantity  (n  —  1)  log  T(2)  =  0.  FtnaUy 

l««r(»)-£[5ff-(»-iK]^  (190 

if  1  +  (f  Ixi  changed  to  e'".  The  details  of  the  reductions  and  tlie  justi- 
fication of  the  differentiation  and  integration  will  Ik?  left  iis  exercises. 

An  approximate  ex{)res8ion  or,  better,  an  asymptotic  expression, 
that  1^  an  expression  with  »matt  percentage  error,  may  be  foond  for 
r(»  + 1)  when  n  ia  large.  Chooee  the  form  (2)  and  note  that  the  inte- 
grand f^**^'-'^  rises  from  0  to  a  maximum  at  the  point  ^  ss  »  4.  ^  and 
fidls  away  again  to  0.  Hake  the  change  of  variable  y  ^  V<r  +  w,  where 
a  a  »+  I,  so  as  to  bring  the  ori^  under  the  maximum.  Then 

r(n  +  1)  =  2  r    (      +  wY'e-'-^^-'^dw, 
or  r(»  + l)  =  2o«c-' I     e     ^    v;;  dw. 

Now      2  a  log  ^1  +  ~}j  -  2  Vaw  ^0,       —  Va  <  ir  <  00. 
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The  integrand  is  therefore  always  less  than        except  when  ic  =  0 

and  the  integrand  Iwcomes  1.  Moreover,  as  w  increases,  the  inte- 
grand falls  off  very  nii)idly,  and  the  chief  part  of  the  value  of  the 
integral  may  be  obtained  by  integrating  bt»tween  rather  narrow 
limits  for  ir,  say  from  —  3  to  +  3.  As  n:  is  large  by  hypothesis, 
the  value  of  log(l  -f-  w/Va)  may  be  obtained  for  small  values  of  w 
from  Maclaurin's  Formula.  Then 


r(»  + 1)  «  2«-e-J^V»-^-\ta, 


is  an  approximate  form  for  r(n     1),  where  the  quantity  c  is  about 

r|  (/•/ Vaaiul  where  the  limits  ±cof  the  integral  are  small  relative  to  Va. 
But  as  the  integrand  falls  off  so  rapidly,  there  will  be  little  error  made 
in  extending  the  limits  to  oo  after  dropping  c  Hence  approximately 

r(n  +  1)  =  2  0^6" J  er^'^dw  =  •v/2ira*«-* 

or  r(n  +  1)  =  V2w^(n  -|-  +  ly),  (20) 

where  i;  is  a  small  quantity  approaching  0  as  n  becomes  infinite. 


1.  Establish  the  following  formulae  by  changes  of  variable. 
(a)r(ii)=a-j^V-ir-««B,  a>^  ^*dnfi«b  =  ^ B +  ^, 

7)  B(i»,ii)  =  2i-»-B(n,l)by(e),  («)  jf*— HI =  4 B(Jm.*), 

x»-'(l-x)-»dx  ^  r(in)r(n) 

[a* +     -«)]"+■    a«fr*r(m+ii)'  a(l>y)  +  ^' 

8.  From  r  (1)  =  1  and  r  ())  =  Vr  make  a  taUe  of  the  values  for  mwj  Int^gtr 
atad  half  integer  from  0  to  6  aod  plot  tht  oorve  y  s  r(s)  from  them. 

8.  By  the  aid  of  (10)  and  Ex.  1  (v)  prove  (he  relations 

Virr(2  a)  =  J»«-»r  (a)  r  (a  +  i),      VwT  (»)  =  »»-»r  tt  a)  r  (4  n  +  J). 

4*.  Qiven  that  r  (1.75)  =  0.0191,  add  to  the  uble  of  Ex.  2  (be  valoeeof  r(a)  for 
evety  <|iuuter  from  0  to  8  and  add  the  points  (o  (he  plot. 
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5.  WiUi  Um  »ld  of  the  r-f aDctloB  pnifo  thise  relations  (ne  Ex.  1) : 

(a)  n8in-«i«=r^oo^»dx=.^';*;':'<*-^>;  or 

*  Jo  2'4.6...«     2  1  3  5  -  n 

as  n  is  even  or  odd. 

(«\  _1.8»6-  •  (2tt- 1)  ir  ^ij.i"+»dje_  2-4-6..-2n 

^'J©  Vl-Tl?"     2. 4. «...;•.»     2*     ^''''Jt  Vl-z*  ••(2>»+I)' 

(«)  JT  V  V^n^to  =  ^»  (•)  JT  V(a«  -  *«)ld» = 2^, 

(r)  Find  r'— ^^tofoardwdmata,       M  Fliid  f'— 

6.  nod  the  areaa  ot  the  qnadtanta  of  theee 

( I)  d^/o^  +  yVt* si,     («)  tiM erolute (f»)i  +       s (i^ . e^f . 
V.  Find  centere  of  gravis  and  mmnenti  of  Inettla  aboat  the  axes  in  Ex.  6^ 
B.  Find  Tolumes,  centers  of  gravity,  and  nuMnenta  of  Inertia  of  the  octants  of 

(a)  xi  +  i/i  +  zi  =  «i,      (/3)  xJ  +     +     =  a?,      (y)      +     -\- zi  =  1. 

9.  (a)  The  sum  of  four  proper  fractions  does  not  exceed  unity ;  find  the  average 
value  of  their  product,  {fi)  The  sane  if  the  sum  of  tlie  squares  does  not  axesed 
unitj.  (t)  What  are  the  results  In  the  esse  of  k  proper  fraetionsf 

10.  Average  r^^-^i^  undsr  the  sappoflition  tafl  + 

11.  Evaluate  the  definite  integral  {16')  bj  differentiation  under  the  sign. 

12.  From  (18)  and  1  <  — ^ —  <  1  +  a  show  that  the  magnitude  of  X>*  log  F  (a) 
is  about  1/n  for  large  values  of  n. 

13.  From  £x.  12,  and  £x.  28,  p.  76|  ahow  that  the  error  in  t&Ung 

Iogr(n  +  l)  for  J^"**logr(«)da  Isaboot  ^^-L^ log r +  ^) . 

/•■♦*  /•* 

14.  Show  that  J      logr(x)dB=  J  logr(»'|'S)dc  and  hsnca  con^are  (10^, 

(20),  and  Ex.  18  to  diow  that  the  onall  quanti^  9  la  ahout  (24a  <f  12)-*. 

15.  Use  a  four>plaos  taUs  to  find  the  logarithms  of  61  and  101.  Find  ths 
logarithms  of  the  approximate  values  by  (20),  and  determine  the  percentage  errois. 

16.  Asmme  as  11  fai  (17)  and  evaluate  the  first  integral.  Take  the  logaclthmio 

derivative  of  ("20)  to  fltul  an  approximate  expression  for  r'(n)/r(n),  and  in  partic- 
ular compute  the  value  for  n  =  11,  Combine  the  result*  to  find  7  =  0.578.  By  more 
accurate  niethoils  it  may  be  shown  that  Euler's  Constant  7  =  0.677,215,686  •  •  • . 

17.  Integrate  (lU')  from  n  to  n  +  1  to  find  a  definite  integral  for  (16').  Subtract 

the  integrals  and  add  -  log  n  =  /    —  •  Hence  find 

2         J—m     2      or  ' 


log 


r (n)  -  nCogn- 1)- log lloga  =  £^  -  1  + 
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18.  Obtain  Stirling's  approximation^  r(n  +  1)  —  V2wnn'e-',  either  by  compar- 
ing it  with  the  one  already  found  or  by  applying  the  method  of  the  text,  with  th* 
sabetitation  s s  n  +  Viny,  to  the  original  form  (1)  of  F (n  +  1). 

«M  •         *'%S.~*_.  .*"_i2ir       ,(n— l)ir       n  - 

19.  The  xelftUon    IT  ain — siin-aiii  —  ...ain^  nnj  1m 

».i        n         n      »  n 

/ 

obtained  from  the  root*  of  unity  (§  72) ;  for  x"  —  1  s  (a  —  1)  TT     —  e    ■  / 1 
ii  =  lim  =    TT    \1  — c    "  /,         IT    —  =  r=s=r— :• 

150.  Tbt  arm  fvaetim.  Suppose  that  meMiiniiientB  to  detennine 
thB  magnitude  of  a  oeitain  object  be  madei  and  let  m,,  •  •  • ,  be  a 
set  of  n  determinations  eadi  made  ind^ndently  of  the  other  and  each 
wrathy  of  the  same  weight  Then  the  quantities 

=  TO,  —  m,       q.^  =  jn^  -m,  • ,  =      —  m, 

which  are  the  differences  l)etwe<'u  the  ohserved  values  and  the  assumed 
value  in,  are  the  errors  committed ;  their  sum  is 

+    H  1-     =      +  »»t  H  1-  m,)  —  mil. 

It  wfll  be  taken  aa  a  f  nndaroental  axiom  that  on  the  average  the  errors 
in  exoesSy  the  positive  errors,  and  the  errors  in  defect,  the  negative 
errors,  are  evenly  Ixilanced  so  that  their  sum  is  zero.  In  other  words  it 
will  be  assomed  that  the  mean  value 

He*  « iWj  +  wtj  + . . .  +  m,  or  m  =  -(»»,  + 1»,  +  •••  +  m^)  (21) 

is  the  most  probable  value  for  m  as  detenninod  from  m^f  Mg,-'-,  m,. 
Note  that  the  average  value  m  is  that  which  makes  the  sum  of  the 
squares  of  the  errors  a  minimum ;  hence  the  term  "  h^ast  squares," 

Before  any  observations  have  been  taken,  the  chance  that  any  par- 
ticuhir  error  </  sliould  be  made  is  0,  and  the  chance  that  an  error  lie 
within  infinitesimal  limits,  say  l)etween  </  and  >/  +  'f'/,  is  infinitesimal ; 
let  the  chance  be  assumed  to  lie  a  function  of  the  size  of  the  error,  and 
write  ^{q)dq  as  the  chance  that  an  error  lie  between  q  and  q  +  dq.  It 
may  be  seen  that  ^(7)  may  be  expected  to  decrease  as  q  increases;  for, 
under  the  reasonable  hypothesis  that  an  observer  is  not  so  likely  to  be 
far  wrong  as  to  be  somewhere  near  right,  the  chance  of  making  an 
error  between  8.0  and  8.1  would  be  less  than  that  of  making  an  error 
between  1.0  and  1.1.  The  function  ^(f)  is  called  the  error  function. 
It  will  be  said  that  the  chance  of  making  an  error  7,  is  ^(71);  to  put  it 
more  precisely,  this  means  simply  that  <f>(q,)dq  is  the  chance  of  making 
an  error  which  lies  between  qt  and  g<  dq. 


Digitized  by  Gopgle 


FUNCTIONS  DEFINED  BY  INTEGRALS  887 

It  is  a  fundamental  principle  of  the  theory  of  chanoe  that  the 
chance  that  several  independent  events  take  place  is  the  product  of 
the  chances  for  each  separate  event.  The  probability,  then,  that  the 
errors  g^,  9.  be  made  is  the  product 

♦(^i)  ♦  W  -  ~)        -      •         -  «).  (22) 

The  fundamental  axiom  (21)  is  that  this  probability  is  a  «*«^*tmwm 
when  m  is  the  arithmetie  mean  of  the  measmementB  m,,  •  •  • ,  m^; 
for  the  errors,  measured  from  the  mean  value,  are  on  the  whole  less 
than  if  measured  from  some  other  value.*  If  the  probability  is  a  maxi- 
mum, so  is  its  logarithm;  and  the  derivative  of  the  logarithm  of  (22) 
with  respect  to  m  is 

when  fl'i  +  ^'jH  h    =  (Wj  -  m)  +  (w,  —  wt)  H  +  (to,  —  m)  =s  a 

It  remains  to  determine  <f>  from  these  relations. 

For  brevity  let  ^'(y)  be  the  function  F  =  ^'/^  which  is  the  ratio 
of  ff>'(<i)  to  ^(7).  Then  the  oonditions  beocme 

-f(«i}-*-^(»t)+  ••  +  -F(yO«0   when      +  j,  + +    « 0. 

In  partioalar  if  there  are  only  two  ohservatkms,  tiien 

+  ^(Y,)  =        «»d    q,  +  q,  =  0    or  q^^-q^. 

Then  n'A)  +  n-'A)  =  0    «r    H- q)  ^{9)- 

Next  if  there  are  three  observations,  the  results  are 

-P'W  +  J^W  +  ^'C?.)-©  and  y,  +  f,  +  7,-a 
Henoe      F(yj)  +  F(q^  =  -  F(7j  =  F(-  7 J  =  F(v,  +  y^. 
Now  from  F{x)  -f  /-'(y)  =  F(x  +  ?/) 

the  foDction  F  may  be  determined  (Ex.  9,  p.  45)  as  F(x)  ^  Cx,  Then 

=  ^  -  C2,       log ^(y)  =  i Cj,«  +  /C, 

and  ♦(?)  =  •*<*'+'«  <7s****. 

This  determination  of  ^  contains  two  arbitrary  constants  which  may 
be  farther  determined.  In  the  first  place,  note  that  C  is  n^ative,  fat 
^(7)  decreases  as  9  in<»eases.  Let|-C«— H  In  the  seoond  place,  the 

*  The  derivation  of  the  ezprossion  for  #  Is  phyilcal  rather  thjui  logical  in  its  argu- 
■Mk.  Tlw  iMl^Mlillettloa  or  pnoC  of  the  validity  of  tlwezpranioiiolit^^ 
If  riori  sad  dapendi  am  tha  ozparlonce  that  in  piaetlea  eimn  do  follow  tiio  law  (M). 
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error  q  must  lie  within  the  interval  —  x  <  y  <  -f  x  wMch  comprises 
all  possible  values.  Hence 

j*\(3y^^%      ajf^V-Vrfy^l.  (28) 

For  the  chance  that  an  error  lie  between  q  and  q  -{-dqiB  ^dq,  and  if 
an  mterml  a  S  j  S  6  be  given,  the  chance  of  an  error  in  it  is 

ft  ft  ph 

^^in)dq    or,  better,    Um]^ ^(^jtifi- =  / 

and  finally  the  chance  that  —  ao  <  7  <  +  oo  represents  a  certainty  and 
is  denoted  by  L  The  inte^  (23)  may  be  evaluated  ($  143).  Then 
aV^/k^luulO^k/wi.  Henoe* 

a-*^.  (24) 

Vtt 

The  remaining  constant  k  is  essential ;  it  measures  the  accunicy  of 
the  (;ltserv(tr.  If  A'  is  large,  the  function  <^(y)  falls  very  ra])idly  from 
the  huge  value  k / ^Jtt  for  7  =  0  to  very  small  values,  and  it  appears 
that  the  observer  is  far  more  likely  to  make  a  small  error  than  a  large 
one ;  but  if  A;  is  simill,  the  function  ^  falls  very  slowly  from  its  value 
k/y/w  tot  q^O  and  denotes  that  the  observer  is  almost  as  likely  to 
make  vessonablj  large  errors  as  small  ones. 

151.  If  only  the  numerical  value  be  considered,  the  probalnlity  that 
the  error  lie  numerically  between  q  and  q-{-dqiB 

2k     ^.        ,    2k  ri  ^, 
is  the  chance  that  an  error  be  numerically  less  than  Now 

is  a  function  defined  by  an  intogral  with  a  variable  upper  limit,  and  the 
problem  of  computing  the  value  of  the  function  for  any  given  value  of  i 
reduces  to  the  i)roblem  of  e()m])uting  the  integraL  The  integisnd  may 
be  expanded  by  Jdaolaurin's  Formula 


i 


*  The  roftder  may  now  T«rifjr  the  fiwt  that,  wltlk  4     In  (34),  the  product  (29)  b  a 
haum  If  the  mm  of  tho  tqinne  of  the  onon  is  a  mlnlmim  as  demanded  hf  (U). 
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For  mian  tbIius  of  x  this  series  is  satislsotoiy  j  for  »  s  ^  it  will  be 
aoonnte  tofive  *i*w{m^» 

The  probable  error  is  the  technical  term  used  to  denote  that  error  $ 
which  makes  ^(^)  =  that  is,  the  error  suoli  that  the  chance  of  a 
smaller  error  is  ^  and  the  chance  of  a  larger  error  is  also  ^  This  is 
foand  by  solving  for  x  the  equation 

-^.5  =  0.44311  +  + 

The  first  term  alone  indicates  that  the  root  is  near  x  .45,  and  a  trial 
with  the  first  three  terms  in  the  series  indicates  the  root  as  between 
X  =  .47  and  x  =«  .48.  With  snch  a  dose  approzimati(m  it  is  easy  to  fix 
the  root  to  four  places  as 

aj  =  A^  =  0.4769   or   f  =  0.4769  *-«.  (27) 

That  the  probable  error  should  depend  on  k  is  obvious. 

For  large  values  of  z  =  k(  the  method  of  ex|>an8ion  by  Maclauriirs 
Formula  is  a  very  poor  one  for  caleulating  too  many  terms  are 

required.  It  is  therefore  iinportaut  to  obtain  an  expansion  according 
to  detcendi-ng powers  0/ X.  How 

The  limits  may  be  sabstitated  in  die  first  term  and  the  method  of  Ui- 
tegration  by  parts  may  be  applied  i^iain.  Thus 


e-'^dx 


a^^  =  _^l-_j+-2rj^  — 
fif/i     1    i-3\    1-3-5  r 


and  so  <m  indefinitely.  It  should  be  noticed,  howeyer,  that  the  term 

^     l-3-5-.  (2n-l)^-^ 

r  =  ^  ^^divergesasn^oo. 

L^fbetaltlioagli  the  denominator  is  mnltipiied  by  24^at  easli  step,  the 
nnmcnftor  is  multiplied  by  2  «  —  1,  and  henee  after  the  integrations  by 
parte  have  been  applied  so  many  times  that  »  >  s^  the  terms  in  the 
parenthesis  begin  to  ineraase.  It  is  worse  than  useless  to  carry  the 
integrations  further.  The  integral  which  remains  is  (Ex.  5,  pb 
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1*8*0*** 


Thus  the  integral  is  less  than  the  last  tenn  of  the  parenthesis,  and  it 
IB  ponible  to  write  the  asymptotio  wriea 

f  e-'*r-5V?-27(l-^  +  ^--^  +  ...j  (28). 

with  the  assurance  that  the  value  obtained  hy  using  the  series  will  differ 
from  the  true  value  by  Us*  than  the  Uut  termwhieh  ie  need  m  iheeeriee. 
This  kind  of  series  is  of  frequent  occurrenM. 

In  addition  to  the  probable  error,  the  average  numerical  error  and  the 
mean  sf/uare  error,  that  is,  the  average  of  the  square  of  the  error,  are 
important,  lu  linding  the  averages  the  probability  <{>  ('/)  dq  nuiy  Ixj  taken 
as  the  weight;  in  fa<;t  tlie  probability  is  in  a  certain  sense  the  simplest 
weight  U'cause  the  'suni  of  the  weights,  that  is,  the  sum  of  the  j)rob- 
abilities,  ia  1  if  an  average  over  the  whole  range  of  j)ossible  valuer  is 
desired.  For  the  average  numerical  error  and  mean  square  error 

-.^        1  0.5643 


0.7071 


It  is  seen  that  the  average  error  is  greater  than  the  profaaUe  error,  and 
that  the  square  root  of  the  mean  square  error  is  still  larger.  In  the 
case  of  a  given  set  of  n  observations  the  averages  may  actually  he 
oompnted  as 

-.  9.'+ri+-  +  y:   1        J  1  

^      •   _^  V7'V2 

Moreover,  |  y  |'  =  2 

It  cannot  be  expected  that  the  two  values  of  k  thus  found  will  be  pre- 
cisely equal  or  that  the  last  relation  will  be  exactly  fulfilled ;  but  so 
well  does  the  theory  of  errors  represent  what  actually  arises  in  prac- 
tice that  unless  the  two  values  of  k  are  nearly  equal  and  the  relation 
nearly  satisfied  there  fire  fair  reasons  for  suspecting  that  the  observar 
tions  are  not  bona  fide.  ■'  ' 

153.  Consider  the  <picstion  of  tlie  applieiitioii  of  these  theories  to 
the  errors  made  in  ritle  prai-tiee  on  a  target  *  H^'tliere  ate  twd 
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erron,  one  doe  to  the  fact  that  the  shots  may  &U  to  the  right  or  left 
of  the  central  vertical,  the  other  to  their  fidling  above  or  below  the 
central  horizontal.  In  other  words,  each  of  the  coordinates  (x,  y)  <tf 
the  position  of  a  shot  will  regarded  as  sabject  to  the  law  of  errors 
independently  of  the  other.  Then 

-wir  -WIT 

will  l)e  the  probabilities  that  a  shot  fall  in  the  vertical  strip  between 
X  and  X  +  dx,  in  the  horizontal  strip  between  y  and  y  +  dy^  or  in  the 
small  reetangle  common  to  the  two  strips.  Moreover  it  will  be  assumed 
that  the  aocuracy  \»  the  same  with  respect  to  horizontal  and  vertioal 
deviations,  so  that  k  =s  k\ 

These  assuuiptions  may  appear  too  special  to  be  reasonable.  In  particular  it 
mi^tseem  as.  though  the  Mcnracles  In  the  two  direetions  would  be  vexy  diftoreiit, 
owing  to  the  poaalblU^  that  the  markanan^s  aim  aliould  tremble  more  to  the 

and  left  than  up  and  down,  or  vice  versa,  so  that  k  k'.  In  this  case  the  shots  would 
not  tend  to  lit*  at  equal  distances  in  all  directions  frouj  the  center  of  the  target, 
but  would  dihpohe  theuuielves  iu  an  elliptical  fashion.  Moreover  as  the  shootiug  is 
done  tvm  the  right  shoulder  It  might  seem  as  though  thers  would  be  some  Inellnea 
line  through  the  center  of  the  target  along  which  the  accuracy  would  be  least,  and 
a  line  perpendicular  to  it  along  which  the  accuracy  would  be  greatest,  so  that  the 
disposiUou  of  the  shots  would  not  only  be  elliptical  but  inclined.  To  cover  this 
general  asBomp^on  the  probelrility  would  be  taken  as 

(3le-*V-  »>flr-*Vd«|y,    with    ^j  '   j e-*V-«AW-*'V\|«|y  s  1 

as  the  condition  that  the  diotB  lie  somewhere.  See  the  exercises  bdow. 

With  the  spef'iiil  a-ssuniptions,  it  is  best  to  transform  to  polar  coor- 
dinatf's.  The  inii)ortiuit  (puintitit's  to  (It'ttTniine  are  the  average  distance 
of  the  shots  from  tin*  ctMitor,  the  mean  square  distance,  the  prolxible 
distance,  and  the  most  j)rolxible  distance.  It  is  necessary  to  distinguish 
carefully  between  the  probable  distance,  which  is  by  detinitiou  the  dis- 
tance such  that  half  the  shots  fall  nearer  the  center  and  half  fall  farther 
away,  and  the  most  probable  distance,  which  by  definition  is  that  dis- 
tance which  occurs  most  frequently,  that  is,  tiie  distanoe  of  tlie  ring 
between  r  and  r  +  <^r  in  which  most  shots  fall. 

The  probabUity  that  the  shot  lies  in  the  element  rdrd^  is 

-«-^rdrd^   and  2*««-*vWr, 
w 

obtained  by  integrating  with  respect  to  is  the  probability  that  the 
shot  lies  in  the  ring  from  r  to  r  +  dr.  The  moat  probable  distance  is 
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that  wnich  makes  thia  a  maximum,  tliat  is, 

<^  /       N     A  1  0.7071 

^(e-^".)  =  0   or   r,  =  ;^  (30) 

The  «Ma»  distance  and  the  mean  $quare  dmtanee  are  respectiTely 


=  1.0000 


cm 


'-I 

The  j?ro6a^  diBtanoe  r|  is  fbiud  by  solving  the  e(iuation 
Hence 

The  chief  importance  of  these  considerations  lies  in  the  fact  that, 
owing  to  Maxwell's  assnmptioii,  analogous  oonsidevadons  may  be  applied 
to  the  ▼eloclties  of  the  moleonles  of  a  gas.  Let «,  v,  w  be  the  compo- 
nent velocities  of  a  molecole  in  three  perpendicular  directions  so  that 
F  s  (t(*  V*  ■!>  t0^^  is  the  actual  velocily.  The  assumption  is  made  that 
the  individual  components  u,v,w  ohay  the  law  of  errors.  The  probft> 
hility  that  the  components  lie  between  tlie  respective  limits  «  and  u-^du, 
V  and  V  4>     w  and  w  <f  <lHr  is 

:e-^-^-*^dudvdw,   and   -^«-**»^F«sin WF<iW^ 


wVw  *  wVir 

is  the  corresponding  expression  in  polar  coordinates.  There  will  then 
be  a  most  probable,  a  probable,  a  mean,  and  a  mean  square  velocity. 
Of  these,  the  last  corresponds  to  the  mean  Unetieenergy  and  is  suhjeet 
to  measurement. 

SZKRCISES 

1.  Itk  =  0.04475,  find  to  three  phiccH  the  probability  of  an  error  {  <  18. 

2.  Gompate  jT'e-^'dB  to  time  places  for  (a)  x  =  0.S,  (/Q  x  s  0.8. 

8.  State  how  many  terms  of  (28)  should  be  taken  to  obtshi  the  bett  vshie  for 
the  hitegntl  to  x  s  2  and  obtain  that  value. 

4.  How  aeooretely  will  (28)  determine  J^tr^iz  —  \  Ooeapute. 

8.  ObCafai  these  a8y*~.ptotlc  expuMtoiaind  extend  them  to  And  the  geneial  law. 
Show  that  the  enor  introdooed  hj  omitting  the  Integral  is  le«  than  the  last  term 
retained  in  the  ssriss.  8how  farther  thai  the  geneni  term  diveigss  when  a  be- 
comes infinite. 
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^  J«  a  \  a    a«     av    »  Jm  a* 

€.  (a)  Find  the  value  of  the  avange  of  any  odd  power  1  of  tbe  enor; 
alao  for  the  evenge  of  any  even  power;  (ir)  alao  for  any  power. 

7.  The  olMervationa  105, 225*,  190, 210, 205, 180*,  170*,  100, 200,  210,  210, 220«, 
176*,  laa  were  oblidned  for  deflectiona  of  a  galvanometer.  Compate  k  f ran  the 

mean  error  and  mean  square  error  and  compare  the  re8ult«.  Suppt^we  the  olMerva- 
tions  niarke<l  *,  which  shDW  ^reat  deviations,  were  diitcarded;  compute  k  by  the 

two  methods  and  note  whithrr  the  agreement  is  so  good. 

8.  Find  the  average  value  of  the  protliict  qn'  of  two  errors  wlected  at  random 
and  the  average  of  tlie  product  |y|- of  numerical  values. 

1  1 0876 

9.  Show  that  the  v&rioos  veUN  ltUs  for  a  gae  are       «  t  «  F|=»--T — t 

^      2        1.1284  Va    .1.2247  *  * 


Vir*        *  V2k  * 

10.  For  oxygen  (at  O^C.  and  76  cm.  Hg.)  the  square  root  of  the  mean  square 
velocity  is  462.2  meters  per  itecond.  Find  k  and  show  that  only  about  13  or  14 
moleonles  to  the  thonauod  are  moving  at  slow  as  lOOm./sao.  What  speed  la  most 
probahtef 

11.  Under  the  general  aanmptlon  of  elUpltcl^  and  ineUnatton  la  the  dlatrl- 
bution  ol  the  afaola  show  that  the  ate*  of  the  elllpae  +  akv  +  fc^  =  la 
^a^k*  -  M)- 1,  and  the  piobabUlty  may  he  written  <7r-«r(M;^  -  \*y  idff. 


11.  From  Ex.  11  establish  the  relations      (a)  0s-  ^/k^kT*  -  X*, 


2  (irU-"^  -  X«)  '      2         -  X«)        "    '     a  (*«lc^  -  X«) 

IS.  Find  H^^  JETi  s  0.608,  J,     in  the  above  proUem. 

14.  Tkke  ao  meaanrementa  of  acme  ohjeet.  Determine  ft  by  the  two  methoda 
and  compare  the  results.  Teat  other  pointa  of  the  theory. 

153.  Bessel  functions.  The  use  of  a  detinite  integral  to  define  func- 
tiooa  which  aaftisfy  a  given  differential  equation  may  be  illustrated  by 
the  tnotment  of  xy"  +  (2  n  +  +  J-y  =  0,  which  at  the  same  time 
will  aftoxd  a  new  investigation  of  some  funelions  which  have  pie- 
viously  been  briefly  discussed  (If  107-108).  To  obtain  a  solution  of 
this  equation,  or  of  any  equation,  in  the  form  of  a  definite  inte^pRfd,  some 
special  type  of  integrand  is  assumed  in  part  and  the  xemainder  of  the 
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integrand  and  the  limits  for  the  integral  are  then  determined  eo  fliat 
ttie  equation  is  satisfied.  In  this  case  try  the  fcHrm 

y(x)  ^^Jt^Tdt,      y'  =  Jiief^Tdt,      y"  =J  -  f^Tdt^ 

where  T  is  a  function  of  and  the  derivatives  are  found  by  differen- 
tiating under  the  sigu.  Integrate  y  aud  y"  by  parts  and  substitute  in 
the  equation.  Then 

(!-<•)  T^-\  -J  ^'"[r  (1  _  <^  -j-  (2  n  -         A  =  0, 

where  the  bitidcet  after  the  first  term  means  that  the  difference  of  the 
values  for  the  upper  and  h)wer  limit  of  tlie  integral  are  to  be  taken; 
these  limits  aud  the  form  of  T  remain  to  be  determined  so  that  the 

expression  shall  really  Ih»  zero. 

The  integral  may  \xt  made  to  vanisli  by  so  choosing  T  that  the 
brai^ket  vanishes ;  this  calls  for  the  integration  of  a  simple  differential 
equation.  The  result  then  is 

r  =  (1  -  (1  -  <«)-+*e"]  =  0. 

The  integral  vanishes,  and  the  integrated  term  will  vanish  provided 
<  =  ±  1  or  e*^  =  0.  If  X  be  assumed  to  be  real  and  positive,  the  exp<^ 
neutial  will  approach  0  when  tssl  +  tilC  and  A'  becomes  infinite.  Henoe 

y{x)=J'^\'^{l-ef-^dt    and    g(x)  ^J'*'*  €^^{1  -  i')'-^dt  (31) 

are  solutions  of  the  differential  equation.  In  the  first  the  integral  is  an 
infinite  integral  when  n  <  +  ^  and  taSlB  to  oonverge  when  a  S  —  ^ 
The  solution  is  therefore  defined  only  when  »  >  —  ^.  The  seoond  in- 
tegral is  always  an  infinite  integral  because  one  limit  is  infinite.  The 
eKamination  of  the  integrals  for  unifonnity  is  found  below. 

Consider  J*  ^  t^'(l  —  i')"  "  idt  with  n  <  ^  so  that  the  integral  is  iafinite. 

From  cnnsideratioiui  of  8ytniiu>try  the  second  intSgTSl  vaiiiKheH.  Then 

This  last  integral  with  a  positive  integrand  eoDTStges  when  n>  —  and  hence  the 
given  Intagnl  conveiges  uniformly  for  all  valaes  of  a  and  defines  a  continuoiis 
funedmi.  The  soooesrive  difflerentisUons  under  the  sign  give  the  remits 
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ThcM  intflgnda  also  cooTgige  tmifonnly,  and  henoe  the  dillerentiatloiu  were  jiuti- 
llalile.  The  Mooiid  intQgnl  (81)  nmy  1w  written  with  I B 1 4- il^  M 

This  integral  converges  for  all  values  of  z  >  0  and  n  >  —  {.  Hence  the  given  Inte- 
gnl  convergeR  uniformly  for  all  values  of  x  ^  >  0.  and  defines  a  continuous 
function  when  z  =  0  it  is  readily  seen  that  the  integral  diverges  and  could  not 
define  a  oonthniouB  fnneUon.  It  to  easy  to  justify  the  differentiations  m  hefox<e* 

The  first  form  of  the  solution  may  be  expanded  in  series. 

^2  J  (1- f)""'^  COS  xtdt  (32) 

The  expansion  may  be  carried  to  as  many  terms  as  desired.  Each  of 
the  terms  separately  may  be  integrated  by  B-  or  F-functions. 

2  rVl-<»)— i  ^^^  =  2  —   r*8in«»Aco8"<^A 

Je  2*1        r(2*  +  l)  J.  ^ 

r(2*  +  l)r(n  +  Jk  +  l)''2«*r(*  +  l)r(n  +  ib  +  l)' 

-"'^'^  =  2-  V;^r(n  +  i)  =  2;  2--r(i  +  i)r(»  +  ft  + 1)  W 

is  then  taken  ;is  tlic  detiiiition  of  the  s]>eeial  function  J„(jr),  where  the 
expansion  may  be  carried  as  far  as  desired,  with  the  coefficient  $  for 
the  last  term.  If  n  is  an  integer,  the  r-iunctious  may  be  written  as 
factorials. 

154.  The  second  solution  of  the  differential  equation,  namely 

where  the  coefficient  —  2  has  been  inserted  for  oonvenienoe,  is  for  some 
purposes  more  usefol  than  the  first  It  is  complex,  and,  as  the  equation 
is  real  and  x  is  taken  ae  teal,  it  affords  two  solutions,  namely  its  real  port 
and  its  pure  imaginary  part,  each  of  which  must  satisfy  the  equation.  As 
ff(x)  converges  for  xssO  and  «(«)  diverges  for  x  =s  0,  so  that  jfjl^x)  or 
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y^x)  diverges,  it  follows  that  i/{x)  and  y^(x)  or        and  y,(x)  miut  be 
independent;  and  aa  the  equation  can  have  but  two  independent  solu- 
tions, one  at  the  pain  of  solutions  nrast  constitate  a  cooip 
pkto  solution.  It  will  now  be  shown  that  jf^(z)  s  y(r) 
and  that  Af(x)  +  BjfJ^x)  is  therefore  the  oomplete  solu- 
tion of  xy"  4-  (2  n  +  1)  y'  +  xy  =  0. 

Consider  the  line  integral  around  the  contour  0,  1  —  c, 
1 4*     l4-«o  t,  -xi,  Of  or  OPQRS.   As  the  integrand  ha.s  a 
continuous  derivative  at  every  point  on  or  witliin  the 
contour,  the  integral  is  zero  (§  124).  The  integrals  along  " 
the  little  quadrant  PQ  and  the  unit  line  liS  at  infinity  may  be  made  as 
small  as  desired  by  taking  the  quadi-ant  small  enough  and  the  line  far 
enough  away.  The  integral  along  SO  is  pure  imaginary,  naiuely,  with 

Jao  Jo 
The  integral  along  OP  is  oomplez,  namely 

*  r  -2^(l-<?)""*<tt 

a_2l    {1-^" '006x10^-2%  I    (1 sin xfctt.. 
Jo  Jo 

Hence  0--2  -2 »  fV-O'" + 

Jo  ,  Jo 

+         2  c^(l  +    +  2  »  r  V«(l  +  v^'-^du, 

Jq  Jo 

where  ^^  and  are  small  Equate  real  and  imaginary  parts  to  zero 
separately  after  tsking  the  limit 

2jr\l  -  ef'^cmxtdt^f/ix)  =  /^jr''^'"-2i^«-(l-f)-*A  =  y,(*), 

2  r'(l-f)— i8ina!<<tt-2  f  + 
Jo  Jo 

^  r**'*  1 

=  Jj        -  2e*«(l  -  «  y^«). 


The  signs  ^and  ,^  are  used  to  denote  respectively  real  and  imaginary 
parts.  The  idt'titity  of  yfx)  and  is  established  and  the  new  SOlo* 

tion  jfj^x)  is  found  as  a  difference  of  two  integrals. 
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It  is  now  poidUe  to  obtain  the  important  expansion  of  the  aolations 
y(x)  and  ]f,(«)  in  deaeemding  powers  of  x.  For 

Since  x^O,  the  transformation  vx^vis  pennissiUe  and  gives 

.sr^ix— rV'.-i  X 


The  expansion  by  the  binomial  theorem  may  be  carried  as  far  as  de* 
sired  J  but  as  the  integration  is  subsequently  to  be  performed,  the 
values  of  v  must  be  allowed  a  range  from  0  to  oo  and  the  use  of 
Taylor's  Formula  with  a  remainder  is  required — the  series  would  not 
converge.  The  result  of  the  integration  is 

z(x)  =  2-+*ar-*r(»  + 1)«  l^'" ^"  * *\p(x)  +  tQ(«)],  (84) 

where       Q(x)  =  ^  -      "  ^)(»^  "  ^)(^'  + 

2!(2^)»      ^  4r(2a-)*  ' 

Take  real  and  imaginary  parts  and  divide  by  2"x~"  V^r(n  +  Then 

*•<*>  -    [« (') "» ('  -  (" + I) + ^«     -  (» + ^)  I)  1 

are  two  indeixjndent  Besscl  functions  wliicli  satisfy  the  equation  (35) 
of  §  107.  If  n  4-  i  if<  an  intt^j^'er,  P  and  terminate  and  the  solutions 
are  expressed  in  Umius  of  elenienUuy  functions  (§  108) j  but  if  n  +  J 
is  not  an  integer,  P  and  Q  are  merely  asymptotic  expressions  which  do 
not  terminate  of  themselves,  but  most  be  cut  short  with  a  remainder 
term  because  of  their  tendency  to  diverge  after  a  certain  point;  for 
tolerably  large  values  of  z  and  small  values  of  n  the  values  of  Jjx) 
and  KJx)  may,  however,  be  computed  with  great  aoonraoy  by  using 
the  first  few  terms  of  P  and 
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The  IntagTBtloii  to  flnd  P  and  Q  ollm  no  partlcnlar  dUBoiiltj. 

r*e- V-i       =  r(n  +  1  +  fc)  =  (n  +  t  -       + fc- I) . . .  (n  +  i)  r(n  +  J). 

Jo 

The  factors  previous  to  r  (n  +  J)  combine  with  n  —  |,  n  —  |,  n  —  k  +  J,  which 
occur  in  the  kth  term  of  the  binomial  expansion  and  give  the  numerators  of  the 
tarma  In  P  and  ^  Tha  xemalndar  tenn  nraifei  howavar,  ba  diaoaand.  Tba  intcgial 
fonn  (p.57)  wflll  tw  naed. 

Let  it  be  supposed  that  the  expansion  has  been  carried  so  far  tltat  n  —  I;  —  )  <  0. 

Then  (1  +  «j/2x)"  ~  *  ~  i  is  nnmeiicaUy  graateat  when  «  s  0  and  ia  than  equal  to  1. 

Hence 


and 


^Vv-i«^.|<iL_!Lr^_!_Jr(.,r). 


It  therefore  appears  that  when  1:  >  n  —  }  the  error  made  in  neglecting  the  remain- 
der is  less  than  the  last  torm  kept,  ami  for  the  maximum  accuracy  the  serit-s  fof 
P  +  iQ  ahould  be  broken  ofi  between  the  leaat  term  and  the  term  just  following. 


1.  Solve  acy^  +  (2  n  -f  1)  1/'  -  XI/  =  0  by  trying  Te**  aa  Integrand. 

2.  Expand  the  first  soluUon  in  Ex.  1  into  series ;  compare  with  y{u)  above. 

3.  Try  r(l  -  tc)"  on  x(l  -  x)y"  +  [y  -  (a  +  /3  +  l)x]  y' -       =.  0. 

Ona aolntioii fa  jr*li->(l-Or-#-»<l-te>-^     /l>0,     y>A  I«|<1. 

4.  Expand  the  solution  in  £x.  3  into  the  ncries,  called  hypeigeometric, 

tt(tf  +  l)(a  +  2)^(/3-H)(ff-f  2)  1 

5.  EetaUlah  thaaa  reaulta  for  Beeaera /-fnncttooa : 

.  (a)  J,(x)  =  -z^   r'alna- ^ cob (x coa^)d^,      » >  -  J, 

»»wr(n  +  \) 

(^)         =  ]•  .  .  / '  «n*"  ^  cos  (X  co«^)d^,      n  =  0, 1, 2, 8 ...  ; 
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6.  Show  -  r  '  C08  (n^  —  z  sin  ^)  nti«flefl 

^  .  y'  .  /i  sinmr/l  n\ 

7.  Find  the  equation  of  thesc4»ndorderaaticfiedbj  J^  '(l  —  ainaetde. 
a.  Show i -««  + -f^,  -  + 


(S»I)«    (a  I)* 

9.  Compute  J,(l)  s  0.7M8 ;  /.(S)  =  0.S289 ;  /«(i.406)  s  O.O00O. 

10.  Prove,  from  the  integnls,        =  —       and  {xr»J^Y  —  "  ^^u^n^ 

11.  Show  ihst  four  tenne  in  the  «7mptotlc  expeatioii  oi  P  +  iQ  when  n  s  0 
give  the  beet  randt  when  s  s  9  and  that  the  enor  maj  be  aboat  0.008. 

18.  From  the  a^rmptode  eipanriona  oompnte  J^lJSj  aa  aoeoimtelj  aa  maj  be. 

IS.  Show  that  for  laige  vahiee  of  « the  aolntkna  of  Jn{x)  =  0  ate  neatly  of  the 
f offm  Inr  —  }  V •!>  I nw  and  the  aolutlona  of  XJ,x)  s  0  of  the  f onn  kw+^w+^mt, 

14.  Sketoh  the  gimpha  of  y  s  and  y  a  bgr  oalng  the  aeriee  of  aecend- 
ing  powen  for  amall  Taloee  and  the  ai^mptolic  exprearione  for  laxge  valoeo  of  s 

1  /• »  /» «  1 

15.  From /.(x)  s  -  I   cos  (x  cos ^)d^  show  I    c-'"J«(6x)dr  =  — 

wJ9  Jo  Va*  +  A* 

16.  Show  r*g-  *'Jo{x)  cte  confoigea  nniformly  when  a  S  0. 

Jo 

17.  Evalnate  the  following  integrala :       (a)  j*J^ffn)dz^  b-^ 

Jo  X      2  0 

M  r*slnaxj;(te)das— L=  or0a8i^>t^ori^>a^, 
(I)  r* coeos  J»(te)dc  =   ^  ^      or  0  aa  A*  >  a*  or  a*  >  6*. 

IS.  M«  =  V5/,<oas).ahow^  +  (a«-'*^)«  =  0.  If«s>«^.^), 

19.  With  the  aid  uf  Kx.  18  establish  the  relations: 

(or)  bJn{a)Jm*m - «/.<6)/.+i(«)  «  (** -  c^f^'xJ^n)JJ(!U^4z, 

(p)  aJ^(a)  =  a^C  ^iJ^(az)(U  =  f''xJ„{x)dx, 

(7)  /•(a)/.+i(a)  +  o[J«(a)  j;+i(a)  -  ^»^.+i(a)]  =  2oJ^  x[J,(ax)JMa. 
.80.  Show  J,(x) «  -  /      ■  tt     Jr^«)  =  -  I  . 
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CHAPTER  XV 
THB  CALCOLUS  OV  YABIAXIOHS 
165.  The  treatmeat  ol  the  limpleft  case.  The  integxal 

F{x,y,y')dx=^    \    *{x,  y,  dx,  dy),  (1) 

A  cJa 

where  4»  is  homogeneoiis  of  the  fint  degfee  in  dx  and  dy,  may  he  eraln- 
aled  along  any  oiir?e  C  between  the  limits  A  and  B  by  xednetion  to  an 
ordinary  integrsl.  For  if  C  is  given  by  y  ^f(x)t 

and  if  C  is  given  by  x  =:         y  = 

/«  f'*(x,y,dx,dy)^r*(^i^,^\4,')di, 

cJ  A  J*^ 

The  ordinary  line  integral  (§  122)  is  m«!ely  the  special  case  in  which 
*  =  Ptlx  +  Qdij  and  F  =  P  +  Qy'.  In  general  the  value  of  /  will  depend 

on  the  path  C  of  integration  ;  the  problem  of  the  calculus  of  variations 
(.<<  to  find  that  piith  which  will  make  I  a  maximum  or  minimum  relative 
to  JH'iijlihorliKj  jttitlts. 

If  a  seeoud  jKvth  C,  be  i/  =  /(x)  +  rji^j-),  where  r](x)  is  a  small  quan- 
tity which  vanishes  at     and  a-,,  a  whole  family  of  paths  is  given  by 

y  = ./  (^)  +     i-^),       -  1  S  a  S  1,  .     7  W  =  1 W  =  0, 
and  the  value  of  the  integral 


1(a)  -  HFiXyf-h  +  a^')dx, 


taken  along  the  different  paths  of  the  fsmily,  be-  ~q 
oomes  a  function  of  a;  in  particular  1(0)  and  7(1) 
are  the  values  along  C  and  C^.  Under  appropriate  assumptions  as  to 

the  continuity  of  Fand  its  partial  derivatives  F^,  F^,  F^,  the  fonetkm 
/  (a)  will  be  continuous  and  have  a  continuous  derivative  whioh  may 
be  found  by  differentiating  under  the  sign  (f  119) ;  then 

400 
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If  the  curve  C  is  to  give  1(a)  a  inaTimmn  or  minimwm  Talne  tot  all 
the  cunres  of  Hob  Inniily,  it  is  neoessuy  that 

/'(O)  =  pbiKi*,  jf,    +       y,  JO]***  -  O;  (2) 

and  if  C  is  to  make  /  a  maximum  or  minimum  relative  to  all  neighboring 
corves,  it  is  necessary  that  (2)  shall  hold  for  any  function  i;  (x)  which  is 
small.  It  is  moro  usual  and  more  suggestive  to  writ-e  7)(x)  =  By,  and  t^ 
say  that  Sy  is  tin-  rariution  of  y  in  ]mssing  frf)ni  tht"  curve  C  or  y  —  f(x) 
to  the  neighboring  curve  C  or  y  =f(x)  +  rjix).  From  the  relations 

y'=/'(x),    y  =/'(^)  +  vcx),    8y  =  v(*)-^, 

connecting  the  slope  of  C  with  the  slope  of  Cj,  it  is  seen  that  fhr  variation 
of  the  derwoHve  it  the  derirative  of  the  varUition.  In  differential  nota- 
tion this  is  efS//  =  &///,  wliere  it  should  be  noted  that  the  sign  8  applies 
to  changes  wliieli  occur  on  passing  from  one  curve  C  to  another  curve  C,, 
and  the  sign  d  applies  to  changes  taking  place  along  a  particular  curve. 
With  these  notations  the  condition  (2)  becomes 

r\p,^y  +  K^^^  =  r  '^Fdx  =  0,  (3) 

where  SFis  oompiited  from  F,  ty,  iy'  by  the  same  rule  as  the  diffisrential 
dF  is  oompated  from  F  and  the  differratials  of  the  variaUes  which  it 
contains.  The  condition  (8)  is  not  sufBcient  to  distinguish  between  a 
maximum  and  a  minimum  or  to  insure  the  existence  of  eitbui  neither 

is  the  condition  g\x)  =  0  in  elementary  calculus  sufficient  to  answer 
these  questions  relative  to  a  func  tinn  g(x){  in  both  cases  additional  con- 
ditions are  required  (§  9).  It  should  be  remembered,  however,  that 
these  a<l(litional  conditions  were  seldom  actually  applied  in  discussing 
maxima  and  minima  of  g(-r)  in  practical  problems,  because  in  such  ('ases 
the  distinction  Ix'tween  the  two  was  usually  obvious ;  so  in  tiiis  ciuse 
the  discussion  of  suthcient  conditions  will  be  omitted  altogether,  as  in 
§§58  and  61,  and  (3)  alone  will  be  applied. 

An  integration  by  parts  will  convert  (3)  into  a  differential  equation 
of  the  second  order.  In  fact 

Hence     J  '  ^F,&y  +  I'„6y')  '^^=J  '       -  £  Fj^hydx  =  0,  (3-) 
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since  tlie  aasQiiipttoii  that  fy  s  f  (x)  vanisliM  at  and  a;,  oaniea  the 
integiated  tern  iF^fy"]  to  drop  oat  Then 

^     d  ^     dF     if^F      ^F   .  t^F 

For  it  must  Ik'  remeinlHired  that  the  function  =  y\{T)  is  mwj  function 
that  is  small,  and  if  ^'»'~'^^'r      (^')  ^^^J^^sh  at  every  point 

of  the  interval  ^  x  SS  x,,  the  arbitrary  function  Sy  could  be  chosen 
to  agree  with  it  in  sign,  so  that  the  integral  of  the  product  would  neoes- 
sarily  be  positive  instead  of  zero  as  the  condition  demands. 

156.  The  method  of  rendering  an  integral  (1)  a  minimum  or  muxirri  urn 
in  there/ore  to  set  up  the  differential  equation  (4)  of  the  .Herond  order 
and  solve  it.  The  solution  will  contain  two  arliitrary  oonstunts  of  inte- 
gration whu  h  may  l)e  so  determined  that  one  particular  solution  shall 
pass  through  the  points  A  and  which  are  the  initial  and  final  points 
of  the  path  C  of  int^fration.  In  this  way  a  path  C  which  oonneots  A 
and  B  and  whicli  satisfies  (4)  is  found ;  nnder  ordinary  conditions  the  in* 
tegial  will  then  be  either  a  maximnm  or  minimnm.  An  example  follows. 

Let  it  be  required  to  render  /  =  T  '  -  Vl  +  y^ds  a  maximum  or  minimum. 

Hence  _ i vT+T*  +  ^ -^i=  y' - - — - — sK"  =  o  or  iar"+K^  +  i  =  o 
Is  the  derirad  equation  (4).  It  Is  esset  ud  (he  Integnulon  Is  Innnedlate. 

The  earres  are  circles  with  their  centers  on  the  x-axis.  From  this  fact  it  Is  easy 
a  geoBMliical  eoastmetloii  to  determine  the  curve  which  pusses  through  two 

given  point*  {x„,  y^)  and  B(x,,  y,);  the  analytical  detonnination  Is  not  dIflRciilt. 
The  two  point*  A  and  B  miut  lie  on  the  Bame  side  of  the  z-axis  or  the  integral  / 
will  not  converge  and  the  problem  will  have  no  meaning.  The  question  of  whether 
a  roaxinMun  or  a  minimum  has  been  determined  maj  be  settled  bj  taking  a  curve 
C^  which  lieH  nnder  the  circular  arc  from  to  £  and  yet  has  the  same  length. 
The  Integrand  is  of  the  form  da/y  and  the  integral  along  U  grc.itrr  than  along 
the  circle  C  if  y  is  positive,  but  less  if  y  is  negative.  It  therefore  appears  that  the 
Integral  Is  rendered  a  minimum  if  A  and  B  are  above  (he  aadSi  hot  a  maTlmnm  If 
(bey  are  below. 

Jbr  mant/  proldevu  U  i»  more  convenient  not  to  mako  the  ehoiee  of  m 
or  yoM  independent  variable  in  the  fint  place,  but  to  operate  symmetric 
eaUjf  both  variabUe  upon  the  eeeondform  of  (1).  Suppose  that  the 
inte^ltal  of  the  variation  of  •  be  set  equal  to  sero^  as  in  (S). 


Digitized  by  Gopgle 


CALCULUS  OF  YAJtCXATIO^S  408 

XB  p  It 

Lf t  the  rules  hilx  =  fZ&r  and  8<r/y  =  '/8y  1h'  applied  and  let  the  terms 
which  contain  dhx  and  d&i/  be  integrated  by  parts  as  before. 

jT'a*  =   '[(*;  -  rf*;,)  &r  +  (*,  -  c/*;,)Sy]  +  [♦i^ + ^  «  o. 

As  ^  and  B  ue  fixed  pc^te,  the  integrated  term  disappears.  As  the 
variations  &e  and     may  be  arbitrary,  reasoning  as  above  gives 

<-^:^-0,      •;-rf^i^«0.  (4') 

If  these  two  equations  c;i,u  be.  shown  to  be  essentially  identical  and  to 
redtMse  to  the  eondition  (4)  previously  obtained,  the  justification  of  the 
second  method  will  be  coutplete  and  either  of  (4')  may  be  used  to  deter- 
mine the  solution  of  the  problem.- 

Now  the  itk'iitily  ♦(x,  y,  dx,  dy)  =  F(x,  y,  dy/dx)dx  gives,  on  iliilere ntiatiun, 
bf  the  ordlnaiy  rules  for  partial  derfTStivea.  BabsUtation  In  each  of  (4')  gives 

-  (/♦;,  =  F,dx  -d(F-  F^y')=  F'^dx  -  dF  +  F^dy'  -i^  y'dF^ 
=  F^dx  -  F^dz  -  F'^dy  -  F'^dy'  +  F'^dy'  +  y'dF^ 

Hence  each  of  (4  )  reduces  to  the  original  condition  (4),  as  wait  to  be  proved. 

/(is      /•  '^ts'  +  dtf' 
_=  J   — ~*  Tlion 


where  the  trsnstonnatlon  has  been  Integration  hj  parte,  Isdading  the  diacarding 
of  the  Integrated  term  which  vanlahea  at  the  limits.  The  two  eqnatloas  are 

.dx     .      ^du  ,  da    ^       ^    dz  1 
d-f +  — =  0;  and  -t-  =  - 
y«b  yds    y*  yd» 

is  the  obvious  first  integral  nf  the  first.  The  integration  may  then  be  completed  to 
find  the  circles  ilh  Ix'forc.  Tlie  integration  of  the  second  equation  would  not  be  so 
simple.  In  some  instances  Uie  adcatUage  qf  the  choice  qf  one  qf  the  tu>o  equaliona 
ajftrwd  by  Ma  mMod  iifdirtd  opersflen  le  maeML 
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1.  The  thoriett  dMonoe.  Treat       +  y^i<ix  for  a  Tninimnm. 

3.  The  brachistochroM.  If  a  particle  falla  along  any  cnrre  from  A  to  th» 
velocity  acquired  at  a  distance  A  below  A  ia  v  =  V2gh  regardless  of  the  path  fol- 
lowed. Hence  the  time  spent  in  passing  from  A  to  B  ia  T  =  J  da/v.  The  path  ot 

•inlt  kerit  descent  from  A  to  B  is  called  the  brachistochrone.  Show  that  the  aufe 

is  a  cycloid.  Take  the  origin  at  A. 

4.  The  minimmn  aoifaoe  d  rerolatton  is  found  by  rarolviiif  a  eatenaiy. 

9.  The  carve  ol  oooataat  demlty  which  Joins  two  points  of  the  plane  and  has  a 

niiniiiium  moment  of  inertia  with  respect  to  the  origin  is  c^r*  -  sec  (8^  +  c^.  Note 
that  the  two  points  must  subtend  an  angle  of  lesB  than  00°  at  the  origin* 

6.  Upon  the  sphere  the  minimum  line  is  the  great  drde  (polar  ooOtdinates). 

7.  Upon  the  einndar  cylinder  the  minimum  line  is  the  helix. 

8.  Find  the  minimum  line  on  tiie  cone  of  revolution. 


9.  lOnlmiie 


157.  VarUUA  llmltt  and  conttralnad  miiiliiia.  This  aeoond  method 
of  operation  has  also  the  advantage  that  it  suggests  the  solution  of  Uu 
pnMem  of  making  an  integral  between  variable  enApoinU  a  maanmMm 
or  minimum.  Thus  suppose  that  the  curve  C  which 
shall  join  some  point  A  ot  one  curve  to  some 
point  B  of  :ui other  enrvB  r^,  and  which  shall  make 
a  given  intt-gral  a  minimum  or  maximum,  is  desired. 
In  the  first  phice  C  must  satisfy  the  conditifin  (4) 
or  (4')  for  fixed  en(l-]M)ints  because  C  will  not  give 
a  maximum  or  iniiiiinuin  value  as  eonipared  with' 
.all  other  rurves  \iiil<  >s  ir  docs  as  cum part'd  nitM-ely  with  all  other  curves 
which  join  its  end-points.  There  niu.st,  however,  be  luiditionul  condi- 
tions which  shall  serve  to  determine  the  points  A  aud  B  which  C  ooor 
nects.  These  oonditions  are  preoisely  that  fAa  integrated  terms, 

[«;;.&B  +  «^^]'»0,      lor  il  and  f or  B»  (6) 

which  vanish  identically  when  the  end-points  arc  fixed,  s/mil  tmnush  at 
each  point  A  or  D  ]>rovided  &£  and  ^  are  interpreted  as  differentials 
along  the  curves     aud  Fj. 
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/(Is     f  vtt^ cf]/* 
~—J   ~ —    treated  aboTe,  the  integrated 

tamu,  which  were  dieoarded,  and  the  resulting  conditions  are 

lyui  +  ^Srjy  yd.     j  =  yd.  J^= 

dx  and  dj/  are  differentials  aloDg  the  circle  C  and  to  and  <y  are  to  be  inter- 
preted as  diffiTt-ntials  along  the  curves  and  Tj  which  rp^ppctivelj-  i>as.s  thn)u<;}i 
A  and  J3.  The  cuuditiona  therefore  show  that  the  tangeut«  tu  C  and  at  A  are 
perpendicular,  and  alinUajfy  for  C  and  Tj  at  In  other  words  the  curve  which 
TMiden  the  integral  a  mitiimmn  taA  hae  Its  extiemltieB  on  two  fimd  enrvea  Is  the 
circle  which  has  its  center  on  the  jr-axis  and  cuts  both  the  curves  orthogonally. 

To  prove  the  rule  fur  finding  the  conditions  at  the  end  points  it  wUi  be  suffi- 
cient to  prove  it  for  one  variable  point.  Let  the  equations 

detennlne  C  and  C,  with  the  eommon  Initial  point  A  and  diflerent  temdnai  polnta 
B  and    upon  r|.  Aa  panmetrie  equmttons  of  Ti,  take 

where  s  represents  the  arc  alon;;  F,  nu-a>nired  fn)m  and  the  fanotiona  and 
in(«)  vary  from  0  at  K  to  1  at  if.  Kext  form  the  family 

which  all  paai  thnmgh  Aimt^t^  and  wUch  for  t  es  deaerilM  tbe  earre  Tj. 
Consider 

which  is  the  integral  taken  from  A  to  along  the  curves  of  the  family,  where 
Si  y,  x\    are  on  the  onire  C  corresponding  to  .  =  0.  Differentiate.  Thai 

rw  =  j^VwK + "»'Wt«; + mrK + ii»'(«)*'*;.]di. 

where  the  accents  mean  differtiitiation  with  regard  to  a  when  upon  9,  ^  or  m,  but 
with  regard  to  (  when  ou  x  or  and  partial  differentiation  when  on  ^,  and  where 
the  aignment  of  «  la  •«  tn  (d).  Nowlf  hae  a  maadmnm  or  nrinimnm  when 
e  =  0,  then 

The  change  ia  made  aa  usual  by  integration  by  parts.  Now  aa 

♦(«.y,«»',yOde«*(«,y.*b.4y),  eo  <,=»i„eto. 
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Hence  the  pennthesee  under  the  integnl  dgn,  when  multiplied  hj  dK,  leduoe  U 

(40  and  vanish  ;  they  oould  beaeen  to  vantih  also  for  the  rea><on  that  and  n  ^re 
arbitrary  functions  of  t  except  at  t  =  and  t  =  t^,  and  tht-  integrated  tern  is  a 
constant.  There  remains  the  integrated  tenu  which  nuist  vanish. 

The  condition  therefore  reduces  to  its  a^pioiniate  hall  of  (6),  provided  that,  in 
interpreting  it,  the  quantities  Sx  and  iy  be  legaided  not  as  a  s  f      and  5  s  ^((j) 

but  as  the  differentials  along     at  B. 

148.  Tn  in^iiy  naa^  nmk  infcagiKLT  ia  fn  ha  mnila  o  mayimnm  ni*  tniwimnin 

inbject  to  the  ccMiditioii  that  another  integral  shall  have  a  fixed  value, 
/  =  rV(a5,  sf,  y^rfas  J=  pG(x,  y,  y*)**!? »  const.  (7) 

For  instance  a  curve  of  given  length  might  run  from  il  to  and  the 
form  of  the  curve  which  would  make  the  area  under  the  curve  a  maxi- 
mum or  minimum  might  be  desired ;  to  make  the  area  a  maximum  or 
minimum  without  the  restriction  of  constant  length  of  arc  would  b? 
useless,  iH^ciiuse  by  taking  a  curve  which  dropjx-d  sharply  from  A,  in- 
closed a  large  area  l>elow  the  ^--axis,  and  rose  sharply  to  li  the  aiva 
could  \)o  made  as  small  lus  desired.  Again  the  curve  in  which  a  chain 
would  hang  might  Ije  re(iuired.  The  length  of  the  chain  iK'iug  given, 
the  form  of  the  (mrve  is  that  wiiich  will  maki;  the  j)ot«  nti;d  energy  a 
minimum,  that  ia,  will  bring  the  center  of  gravity  lowest.  The  prob- 
lems in  constiained  maxima  and  minima  are  called  isoperimetrie  pni- 
lenu  because  it  is  so  frequently  the  perimeter  or  length  of  the  curve 
which  is  given  as  constant 

If  the  method  of  determining  ocmstiained  maxima  and  minima 
by  means  of  nndeteimined  multipliers  be  recalled  (§|  58^  61),  it  will 
appear  that  the  Boluti<m  ol  the  isoperimetric  problem  might  reascmaUy 
be  sought  bj  rendering  tiie  integral 

a  maximum  or  minimum.  The  solution  of  this  problem  would  oontBin 
three  constants,  namely,  X  and  two  constants        of  integration.  The 

constants  Cj,  could  l)e  determined  so  that  the  curve  should  pass  through 
A  and  B  and  the  value  of  X  would  still  remain  to  be  determined  in  such 
a  manner  that  the  integral  J  should  have  the  desired  value.  This  is 
the  method  of  solution. 
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To  juHtify  the  method  in  the  case  of  fixed  end-pointH,  which  is  the  only  oaae 
tliat  will  be  coDsiderad,  the  prooedure  k  like  that  of  1 166.  Let  (J  be  given  hf 

y  =/{z) ;  consider 

a  tw»fMMnetrted  family  of  eunree  neur  to  C.  Then 

would  be  two  functions  of  the  two  variables  a  and  ^.  The  conditinnn  for  the  mini- 
nmm  or  maximum  of  y  (a,  /i)  at  (0,  0)  subject  to  the  ootiditioD  ttiat  A(a,  /2)  =  const. 

are  required.  Hence 

j,;(o.  0)  +  u;(o,  0)  =  o,    »;(o,  o)  +  xa;(o, 

or  P<K  +       +        +  J^^P)**  = 

By  integration  by  parts  either  of  these  equations  gives 

the  rale  is  justified,  and  will  be  applied  to  an  example. 

Required  th«  enm  wUdit  wbon  nvol'ved  about  an  asis,  will  genenta  a  glvwi 
voluBW  of  nTolutkm  bounded  Iqr  the  leMtmitaoe.  The  Integfala  av» 

I  s  2  V  r  'yds,  min.,      Jssw  f  'y*dz,  const. 
Make  J"*(yds  +         min.  or  J^''«  (yds  +  Xy9dx)  s  0. 

J''*(yds  +  \y«dx)  =  J^''  j^Jyds  +  y  *^*5±*!2^  +  a  Xy«ydx  +  Xy«*lxj  =  0 

= JP  [to  (-  Xd  (,^)  _  d  ^)  +  ay  (ds  -  d  ^  +  2  Xydx)]. 

Hence  Xd(y«)  +  d?^  =0   or   d*  -  d?^  +  2Xydr  =  0. 

ds  as 


'  The  second  method  of  computation  haa  bt^'en  used  and  the 
tenoa  have  been  discarded.  The  first  equation  is  simpleet  to  intSBiata. 

The  variables  an  sepaiated,  bat  the  Integiatioa  cannot  be  exeented  in  tamis  of 
elementary  functions.  If,  however,  ca»  of  the  end>polnls  is  on  the  Mxir^  the 
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values  Jp,  0,  j/g  or  ,  0,  y[  must  satisfy  the  equation  and,  as  no  term  of  the  equa* 
tiou  cau  become  inHaite,     muni  vaniiiii.  The  iutegration  may  then  be  performed. 

±  =«fa,      l->V  =  X«(B-fl^  or  (s-0|)*-l-y*  =  ^ 

VI  —  X''^''  * 

In  this  special  ciise  the  curve  is  a  circle.  Tiie  constants  Cj  and  X  may  be  deter- 
mined from  the  other  point  (X|,  y^)  through  which  the  curve  passes  and  from  the 
value  of  /so;  the  equatfons  will  alto  detemlne  the  ■htoiM>  of  the  point  on 
tbeexie.  It  is  ilnqiler  to  w^iNwe  s  0  Mid  leaTe  S|  to  be  detenniiied.  WlthtUi 
prooednxe  the  eqofttioiw  axe 

•i = *[(« » +  V9o»  +  »»y«)J + (s«  -  V5?+l?v)l]. 

BZIRC18B8 

1.  Show  that  (or)  the  minimmn  line  from  one  oorve  to  another  in  the'plane  ia 
their  eommon  nonnal ;  0)  if  the  enda  of  the  catenary  whieh  generaleo  tiie  mialp 

raum  surface  of  revolution  are  constrained  to  lie  on  two  curves,  the  catenary  shall 
be  periH'ndicular  to  the  curvt-H  ;  (y)  the  brachistochrone  from  a  fixed  point  to  a 
curve  iK  the  cycloid  which  cnin  the  curve  orthogonally. 

2.  Generalize  to  show  that  if  the  end-jxiints  of  the  coirve  which  makes  any  inte- 
gral of  the  form  J F(/,  y)(is  a,  maximum  or  a  minimum  are  variable  upon  two 
curves,  the  Holution  shall  cut  the  curves  orthogonally. 

3.  Show  that  if  the  integrand  4>  (x,  y,  dx,  dy,  depends  on  the  Unit  S|,  the 
oooditioii for  the  limit  B  beoomea         +        -^^j ^* 

4.  Show  tiMKt  the  ^dold  wUdi  !■  the  bradttotooHrwie  from  a  point  oon- 
itrained  to  lie  on  one  curve  r^,  to  another  eorve  must  leave  at  the  point  A 
where  the  tangent  to  r«  la  paraUel  to  the  tangent  to    at  the  point  tA  arrival. 

5.  Prove  that  the  curve  of  given  length  whidi  genesatea  tfie  mtninmm  aiufaoe 
of  revelation  is  still  the  catenary. 

6.  If  the  area  under  a  curve  of  given  length  Is  to  be  a  ™*.*imwm  or  mininnun, 
the  curve  must  be  a  circular  arc  connecting  the  two  pointi. 

7.  In  polar  co6rdinate<«  the  sectorial  area  Ivninded  hjaeniveof  given  length  ll 
a  maximum  or  minimum  when  the  curve  is  a  circle. 

8.  A  curve  of  given  length  generatea  a  na^om  or  minlmnm  volnme  ol 

revolution.  The  elastic  curve 

ji,(i±i^^_A  or  A= 


or 
and 
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9.  A  chain  lies  in  %  otntnl  field  of  foroe  of  which  the  potential  per  unit  man  Is 
F(r).  U  the  oonstant  dwMttjof  the  chain  la  ^  ahow  that  the  ionn  of  the  ourre  is 

r  *r 


10.  Di8cu88  tlie  reciprocity  of  /  and  >/,  Uiat  ia,  the  questioiui  of  making  /  a  mazi- 
mum  or  mtnlmiun  when  /  la  fixed,  and  of  mMiagJ  %  minimum  ornuudmttm  when 
/la  fixed. 

11.  A  aolld  of  rerolntion  of  glTen  mam  and  onifom  dend^  exetta  »  maiimnm 
attFBction on n point al ita axla.  Ant.SX^  +  y>)i  +  ss<^lf  thepolntiaattiia 
origin. 

IflO.  SoiiM  fenaralisatioiif .  Bappose  that  an  integral 

(of  which  the  integrand  oontains  two  or  moie  dependent  TariaUes 
«r  and  their  deriyatiTeB  y*,  n',  with  respeet  to  the  independent 
variable  x,  or  in  the  symmetrical  fonn  ocmtains  three  or  more  variaUei 
and  their  differentiab)  were  to  be  made  a  maximum  or  minimum.  In 
case  there  is  only  one  additional  variaUei  the  problem  still  has  a  geo- 
metric interpretation,  namely,  to  find 

a  curve  in  space,  which  will  make  the  value  of  the  integral  greater  or 
less  than  all  neighboring  curves.  A  slight  moditication  of  the  previous 
reasoning  will  show  that  necessary  conditions  are 

K-j-K^o  and  f;-^f;  =  o 

'     dx  '     (Ix  (11) 

or       «;-<i»^sO,      ^^-d^'^TsO,  «;-<24^ss0, 

where  of  the  last  three  oonditions  only  two  are  independent.  Ikoh  of 
(11)  is  a  differential  equation  of  the  second  oirder^  and  tiie  solution  of 
the  two  simnltaneons  equations  will  be  a  family  of  curves  in  space 
dependent  on  four  arUtrary  constants  of  integration  which  may  \ye  so 
determined  that  one  cunre  of  the  family  shall  pass  through  the  end- 
points  .1  and  B. 

Instead  of  following  the  jirevious  method  to  establish  these  facts,  an 
older  and  perhaps  less  accurate  method  will  be  used.  Let  the  varied 
values  of  y,  z,  y',  a',  be  denoted  by 

y  +  «y,   a  +  fc,   y'  +  ly',      +  &'  =  («•)'. 
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The  difference  between  the  integral  along  the  two  curves  is 

where  F  hivs  been  expanded  by  Taylor's  Formula*  for  the  four  variables 
y,  y', «,  a'  which  are  varied,  and  "  +  refers  to  the  remainder  or  the 
subsequent  terms  in  the  development  whioh  oontaio  the  higher  powers 
of  ty,  8y',  &r,  kt\ 

For  suffleieiitly  small  ▼aloes  of  the  Tariations  the  tenns  of  hi^ier 
order  may  be  neglected.  Then  if  A/  is  to  be  either  positiTe  or  n^^ 
tive  for  all  small  Tariations,  the  terms  of  the  first  order  whioh  ehaoge 
in  sign  when  the  signs  of  the  variatioiis  are  reversed  must  vanish  and 
the  condition  beoomca 

r\F'J^  +  P't^lf*  +       +  F'Ji»')dx  =  r^Fdx  =  0.  (12) 
Integrate  .by  parts  and  discard  the  integrated  terms.  Then 

*  lo  the  simpUr  caae  of  §  1&5  thU  formal  development  would  ran  u 
and  with  the  expansion  A/  =  </  +  ^     +  ^  i*/  +  "  *  it  would  appear  that 

J«/= / \f^'9^  +  Zr^l^^flW  +  ^F^H^nlW*  +  F^*)dz,  ... 

The  terms  3/,  8*/,  J*/,  •  •  •  »tv  called  the  Jirft,  Mcond,  third,  •  •  •  variations  of  the  integnd 
/  in  the  case  of  fixed  limits.  The  condition  for  a  maximam  or  minimum  then  becomes 
tl  =  0,  Just  as  (/^  =  0  is  ttie  condition  in  the  ease  of  g  (z).  In  the  case  of  variable  limits 
there  are  some  modifications  appropriate  to  the  limits.  This  method  of  procedure  sug- 
gests the  reason  that  Sx,  iy  arc  f  r(H]uent]y  to  be  treated  exactly  as  differentials.  It  also 
suggests  that  d*/  >  0  and  j^/  <  0  would  be  criteria  for  distinguishing  between  mairima 
and  minima.  The  same  results  can  be  had  by  differentiating  (1')  repeatedly  under  tlM 
•lgaud«cp«idliig/(a)latoMiiat;  !■  liMt,«/«r(0)t«*/B/''(l9,>--.  No«mphMls 

kss  ben  laid  la  fhe  text  on  the  nggoalhre  idatku  VssJ mt  for  <»d  Umito  av 
if*  J*MforTaflaUaUmlt8(vaiiablaln«»y,bataotlal)beeaaMadlytliaaMat«la- 

rocQtary  resalta  waM  deriiad,  aad  tha  Uaatmaat  gftan  baa  loma  advanlaCM  aa  to 

modernity. 
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Ab  md  9m  an  arUtiaiy,  eiflwr  may  in  parkunilar  be  taken  equal  to 
0  wh]]e  tbe  otiier  la  aaaigned  the  same  aign  aa  its  eoeffioient  in  the 
paientheeia;  and  hence  the  integral  would  not  vaniah  unlesa  that  ooeiB- 
cient  vaniahed.  Hence  the  conditions  (11)  are  derived,  and  it  ia  aeen 
that  there  would  be  pveciaely  similar  conditions,  one  for  each  variable 
y,  X,  •  •    no  matter  how  many  variables  might  occur  in  the  integrand. 

Without  going  at  all  into  the  matter  of  proof  it  will  be  Stated  aa  a 
&ct  that  the  condition  for  the  maximum  or  minimum  of 

J*^  (jc,  djc,  y,  rfy,  z,  dz, . . .)    ia    J*Si^  =  0, 

which  may  be  transformed  into  the  srt  of  differential  equationa 

*;  -     =  0,      -  r/*:,,  =  o,    *;  -  ^«i>:,,  =  o, 

of  which  any  oue  may  be  discarded  as  dependent  on  the  rest ;  and 

«;^  +  «()A  +  «^  +  **-»0,  atilandatiB, 

where  the  variatioo8  are  to  be  interpreted  aa  differentials  along  the  loci 
upon  which  A  and  B  are  constrained  to  lie. 

It  frequently  happens  that  the  variables  in  the  integiand  of  an  inte> 
gnl  which  is  to  be  made  a  maiimum  or  minimum  are  connected  by  an 
equation.  Forinatanoe 

,.<i„,.,*)»i».,      «(,.,..)-«.  (U) 

It  is  possible  to  eliminate  one  of  the  variables  and  its  differential  by 
means  of  S  =  0  and  proceed  as  before ;  but  it  is  usually  better  to 
introduce  an  undetermined  multiplier  (§§58,  61).  From 

y,  «)  =  0    follows    .S^&r -f  ^'^Sy -f- ^s;S»  =  0 

if  the  variations  be  treated  as  differentials.  Hence  if 

f  [(♦;-<»*+X5;)te+(*;^i»;^+A5;)^ 
^  +(«;-ii^*+x5'^to]«o 

no  matter  what  the  value  of  X.  Let  the  value  of  X  be  so  chosen  aa  to 
annul  the  coefficient  of  Ss.  Then  as  the  two  ramaining  variations  axe 
independent,  the  same  reasoning  as  above  will  cause  the  coelBoients  of 
to  and     to  vanish  and 

♦;-rf*ir+J^-o,  «;-tf«;^+xs;-o,  «;-fM^^-i-x5;aO  (ic) 
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will  hold.  These  eqnatioos,  taken  with  5^0,  will  detennitie  y  and  « 
as  fonetions  of  x  and  also  incidentally  will  fix  A. 
Consider  the  pioUem  of  detennining<Ae«AorfM<lMiet  nu^/iws 
py «)  ss  0.  These  lines  are  called  the  ffeodeaiea.  Then 


In  the  last  set  of  equations  A  has  been  eliminated  and  the  equations, 
taken  with  5  =  0,  may  be  regarded  as  the  differential  equations  of  the 
geodesies.  The  denominators  are  jiroportional  to  the  direction  cosines 
of  th«'  Tioniml  to  the  surfaoo,  and  the  numerators  ar*-  tlic  components  of 
the  difTLTt'iitial  of  the  unit  tangent  to  the  curve  and  are  therefore  j)ro- 
portional  to  the  direction  cosines  of  tlie  normal  to  the  curve  in  its  oscu- 
lating plane.  Hence  it  appears  that  the  osculating  plane  of  a  geodesic 
curve  contains  the  normal  to  the  surface. 

The  integrated  terms  dzto  -f  dy6y  +  dzit  =  Oshow  that  the  least  geodesic  wliich 
cooiMOtB  two  cnnrcB  on  the  sarfaoe  will  out  both  oarves  orthogonally.  Tlien  terns 
will  alto  anllloe  to  prove  a  number  of  intexwtinfftlieorane  which  eatablidi  an  analogy 

between  Kooflesics  on  a  eurface  and  straipht  lines  in  a  plane.  For  instance :  The 
locus  of  points  whose  geixlesic  diHtance  from  a  t]xe<l  ]M)int  is  oonstant  (a  geodesic 
circle)  cuts  the  geodesic  lines  orthogonally.  To  see  ihits  write 


The  integral  in  (19)  drops  oat  beMoae  taken  along  a  geodealo.  This  final  equality 
establlsbes  the  perpendicularity  of  the  lines.  The  fact  also  follows  fram  the  statft* 

raent  that  the  fif-ixU-sic  circle  and  its  center  rnn  be  repartled  as  two  curves  between 
which  the  shortest  distance  is  the  distance  measured  along  any  of  the  geodesic 
radii,  and  that  the  radii  must  therefore  be  perpendicular  to  the  curve. 

160.  The  most  fundamental  and  imjx>rtant  single  theorem  of  mathe- 
matical i)hysic3  is  Hamilton's  Principle,  which  is  expressed  by  means 
of  the  calculus  of  variations  and  afifords  a  necessary  and  sufficient  con- 
dition for  studying  the  elements  of  this  subject  Let  T  be  the  kinetic 
energy  of  any  dynamical  system.  Let  JT,,  Yt,  Z,  be  the  forces  which 
act  at  any  point  a;,,  of  the  system,  and  let  represent 
displacements  of  tbat  point  Then  the  work  is 


Digitized  by  Google 


CALCULUS  OF  VAIILA.TIONS  418 
^milton's  Prineiple  states  that  the  time  ifUegral 

J\tT  +  hW)dt  a +  X  C-^**  +  1%  +  -arto)]*  -  0  (17) 

vanishes  for  the  actual  motion  of  the  nijstfm.  If  in  particular  there  is 
a  potential  function  K,  then  hWss  —  lV  and 

J  'h{T  '-V)dt=^hJ  \t  -  V)dt^O,  ill') 

•ad  UtiB  Hms  integral  of  the  difference  beiteeen  the  kinetie  and pcteiUial 
enerfjfiee  it  a  maximum  or  mudmnm  for  the  actual  m^en  of  the  cyetcm 
as  compared  with  any  neighboring  motion. 

Suppose  that  the  position  of  a  syBteni  can  be  ezpreflsed  by  means  of  tt  Independ- 
ent Tulablesor  ooSidlnatSB  9^,  9,,  •  •   9..  Let  the  kinetic  eneigj  be  exprened  ss 

T  =  X        -f  i"***  -  ^^*>'     *  •  ■»     *»•     *  •  •» 

a  fnoetlon  of  the  oo5nllnetcs  and  their  derivatives  with  reepeet  to  the  ttme.  Let 

the  work  done  by  displacing  the  single  coordinate  be  8  W  =  Qriqr,  so  that  the  total 
work,  i  n  ▼lew  of  the  independence  of  the  coordinates,  is  Qt<9|+  0^%+     +  QiAVm- 

Then 

+  •  •  •  +         +  Qi«ffi  +  ^  +  •  •  •  +  Qb#fti)dt. 

Perform  the  usual  integration  by  parU  and  discard  the  Integrsted  terms  wUch 
T&alsbaitheUniltslBi;andC:st|.  Then 

+-+(n.+<t-|ii.)*i.]i<. 

In  view  of  the  independence  of  the  variations  d^^,  Sy,,  •  •  •,  d^,, 

These  are  the  Lagranyian  equations  tor  the  motion  of  a  dynamical  system.*  If 
there  is  a  potsnthd  function  F  9.),  then  hj  definition 

a,/    ^-   «g,'      •  aj,  a». 

Hence    l*^-?^:=0.  l£^l-i^=0.  ....  l^-»^==0.  Z=r-F. 

The  equations  of  motion  have  beea  eaprawed  in  tenns  of  asln^  fonoUon  X,  which 
is  the  dlflsrsDoo  between  the  kinetic  energy  T  sad  potential  function  V,  9f 

•  Conpen  Ex.  19^  p.  IIS,  for  a  dsdoettoa  cf  (IQ  bj  tiaBsfonBStleB. 
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the  equations  with  (170    ^        that  the  dynamics  of  a  system  which 
maj  he  specifled  by  n  co5n1inate8,  and  which  has  a  potential  lonction,  may  be  stated 

as  the  problem  of  rtMulering  the  integral         &  maximum  or  a  minimum ;  both  the 

kinetic  energy  T  and  potential  function  F  nuqr  oontaia  the  time  i  withooi  ohang* 

ing  the  results. 

For  example,  let  ll  be  nqnifed  to  toivo  the  equations  of  motion  of  a  lamina 
lying  In  a  plaao  and  aeted  npon  hf  any  foioea  In  the  plane.  Select  as  eoOidlnales 

the  Otdinary  coordinates  (x,  »*)  nf  the  center  of  pravity  and  the  ancle  ^  through 
which  the  lamina  may  turn  about  its  center  of  gravity.  The  kinetic  energy  of  the 
lamina  (p.  318)  will  then  be  the  sum  ^Mv^  +  ^/w*.  ^'ow  if  the  lamina  l>e  moved  a 
distance  Is  to  the  right,  the  woric  done  by  the  f oroes  will  be  Xte,  where  X  de- 
notes the  sum  of  all  the  componentB  of  force  along  the  x-axis  no  matter  at  what 
points  they  act.  In  like  manner  YSy  will  Ik*  the  work  for  a  displacement  Jy.  Sup- 
pose next  that  the  lamina  is  rotated  about  its  center  of  gravity  through  the  angle 
If ;  the  actnal  displaoement  of  any  point  is  r9^  where  r  is  Its  distance  from  ttw 
center  of  gravity.  The  work  of  any  force  will  then  be  Rrd^  where  B  Is  tiie  oobb> 
ponent  of  the  force  perpendicular  to  the  radius  r;  bat  £rs^  is  the  IIMUBMlt  of 
the  force  about  the  center  of  gravity.  Ueuce 

rs|ir(«>+«>)+i/^.  iir=jrte-«-riy+«if 

-        'S=^-  ^S=^- 

by  snbsttcntlon  in  (18),  are  the  desired  eqoations,  where  X  and  F  are  the  lotal 

eomponents  along  the  axis  and  4>  Is  the  total  moment  about  the  center  of  gravity. 

A  particle  glides  without  friction  on  tlie  interior  of  an  inverte*!  cone  of  revo- 
lution ;  determine  the  motion.  Chooee  the  distance  r  of  the  particle  from  the  ver- 
tex and  the  meridional  angle  ^  as  the  two  oottrdinates.  If  I  be  the  rine  of  the 
an|^  between  the  axis  of  the  eone  and  the  alements,  tlien  di*  as  dr*  •!>  t*N#^  and 
u*  =  +  T^f(^'.  The  pressure  of  the  cone  against  the  particle  does  no  work ;  it  is 
normal  to  the  motion.  For  a  change  6^  gravity  does  no  work;  for  a  chaoge  ir  it 

does  work  to  the  amount  —  mg  ence 


rs|m(l*  +  f*^,      HTs-evVl-IMr  or  V^mgy/l-fir, 

The  remaining  Integrations  cannot  all  be  eHeeted  In  terms  of  elementary  fnnetiona. 
161.  Suppose  the  doable  integral 

•xtended  over  a  certain  area  of  the  xy-plane  were  to  be  made  a  maao- 
mnm  or  minimum  bj  a  snrfEuse  «  s  » (x,  y),  which  shall  pass  through  a 
given  cnnre  npon  the  <^linder  which  stands  npon  the  bounding  eurre 
of  the  area.  This  problem  is  analogous  to  tiie  probton  of  1 1IS6  wilh 
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fixed  limitB ;  the  procedure  for  finding  tbe  partial  differential  equation 
whieh  M  shall  satisfy  is  also  analogous.  Set 

Write  ^    ^ '  ^    ^      integrate  by  parts. 

The  limits  A  and  B  for  which  the  first  term  is  taken  are  points  upon 
the  b)ouii(linj^  contour  of  the  area,  and  =  0  for  A  and  B  by  virtue  of  the 
assumption  that  the  surfarc  is  to  jkiss  tlimugh  a  fixed  curve  al)ove 
that  contour.  The  iutegiiitioa  of  the  term  in  ^  is  similar.  Heuce  the 
condition  becomes 

dz      dx  dp      dy  dq       *  ^  ^ 

by  the  familiar  reasoning.  The  total  differentiations  give 

The  stock  iUusttation  introduced  at  this,  point  is  the  minimum  surfiMse, 
that  is,  the  surface  which  spans  a  given  contour  with  the  least  area  and 
which  is  physically  represented  by  a  soap  film.  The  real  use,  however, 
of  the  theory  is  in  connection  with  Hamilton's  Principle.  To  study  the 
motion  of  a  chain  hung  up  and  allowed  to  vibrate,  or  of  a  piano  wire 
8trct<;hed  lx?tween  two  points,  compute  the  kinetic  and  ]X)tential  energies 
and  apply  Hamilton's  Principle.  Is  the  niotioij.  a  vibrating  elastic 
body  to  be  investigated  ?  Apply  Hamilton's  Principle.  And  so  in 
electrodynamics.  In  fact,  with  the  very  foundations  of  mechanics  some- 
times in  doubt  owing  to  nifHlern  ideas  on  clcclricity,  the  one  refuge  of 
many  theorists  is  Hamilton's  Principle.  Two  problems  will  be  worked 
in  detail  to  exhibit  the  method. 

Let  a  uniform  chain  of  density  p  and  length  I  be  suspended  by  one  extremity 
and  eanaed  to  execute  amUf  oaeiUaUons  In  a  Terilcal  plane.  At  soy  tfane  the  sbape 
of  the  cnrre  is  y  as  y(x),  and  y  =  y(x»  ()  will  betaken  to  reiireflent  tbe  shape  of  tbe 

curve  at  all  times.  Let  y'  =  dy/tz  and  ^^dg/it.  Ar  tlic  osrillationB  are  small, 
the  chain  will  rise  only  slightly  and  the  main  part  of  the  kinetic  enerpy  will  he  in 
tbe  whipping  motion  from  mde  to  side  ;  the  atiHumpUon  dx  =  da  may  be  maile  and 
the  Unetle  eneigy  nay  be  taken  as 
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The  potentiftl  energy  is  a  little  liarder  to  compute,  for  it  in  neoeasary  to  obtain  the 
slight  rise  in  the  center  of  gravity  due  to  the  bending  of  the  chain.  Let  A  be  the 
■hortened  length.  The  podtkm  of  the  eenter  of  gravity  la 

.  =  —^.  =^-U  (i^-i*)'*- 


Here  da  s  VT+^te  hM  been  expanded  and  tanna  higher  than  have  bean 
omitted. 

»-  /;<r-F,«-x;x'[i''(l^-^'^'-"(s)']-*.  ») 

provided  X  be  now  replaced  In  V  by  I  which  differs  but  slightly  from  it. 

Hamilton's  Principle  states  Uiat  (21)  must  be  a  maximum  or  minimum  and  the 
Integrand  ia  of  pieelaely  the  form  (19)  eaeqii  for  a  change  of  notation.  Henee 

The  chaoge  of  variable  l  —  z  —  u'^,  which  brings  the  origin  to  the  end  of  the  chain 
and  roTones  the  dlreetton  of  the  axis,  glvea  the  dlffarenttal  eqoatlon 

-3  +  --f  =  --^  or       +  — P^O  if  |rBp(M)coaMl. 

As  the  equation  is  a  partial  differential  equation  the  usual  device  of  writing  the 
dependent  varlaUe  aa  the  prodnet  of  two  fonetiooa  and  trying  for  a  special  type 
of  eotiittoi  baa  been  naed  (f  IM).  The  equation  In  Pie  a  Benel  eqoatloa  (1107) 
of  whicb  one  eotutton  P(u)  ~  AJq{2  ng~^u)  is  finite  at  the  origin  v  =  0,  while  the 
Other  la  infinite  and  must  be  discarded  aa  not  representing  possible  motions.  Thna 

y^l)s.A/»(SiV^ltt)eoani»  with  y((,  t)B.^/«(la«ri|l)BO 

aa  the  condition  that  the  chain  diall  be  tied  at  tbe  original  origin,  la  a  poMllila 
mode  of  motion  for  the  chain  and  consists  of  whipping  back  and  forth  in  the  parl- 
odir  time  2ir/n.  The  condition     (2  b  0  lindta  n  tO  one  of  an  inflnlta  act 

of  values  obtained  from  the  roots  of  J^. 

Let  there  be  found  the  equations  for  the  motion  of  a  medium  in  which 

''=i*///(^+»'+*')*** 

are  the  Idnetic  and  potential  energies,  where  A  and  B  are  constants  and 

4^-=^-^. 

dy   da  ds    aa  fe.  9ir 
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are  ralaUoiwooiiiieotiiig/,9,A  witbtbedifl|riaoenMnts|,Y,f  aloiigtb^  y,  s. 

Then 

JJJ  fiHA (ja  4-  >^  +  f «) -  Ji*tr«  +  ^  +  h*)]dxdydzdl  =  0  (SS) 

is  the  expression  of  Hamilton's  Principle.  These  integrals  are  more  general  than 
(19),  for  there  are  three  dependent  variables  f,  ij,  f  and  four  Independent  variables 
2,  y,  z,  ( of  which  they  are  functions.  It  is  therefore  necessary  to  apply  the  method 
of  wiatioos  directly. 

After  taUag  the  variations  an  Integration  by  parte  wlll  be  applied  to  the  varia>- 
tion  of  each  derivative  and  the  integrated  terms  will  be  discarded. 

jjjji\A(e  +  ii»  +  S^dLtdydzdt  =  ff JJ^  ({ij  +  ifSii  +  f8f)didy<toa 

=  - ////4(|af  +  iiH+l»ft<toWlllL 

After  anbetitution  in  (22)  the  cot  ffick>nt«  of  9ih ^7  be  eererally  equated  to 
aero  becaiue  t^h^ittm  each  arbitrary.  Uenoe  the  equations 

With  the  proper  detfnninatlon  of  A  and  /J  and  the  proper  Interpretation  of  |,f,|V 
ft  y,  A,  these  are  the  equations  of  electromaguetism  for  the  free  ether. 


i.  Show  that  the  straight  line  Is  the  shortest  line  In  ^aee  and  that  the  sbortest 
distance  between  two  enrTesoranrfeoes  will  be  normal  to  both. 

S.  If  at  each  point  of  a  carve  on  a  surface  a  geodeslo  be  erected  perpendleolar 
to  the  corre,  the  locos  of  Its  eitreinlty  is  perpendicular  to  the  geodesle. 

5.  With  any  two  ]K)iiits  of  a  surface  as  foci  construct  a  geodesic  ellipee  by  tak- 
intr  the  distances  FP  +  F'P  -  2n  along  the  geodesies.  Show  that  the  tangent  tO 
the  ellipse  is  equally  inclined  to  the  two  geodesic  focal  radii. 

4.  Extend  Bx.8»p.408,  to  spaoe.  If  f^F{»,  y,  s)d» ss  const,  diow  that  the 

locus  of  P  is  a  surface  normal  to  the  radii,  provided  the  radii  be  COrvee  whlob 

make  the  integral  a  maximum  or  minimum. 

6.  Obtain  the  polar  equations  lor  the  motion  of  a  particle  in  a  plana. 

6.  Find  the  polar  equations  for  the  notion  <rf  a  paitiele  In  qpaoe. 

7.  A  particle  glides  down  ;\  hclicoid  {z  =  in  cylindrical  coordinates).  Find 
fhi'  f'(]tiations  of  motion  in  (r.  4>).  (r,  z),  nr  (z,  and  carry  the  integration  as  f SI 
m  possible  toward  expressing  the  position  as  a  function  of  the  time. 
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8.  If  fsa^  +  6y2  +  ">,  with  a  >  (1, 6  >  0,  is  the  Maclaoiin  expanaioD  of  » 

■Olfaoe  tanirfnt  to  the  jilanf  z  =  0  at  (0,  0),  find  and  f»<flv»«  the  equations  for  the 
notion  of  a  particle  gliding  about  on  the  surface  and  remaining  near  the  origin. 

9.  Show  tiiat  r(i  +  q^)  +  t (1  +  p')  -  2p9«  =  0  is  Um  pMtial  (UlleraDtial 

tion  of  a  minirnuui  surface  ;  test  the  lielicoid. 

10.  If  p  and  .S  are  the  density  and  tension  in  a  uniform  piano  wire,  diOl 
the  approximate  expreNKions  for  the  kinetic  and  potential  energies  are 

Oht^iin  the  differential  equation  of  the  motion  and  try  for  solutions  y  =  P{x)  oosnt. 

11.  If  I,  i|,  f  Me  tbe  dUplaoementt  in  a  unifonn  elaatio  mediooi,  and 

are  six  comhinations  of  the  nine  pQ«ible  flnt  partial  deriTativea,  itis  aasumed  that 
V  =  j'j'J'Fixdydz,  where  f'is  a  homogeneous  quadratic  function  of  a,  6,  c,/,  y, 
wiUi  comtaat  ooeffldento.  Estabiish  tbe  eqnationa  of  the  motion  of  the  nwdlmn. 

18.  SataUUh  tbe  oondlUone  (11)  Ij  tbe  method  of  tbe  text  in  §  166. 

18.  B7  the  method  of  i  168  and  footnote  eatabUab  tbe  oonditlom  at  tbe  end 
poinu  for  a  minimum  of  y.  f^dz  in  tern,  of  F  inatead  of 

14.  I*rove  Stokes's  Formula  ^  =  f  F*(fr  =  Jj" VxF«d8  of  p.  345  by  the  calculaa 

of  variations  along  the  following  linos  :  First  mnipntp  the  variation  Of  /  on  pai^ 
ing  from  one  closed  curve  to  a  neighboring  (larger)  one. 

ir  a  <  r  V*dr  =  f  (aF^Ir-  dF«li)  -f-  f  d(F*ai)  =  f  (VKF>«(ftxdk),  . 

Jo  ''O  •'o 

where  the  integral  of  (i(F*<r)  vanishes.  Second  interpret  the  laat  expression  as 
the  integral  of  VxF^dS  over  the  ring  formed  hy  one  poaltton  of  tbe  doeed  curre 
and  a  neighboring  poaition.  Finally  aum  up  tbe  variationa  91  which  tbna  ariae  on 
pawing  through  a  succeHsion  of  clond  cnrvee  expanding  from  a  point  to  final  ooln- 
cidenoe  witb  the  given  doaed  curve. 

15.  In  eaae  tbe  integrand  eontaina  y^  ahow  hf  aooeearive  Integrationa  by 
parU  that 

^-'i-  '"=^  — 
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CHAPTER  XVI 
UmHITS  8XRZB8 
162.  Convergence  or  divergence  of  eeriet.*  Let  a  series 

the  tenns  of  which  are  oonstant  bat  infinite  in  nnmber,  he  given.  Let  the 
sum  of  the  first  fi  terms  of  the  swies  he  written 

-S.  =  «o  +     +  "a  +  •  •  •  +     -1  =  S  »*•  (2) 
Then  5,,  S^,  5,,  •  •  • ,  S^,  <S,^.|,  • 

form  a  definite  suite  of  numbers  whieh  may  apprwuh  a  definite  ItmU 
]imSf^tsS  when  n  becomes  infinite.  In  this  case  the  series  is  said  to 
eonioerge  to  the  value  S,  and  S,  which  is  the  limit  of  the  sum  of  the  first 
n  terms,  is  called  the  sum  of  the  series.  Or  5,  mai/  not  approach  a  limit 
when  n  becomes  infinite,  either  because  the  vahies  of  5,  become  infinite 
or  because,  though  remaining  finite,  they  osc  illate  alwut  and  fail  to 
settle  down  and  remain  in  the  vicinity  of  a  definite  value.  In  these 
cases  tlie  series  is  said  to  diverge. 

The  necessary  and  sufficient  comlition  that  a  series  converge  is  that  a 
value  of  n  may  he  fuinul  so  large  that  the  numerical  value  of  —  5, 
fhaU  be  leee  than  any  assigned  value  for  every  value  of  p.  (See  §  21, 
Theorem  3,  and  compare  p.  35G.)  A  sn£Bcient  condition  that  a  series 
diverge  is  that  the  terms  do  not  approach  the  limit  0  when  »  heoomes 
infinite.  For  if  there  are  always  terms  numerically  as  great  as  some 
numher  r  no  matter  how  far  one  goes  out  in  the  series,  there  must 
always  be  successive  values  of  5«  whieh  differ  by  as  much  as  r  no 
matter  how  large  n,  and  hence  the  values  of  5«  cannot  possibly  settle 
down  and  remain  in  the  vicinity  of  some  definite  limiting  value  S. 

«It  will  be  OMfol  to  read  over  Chap.  II,  f§  18-22,  and  Exercises.  It  is  also  advisabl« 
i»  eompare  many  of  the  resulu  for  inflatte  Mriea  with  the  eofiefpoadlng  restilta  Idr 
teflnite  Integrals  (Chap.  XIII). 
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A  series  in  whicli  the  terms  are  iiltonnitely  jxisitive  unci  noj^ative  is 
called  an  altenutting  series.  An  alterruitiny  atrifs  in  ichirJi  the  tfrms 
approai'li  0  as  a  limit  irhen  n  becomes  infinite,  cnrh  term  being  lexs  than 
its  predecessor,  will  converge  and  the  differenre  between  the  sum  S  oj' the 
aeries  and  the  sum  5,  of  the  first  n  terms  is  le^s  than  the  nt^xt  term 
This  follows  (p.  39,  Ex.  3)  from  the  fact  thatjS.^.,  —  5.|  <  n^and  =sa 

for  example,  consider  the  alternating'  Koric8 

1-  X*  +  2x*-  3a:«  +  •  • .  +  (—  l)"nj:a"  + 

If  Ixl  ^  1,  the  individual  terms  in  the  series  do  not  approach  0  as  n  becomes  infinite 
and  the  aerieu  diverges.  If  |x{  <  1,  the  individual  terms  do  approach  0 ;  for 

11m       =  llm  -2-  =  lim  ^  =  0. 

—  2x-*»logx 

And  for  Hufliciently  large*  Tslues  of  n  the  successive  terms  decrease  in  magnitude 
rfnoe  ,  , 

<(»-!)*»■- «  glTM  - — ^^>^  or  »>— i-^. 

n  1  —  X- 

Uence  the  series  is  seen  to  converge  for  any  value  of  z  numerically  less  than  unity 
and  to  dlv«ig«  for  all  other  ralues. 

The  Comparison  Tkst.  If  the  terms  of  a  series  are  all  positive  (or  all 
negative)  and  each  term  is  numerieall ij  less  than  the  c^>rresponding  term 
of  a  series  of  positive  terms  tvhich  is  known  to  converge,  the  series  con- 
verges and  the  difference  S  —  5,  Lh  less  than  the  corresponding  differenoe 
for  the  teHee  known  to  emwerge.  (Cf.  ]>.  355.)  Let 

«o  +  "i  +  "a  H  h  Hn-i  +  w«  H  

and  ni-ht^'^<-^"-¥K-i-h<'\-'" 

be  Teepeotivel J  the  gmi  series  and  the  series  known  to  oonyeige. 
Since  the  terms  of  the  first  are  less  than  those  of  the  second, 

Now  as  the  second  quantity  S'^+p  —  can  be  made  as  small  lus  desired, 
80  can  the  first  quantity  S^^^  —  S,,  which  is  less  \  and  the  series  must 
oonTcrge.  The  remainders 

or 

m 

n 

*  It  should  be  remarked  that  the  behavior  of  a  series  near  iUi  beginning  is  of  no  coa- 
nqwMiee  In  regard  to  Ita  ooBmsenee  or  dlvrngMiee;  the  flrst  JtTteraui  munf  bo  added 

and  considered  as  H  finite  sum      and  the  series  may  bf  written  as  S  y u  y     w.v-i-i  -I  : 

it  is  the  properties  of  ujr  +  ujr^i  -i  which  are  important,  ttiat  is,  the  ultimate  behavior 

oftfaettrlM. 
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dearly  aatisfy  the  etetod  nktioii  JS.  <  JS;.  The  aeries  which  is  most 
frequentljr  used  for  eompariaon  with  a  given  aeries  is  the  geonietijo» 


which  is  known  to  converge  for  all  values  of  r  less  than  L 
Fmr  «BUiqil«|  eoiuider  the  aeiies 


0  <  r  <  1,  (8) 


sad 


a. a. 4^  ^iir 


1 


2-2a 


Here,  after  the  first  two  terms  of  the  first  and  the  first  term  of  the  second,  each 
term  of  the  second  is  greater  than  the  corresponding  term  of  the  flxst.  Henee  the 
flat  ssilsB  sonTents  sbA  the  ninidiidsr  sfler  the  term  1/k  I  is  1ms  thu 


^  »i^ti+»^  a»-» 


A  better  estimate  of  the  remainder  after  the  term  1/n  I  may  be  had  by  comparing 

1.1.  1      .  1  1 

»!«' 


(n  +  1) !     (n  +  2) ! 


With 


(n  +  1) !     (n  +  1) !  (n  +  1) 


163.  As  the  convergence  and  divergence  of  a  series  are  of  vital  im- 
portance, it  is  advisalile  to  have  a  number  of  tests  for  the  convergenoa 
or  divergence  of  a  given  series.  The  test 
by  comparison  with  a  series  known  to  con- 
verge requires  that  at  least  a  few  types  of 
convergent  series  be  known.  For  the  estab> 
inhment  of  sneh  types  and  lor  the  test 
of  many  aeries,  the  tenna  of  which  are 
positiTe,  Caueh^t  ittUgral  tut  is  useful 
Suppose  that  the  terms  of  the  series  are 
decreasing  and  that  a  function /(»)  which  dsoreaaes  can  be  found  sueh 
that  —f(n).  Now  if  the  terms  «.  be  plotted  at  unit  interrsls  along 
the  »-axis,  the  value  of  the  tenns  may  be  interpreted  as  the  area  of 
certain  rectangles.  The  ourrs  y  ^f(»)  lies  above  the  rectangles  and 
the  area  under  the  curve  is 


£ 


/(»)  rf»  >     +  M,  H  +  u,. 


Henoe  if  the  integral  converges  (which  in  piaetioe  means  that  if 


Jf{n)d»^F(n),  then  JJ /(n)  ^  P{i»)  -  P(l)  is  ftidbij. 
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it  foUowB  tlutt  the  series  must  converge.  For  inAtAnoei  if 

be  given,  theu     =/(»)  =  ^l^i       itOMn  the  integral  test 

provided  ^  >  1.  Hence  the  series  converges  if  >  1.  This  series  is 
also  very  useful  for  comparison  .with  others}  it  diverges  if  j>  ^  1 
(see  Ex.  8). 

Tbb  Ratio  Test.  ^  ths  ratio  of  two  stteee*$ive  temu  in  a  serita  ofpoti- 
five  temu  approaehw  a  limU  which  ii  lets  than  1,  the  teriee  eoweergee} 
if  the  ratio  approaches  a  limit  vhioh  is  greater  than  one  or  if  the  ratio 
becomes  infinite,  the  series  .diverges.  That  is 


if 

if 

lim"-*' 

For  in  the  lii-si  oaw,  a.**  the  ratio  approaclies  a  limit  less  than  1,  it  nnist  \>e  pos- 
sible to  go  su  far  in  the  series  that  the  ratio  8hall  be  as  near  to  7  <  1  a«  desired, 
snd  heaoe  shall  be  len  than  r  if  r  !•  an  anlgned  namber  between  y  and  1.  Than 

and  11.411.^1 4.  ii,^g  +  ...<ii.(i  +  r  +  r*  +  <..)-«B|-^* 

'i  be  proof  of  the  divei]gence  when  Un+i/Ui,  becomes  infinite  or  approaches  a  limit 
greater  than  1  eonalats  In  noUng  that  the  individual  terms  cannot  appraadi  0.  Note 
that  if  the  limit  of  the  ratio  is  1,  no  informaUon  relative  to  the  oonveigaBOO  or 
divefgenoe  ia  furnished  by  this  teat. 

If  the  series  of  numerical  or  absolute  values 

W.I  +  l".l  +  KI  +  -"+l".H-- 

of  the  terms  of  a  series  which  contains  positive  and  negative  terms 
ocmverges,  the  series  oonverges  and  is  said  to  eonvetye  o^dclefy.  For 
consider  the  two  sums 

-  5.«tt,H  h«.+p_i    and        +  . ..  +  |m.+p_,). 

The  first  is  surely  not  numorirally  great4?r  than  the  second ;  as  the 
second  can  be  nuuie  as  small  as  desired,  so  can  the  first  It  follows 
therefore  tliat  the  given  series  must  converge.  The  converse  proposition 
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that  if  a  series  of  positive  and  neg-ative  terms  converges,  then  the  series 
of  absolute  values  converges,  is  not  true. 

As  an  eiample  on  oonveigence  consider  the  binomial  series 

|M.|       n  +  1  •  |ti»| 

It  \n  therefore  seen  that  the  limit  of  the  qnoUent  of  two  successive  tennR  in  the 
aeries  of  abNoIut«  values  is|/|.  This  is  less  than  1  for  values  of  x  numerically  lew 
than  1,  and  hence  fur  such  values  the  series  converges  and  converges  absolutely. 
(That  (he  series  oonvsiges  for  jmsIUsc  vsluss  of  x  less  thsn  1  follows  fran  the  fast 
that  for  values  of  n  greater  than  m  +  1  the  series  alternates  and  the  terms  approach 
0;  the  proof  above  holds  equally  for  negative  values.)  For  values  of  x  numerically 
greater  than  1  the  series  does  not  converge  absolutely.  Aa  a  matter  of  fact  when 
|2|  >  1,  the  series  does  not  oonverge  st  sll ;  for  as  the  ratio  of  sucoeasive  terms  ap- 
proaches a  limit  grsater  thsa  unityt  ths  individual  tsnns  cannot  spproseh  <K  For 
the  values  x  =  ±  I  the  test  fails  to  give  Information.  The  conclusions  are  there- 
fore that  for  values  of  |jr|<l  the  binomial  series  converges  abs^jluteiy,  for  VSluss 
uf  |x|>  1  it  diverges,  and  for  |.r|  =  1  the  question  remains  doubtful. 

A  word  about  series  with  complex  terms.  Let 

+    +  S  +  +  + 

be  a  series  of  complex  tta  ias.  The  sum  to  n  terms  is  =  5^  -f-  t5J^'. 
The  series  is  said  to  converge  if  approaehea  a  limit  when  t»  becomes 
infinite.  If  the  complex  number  ^  is  to  approach  a  limit,  both  ita  leal 
part  <S|^  and  the  coefficient  of  ita  imaginary  part  must  approadt  limits, 
and  hence  the  series  of  real  parts  and  the  series  of  imaginary  parts 
qrast  converge.  It  will  then  be  possible  to  take  n  so  large  that  for  any 
value  otp  the  aimultsneons  inequalities 

where  s  is  any  assigned  number,  hold.  Therefore 

-  5,1  s      -  s;| + \is:^,  -  is:\  <  m. 

Hence  if  the  series  converges,  the  same  conditioa  holds  as  for  »  aerica 
of  zeal  terms.  Now  conversely  the  condition 

|s^^,-.s,i<c  implies  |s;+,-5;|<«,  - s;'! < «. 

Henoe  if  the  condition  holds,  the  two  real  series  oonverge  and  the  omo' 
plex  series  will  then  eonverge. 
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IM.  Aa  Cauchy's  integral  teat  Is  not  easy  to  tupfHj  wtipt  in  aimple  mma  md 

the  ratio  test  fails  whon  the  limit  of  the  ratio  is  1,  other  sharper  tests  for  convex 
gence  or  divergence  are  sometimes  needed,  as  in  the  case  of  ttie  binomial  aeiiM 
wtien  z  =  ±1.  Let  ttiere  be  given  two  aeries  of  positive  terms 

m +  «!  +  ••• +  »*•  +  •••  and  iito-l-«t  +  **'  +  t^  +  *<* 

of  whieh  Um  lint  l8tobetMt«daiidUnweoiidla1mownloooBT«iBe(ordlv0ig0). 

If  the  ratio  of  Uoo  «uoceM<oe  (emu  Uh4|/u«  uUimaUly  beeomtM  and  rtmaina  k$$  {or 
ffftaler)  thaH^herttlUoVm^^/9m,UieJbr»L»eri^  For  if 

!is±i<5«±l.     I!5±l<!i±«.        thai  !!5>?!s±i>!i±« >.... 

II«iio«lf  ii.Bp«bt     then  ii«4i<^4i,     %,+t<fi^^tf     — , 

and  M,  +  u,  +  i  +  Un  +  t  +  •  •</>(p,  +  Vb-M  +        +  •••)• 

As  the  p-st>rie«  i«  kuowjj  to  converge,  the  /»p-aerie«  serves  as  a  comparison  series 
for  the  u-series  which  must  then  converge.  If  Us^i/Ua  >  Va^i/ihi  and  ttie  o-series 
diverges,  aimilar  reasoning  would  show  that  the  u-seriea  dlvergea. 
This  thMvem  aervea  to  wUWIah  the  naef ul  lot  due  to  AMte,  whieh  it 

if  llmn/-^-l\>  1,  ^convei^i     if  limn^-!^!! — 1\  <  1,  diveigea. 

Again,  if  the  limit  is  1,  no.  information  is  given.  TlUs  test  need  never  be  tried 
exoepi  when  the  ratio  teal  gives  a  ilmlt  1  and  falls.  TIm  proof  is  iimpla.  For 

J    a(logn)»*«  a(Iogn)«J 
M»d  J**-j^^«loglog»]"tolniliilt^ 


1 


and 


2(Iog2)»+«  n(iogn)»+«  2(h)g2)  i»(logn) 

are  respectively  convergent  and  divergent  by  Cauchy's  integral  teat.  I^theao  1m 
taken  as  the  tHseries  with  which  to  compare  the  u-eeries.  Then 

»    \    log»    /        \     n/\    loga  / 

a»d  J5!_  =  /i  +  iy.2^(l±Jd 

^♦1   \    V  log* 

in  the  two  ra^Mtive  eaaea.  Next  conaider  Raabe*8  espnaaloii.  Ulint 

lima/— -l\>l,  then  ttiUmately  a/— -lW'y>l  Md  —  >1  +  - 
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wh«n  «  Ui  arbitrarUjr  nmlt.  Henoe  Qltiawtoly  if  v  >  1* 

or  W»ii  +  l<  "«/"•+!    or    1|.4|/U«<  Va^i/Vi^ 

Mid  the  w-eeriee  oonveiges.  In  like  meaner,  aecoudly,  if 

llm  n(-?^5  l|<lf   then  ultimately  J!Sl<14.2,  7<1; 

I  l\'og(l  +  n)  M«    ^    «b  "b+I 

and        1  +  -<(1  +  -1— — - — ■    or  — 5_<_2L_   or  -5^'>-ili. 

n   \     «/     Iqgii  11.^1    B|,+i         lib  ^ 

Hence  ae  the  Meriea  now  dlveigee,  the  M-eerlee  mnat  diveige. 

Sv^oae  thia  teat  applied  to  the  binomial  aeriea  for  xss  —  1.  Than 


1. 


It  followa  that  the  aeriea  will  converge  If  m  >  (I,  hot  diverge  lfii»<0.  Ifcss^.!, 

the  binomial  series  becoines  alternating  for  n  >  m  +  1.  If  the  series  of  absolute 
values  be  considered,  the  ratio  of  succt'ssivp  terms  \u^u^  +  \\  is  still  (n  +  l)/(u  —  m) 
and  the  binoiuial  series  converges  absulutely  if  m  >  0  ;  but  when  m  <  0  tlie  series 
of  abaolute  valuea  dlvergea  and  it  remaina  an  open  queatlon  whetlier  tlie  alteroau 
ing  aeriea  dlvei^  or  convergea.  Cmulder  therefore  the  alternating  aeriea 

1  «  ^  .  m(w-l)  .  m(m-\){m-2)  .       .  m(m  -  !)•  •  •  (m  -  n  +  1)  .  ^ 

This  will  converge  If  the  lindt  of  u„  is  0,  but  otiu  rwise  it  will  diverge.  Now  if 
m  ^  —  1,  the  successive  terms  are  multiplied  by  a  factor  [m  —  n  +  l\/n  ^  I  and 
they  cannot  approach  0.  When  —  1<  m  <  0,  let  1  +  m  s  tf,  a  f nustlon.  Themthe 
nth  term  in  the  aeriea  la 

and         -log|u,|  =  -Iog(l-^-.log^l-?J  

Each  8ncce^^.s^ ve  factor  dimlntohee  the  term  but  diminishes  it  by  so  little  that  It  may 
not  approach  0.  The  logarithm  of  the  term  la  a  aeriea.  How  apply  Cauchy'a  teit. 

J"  -  log  ^1  -  ?J  dn  =  j^- n  log  ^1  -  ^  +    log  (n  -  ^ J' =  00. 

The  aeriea  of  logarithma  therefore  diveigea  and  llm|u«|=:  e-*  s  0.  Hence  the 
terma  approach  0  aa  a  limit.  The  llnal  remilta  are  therefofefbat  when  0B<*ltiM 

binomial  series  convei^gee  if  m  >  0  bnidlveigea  If  m  <  0 ;  and  when  z  =  +  1  it  con* 
rer^'c's  (absolutely)  if  m > 0,  dlTeigea tf  ai<  —  1,  and  conveigee  (not  abaolately)  if 

-  1  <  n»  <  0. 
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1.  Bttte  the  munber  of  tmrmswUch mint  betaken  In  tbeeealtenuiting  wrtoete 

the  sum  accurate  to  three  decimals.  If  the  number  is  not  greater  than  8, 
OQinpute  the  T»lue  of  the  aeriee  to  three  decimala,  canyiiig  f  oar  Qgum  in  tbe 

(a)  +  h'--,      OS)  1  

'8    2.8«    8-8»    4.8*  8    8-2«    8-2«  4.8* 

(y)  1-1  +  1--  +  ...,  (J)  _1  ?-  +  -!  , 

(«)  1-^  +  ^-^+  (0  + 

t.  Find  the  vMlnee  of  s  for  which  theee  altenifttlng  eeriee  eonvMge  or  diveifB: 

(a)  i-x^  +  lx4-la^  +  ...,  (^)  i_£!  +  |!^^  +  ..., 

x*    X*  X*  as' 

^-i?+5;-8?+  -'         (f)^^^--3-  +  — -  —  +  ••. 

9.  Show  that  these  series  oooToige  sad  estimate  the  error  after  n  tems: 

From  the  estimate  of  error  state  how  many  terms  are  required  to  oompate  the 
series  aeonrste  to  two  decimals  and  make  the  oompotailon,  carryinf  three  flguras. 
Teat  for  oimveigenoe  or  diveigenoe  i 

(«)  sinl  +  8inl  +  ginl  +  -  -,  sin*!  +  sin'l  +  sin>l  +  •  ••, 

8         8  8  8 

t»n-U  +  Un-»l  +  Um->l  +  .-.,    {&)  tan  1  +  ^tan  1  + -1=  tan  1  +  • 
8  8  8    ^3  8 


1  +  1    8+V8    8  +  V5  ^  '  8«-l«  ■  3«-2«  '  4«-8«  '  ' 

1  .  2  .  2.8  .  8.8.4  .  ,  ,  1  \'3     ^  . 

4.  Apply  Canehy*s  Intsgral  to  determine  the  otmrergence  or  dlTefgenoe : 

(a)l  +  !2|2  +  !2g3    log4  (mi+      1      +      1      +  ^ 

*  '   ^  a*  ^       ^  4i»  ^     '     ^'  ^2(iog8)»^8(iog8)J'^4(log^^  * 
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*         1  *  1 

^"^^  ^  ^  5)  n  log  n  log  log  n '  ^     2^  n  log  n  (log  log  n)P ' 

(e)  cot-il +  cot-»2  +  -  .-,       (01+     *  * 


2«  +  13«  +  2     4«  +  8 

5.  Apply  the  ratio  test  to  detenniue  conveigence  or  divergence  : 

1     2      8      4  2*      2*  2* 

<^^2  +  25-^2i  +  2i  +  -''  P  +  8ro  +  iro+-' 

,  ,  2!     3!     4!     51  2«     3«  4* 

2i-'8^-^4i  +  3^  +  -»  <'>2-!  +  8l+r!+  "» 

olo     aw  410 

(•)  Ei.3(a),  OS),(>),(a);  Ex.  4(a),  (f),  ioi  +      +  JiJi  +  ' 

I*  as^ 

'        2 !     4 !     6 !  ^  2/-  4P 

+  +  (.)_  +  _  +  __  +  .... 

6.  Where  the  ratio  test  fails,  discuss  the  above  exercises  by  any  method. 

7.  Prove  that  if  a  series  of  decreasing  positive  terms  converges,  lim  nu,  —  0. 

8.  Fonnulate  the  Cauchy  integral  test  for  divergence  and  check  the  statement 
on  page  422.  The  test  has  been  used  in  the  text  and  in  Ex.  4.  Prooe  the  test. 

9.  Show  that  if  the  ratio  test  indicates  the  divergence  of  the  series  of  absolute 
values,  the  scries  diverges  no  matter  what  the  distribution  of  signs  may  be. 

10.  Show  that  if  approaches  a  limit  less  than  1,  the  series  (of  positive 
terms)  converges;  but  if  v^u,.  approaches  a  limit  greater  than  1,  it  diverges. 

11.  If  the  terms  of  a  convergent  series  +  u,  +  u,  +  •  •  •  of  positive  terms  be 
multiplied  respectively  by  a  set  of  positive  numbers  a^,  a,,  a,,  •  •  •  all  of  which  are 
less  than  some  number  O,  the  resulting  series  o^Uq  +  a,ui  -f-  +  ■  •  •  converges. 
State  the  corresponding  theorem  for  divergent  series.  What  if  the  given  series  has 
terms  of  opposite  signs,  but  converges  absolutely  ? 

in  ci.      .1.  »  .u      _i  8in2x  ,  sinSx    8in4x  .  . 

12.  Show  that  the  series  —  —  —  +  •  •  ■  converges  abso- 

1«         2«         S«  4a 

lutely  for  any  value  of  and  that  the  series  1  +  x  sin  ^  +  sin  2  ^  +  x*  sin  8  ^  +  •  • 
converges  absolutely  for  any  x  numerically  less  than  1,  no  matter  what  6  may  be. 

13.  If  a„,  a,,  a,, •  •  •  are  any  suit*  of  numbers  such  that  V|a«"|  approaches  a 
limit  less  than  or  equal  to  1,  show  that  the  series  +  a^z  +  OyC'  +  •  •  •  converges 
absolutely  for  any  value  of  x  numerically  less  than  1.  Apply  this  to  show  that  the 
following  series  converge  absolutely  when  |x|  <  1 ; 

(a)  l  +  l;c«  +  l^x<+l^x«+  •■,    OS)  l-2x  +  8x«-4x«  +  .... 

(y)  1  -I-  c  +  2'x>  +  Zpt^  +  4px*  +  ••        (S)  1  —  xlogl  +  x'logi  — (HlogO  +  •  •'. 
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14.  Show  that  in  Ex.  10  It  will  be  tuflkient  lor  oonwigenoe  if  beoomet 
Mid  vmiAiiit  leH  than  y  <  1  witboot  appraaehliig  a  limit,  and  ■nllleient  for  difat^ 

gence  if  there  arc  an  inflnitj  of  vaJuea  for  n  aaeh  tbat  -v^  >  1<  Nolo  a  rfmilar 
generalization  in  Ex.  18  and  atate  it. 

15.  If  a  power  seriea  +  a,j  +  a.jr^  +  ciji*  +  •  •  converges  for  S  as  X>Ol,  It 
ooDveiigea  atMoiutely  for  any  x  such  that  |x|  <  A%  and  the  aeriea 

0^  +  lOi^'i' I and  a, •|>Sa,x-|-8a^ 
obtained  by  integntli^  and  dUterentiattng  term  by  term,  alao  oonvexge  abeotutely 

for  any  value  of  x  such  that  |r  [  <  X.  The  same  reKult,  by  the  tame  pfOOf,  liolda  If 
the  tense  Oq,  o^^,  <4^,  •  •  •  remain  lees  than  a  fixed  value  G. 

16.  If  the  ratio  of  the  successive  tt  rnis  in  a  si-ries  of  poRitive  terms  be  regarded 
ae  a  f  uuotion  of  1/n  and  may  be  expanded  by  Maclaurin^s  Formula  to  give 

=  a^>^- +  -  f^y,     |t  remaining  finite  aa  -  ^  Q, 

+  i  n    2\n/  n 

the  wries  couverge.s  if  nr  >  1  or  a  =  1,  /9  >  1,  but  diverges  if  <t  <  1  or  or  =  1,  /J  ^  1. 
This  test  covers  most  of  the  series  of  positive  terms  which  arise  in  practice.  Apply 
It  to  Taxioua  Inettmeee  In  tbe  text  and  previous  exercises.  Why  are  there  aeriea  to 
wbleb  tbia  teat  la  inapplicable  t 

17.  If  Po«  fti "  *  ^  ^  decreariqf  aulte  ct  positive  numbers  approaching  a 
limit  X  and  S,,,  5j,  S„  •  •  ia  any  limited  aulte  of  nnmben,  tbat  la,  nnmbere  aaeb 
that  G,  show  that  the  series 

iP%-Pi)^  +  (^''PtiSi  +  (pt~p^8^  +  "'  eonveiya abaolntely, 


and 


0 


18.  Apply  E.\.  17  to  xhow  that,  p^,  p^,  p^,  •  •  •  being  a  decreasing  suite,  if 

+  +  +  •  •  •  conveiges,  p^Uf^  +  pjUj  +  />,u,  +  •  •  will  converge  also. 
N.B.  ^,1^  +       +  •  •  •  +       =  po^^i  +  Pi  {St  -.<?,)  +  •••+    (S,  +  ,  -  A!,) 

*  ^iO»o  -  Pi)  +  •  •  •  +  ^{p—i  —  /»«)  + 

19.  x\pply  Ex.  18  to  prove  Ex.  15  after  showing  that  pj*t    Pl^     " ' 
converge  abaolutely  if     +  P|  +  •  •  •  converges. 

10.  If  Oi,     Ost*"!  a*  are n podtive  nnmbera lees  tban  1,  sibow  ibat 

(l  +  «i)<l  +  «i)«--(l  +  ««)>l  +  «i  +  «t  +  '"  +  «ii 
and  (1 a,)  (1  -  a,)  •  • .  (1  -  a.)  >  1  ^  a,  -     ~ . . .  —  a. 

by  induction  or  any  other  method.  Then  since  1  +     <  1/(1  —  Oj)  show  that 
1 


1  —  (a,  +  a,  +  •  •  +  0.) 

 1  

1  +  (a,  +  0,  +  •  •  •  +  0.) 


>  (1  +  a,)  (1  +  o^)  •  • .  (I  •!>  4.)  >  1 -f.  (a,       + . . .  +  40* 

>  (1 '  Oi)  (1  -     . . '  (I  -  OiO  >  1  -  (<H  +  «t -I*  •  •  •  +  «■)• 
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if  Oj  -f  a,  -I-  •  •  •  +  a«  <  1.  Or  If  TT  be  the  symbol  for  a  product, 

21.  Let  Jl{\  +  Uj)(l  +  u,)  -  ■  •  (1  +U,)  (1  +u«  +  i)-  •  •  be  an  infinite  product  and 

let  Pb  be  the  product  of  the  first  n  factors.  Show  that  |  P,+,,  —  P,]  <  t  is  the  neces- 
sary and  sufficient  condition  that  P.  approach  a  limit  when  n  becomes  infinite. 
Show  that  Un  must  approach  0  as  a  limit  if  P.  approaches  a  limit. 

28.  In  case  P,  approaches  a  limit  different  from  0,  show  that  if  <  be  assigned, 
a  value  of  n  can  be  found  so  large  that  for  any  value  of  p 


-  1 


Ty(l  +  m)-l|<.  or  "iV (1  +  Ui)  =  1  +  i»,  [i»|<e. 


Tl 


Conversely  show  that  if  this  relation  holds,  P,  must  approach  a  limit  other  than  0. 
The  ir^nite  product  is  said  to  converge  when  P,  approaches  a  limit  other  than  0  ;  in 
all  other  cases  it  is  said  to  diverge,  Including  the  case  where  lim  P^  =  0. 

23.  By  combining  Exs.  20  and  22  show  that  the  necessary  and  sufficient  con- 
dition that 

P,  =  (l  +  a,)(l-|-a,)..(l-i.a,)    and        =  (1  -  a,)  (1  -  a,)- •  .(I  -  a.) 

converge  as  n  becomes  infinite  is  that  the  series  o,  -i-  a,  -f-  •  ■  •  -f-a,  -f-  •  •  •  sliall  con- 
verge. Note  that  P.  is  increasing  and  Q.  decreasing.  Show  that  in  case  Za  diverges, 
P,  diverges  to  co  and  Q.  to  0  (provided  ultimately  at  <  1). 

24.  Define  absolute  convergence  for  infinite  products  and  show  that  if  a  product 
converges  absolutely  it  converges  in  its  original  form. 

26.  Test  these  products  for  convergence,  divergence,  or  absolute  convergence : 

•"'(-DO-DO-i)-  <^>(-^)(-^)(-^.)-, 

(■y)  irri  -  (;^)"]'  (»)  <•  +      +      +  ^)('  +  ")■■■• 

<•>  (•-,ii.)('-,To^v)('-0^.)-  ••  <"t[('-c-f-J^] 

26.  Given  ^  "    or  -  u'  <  m  —  l<»c  (1  -|-  u)  <  -  u'  or  ^  "   accordinc  as  u  is  a  p«wi- 
l-i-u2  ^^^^^2        1-f-M  ' 

tive  or  negative  fraction  (see  Kx.  2H,  p.  11).  I'njve  that  if  Zu^  converges,  then 

u,  +  i  -f-  u,  + 1  -f  •••  -I-  u,+p  -  log (1  +  u,  +  i)  (1  -f-  u,  + a)  •  •  (1  + 

=  (S.  +  p  -  S,)  -  (log  P.  +  p  -  log  P.) 

can  be  made  as  small  as  desired  by  taking  n  large  enough  regardless  of  p.  Hence 
prove  that  if  ZuJ  converges,  JJ  {\  +  u^)  converges  if  2u«  does,  but  diverge-s  to  « 
if  Zu«  diverges  to  +  oo ,  and  diverges  to  0  if  2u,  diverges  to  —  oo  ;  whereas  if  Zu^ 
diverges  while  ZUa  converges,  the  product  diverges  to  0. 
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»7.  Apply  BZ.M  to:     (o)     +  + 

S8.  8nppontlieint4gniid/(«)<rf«aliifliittotntfls'^ 
flnito.  WhatteitiDlfl^lwapi^inbleframtlieooiHtnic^^ 

165.  Series  of  functions.  If  the  terms  of  a  series 

=         +  «i  (•')4-  •  •  •  +  M.(ar)  +  • .  ■  (6) 

are  functions  of  x,  the  series  defines  a  function  S(x)  of  x  for  every 
value  of  J"  for  which  it  converges.  If  the  individual  terms  of  the  series 
are  continuous  functions  of  x  over  some  interval  o  ^  x  ^  f>,  the  sum 
S^(x)  of  n  terms  will  of  course  be  a  continuous  function  over  that  interval. 
Suppose  that  the  series  converges  for  all  points  of  the  interval.  Will  it 
then  be  true  that  S(x^,  the  limit  of  S^(x),  is  also  a  continuous  function 
over  the  interval  ?  Will  it  be  true  that  the  integral  term  by  term, 

J*  Uj(x)d!as  +        conyergesto  J*  8(x)dxf 

Will  it  be  tme  that  the  derivative  term  by  twm, 

(t)  -t-    (t)  h  ,   converges  to  S'(x)? 

There  is  no  a  priori  reason  why  any  of  these  things  should  be  true  ;  for 
the  proofs  which  were  given  in  the  case  of  finite  sums  will  not  apply 
to  the  case  of  a  limit  of  a  sum  of  an  infinite  number  of  terms  (of.  §  144). 

These  queHtionR  may  readily  be  thrown  into  the  fomi  of  qaeitioiie  oonoeniillg 
the  possibility  of  inverting  the  order  of  two  iimiui  (see  §  44). 

VorlntogimtiOD:  Is        ^^inl  8»(s)dk  =  litn  r^^^)dBr 

For  dlflemitiatioa :  Ii      ^  lim  8»(^)  =  lim  ^  f 

moroODtinuity:  Is  lim  lini  .({.(x)  =  lim  limiSa(x)? 

Am  derivatives  and  definite  integrals  are  thenwrivee  defined  ae  Umita,  the  ezistenoe 

of  a  double  limit  is  clear.  That  all  three  of  the  questions  must  be  answered  in  the 
negative  unless  some  restriotion  is  placed  on  the  way  in  which  8m{x)  conveiget  to 
8{x)  is  clear  from  j«>nie  examples.  Let  0  ^  j  ^  i  and 

4,(x)  =  2n2e--',   then    lim^(x)  =  0,   or  S(x)sO. 


mmm 


No  matter  what  the  value  of  the  Unit  of  4i(a)  is  <K  The  limiting  fanetion  is 
therefore  eontlnnous  in  tliie  eaee ;  but  from  the  nmnner  in  whieh  8mi^)  eonveifM 


Digitized  by  Gopgle 


INFINITE  SERIES 


481 


to  .S(j)  it  is  apparent  that  under  suitable  conilitions  the  limit  would  not  be  con- 
tinuous. The  area  under  the  limit  6(x)  =  0  from  0  to  1  is  of  course  0 ;  but  ttie 
limit  ol  the  urea  under  Is 

lim  f  ^xn*e~^4x  a  Um  Fe- ■«(—  mb  -  1)1  '=  1. 

The  denvatite  Of  the  limit  at  the  point  x  =  0  is 
of  ooone  0 ;  hot  the  limit, 

=  lim  [l^-Cl  -  11X)"|       =  lim  1^  r=  go^ 

of  the  derivative  is  iutinite.  Hence  in  this  case  two  of  the  queetions  have  negative 
answers  and  one  of  them  a  positive  answer. 

If  a  suite  of  functions  such  as  S^(t),  .v^  (x),- •  • ,  S^(x),- ■  ■  converge  to  a 
limit  S(x)  over  an  interval  a  ^  r  ^  the  conception  of  a  limit  requires 
that  when  «  is  a.ssigned  and  is  assumed  it  must  be  ])ossibU^  to  take  n 
so  large  that  \R„(xJ\  =  \S(x^)  —  S^(x^)  \  <  e  for  tliis  and  any  larger  n. 
The  suite  is  said  to  nmrrnje  unlj'onnlij  toward  its  limit,  if  this  condition 
can  be  satisfied  simultaneously  for  all  values  of  x  in  the  interval,  that  is, 
if  when  c  is  assigned  it  is  i>OBsible  to  take  n  so  large  that  \  R^{x)\<  t 
tor  every  value  of  «  in  the  interval  and  for  this  and  any  larger  n.  In 
the  above  example  the  oonvergenoe  waa  not  uniform ;  the  figure  ahowa 
that  no  matter  how  great »,  there  are  always  values  of  x  between  0  and 
1  for  which  5.(x)  departs  by  a  large  amount  from  its  limit  0. 

The  uniform  convergence  of  a  condnuoug  function  5,  (x)  to  Us  limit  is 
M^ffleienito  insure  the  eoniiimitff  of  the  limit  S(x).  To  show  that  S(x)  i& 
continuous  it  is  merely  necessary  to  show  that  when  e  w  assigned  it 
is  possilile  to  find  a  Ar  so  small  that  \S(x  +  Xr)  —  S(x)  \  <  e.  But 
|S  (x  +  Ar)  -  S(x)  I  =  I  .s\  (x  -I-  A.r)  -  5„  ix)  +  n„  (X  +  A.r)  -  I!„  (x)  |;  and 
as  by  hypotlirsis  converges  uniformly  to  0,  it  is  ixtssiblc  to  take  n 
so  large  that  |/i„(.r  +  A./-)|  and  are  less  than  ^  <  in  csjH-ctive  of  a*. 

Moreover,  iiH  S^{x)  is  continuous  it  is  possible  to  take  Ax  so  small  that 
1 5,  (jc  +  Ax)  —  (j-)  I  <  J  e  irrespective  of  x.  Hence  j  5  (a; + Aar)  —  5  (x)  |  <  €, 
and  the  theoran  is  proved.  Although  the  uniform  convergence  of  5.  to  5 
is  a  sufficient  condition  for  the  continuity  of  5,  it  is  not  a  necessary  con- 
dition, as  the  above  example  shows. 

The  un^arm  eonmfenee  of  5.  (x)  to  ita  linUt  inattree  that 


lim  f  S^{x)dx=  f^S{x)dx, 
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For  in  the  fint  place  S(x)  most  be  continnoiui  and  therefore  integiaUa 
And  in  the  second  phu  e  when  c  is  assigned,  n  may  be  taken  so  laige 
that|/{,(x)|<«/(&-a).  Hence 

and  the  result  is  proved.  Similarly  S'^(x)ta  eontinuou*  and  converges 
un{fbrmlp  to  a  limit  T(x),  then  Tix)  »  s'{x).  For  by  the  above  nsnlt 
on  int^;rsls, 

Jr*r(af)<fe  ^  liin  f'si(x)dx  =  limrs.(«)  -  S;,(a)  Is  S(x)  -  3(a), 

Hence  T(x)  =  S'(x).  It  should  be  noted  that  this  proves  incidentally 
that  if  S'^(x)  is  continuous  and  converges  uniformly  to  a  limit,  then 
S(x)  atitually  has  a  derivative,  namely  T(x). 

In  order  to  apply  these  results  to  a  series,  it  is  necessary  to  have  a 
te*t  for  the  untformity  of  the  convergence  of  the  eerie*  j  that  is,  for  the 
unifotm  oonvergenoe  of  '^'.(x)  to  S{x).  One  snoh  test  is  Wtkniraa^a 
M-leat:  Th«Mriu 

+  «i  («)  +  ••+ 1*^,  («)+.. .  (7) 
witt  floiMwys  unifbrmly  provided  a  eemxergmt  amriea 

3i,  +  A/,-f      +  (8) 

of  positive  terms  may  be  found  euch  that  uUimatefy  S  Mf,  The 

proof  is  immediate.  For 

and  as  the  If'Series  converges,  its  tenainder  can  be  nude  as  smaU  as 
desired  by  taking  »  sufficiently  large.  Hence  any  series  (rf  oontinaoos 

ftinctions  defines  a  continuous  function  and  may  be  integrated  term  by 

terra  to  find  the  integral  of  that  function  provided  an  A/-t»»8t  series  may 
be  found ;  and  the  derivative  of  tliat  function  is  the  derivative  of  the 
series  term  by  term  if  this  derivative  aeries  admits  an  if-test 

To  apply  the  work  to  m  eaamsto  caaMm  whether  the  Mrles 

s(x)=;^+s^+s2«f+...  +  ^+... 

dpfliiPK  a  oontinuottB  funetlon  and  maj  be  Integrated  and  dlllerMitiated  tem  by 
r^o/.v  -        .  «<P»»  .  «l»g*  .       .  ilnwe  .  .„ 


4  sins    sin  2s    tin  8s  dnios 

=   _   (7-) 
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As |coaz|s  1,  the  convergent  neries  1  +  ^  +  —  +       —  +  •••  may  be  taken  as 

an  Jlf-«erie8  for  S(i).  Hence  S(x)  is  a  continuous  function  of  x  for  all  real  values 
of  X,  and  the  integral  of  S{x)  may  be  uikeu  as  the  limit  of  the  integral  of  '(^■(z), 
that  ta^  as  the  intflgral  of  ttw  mrim  term  bgr  tenn  aa  written.  On  the  other  hand, 

an  Jlf-series  for  (T**)  cannot  be  found,  for  the  series  1  +  |  +  }  +      is  not  conver- 

jrent.  It  therefore  appears  that  S'{i)  may  not  be  identical  with  the  tertn-by-term 
derivative  of  S  (x) ;  it  does  not  follow  that  it  will  not  be,  —  merely  that  it  may  not  be. 

166.  Of  seriee  with  variable  tenns,  the  jMtoer  §er5e» 

/(»)««•  +  «,(*-«)  +  «,(«-«)"  +  •••  +  «.(«-«)"  +  •••  (9) 

is  perhaps  the  most  important  Here  a,  and  the  coefficients  may 
be  either  real  or  oomplex  nambera.  This  series  may  be  written  more 
simply  by  setting  »  =  «  —  then 

f(x  +  a)  =  ^  (jr)  =  a„  +  a^x  +  a^x«  +  •  •  •  +  a^x'  +  •  •  •  (9*) 

is  a  series  which  surely  converges  for  a-  =  0.  It  may  or  may  not  con- 
verge for  other  values  of  x,  but  from  Ex.  15  or  19  alx)ve  it  is  seen 
that  if  the  series  converges  for  A',  it  converges  absolutely  for  any  x 
of  smaller  absolute  value ;  that  is,  if  a  circle  of  radius  A'  be  drawn 
around  the  origin  in  the  complex  plane  for  x  or  about 
the  point  a  in  the  complex  plane  for  z,  the  series  (9) 
and  {9*)  respectively  will  converge  absolutely  for  all  i 
complex  nnmbets  which  lie  within  these  ciieles. 

Three  esses  should  be  distinguished.  First  the 
series  may  converge  for  any  value  x  no  matter  how 
great  its  absolute  value.  The  circle  may  then  have 
an  indefinitely  large  radius ;  the  series  ocmveige  for  all  values  of  «  or  s 
and  the  function  defined  by  them  is  finite  (whether  real  or  complex) 
for  all  values  of  the  argimient  Such  a  function  is  called  an  iiUtffral 
function  of  the  oomplex  variable  «  or  ».  Secondly,  the  series  may  con- 
verge for  no  other  value  than  x  =  0  or  «  =  «t  and  therefore  cannot  define 
any  function.  Thirdly,  there  may  be  a  definite  largest  value  for  the 
raflius,  say  H,  such  that  for  any  point  within  the  res|>ective  circles  of 
radius  /*  the  series  converge  and  define  a  function,  whereas  for  any  i>oint 
outside  the  circles  the  series  diverge.  The  circle  of  radius  R  is  called 
the  circle  of  convergerice  of  the  series. 

As  the  matter  of  the  radius  aiid  rirde  of  cnnverpence  Is  Important,  it  will  be 
well  to  go  over  the  whole  matter  in  duiail.  Coiwider  the  suite  of  numbers 

Let  them  be  imagined  to  be  located  m  points  with  coordinates  between  0  and  +  » 
on  a  line.  Three  poesibUiUea  m  to  the  distribation  ot  the  points  arise.  Fint  they 
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msy  be  nnlimited  above,  that  is,  it  may  be  possible  to  pick  out  fram  the  nita  ftMt 
of  numbers  which  iiicrraso  witlimit  limit.  Secondly,  tiie  numbers  may  converge  to 
the  limit  0.  Thirdly,  neither  uf  ihem  suppoBitions  is  true  aud  the  uumbers  from  0 
to  +  CD  be  diTided  Into  two  elM—i  each  that  eveiy  number  in  the  fint  cIsm  is 
leas  than  an  inlfaii^  ot  numben  of  the  anile,  whereas  any  mmber  of  the  aeoond 
class  is  surpasBcd  by  only  a  ilnite  number  of  the  numbers  in  the  suite.  The  two 
classes  will  then  have  a  frontier  number  which  wili  be  repreeented  by  1/& 
(8ee§$19fl.). 

In  the  first  case  no  natter  what  x  may  be  It  Is  possible  to  irfdi  out  menbeis 

from  the  suite  such  that  the  set  \^a<|,  "(/[ojl  Vja^l, •  •  wlth<  <><  it  -  •  increases 
without  limit.  Hence  tho  set  v''la,|(x|,  vjo/l  l^j,  •  •  •  will  increa.se  without  limit ;  the 
terms  o^x'  a/r>,<  •  •  of  the  ijeries  (9')  do  not  approach  0  as  their  limit,  and  the  series 
diverges  for  all  values  of  x  other  than  0.  In  the  second  case  the  series  converges 
for  any  vmloeof  s.  For  lets  be  any  number  leas  than  It  ia  poaaible  to  go  so 
far  in  tlie  aulta  that  all  aubaaquent  numbers  of  it  ahall  be  leas  than  this  aartgntid  •. 
Then 

{Om^^+'lK^+'^xf'+p  and  «^x|"+ «»+'jx|»+*  +  •••»  •i2|<l| 

serves  aa  a  comparlaon  series  to  insure  the  absolute  conveigenoe  of  (V).  In  the 
third  case  the  scries  converges  for  any  x  such  that \i]<  R  but  diverges  for  any 
xsuch  that|x|> /^  For  if  |x|  <  i?,  take  «<  K  —  |xl«<>  that  jj-K — e.  Now  proceed 
in  the  suite  so  far  that  all  the  subsequent  numbers  sliall  be  less  thau  1/{R  —  c), 
which  is  greater  than  Then 


will  do  as  a  comparison  aerlea.  If  |x)>  A,  itia  eaiy  toahow  the  terma  of  (9^  do  not 
approaoh  the  limit  0. 

Let  a  eirde  of  xadiiu  r  leas  than  R  be  drawn  oonoeatrio  with  fhe 
circle  of  oonvergenoe.  Then  within  the  eirde  radius  r<R  the  power 
series  (9*)  eonverffes  um^ormlff  and  d^nes  a  eoHiinuous  ^nction;  the 
integral  of  the/knetum  may  he  had  hy  integrating  the  series  term  kg 
termf 


and  the  series  of  denvatives  eonver^  unifomUg  and  represents  the 
derivaii»e  of  the  /kmeiionf 

^'(x)  =s  o,  +  2 +  3 c^*  +  . .  -f  ««*x"-'  +  •  • 

To  prove  theee  theorame  it  is  merely  necessary  to  set  up  an  Jf*«erieB 
for  the  aeries  itself  and  for  the  series  of  derivatives.  Let  X  be  any 
number  between  r  and  A.  Then 


(10) 


Digitized  by  Google 


INFINITE  SERIES 


485 


converges  because  X  <  li;  and  furthermore  |a,ic"j  <\<\\ X"  holds  for  any 
ae  sach  that  |ar|  <  JC,  that  is,  for  all  points  within  and  on  the  circle  of 
radioB  r.  Hoi«OTer  as  |z|  < 

holds  for  sufficiently  large  vahu*s  of  n  and  for  any  x  such  that  |x|  ^  r. 
Hence  (10)  serves  as  an  M-series  for  the  given  series  and  the  series  of 
derivatives ;  and  the  theorenjs  are  proved.  It  should  be  noticed  that  it 
ill  inoorreofe  to  say  that  the  convergence  is  uniform  over  the  circle  of 
ladins  JS,  although  the  stBtement  is  tnie  of  any  oirde  within  that  ciide 
no  matter  how  small  it  —  r.  For  an  apparently  slight  but  none  the 
less  important  extension  to  include,  in  some  cases,  some  points  upon 
the  circle  of  convergence  see  Ex.  5. 

An  immediate  owollary  of  the  aliOTe  theorems  is  that  anif  power 
ieiiea  (9)  in  the  complex  variable  which  amver^  for  other  vatue$  thorn 
«s  0^  and  hence  l"s  a  finite  circle  of  convergence  or  conrerfjex  all  over 
the  complex  plane,  dejinee  an  analytic  function  f{z)  of  z  in  tlit'  sense  of 
§§73,  126;  for  the  aeries  is  diiferentiable  within  any  circle  within  the 
circle  of  convergence  and  thus  the  function  has  a  definite  finite  and 
continuous  derivative. 

167.  It  is  now  possible  to  extend  Taylor's  and  Maclauriii's  ]M)nnulas, 
which  dt'vt^lojMHl  a  function  of  a  real  variable  x  into  a  polynomial  plus 
a  remainde  r,  to  injinite  series  known  as  Taylor's  and  Maclaurin's  Series, 
which  express  the  function  as  a  power  series,  provided  the  remainder 
after  li  terms  converges  uniformly  toward  0  as  fi  becomes  infinite.  It 
will  be  snfBcient  to  treat  one  ease.  Let 

/(«) -/(O) -^m^  + 1 r(0)«« + . . + ^^4i)!/^'-»w«-' + 

lini  A.(a;)  —  0  uniformly  in  some  interval  —  A  £  x  S  A, 

where  the  first  line  is  Maclaurin's  Formula,  the  second  gives  differnet 
forms  of  the  remainder,  and  the  third  expresses  the  condition  that  the 
remainder  converges  to  0.  Then  the  series 

/(0)+/'(0)x  +  ir(0)x« 
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oonveiges  to  the  value  f(x)  for  any  x  in  the  interval.  Tlic  proof  con- 
sieta  merely  in  noting  that/(2;)  —  (x)  =s  s,(<b)  is  the  sum  of  tlie  first 
n  tenns  of  the  series  and  that  |/2a(«)|  <  «. 

Id  the  c&se  of  the  exponential  function  ^  the  nth  dfllivstive  Is  and  the  fe* 
nuUuder,  taken  in  the  first  form,  beoomes 

As  a  becomes  infinite,     clearly  approaches  zero  no  matter  wliat  the  value  of  h ; 

lFssl  +  »+  -  -  +  —  +  •••  +  — +  ... 

2  !     8  !  n  ! 

is  the  infinite  series  for  tije  exponential  function.  The  series  converges  for  all 
valnee  of  z  real  or  oomplex  and  may  be  taken  as  the  deflaltion  ti  e*  for  oomplex 
values.  This  definition  may  be  shown  to  coincide  with  that  obtained  otherwise  (§  74). 
For  the  expansion  of  (1  +  x)"*  the  remainder  may  lie  taken  in  the  second  fom. 

(m  -  n  +  1) 


i.2...{n-l) 


Hence  when  A  <  1  the  limit  of  Tt„  (x)  is  zero  and  the  inflnitc  expunsion 

.    ^_    .  .        -  m{m  — 1)  -  .  in(m  —  1)  (m  —  2)  . 
(l  +  a)-slH-ms-|--i^^a^  +  -^  + 

is  vslid  for  (1  +  z)"  for  ali  values  of  a  numerically  less  than  uniQr. 
If  In  the  Unomial  expansion  «  be  replaced  by  —  a*  and  m  by  —  ], 

1  1.1..  1-8^  .  1-3.5  -  ,  13.5  7.  . 


Thil  series  ooovaifss  for  all  values  of  a  nomeiically  leas  than  I,  and  henoe  eon- 
vsi|ss  onlfonDly  whenever  |a(  S  A  <  1.  It  may  therefore  be  integrated  term  by 

'•™*        .    ,         .  1  x«    1.8ac»  .  1.8.6x»    1.8.5.7X*  . 

sin~^  =s  a  +  —  +  H  1  +  •  •  • . 

^«  a  ^ a. 4  6    2.4.6  7  ^a.4.«.8  9  ^ 

This  series  is  valid  for  all  values  of  x  numerically  less  than  unity.  The  series  also 
converges  f or  z  =  i:  1 ,  and  hence  by  Ex.  6  is  uniformly  conveigeut  when  —  1 S  x  ^  1 . 

But  Taylor's  and  Maclaurin's  series  may  also  be  extended  directly  to 
functions  f(z)  of  a  complex  variable.  If /(a)  is  single  valued  and  has 
a  definite  continuous  derivative /'(a)  at  every  point  of  a  region  and  on 
the  boundary,  the  expansion 

/(«)  =/(«)  -«)+••  +/*•-«(«) \~^\y'  +  «. 

has  been  established  (§  12G)  with  tlte  remainder  in  the  fonn 


(z  -  «)■ 
2ir 


1   1*  ML 


2  jr  p"  p  —  r 
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foraUpointic  withintbeoiieleof iadiii8r(]Si.7|p.3()6).  Astibeooaies 
mfinite,  J?«  annooolies  sero  unifMinly,  and  henoe  the  infinite  aeries 

/(*)  =  A«)  -!-/'(«)  (*-«)+•••  +  •  •  •  (12) 

is  valid  at  all  points  within  the  oirde  of  ladins  r  and  upon  its  cinmm> 
fnenoe.  The  expansion  is  thexefoie  oonveigent  and  valid  for  any  s 
actoally  within  the  ciicle  of  ladins  ^ 

Even  for  leal  expansions  (11)  the  signiikianee  of  this  lesnlt  is  great 
beoanse,  except  in  the  simplest  oases,  it  is  impossible  to  compute  f**^(x) 
and  establish  the  convergence  of  Taylor's  series  for  real  variables.  The 
result  just  found  shows  that  if  the  values  of  the  function  be  considered 
for  complex  values  x  in  addition  to  real  values  x,  the  circle  of  oonver- 
genre  will  extend  out  to  the  nearest  point  where  the  conditions  imposed 
on  f(z)  break  down,  that  is,  to  the  nearest  }K)itit  at  whicli/(s)  becomes 
infinite  or  otherwise  eeaaes  to  have  a  definite  continuous  derivative /"'(«)• 
For  exaiuple,  there  is  nothing  in  the  l>ehavior  of  the  function 

(l-^X*)-'  :^  1  -  X*  -  J-''   , 

as  far  as  real  values  are  concerned,  which  should  indicate  why  the  expan- 
sion holds  only  when  |ur|  <  1 ;  but  in  the  complex  domain  the  function 
(1  -f  ,■:")"'  IxM'onies  infinite  at  z  =  ±  i,  and  hence  the  greatest  circU» 
about  2:  =  0  in  which  the  series  could  l)e  ex{)ected  to  converge  has  a  unit 
radius.  Hence  by  considering  (1  -|-  <t*)~*  for  complex  values,  it  can 
predicted  without  the  examination  of  the  nth  derivative  that  the  Mac- 
laurin  development  of  (1  -f-x^)"*  will  converge  when  and  only  when  x 
is  a  proper  fraction. 

BZSRCBB8 

1.  (n)  Doesz  +  X  (I  —  x)  +  X  (1  —  z)'  +  -  •  ■  converge  uniformly  when  OSx^lf 
(A  DoMtheaeries(l  4.  ft^  s  l  ^.  l  ^.  Izl  +  ^ ..  .oonveigeuni- 

c !  81 

formly  for  smftll  values  of  I:  ?  Can  the  derivation  of  the  limit  e  of  §4  thus  be  made 
rigoroua  and  the  value  be  found  by  setting  Jc  s  0  in  the  eerlee  t 

S.  Test  these  series  for  uniform  convergence ;  also  the  series  of  derivatives; 

(a)  l  +  zM  +  ^dBi$  +  a^dn9$-l'..'t  ix|SX<l, 

ifi)  i+iir  +  -2ir+-8ir+-4ir+-  »  w^'<*» 

(t)  Consider  complex  as  well  as  real  values  of  tbe  variable. 
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S.  Dttennine  the  ndluBof  convergence  and  draw  the  circle.  Note  that  In 
tice  the  tMt  ratio  is  more  oonvenient  than  the  iheoretleal  method  of  the  texfct 

(•)  |»-(t  +  j)a6«  +  (l  +  l  +  i)x«-(t  +  J  +  J  +  J)a^  +  ..., 

4  21  4  4!         461  • 

(l,)  1  -  X  +  X*  -  X*  +  x*  -  I*  +  x"  -  x"  +  •  •  •  , 

(,)  1  ?! —  +  ?!!    +  .... 

^'       2''(m  +  l)     8«.2!(fn  +  l)(m  +  2)     ««.8:(m  +  l)(m  +  2)(m  +  3)  * 
X*      at*   /I    l\      x«    /I    1    i\      ae^    /l    l    i  i\ 

2«~a*(8i>«u''"a/'*'S(8V\i'*^«^«/  a»(4i)«\i'*"8'*'8"*"4/''""'* 

/  i  1  ,        J  ,         +  a  .  a(a-H)(^  +  2)^(^  +  l)(^  +  2) 

^'^^    "^1.7         12. 7(7  +  1)  ia-8.7(7  +  l)(T  +  2) 

4.  EetaUIah  the  Madaurin  expaiMimis  for  the  elemoitary  fnnetioiis: 

(or)  log(l-x),       (/3)  sinx,  (7)  OOex,  (5)  coshx, 

(«)  a',  it)  tan-'x,      (ij)  ilnh-Jx,  tanh-ts. 

5.  AIkCs  Theorem.  If  the  infinite  series  +  a^x  +  Oyi^  +  Oyx'  +  •  •  •  converges 
for  the  value  X,  It  oonfeiges  uniformly  In  the  Interral  0  S  x  S  X.  Prove  this  tagr 
showing  that  (see  Bxs.  17-lfi,  p.  4S8) 

|ll.(x)|  =       +  a.^iaB»+>  +  •  •  •  |  <  ^^^lo^*  +  •  •  •  +  «.+,X«+»|, 

when  p  is  rightly  chosen.  Apply  this  to  extending  the  interval  over  which  the 
iieries  is  uniformly  convergent  to  extreme  values  of  the  interval  of  conveigence 
wherever  posriUe  in  Bxs.  4  (a),  (0,  {9). 

6.  Kxamine  sundry  of  the  series  of  Ex.  3  in  regard  to  their  convergence  at  ex- 
treme points  of  tlieintervalof  conveigenoe  or  at  various  Other  points  of  the  drcnm- 
f erenoe  of  their  drde  of  ccmvergence.  Note  the  signifloaooe  in  view  of  Ex.  S. 

_  \^ 

7.  Show  that/(x)  =  c  x»,  /(O)  =  0,  cannot  be  expanded  into  an  Infinite  Mac- 

_  j_ 

laurin  series  by  showing  that  /f,  =  e  and  hence  that  /?„  does  not  converge 
uniformly  toward  0  (see  Ex.  9,  p.  00).  Show  this  also  from  the  consideration  of 
oomplez  values  of  s. 

8.  From  the  consideration  of  complex  values  deiemune  the  interval  of  con- 
veigence of  the  Madanfin  series  for 

(tt)  unx  =  ifi)  (7)  tanhx.      (»)  log (1  +  e-). 

00S2  ^—1 
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9.  Show  that  if  two  similar  infinite  power  Heries  represent  the  aaine  fiinetioil 
in  any  interval  Uie  ooefficienta  in  the  series  must  be  equal  (cf .  §  32). 

10.  Fioinl  +  JroM»  +  i«  =  a  +  »«*^(l  +  »«-*^='^(l  +  y)(l  +  ~r) 
prove     l<v(l  +  9roo8«  +  r*)sS^ro<»c— ^oo6Sx4^ooaSs<*  •  ^  , 

'log  (1  +  S  r  OMX  +  r')  (ix  =  2    ain  s  —  p  rin  2s  +  p  an  3s  —  •  • i 

and    log(l  +  2rco8z  +  r«)  =  2logr  +  2(-^  __  +  __  A 

^  log(l  +  aroMS  +  i«)dssSslogr^.a^-^;  _  +   j; 

r'lc«(l  +  atnacM«)(ic  »  Sxtogeoa^  +  8  ftan  ^dns- tMi*|         +  •  V 

•re  2        \       2  2     2*  / 

11.  Prove  /   =  1  +   ^ +  ...=  /    . 

•'^  \  1  +  a:*  2  6     2  •  4  •  9     2  4  •  0  •  18  ''i    Vl  + 

It.  EvalnatA  these  integnla  by  expanalon  into  series  (ass  Ex.  28,  p.  408) 

•'e         coez  ^     A  1  +  co»«x  4 

(I)  rV-^ooa8Awto  =  ^«"(i),      («)  r'log(l  +  8rcMS  +  t^«B. 

2  or 


13.  By  formal  multiplication  (f  168)  ahow  that 

1  -  a« 


1  —  2  a  losx  +  tt 

a  Hill  z 


,  =  1 -I*  8aooss  +  8a*oo88«  •!••••« 


1  —  2  a  cos  «  +  a* 

14.  Evaluate,  by  use  of  Ex.  13,  thebe  Uelinite  integrals,  in  an  integer: 

X  1^2«co«xTa^     1  -  aV  X  1  ^  2a cos z a»  =  a'^^' 

sinxslnwadlg 
Je  l-Saeoss  +  a«~8 

J'""  sin*z(ij 
•  (l'aac(MS  +  a*)(l-8/Bcoss+^' 

15.  InBz.l4tv)l«t«al.A/^aiids  =  c/kii.  Obtain  lij  a  limiting  pracai% 
and  bj  ft  atmitaur  method  ezenlaed  npim  Bz.  14  (a) : 

J>»*gato«dg_ir    J       r^comwiz  _w 
•    A«  +  ««"8*''  *•  +  «■"  2*"' 

Ckn  the  ttis  <rf  these  limiting  processes  be  readily  JnatUled  f 
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16.  LitAMulsbeleMtiiMl.  Amum  tha  «cp«Mt(m 
/(«,  h)  =         ^         =  1  +  APi(*)  +  *«P,(x)  + . . .  +  + . . . . 

Obtain  thenf vom  the  liMowiog  esfMuuioni  bf  dlfferanttation : 

 -=Pj  +  2M»,  +  «A«P,  +  ...  +  ii*»-»P,  +  .... 

Hsnoe  imtebHah  the  glTen  Identitlea  and  oonwquent  relations: 

xr,  +  A (xp-,  -  Pi)  + . . .  +  A- -i(xp;  -  p;.,)    + . . . « 

fl=  Pj  +  /i(2P,)         + . . .  +  A— »(iiP.) 

Or      nPn^xK-K^i      ^  j;+i+p;_i-p.=««p:. 

Henoa     cF;«1^^i-(ii4- and 

Compam  tha  raaallB  with  B».  IS  and  1 7,  p.  S8I,  to  Idantlfy  tha  tnnotlooB  irith  tba 
Lagandie  pdynomlala.  Write 

1   1  1  

(l^Ss)k  +  «^^    (l>fiAcoa#+A*)i  (l.A««)l(l-.Ae-l»)i 

=  ^1  +        +  iJAM»  + ..  .J  ^1 +  l^A«e-«<»+ .. 

168.  lUn^iilAtiMi  of  lerks.  ^an  ii^iUU  mHm 

S  =       +  1/,  +       4-  .  .  .  +       _  ,  +        +  .  .  .  (13) 

converges,  the  series  obtained  />>/  r/roujiiruj  the  terms  in parenihetet  wUk^ 
out  altering  their  order  will  also  converge.  Let 

Uld  5}|  Sg|  *  *  *  y  «S|^y  *  *  * 

be  the  new  aeries  and  the  Bums  of  its  fint  n*  terms.  These  sums  are 
merely  portioolar  ones  of  the  set  5^,  8^  and  as     <  »  it 

foUom  that'  h  beedmes  infinite  when  »'  does  if  »  be  so  ehoeen  that 
5.  B  ^  As  5a  appmaehes  a  limit,  5^^  must  approach  tiie  same  limit 
As  a  oorollaiy  it  appeara  that  if  the  series  obtained  by  removing  paren- 
theses in  a  given  series  converges,  the  value  of  the  series  is  not  ti^itfft-ftd 
removing  the  parentheses. 
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Jllftwo  convergent  infinite  aeries  he  given  as 

5  =     +     +        and    r  =  ir^  + + 

<A«n  (Aii^  +  /i«J  +  (Ai(,  +  |itf,)4>*** 

wQl  eowuerge  to  the  limU  kS  +  fiT,  and  will  converge  aAsolutefy provided 
both  the  gieen  eeriee  converge  aheolutely.  The  proof  k  left  to  the  reader. 

jfa  given  eeriee  ee&noergee  abeolvieljff  the  eeriee/inmedhyreorranfying 
the  terme  t»  anjf  order  wUhemt  emitting  eoK^  terme  will  eewoerge  te  the 
§ame  value.  Let  the  two  anrangemrats  be 

S  =  u^-{-  Ui  +  u^-\  h         +  «,  4-  •  •  • 

and  S  =     +  M,,  +     4-  h       i  4-  «,/  4-  •  •  • . 

As  8  coQTeiges  absolutely,  i»  may  be  taken  so  large  that 

|««|4-|w.+,|+--  <  c; 

and  as  the  terms  in  S'  are  identical  with  those  in  S  except  for  their 
order,  n'  may  be  taken  so  large  that  S'^  sliall  contain  all  the  terms  in 
5..  The  other  terms  in  .S^,  will  be  found  among  the  terms      u.^j,  •  • 

K..-s.|<KH-|«.*,|+  •••<€. 

As  |S  —  5,1  <  c,  it  follows  that|5  —  5;;,|  <  2c.  Hence  5^,  approaches  S 
as  a  limit  when  n'  becomes  infinite.  It  may  easily  be  shown  that  S*  also 

converges  absolutely. 

The  theorem  is  still  tnie  if  the  rearrangement  of  S  m  into  a  series  some 
of  whose  terme  are  themselvee  infinite  series  of  terms  selected  from 

Thus  let      s^^u.-k-  •••+  tV-a  +  + 

whem  Ui  may  be  any  aggregate  of  terms  selected  from  8,  If  ir«  be  an 
infinite  series  of  terms  selected  fhnn  8,  as 

IT,  s=  tt«  4-  wa  +  ««  H  h  Wfa  H  , 

the  absolute  convergence  of  follows  from  that  of  S  (of.  Ex.  22  below). 
It  is  possible  to  take  n'  so  large  that  every  term  in  8^  shall  oocnr  in  one 
of  the  terms      Uit'-'t  ^^^v  Then  if  from 

S^U^-U^  U^.i  (14) 

there  be  eancded  all  the  terms  of  5,,  the  terms  whidi  remain  will  be 
found  among  •  •  • ,  and  (14)  will  be  less  than  &  Henoe  as  »' 

becomes  infinite,  the  difference  (14)  appioaebes  sero  as  a  limit  and  the 
theofem  is  proved  that 

5«  i/,4-  «/j4-  --4-  i^..-,4-  £/.^4-  -  --5'. 
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If  ft  aeries  of  Teal  tenm  Is  oonveigeiit,  but  not  ftbeolulely,  the  mimber  of  potf- 

tive  and  the  nuinluT  of  lu  ffative  terms  Is  infinite,  the  series  of  positive  temis  and 
the  series  of  negjiti%f  tt  rnis  tiiverge,  and  the  given  serit-s  may  be  so  rearranged  as 
to  comport  itself  in  any  desired  uiauuer.  Ttiat  the  number  of  terms  of  each  si^ 
cannot  be  finite  follows  from  the  fact  that  if  it  were,  it  would  be  possible  to  go  so 
far  in  the  series  that  all  subsequent  terms  would  have  the  same  sign  and  the  series 
wouhi  tliereforc  converge  absolutely  if  at  all.  Consider  next  tlie  sum  S„  =  P/  —  A''„, 
i  +  in  =  n,  of  n  terms  of  the  series,  where  Pi  is  the  sum  of  tlie  ]H>sitive  terms  and 
that  of  the  negative  tenns.  If  both  Pi  and  JV.  oonveiged,  then  Pi  +  would 
also  convefge  and  the  series  would  oooTsige  absolutdj;  if  only  one  of  the  suns 
Pi  f>r  -V,„  diverged,  then  5  would  diverge.  Hfiue  both  sums  must  diverge.  The 
series  may  now  lie  rearranged  to  approach  any  desired  limit,  to  become  positively 
or  negatively  infinite,  or  to  oscillate  as  desired.  For  suppose  an  arrangement  to 
approach  L  as  a  limit  were  dedred.  Fintt  take  enough  positiTe  tenns  to  make  the 
sum  exceed  L,  then  enough  negative  terms  to  make  it  less  than  Z>,  then  enough 
positive  terms  to  bring  it  again  in  cxcoks  of  I,  and  so  on.  B>jt  as  the  given  series 
conveiiges,  its  tenns  approach  0  as  a  limit ;  and  as  the  new  arrangement  gives  a 
sum  which  never  differs  from  L  bj  more  than  the  last  term  in  it,  the  dlfferenee 
between  the  sum  and  L  is  approaching  0  and  L  is  the  limit  of  the  sum.  In  a  similar 
way  it  could  be  shown  that  an  arrangement  which  would  OOmpOrt  itself  in  any  of 
the  other  ways  mentioned  would  be  possible. 

^  turn  absolutely  eowoergent  series  b€  muU^ied,  at 

+    +   hii^H  , 

r=ro  +  »i  + WgH  , 

and  ir=ii,i^,  +  «t*'s'f««<%  +  *"  +  «««^  +  "' 

+  «t»'i  +       -f  »<2"i  H  1-  "l.^'l  + 

+ 

+  W,t»,  4*        +        +  •  ••  +         +  ••  • 

+  

and  if  the  tentitt  in  W  be  arranged  in  a  simple  series  as 

«o*'o  +  (''i^o  +        +         +  ("s^e  +  •*t''i  +  ''a^'a  +        +  %^*>  H  

or  m  any  ofAer  manner  tehatsoeverf  the  series  is  absolutely  emmotf^nA 

and  converges  to  the  value  o  f  the  pnyduct  ST. 

In  the  particular  arrangement  above,  S^T^,  S.^T^,  5,T,  is  the  sum  of 
the  tirst,  the  tirst  two,  the  first  n  terms  of  the  series  of  parentheses.  As 
lim  S^T^  =  57^,  the  series  of  parentheses  converges  to  .ST.  As  .s"  and  T 
are  absolutely  convergent  the  same  reasoning  could  be  applied  tu  the 
series  of  absolute  values  and 

+ ("ill".! + Isll'^iH- + •  •  • 

would  be  seen  to  converge.  Hence  the  conyergence  of  the  series 
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is  abwdiite  and  to  the  value  ST  when  the  paientheees  aro  omitted. 
Hoieoveri  any  other  anangement,  snch  in  partienlar  as 

«0^'o  +  («l''o  +  "o*'l)  +  ("S^'o  +  +  +  •  •  •  I 

would  give  a  series  eon  verging  alwolutely  to  ,s'7'. 

The  equivalence  of  a  function  and  its  Taylor  or  Maclaurin  infinite 
series  (wherever  the  series  convei^res )  leiuls  iin]>ortancc  to  the  oj)erations 
of  multiplication,  divisioa,  and  no  on,  wiiiuh  may  be  performed  ou  the 
series.  Thus  if 

/(z)  =  a,  +      +       +       H  ,  <  iJ„ 

y(a:)«*,  +  *^  +  6^  +  J^  +  ...,       W<  JK„ 

the  multiplication  may  be  performed  and  the  series  arranged  as 

f{x)g{x)  as  a/,  +  (a^j  +  a^^x  +  (a^,  +  a,6,  +  a^o)«*  H  

aoeofding  to  ascending  powers  of  x  whenever  x  is  namerieally  less  than 
the  smaller  of  the  two  ladii  of  convergenoe  R^,  R^,  because  both  series 
will  then  converge  absolutely.  Moreover,  Ex.  5  above  shows  that  tiiis 
form  of  the  product  may  still  be  applied  at  the  extremities  of  its  inters 
val  of  convergence  for  reel  values  of  x  provided  the  series  converges 
for  those  values. 

As  an  tmnple  In  the  nnltipUeatlon  of  series  let  the  pioduet  dn«  cms  be  found. 
The  paroduei  will  contain  only  odd  powers  of  z.  The  first  few  terms  are 

The  law  of  formation  of  the  coefficients  gives  as  tlie  coefficient  of  x^*-**! 

'     +      '      +  '  +  ...+  _  _  '  _  +  _L-I= 

^        l{lk-\-\)\     (2A:-1)!2!     (2it-y)!4!  8 :  (2  A:  -  2)  I  (2A:)!j 

(-1)*    fi  ,  (2k^\)2k     (2Ac  +  l)(2A)(2t-l)(2fc-2)  .  (2i+i)"| 

(2ft-|-l)lL  %\  41  II  J* 

But   aiMi-(i  +  i)M+i  =  l  +  (2|:  +  i)  +  iii±iIi*  +  ...  +  (2»  +  l)  +  l. 

Hence  it  is  seen  that  the  coefficient  of  z^^  +  i  takes  every  other  term  in  this  symmet* 
rlesl  nun  kA  an  even  number  of  terms  and  must  therefore  be  equal  to  half  the  sum. 
The  product  may  then  be  written  as  the  series 

dnaeosx  =  -  [2x  -       +       -  . .  J  =  - Bu, 2x. 
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IM.  If  a  fiinotion/(«)  be  expanded  into  a  power  aeries 

/(ar)  =  a„  +  a,a:  +  a^  +  a^+-  -,       |xl  <  i?,  (15) 

and  if  x  =  a  is  any  point  within  the  circle  of  convergence,  tt  may  be 
desirrd  to  tram/orm  the  series  into  one  which  proceeds  according  to  powers 
of  (x  —  a)  and  converges  in  a  circle  about  t/te jpoint  x  —  a.  Let  t  =  x  —  a. 
Then  z  =  a  -\- 1  and  hence 

/(x)  =  a„  +  a,  (a +    +         + 2a«  +  ^  +  ....  (IS*) 

Since  \a\  <  R,  the  rt'lation  -i-\t\  <  R  will  hold  for  small  values  of  t, 
and  the  series  (15')  will  converge  for  a:  =  |a|  + Since 

s + + I'D + <^(i«p + + m + •  •  • 

is  afasoliiftely  oonTergent  for  small  values  of  ^  the  paventlieses  in  (15*) 
may  be  removed  and  the  terms  eolkoted  as 

/(a;)«^(<)  =  (a,  +  o^a^-o,a«  +  a,a«-|-■..)  +  («,4-2.^_,<r+  3fl,«»4--)< 

+  (o,  +  3a,a  +  ...)<»-|- (a, +  •..)<•  +  •••, 

or      /(a!)  =  ^(a!-«)  =  il.  +  ilj(«-ir)  +  il,(«-a)« 

+  i4,(«-«)»  +  .  (16) 

where  il,,  ^4^,  ^1,,  •  •  •  are  infinite  series ;  in  &et 

-/(«)»      ^1  =/(«)»         =  = 

The  series  (16)  in  «  —  «  will  sorely  oonverge  within  aeiide  of  ladins 

X  —  |a|  about  as  a  a ;  bot  it  may  converge  in  a  larger  circle.  As  a  matter 
of  fact  it  will  converge  within  the  largest  circle  whose  center  is  at  a  and 
within  which  the  function  has  a  definite  continuous  derivative.  Thus 
Maclaurin's  expansion  for  (1  -f  jr^~^  has  a  unit  radius  of  convergence; 
but  the  expansion  alwut  J"  =  ^  into  powers  of  x  —  ^  will  have  a  radius 
of  convergence  equal  to  ^  Vs,  which  is  the  distance  froin  r  =  ^  to  either 
of  the  points  x  =  ±  i.  If  the  function  had  originally  l>et'n  defined  by 
its  development  about  x  =  0,  the  definition  would  have  been  valid  only 
over  the  unit  drde.  The  new  deTelopment  about «  =  |  will  therefore 
extend  the  definition  to  a  eonsideraUe  x^on  outside  the  original 
domain,  and  fay  repeating  the  prooess  the  region  of  definition  may  be 
extended  further.  As  the  function  is  at  eaeh  step  defined  a  power 
series,  it  remains  analytio.  This  process  of  extending  the  definition  of 
a  ftanetion  is  called  oiidl^  Mn<tiMMitiMk 
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Cloniider  <A««a^iwio»i{f»^fief»9»o/a>kfielio».  Let 

«  =  *(y)=^*.  +  *jr  +  *^  +  *y+ lyl< 

and  let  j^^]  <  R^so  that,  for  suflSciently  small  values  of  y,  the  point  x 
will  still  lie  within  the  circle  R^.  By  the  theorem  on  1 1  <  1 1 1  i  pi ication,  the 
series  for  x  may  be  squared,  cubed,  •  •  •,  and  the  series  for  a?',  x",  •  •  •  may 
be  arranged  according  to  powers  of  y.  These  results  may  then  Ixj  sub- 
stituted in  the  series  for  /  (./■)  and  the  result  may  be  ordered  according 
to  powers  of  t/.  Hence  the  exjiansion  for/[^(y)]  is  obtained.  That 
the  ex])ansiou  is  valid  at  least  for  small  values  of  j/  may  be  seen  by 
considering 

Kl  +  |«,|^  +  |«,|^'  +  I«.If'  +  ...,  ^</^, 

which  are  series  of  positive  terms.  The  radius  of  convergenoe  of  the 
aeiies  for/[^(y)3  may  be  found  by  discussing  that  function. 

For  nunple  oonsider  the  proUem  of  ospuidliig  o*"*  to  five  tenm, 
«»=l  +  f  +  l»«  +  il(»  + +          y«ooB»  =  l-laP  +  ^aB«  +  ..., 
ytsl^a^^.|aE«  ,    y*s=l-|a9+}ir«  ,    y«  =l-Ss*  +  l|s«  , 

•r  =  l  +  (l-iz»  +  ,»,x«  )+  j(i_x«+ Jx«  )  +         jx»+  Jx«  ) 

+  ^(l-«««+lf«!«  )  +  ... 

e»  =  «M»s8}|..l}xiH-}fs*  

It  should  be  noted  that  the  coefficients  in  this  series  for  e^°*'  are  really  infinite 
oerles  and  tin  ihial  valuoo  ben  givon  are  only  tiio  sppitniiiMto  values  found  liy 
taking  the  first  few  terms  of  each  series.  This  will  always  be  the  case  when 
y  =  ftg  +  b^z  +  •  •  •  begins  with  6^  ^  0  ;  it  is  also  tnie  in  the  expansion  alwiiit  a  new 
origin,  as  in  a  previous  paragraph.  In  the  latter  case  the  difficulty  cannot  be 
av^ed,  but  In  the  caae  of  the  ezponalon  of  a  function  of  a  funetion  it  to  soow* 
times  poasible  to  make  a  preliminary  change  which  materially  sfanpUfles  the  final 
nsult  In  that  the  eoefBclents  become  finite  aeries.  Thus  here 

e«««sei-i-«se9',  sseoss~lB~i«P-|-^«*-Tiv«^-l""t 

The  coefficients  are  now  exact  and  the  computation  to  x*  turns  out  to  be  easier 
than  to  ^  by  the  prevloaa  method;  tiie advantage  intioduoed  by  the  ehange  would 
be  even  greater  If  the  e^^enrion  were  to  be  canled  seversl  terms  farther. 
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The  fmoHmt  of  hoo  power  ooriet  /(«)  bjf  g(x),  \f  ^(0)  0,  may  bo 
oHamed  by  the  onHnary  algoriMm  o/dwioion  at 

For  ill  the  tirst  phu  e  aa  y(0)  0,  tlu*  (]uotient  is  analytic  in  the  neigh- 
borhood of  x  =  0  and  may  be  developed  into  a  power  scries.  It  there- 
fore iiMrely  remauiB  to  show  that  the  ooeffioients  c,,  c,,  •  *  are  those 
that  would  be  obtained  by  divisioii.  Multiply 

(a,  +  a^x  -j-  (/^  +  . . .)  «  (c„  +      +       -}-  •  •  •)  (A,  +  h^x  -f       -f-  •  •  ■) 
and  then  equate  coefficienta  of  equal  powers  of  x.  Then 

is  a  set  of  equations  to  be  solved  for  e,,  c,,  ■  ■  .  The  terms  in  / (x)  and 
^  (x)  beyond  have  no  efEed;  upon  the  values  of  c^,  •  •  • ,  ,  and  hence 
these  would  be  the  same  if  6»+u6.4.ai  •**  were  leplaoedby  0,  0,  and 
«to+i»^4-t>  «!•>  «••+!»•••  tyench  values a',+„ a'g.i  O,-- 
aa  would  make  the  division  oome  out  even;  the  coefficients  «|>  *">cw 
are  therefore  precisely  thoee  obtained  in  dividing  the  series. 
If  y  is  developed  into  a  power  series  in  «  as 

y  «/(«)  =  «o  +       +        + . . «,     0,  (17) 

then  X  may  Ix)  developed  into  a  ])ower  series  in  y  —  aa 

For  since         0,  the  function  f{x)  has  a  nonvanishing  derivative  for 

«  SB  0  and  hence  the  inverse  function  /~'  (y  —  is  analytic  near  x  =  0 
or  y  =  Op  and  can  be  developed  (p.  477).  The  method  of  undet4^rmined 
cwthcients  may  l)e  nsed  to  find  h^,  .    This  process  of  finding 

(18)  from  (17)  is  called  the  rercr.sinn  of  (17).  For  the  actual  work  it  is 
simpler  to  replace  (y  —  o^) /«j  by  t  so  that 

and     «sf +  &;^  +  ^  +  &;^  +  **-»  h'fBbfii, 

Let  the  assumed  value  of  x  be  substituted  in  the  series  for  t ;  rearrange 
tiie  terms  aoooiding  to  powers  of  t  and  equate  the  corresponding  eoef- 
fioients.  Thus 

t^t  +  (f/,-^  a',)  e  -I-  (/.;  +  2  //^o;  +  «;)  e 
+  (a;  +  2  i^o;  +  «;«a;  +  3  6;a; + a;)  + . .  • 
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170.  For  some  few  porpoees,  which  ate  tolenUy  impoi^ 
operational  method  of  treating  series  is  so  usefal  as  to  be  almoet  india- 
penaaUe.  If  the  series  be  taken  in  the  lonn 

with  the  laetoriab  which  ooeiir  in  Hadaurin'a  development  and  wiUi 
unity  as  tiie  initial  tenn,  the  series  may  be  written  as 

provided  that  a*  he  inter]»r»'tt'd  as  tlie  fonnal  oquivalent  of  a^,  The 
product  of  two  series  would  then  formally  suggest 

^«»««.^+»>««l  +  (a  +  ft)VB  +  ;^(a4-ft)V  +  ...,  (19) 

and  if  the  coefficients  be  transformed  by  setting  a*b*  a  o/^,  then 

+      +  ll    +  . . +      +  |i     +  . . 

-i+(«,+*^x+:«±2|«»i±i»^  +  .... 

This  as  a  matter  of  fact  is  the  fmnmla  for  the  product  of  two  series 
and  hence  justifies  the  suggestion  contained  in  (19). 
For  example  suppose  that  the  development  of 

were  desired.  As  the  development  b^ins  with  1,  the  formal  method 
may  be  applied  and  the  result  is  found  to  be 

«  e**,      a;  =  -  (20) 

a;  =  a:  +  [(^  +  l)^-^^J^  +  [(B  +  l)«-^j|l  +  ...,  (21) 

(B  +  l)t_B"«0,     (B  +  1)*-B'  =  0,...,     (B  +  1)»-B»  =  0, 

or  2Bj4-l  =  0,  3iJ,+  3B,  +  l  =  0,  4 5, 4- +  4  J5,  +  1  =:  0,  •  •  , 
or  =  5,  =  i,      ^,  =  0,      -B4  =  -A,--. 

The  formal  method  leads  to  a  set  of  e(}Tiations  from  which  the  suc- 
cessive     may  quickly  be  determined.  Note  that 
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is  an  even  function  of  x,  and  that  consequently  all  the  ^'s  with  odd 
indices  except  are  zero.  This  will  facilitate  the  calculation.  The 
first  eight  even  ^'s  aie  respectively 

h  -A»  iV,  -A.  A.  -Mb*  h  -W.  (23) 

The  nnmben  B,  or  their  absolute  values,  are  called  the  BenouiUam 
numUn,  An  independent  iustification  for  the  method  of  formal  cal^ 
eolation  may  readily  be  given.  For  observe  that  «ne*aBS^-*'*>' of  (20) 
is  true  irhen  B  is  regarded  as  an  independent  variable.  Hence  if  this 
identity  be  arranged  aooording  to  powers  of  B,  the  coefficient  of  eadi 
power  must  vanish.  It  will  therefore  not  disturb  the  identity  if  any 
numbers  whatsoever  are  substituted  for  /?',  If,  •  •  • ;  the  particular 
set  J3j,  B^y  5j,  ••  ■  ma}'  therefore  be  substitut^nl ;  the  series  may  be  rear- 
ranged according  to  powers  of  x,  and  the  coefficients  of  like  powers  of 
X  may  U'  equat<?d  to  0, — as  in  (21)  to  get  the  desired  e(^uations. 
If  an  infinite  series  be  written  without  the  factorials  as 

a  possible  symbolb  eacpressifm  for  tiie  series  is' 

1  —  ax  #  "» 

If  the  substitution  y  =«  x/(l  +  »)  or  »    y/(l  _  y)  be  made, 

l-**    l^a-^    l-(l  +  «)y  (24) 
1-y 

Now  if  the  left-hand  and  right-hand  expressions  be  expanded  and  a  be 
regarded  as  an  independent  variable  restricted  to  values  which  make 
\ax\  <  1,  the  series  obtained  will  both  converge  absolutely  and  may  be 
arranged  according  to  powers  of  a.  Corresponding  coefficients  wUl  then 
be  equal  and  the  identity  will  therefore  not  be  disturbed  if  Of  rqplaoes 
of.  Hence 

1  + a,* +      =  (1  -  y)[l  +  (1  +  a)y  +  (1  +  o)y  +  •••], 
provided  that  both  series  converge  absolutely  for    ss  a*.  Then 

l  +  a^-|-a/;^  +  a^+>-sl  +  ay  +  a(l  +  a)y*  +  a(l  +  «)y  +  •  •  • 

=  1  +  a,y  +  (a, -f  «^  y« -I- (o^  +  2    -I- <^  /  + . . . , 

or  -f      +  ttgx"  +  •••=»  a,y  +  (ffj  +  ffj)!^ 

+  («i  +  2a,  +  o^y*  +  (25) 
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This  trans fonnatum  is  known  as  JSuler^s  transformation.   Its  great 

advantage  for  computation  lies  in  the  fact  that  sometimes  the  second 
series  converges  much  more  rapidly  than  the  first.  This  is  especially 
true  when  the  coefficients  of  the  first  series  are  such  as  to  make  the 
coefficients  in  the  new  series  smaU.  Thus  from  (25) 

log(l  +  a!)«»-ta^  +  Jjr*-i*«  +  J««-|a!«  +  — 

To  compute  log  2  to  three  decimals  from  the  first  series  would  require 
several  hundred  terms ;  eight  terms  are  enough  with  the  second  series. 
An  additional  advantage  of  the  new  series  is  that  it  may  continue  to 
ooaverge  after  the  original  series  has  ceased  to  converge.  In  this  case 
the  two  series  can  hardly  be  said  to  be  equal ;  bat  the  second  series  of 
course  remains  equal  to  the  (oontiniiation  of  tiie)  f  nnefcion  defined  hj 
the  first,  Thus  log  3  may  be  oompnted  to  three  deoimsls  with  aboat  a 
doaen  terms  ol  the  seoond  series,  bat  oannot  be  oompated  from  the  first 


1.  By  the  nndtlplicatloa  of  series  prove  the  foUowliig  vdattons: 

(a)  (1  +  «  +    +  aB»  +  •..)'  =  (1  +  2x  +      +  **•  +  •••)  =  (1  -  X)-', 
coH*z  + sin's  =  1,      (>)  e*ei's=e»+»,      («)  2«ln«x  =  l-coe2«. 

2.  Find  the  Madaurin  development  to  terms  in     for  the  functions: 

(a)  ei'oosa,  •■ilns,      (7)  (l-l-x)log(l  +  x),      (i)  cosx^-io. 

S.  Onmp  the  terms  of  the  ezpeiisloii  of  eoex  in  two  different  ways  to  show  that 
eosl  >0  and  00a 8  <0.  Why  does  it  tben  follow  that  oob{  s  0  where  1  <  |  < 8? 

4.  BstaMish  the  devdopments  (Peiioe*8  Nos.  786-780)  of  the  fwietloiis: 

(a)  e-«",       ip)  et"',       (7)  e^"^',  («) 

5.  Show  that  if  y(x)  =  (wc"  +  ^^ix**'*^^  +  •  •  •  and/(0)  ^  0,  then 

g{x)     b^x"  +  ^,  +  iX"'+>  +  •••      z-       x--»  X      ^  ^ 

and  the  development  of  the  quotient  has  negative  powers  of  x. 

6.  Develop  to  terais  In  af*  the  following  foDotloas: 

(or)  8ln(*8inj),      (/9)  log  cos z,      (7)  Vcosx,      («)  (1  — l^aln%)~l. 

7.  Carry  the  reversion  of  these  aeries  t<i  terms  in  the  fifth  power : 
(a)  y  =  ainx  =  x  —  i ar«  +  •  • (fi)  V  =  tan-i  z  =  z  —  ^  x»  +  •  • 

(y)  y  stfEssl^s^.  <|)  y  s  8x  H*  8xi>  +  4x*  +  6x«  <|>  •  •  •. 
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S.  Vind  the  anallflit  root  of  then  aeries  bj  the  method  of  raventoot 

1         /*z  111 

«    A  S    ^8lf       BIT    ^  ' 

9.  By  the  fonnal  method  obtain  the  genetaleqoatloiie  for  the  coefBdeiito  in  the 
developments  of  these  functions  and  oompate  tlie  lint  five  tiiat  do  not  vanlriit 


10.  Obtain  tlie  general  eiqpmsaions  for  tlie  following  developmsnts: 
^  '  45*»46        *  (Sn)ls  ' 

(y)  logsinx  =  logx  -  —  -±  1-  +  (- 1)"   '       '  , 

^  *       e     180    8886        ^     '  8ii.(8»)l  * 

X*      2*  &.(8a)** 

lt\  logalnhx  =  logx  +  -  f_  +  -f-   **f«\**y  ...... 

\;    g      *  e     180^  8886  ^8n.(8n)l 

11.  The  Bnlerian  nmnbem  4«  are  the  ooaffleients  in  the  ezpaniion  of  seeh& 
Establiah  the  defining  equations  and  oompate  the  first  four  as  —    6,  —  01, 1886. 

It.  Write  the  expansions  for  sees  and  log  tan  ((v  + 

18  1 

IS.  From  the  identic  r*-*-:  r=  ^  derive  tlM  axpanaiona: 

— 1    «^«  — 1    «p  +  l 

(^)_l-  =  i-fi,(2«_l)iL-B,(2«-l)i!  B,.(2«--l)^  +  .. 

(7)  tanhx  =  (2« -  l)2»B,i-  +  (2* -  \)^B^~  +  •  •  •  +  l)2«-fl„^  + 

a  I  a I  am 

x»    2x»     17x'  x»»-> 
(«)  Unx=x  + -  +  —  +  —  +  ...+  (_l)--i(2a-_l)2«-5„— +  ... 

(f)  iogcoga«-^-i-~-...-(-i)— i(a«--i)2«"5,  ^* 


8     18    46  ^    -/  -fa. am 

(f )  log  Unx  =  logx  +  ™  +  ^  +  . . .  +  (-  1)--H2«— »  -  1)2»-B,.-^^  + 

o     eu  a*  am 


(,)  esea  =  ^ (cot|  +  tan =  1  +  |j  +  . . .  +  (- l)-i8(at. -i -  l)Bb.^ 
(f)  logooshx,     (i)  Ic^tanha,     («)  cseha,     (X)  sei^a. 
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Observe  that  the  BernouUian  numbers  afford  a  general  development  for  all  the 
trigonometric  and  hyperbolic  functions  and  their  logarithms  witli  thv  exception  of 
the  sine  and  coeine  (which  have  known  developments)  and  the  secant  (which  re- 
qaiiM  the  BnlerUm  munben).  TIm  importuice  of  then  nmnten  la  thtrtfoi* 


14.  The  coefBcientB  P|(y),  P^iu),  •  ■  • ,  Pnilf)  in  the  development 

=  y  +  J^iOr)*  +  i*«<if)a*  +  •  •  •  +  P.(if>at^  +  •  •  • 

are  called  Bernoulli's  polynomials.  Show  that  (n  +  1)  1  ^•(y)  =  {B  +  yy*^  —  B"  +^ 
and  thna  oomimte  the  flnt  six  poljmomials  tn  y. 

15.  If  y  s    is  a  positive  integer,  the  quotient  in  £x.  14  is  simple.  Hence 

» I  p.(i\r)  s    9- ^.  s- -f . . .  +  (ir  - 1)^ 

to  eMlly  ahown.  With  the  aid  of  the  polyiKMiiiato  foaiid  atove  ooinpi^ 

(a)  1  +  2<  +  8«  +  ...  +  1©*,  1  +  2»  +  8«  +     •  +  0», 

(7)  1  +  2«  +  8*  +  . . .  +  (JV-  (a)  1  +  2»  +  8»  +  • .  +  (.V- 

l-axl-bx    i(a- 6)  Ll—M    o  — tej     ^     a  — 6 

IT.  From  r  Va-«>»<dl  =  — ^  estabUahfoimallj 

Jo  I— ax 

whan  F(«)«l  +  aiu  +  la3u' +  la,u»  +  .... 

8h(m  that  tha  inlegiBl  irin  eoDTaige  whao  0  <  «  <  1  piOTlded  |«f)  a  1. 
18.  If  in  a  seriaa  the  coefficients  <"<  =  jT  tV^(0(^t  ^how 

l  +  ttix  +  a^«  +  a^  +  ...  z^J^^^-dt. 
If.  NoCa  that  Bsa.  17  and  18  eootait  a  aazlaa  into  an  Intagral.  Show 


(^)  l  +  ?.  +  l(i±ii*.  +  i(l±iHi±l)x.+... 


r(6) 


w  f 

r(a)r(5-a)Je  1-st 
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20.  In  ca«e  the  coefflcienUi  in  a  series  are  alternately  piMitiT«  and iMgattTediev 
that  £uler*8  transformed  series  may  be  written 

o^x  —  ogx*  +  a%x*  —  Oil*  +  . .  =  o^y  +  Aaiy'  +  A'aiy*  +  A'oiy*  +  •  •  • 

where  Aaj  =01  —  02,  A-ui  =  Aai  —  Aa^  =  O]  —  2  +  Ot,*  an  Um  aucOCMlve 
first,  hecund,  •  •  •  differences  of  the  numerical  coefficients. 

21.  Compute  the  values  of  these  series  by  the  method  of  Ex.  20  with  x  =  1,  =  J . 
Add  the  first  few  terms  and  apply  the  method  of  differences  to  the  next  few  as 
indteated: 

+  =0.<WS16^  add 8  tenna and  take  7  mon, 

(A  1  —  ^  >)•  ^  —  ^  4>  >  •  •  a  0.0048,        add  6  terma  and  take  7  mora, 

(y)  ^sl-.i  +  l-i  +  ...s0.78688618,     add  10  and  take  11  mora, 
4  8     6  7 

«)  PioTe/l  +  —  +  —  +  —  +  ... \=-^^^^^l— —  +  —  -  —  + '"^ 
^  '         V^2P^8»^4*^     /  2»*8#    4*^  / 

and  eorapute  for  p  s  1.01  with  the  aid  of  fl^e-piaee  tables. 

22.  If  an  infinite  series  conver^ges  absolutely,  show  that  any  infinite  eeries  the 
tems  of  wUeh  aie  nleeted  fram  the  temit  of  the  given  aeriee  moat  alao  eonveise. 
What  If  the  gtven  ieriea  oonveiged,  hot  not  abaolately  r 

M.  Note  that  the  proof  oonceniing  tenn-l7*tenn  Integration  (p.  488)  woidd  not 

hold  if  the  interval  were  infinite.  Discuss  this  case  with  especial  r^erMMM  to 
juatUying  if  poMiUe  the  formal  eTaiuattona  of  Eza.  18  (or),  (a),  p.  488. 

SA.  Check  the  fomnla  cfBx,  17  Iqr  tennwiM  Intignttion.  Bvaloate 

i  j[%"'J,(6u)dii  =  1-  |Wac«  +   =  (l  +  W*«ri 

by  the  Inveiae  tnnafonttattoii.  See  Exa.  8  and  18^  p.  888. 
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171.  th»  trlcOBOiiietric  inactions.  If  w  is  an  odd  integer,  sajr 
m  B  2  fi  + 1,  De  Moivre's  Theorem  (|  72)  gives 


sin  m 


^  =       4  -  <"  -  ^H"  -  ^)  eo.'-V        +  - .  (1) 


m  sin  ^  3 ! 

where  b}'  virtue  of  the  relation  C08'«^  =  1  —  sin'<^  the  right-hand  mem- 
ber is  a  polynomial  of  degree  n  in  8in'<^.  From  the  left-hand  side  it  is 
seen  that  the  value  of  the  ^x)lynomial  is  1  when  siu  ^  =  0  and  that  the 
n  roots  of  the  polynomials  are 

sin'ir/m,      8in'2ir/my  sin*i»ir/i». 

Henoe  the  polynomial  may  be  fBctored  in  the  form 

msin^  \  sm'7r/7n/\  8in'2ir/m/  \  Bin' nv/mj  ^' 
If  the  substitutions  ^  =  x/m  and  ^  =  ix/m  be  made, 

mBinx/m    \     sm'ir/ia/\      8in'2ir/m/      \      sm'fMr/m/  ^  ' 

sinhap        A  ,  8inh'x//«\  /      sinh^j-/i»\      /  sinh*x/m\ 
mnnhx/m  "  V  +  '^^^)\     Bin-2ir/«;  *  ^  ^  +  ^*nJ/m)'  <^ > 

Now  if  III  be  allowed  to  become  infinite,  passing  through  successive 
odd  integers,  these  equations  remain  true  and  it  would  appear  that  the 
limiting  relations  would  hold : 


sma 

X 

sinha; 


sin'— 

since  lim 

mmm 

Sin 
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hi  tidt  miy  the  eagfomiomB  into  ii^nUe  produeU 

would  be  found.  As  the  theorem  that  the  limit  of  a  product  is  the  jjrod- 
uct  of  the  limits  Iiolds  in  general  only  for  tiuite  product8|  the  process 
here  followed  must  be  justified  in  detail. 

For  the  juBtiflcation  the  coiuiideration  of  sinhz,  which  inTolves  only  podti?e 
qoMitities,  is  simpler.  Take  the  logarithm  and  split  the  sum  into  two  parts 

^Jnhx_^2;iog   1  +  — f  UVlog   1  +  —^ 
m  \  mf  \  Mi 

As  log(l  +  a)  <  a,  the  second  sum  may  be  further  transformed  to 

„        /     ilnh'-X      ,  8inh«-  , 

fi{      \      ^fl     ,Ttrin«^  %TxMn«*E 
\  mf  m  m 

Now  a.s  n  <  i  m,  the  angle  kw/m  is  less  than  |  Xy  and  sin|  >  2{/ir  f or  (  <  ^  r,  by 
Kx.  28,  p.  11.  Hence 

B<riiib«i  y   =^'8inh«^  y  i<!^«inh«^  r'"". 

<      BUih'— . 


msinh  -     »  \      an^ —  '  *^ 

w         \  m 

Now  let  m  become  infinite.  As  the  sum  on  the  left  is  a  finite,  tlie  limit  is  simply 

'-xf —-!;{■+ ii?)  <         =i;  ('+ s^i) 

then  follows  easily  by  letting  p  become  Infinite.  Hence  the  justidcation  of  (4"). 

By  the  differontiatioii  of  the  series  of  logBrithms  of  (S), 
the  ezpcessions  of  cot  x  aud  coth  x  in  series  of  fractions 


Digitized  by  Google 


SPECIAL  INFINITE  DE VELOi\MENTS  455 

are  found.  And  the  differentiation  is  legitimate  if  these  series  coiiTerge 
uniformly.  For  the  hy|)erbolio  function  the  uniformity  of  the  oonver- 
genoe  fdlows  from  tiie  if-test 


<  -j^f  and  2^}^  converges. 


The  ;i»*(  uraoy  of  thr  sn  ies  for  eot  x  may  then  be  inferred  by  the  subttU 
tutiun  ut'  ix  lur  j:  insteud  uf  by  direct  examination.  As 

2x  1.1  .4^ 


In  this  expansion,  however,  it  is  necesBaiy  still  to  assoetete  the  terms 
for  A  SB  +  n  and  jb  s  —  » ;  for  each  of  the  series  for  A  >  0  and  for 
k  <  0  diverges. 

178«  In  the  series  for  cotha;  rephuse  xhy  ^x.  Then,  by  (22),  p.  447, 


If  the  first  series  can  be  arranged  according  to  powers  of  «,  an  eziwea- 
sion  for  iB^,  will  be  found.  Consider  the  identily 

which  ia  derived  ])y  division  and  in  which  0  is  a  proper  fraction  if  <  is 
positive.  Substitute  t  =  ary  i  A- V ;  then 


4W  +  ie* 


~"^("  4^)  "  ^~  4&)  ' 


|coth^-l 


-'tmuhimi---- 

*  1  11 

I  eoth  I  - 1  =  -  2  m=|)r- 2  *  ^f^'. 

*  The  6  is  still  a  proper  fraction  since  each  0/^  is.  The  interchange  of  the  order  of 
Bummation  is  legltlinate  becaose  the  series  would  still  coOYerge  if  all  signs  were  podttre, 
sfaMse  Z Jr  *f  is  ooovergeDt 
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As  approaches  1  when  nbeoomes  infinite,  the  laat  teim  approaehee 
0  if  X  <  2ir,  and  the  identical  expansions  are 

2i;^,(-i)'-^=|*.,l7,=l«">'l-t  (i«) 

and  i~"'i  =  l  +  ?^»^  +  **'^-  W 

The  desired  expression  for  B.^,  is  thus  found,  and  it  is  farther  seoi 
that  the  expansion  for  ^«  ooth  ^  x  oan  he  broken  off  at  any  term  with 
an  error  less  than  the  first  term  omitted.  This  did  not  appear  from  the 
formal  work  of  i  170.  Farther  it  may  he  noted  that  tat  large  ▼alnes  of 
i»  the  numbers  B^^  are  very  large. 

It  was  seen  in  treating  the  F-fonetion  that  (Ex.  17,  pb  386) 

log  r(»)  =  (n  —     log  n  —  n  4-  log  V2w  +  ••(»»), 
when  ••(ii)=y'^^|ooth|-iy^^ 

As  J*  x^'e^dx  =  J^'^^'^-  =  ^^^^  =  > 
the  substitution  of  (12),  aud  the  integration  gives  the  result 

-C*^)  -  -iTjT  +  ^374  +  -  +  (2p  -  3) (2/.  -  2)  +  (2;,  - 1)     •  ^^^^ 

For  large  values  of  » this  development  starts  to  converge  very  rapidfy, 
and  taking  a  few  terms  a  very  good  value  of  «•(»)  oan  he  obtained; 
but  too  many  terms  must  not  be  taken.  Compan  If  151,  IINL 


1.  Prove  coax  =  — —  =  1T(1  —  1. 

%,  On  the  unmptlan  that  the  pradnet  for  sinha  nay  he  nndtlpUed  oat  and 
ooUeeted  aooordfng  to  powen  <tf    show  that 

<t)||^-^'     <«>i|g^  =  S'  if *n»v equal i 


Digitized  by  Google 


SPECIAL  INFINITE  DEVELOPMENTS  467 

3.  By  ftid of  Ex. 81(d), p. 468, show:  (a)  l  +  s  +  s  +  s  +  x's^i 

™    "    "  o 

(1     \  1 
X  iri  =  —  X  :  


■  -1  H-l 


6.  From     ^  =;^(-a)* +  <- 1).^  ^  |;  (-x)»  +  (- iy-«»i 

abow  r^il^dK=T^^^.andooinpateforaslb7Bx.81,p.4fi8. 

7.  If  a  is  a  proper  fnu  tioii  S4>  that  1  —  u  is  a  proper  fraction,  show 

S.  Whan  n  Is  lugt  flb*  »  (- 1)>-14 Vim^^y "afprozintttdj  (Bz.  IS). 

BxpuidtlMteniMof  ^ooth|sl.|.  V  — ^4- — =  bjdlvUon  wlMn«<av 

2       2  t'lr*  + 

and  rearranj^e  acconling  to  powers  of  x.  Is  it  easy  to  justify  this  derivation  of  (11)  f 
10.  Find  u'{n)  by  cUflerentiating  under  the  sign  and  aubatituting.  Uenoe  get 

^-M=,ogn-^-  

r(n)     ^       2n    2n«    An*  {2p-2)n*f-*  2jm«* 

U.  Fwmi^^^+7=      ^~ ''"^^dorof  fl49ihowtliat,if  nislnttgnl, 

r(n)         -/o  l—a 

?^"Ur  =  l+~+ ^ +•••+--    -   ■»*  7  =  - ^— =0.ft7781Me4«... 

r  (n)  2    a         n  - 1  '      r  (1) 

by  taking  n  =  10  and  itsiag  the  necessary  number  of  terms  of  Kz.  10. 
12.  Frove  log T  (n  +  |)  =  i»(logii -  1)  +  log  V8ir  +  **i (n),  wbere 
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13.  Shown!  =  V^^^j'e""  or  Va^^JL±iy*«e  «*■  +  ".  Noto  that  the 
Tenlts  of  1 140  are  now  obtainad  rlsoroorij. 

14.  From-— i^==yc-ta +  -iI^=V»-»«+ #fl-!l—^', and ttofoni^ 

of  S  149,  prove  the  ez];>an8ioiui 

(V)  log r(n  +    +    =|(! - l.gl±*).     (.,  =       (l  +  !).-*. 

178*  TrigooMiietrle  or  Fourier  oerios.  If  the  aeries 

/(«)  =  i  a,  +]^  (a*  008  As  +  *t  ain  fee) 

B5  I     +  fi^  COS  jr  -f-  «j  fos  2  J"  +  «,  cos  3  or  H — . 
+  6i  siu  a;  4-  6,  sin  2    +  6,  siu  3  X  +  •  >  • 

omyergee  over  an  interval  of  length  2  ir  in  a*,  say  0  S  x  <  2  -n-  or 

—  TT  <  ar  ^  TT,  the  series  will  converge  for  all  values  of  r  and  will  de- 
fine a  periodic  function /(as  +  2  ir)  s  /(x)  of  period  2  ir.  As 

Jr  cmkx  sin  Ixdx  =  0  and  C  t^^f'^^iiasasOonr  (15) 
;  J,    smJbsBinls  ^  ' 

according  as  ib  ^  2  or  A-  =  the  coefficients  in  (14)  may  be  determined 
fomially  by  multiplying /(ar)  and  the  series  by 

1  =  cos  0  X,       cos  jc,       sin  x,       cos  2  r,       sin  2  jr,  •  •  • 

8uccessiv«>ly  and  integrating  from  0  t<i  2  7r.  By  virtue  of  (IS)  each  of 
the  integrals  vanishes  except  one,  and  from  tliat  one 

1   /»"  1  r-' 

a^  =  —  J    f{x)  cos  kxdXf        1,^^  —  j    fix)  sin  kxdx.  (16) 

Conversely  if  fix)  be  a  function  which  is  defined  in  an  interval  of 
length  2  ir,  and  whidi  is  continnons  except  at  a  finite  number  of  points 
in  the  interval,  the  numbers  and  may  be  computed  according  to 
(16)  and  the  series  (14)  may  then  be  constructed.  If  this  series  con- 
verges to  the  value  of/(x),  there  has  been  found  an  expansion  of  fir) 
over  the  interval  from  0  to  2  IT  in  a  triijonomvtric  or  Fourier  aeries.* 
The  question  of  whether  the  series  thus  found  does  really  conveigB  to 

•By  ipeeisl  devtem  wMne  FdorieripaBriom  w»  tosad  to  Ek.  ID,  p.  419^ 
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the  value  of  the  fonction,  and  whether  that  series  can  be  integrated  or 
dilbrautiafted  tem  by  term  to  find  the  integral  or  derivative  of  the 
fonetioii  will  be  left  for  special  investigation.  At  present  it  will  be 
aasnmed  that  the  function  may  be  represented  by  the  series,  that  the 
series  may  be  integrated,  and  that  it  may  be  differentiated  if  the  differ- 
entiated series  converges. 

Tor  example  lei  ^  be  developed  in  (he  Interval  from  0  to  Sv.  Here 

or  ao  =  -e«»  »     ii»  =  -«»»-2 —  — — -» 

1  1  kit 

TlitoezpaneloaleveltdoalylnibelntervalfromOtoav;  outride  that  Interval  the 
series  aatomatleally  repeate  that  portion  of  the  function  wtiicii  lie«  in  tlie  interval. 
It  may  be  remarked  that  the  expansion  does  not  hold  for  0  or  2  v  but  ^ives  tlie 
point  midway  in  the  break.  Note  further  ttiat  if  the  series  were  differentiated  the 
ooefflolent  of  the  ooriue  terms  would  be  1  +  l/lfi  and  would  not  approach  0  when 
k  became  infinite,  so  that  the  series  would  apparently  oscillate.  Integration  from 
0  to  a  would  give 

ir(e'-l)     1.1.      .1     «in2x  .     1     slnSx  . 

— ^  =  -  X  +  an  z  +  —  +  +  ♦  •  • 

+  — ^  ^  coe«  +  ^ cos2x  +  ^1-^ coeSx  +  . . 

and  the  term  Ja  may  be  replaced  by  its  Fourier  aeries  If  desired. 

As  the  relations  (15)  hold  not  only  when  the  integration  is  fxvm  0 
to  2ir  but  also  when  it  is  over  any  interval  of  2ir  from  or  to  «  +  2  w, 
the  function  may  be  expanded  into  series  in  the  interval  from  a  to 
or  +  2ir  by  using  these  values  instead  of  0  and  2ir  as  limits  in  the 
formulas  (16)  for  the  coefficients.  It  may  be  shown  that  a  function 
may  be  expanded  in  only  one  way  into  a  trigtmometric  series  (14)  valid 
for  an  interval  of  length  2  tt  ;  but  the  proof  is  somewhat  intricate  and 
will  not  be  given  here.  If,  however,  the  expansion  of  the  function  is 
desired  for  an  interval  a  <  x  <  p  less  than  2ir,  there  are  an  infinite 
number  of  developments  (14)  which  will  answer;  for  if  ^ (or)  be  a 
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function  which  coincides  with  /{x)  during  the  interval  a  <  x  <  fi, 
over  which  the  expansion  of  /(-r)  is  desired,  and  which  has  any  value 
whatsoever  over  the  remainder  of  the  interval  /8<ar<<r  +  2  7r,  the 
expansion  of  <f>  (x)  from  a  to  a  -f-  2  7r  will  converge  to  /(x)  over  the 
interval  a  <  x  <  ^. 

In  practice  it  is  frequently  desirable  to  xestrict  the  interval  over 
irliieh  /(x)  is  expanded  to  a  length  say  from  0  to  v,  and  to  aeek  an 
expansion  in  terms  of  sines  or  cosines  alone.  Thus  suppose  that  in  tlie 
interval  0  <  «  <  ir  the  function  ^  (se)  be  identical  witii  and  that 
in  the  interval  — ir<a;<0itbe  equal  to  /(—  x) ;  that  is,  the  func- 
tion i^(x)  is  an  even  function,  ift(x)  ss  which  is  eqnal  ta/(x) 
in  the  interval  from  0  to  «*.  Then 

^(x)uiiikxdxmt  j  ^(st)sin  Jbeifo  —  I  ^(pe)m]laBix^O, 

Hence  for  the  expansion  of  ^{x)  from  —  7r  to  +  tt  the  coefficients  bj^  all 
vanish  and  the  ex|>ansion  is  in  terms  of  cosines  alone.  As  /(x)  ooin> 
oides  with  ^(x)  from  0  to  w,  the  expansion 

f{x)  =^  ff^  cos  kXf       ***  ~  W  j(   "^^^^      kxdx  (17) 

of /(x)  in  terms  of  cosines  alone,  and  valid  over  the  interval  from  0  to 
w,  has  been  found.  In  like  manner  the  expansion 

in  term  of  sines  alone  may  he  found  by  taking  ^(x)  equal  to/^x)  fimn 
0  to  w  and  equal  to  x)  from  0  to  —  tt. 

Let  I X  be  developed  into  a  eeries  of  aines  Mid  into  a  series  of  codnes  valid  over 
the  mtervsl  f  KNn  0  to  V.  For  the  eeries  of  etoM 


tAnkx 


}xsdii2— |dn2s<|'|afaiSs— }itn4«  +  .**.  (A) 

0, 1:  even 


-^.fcodd. 


Also    «o  =  -  r'^*''*  =  ?»     a^  —  -  C'\-zvMlaiXi 

1      »    2  r  ,  eimZx  .  co8  5x  .  cosTx  .  1 

Henoe         -x  =  ^--|^cos«  +  — +  —  +  —  +  •  J.  (B> 
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Although  the  two  expansions  define  the  same  function  ]  x  over  the  interval  0  to 
thij  will  define  difierent  functions  in  the  interval  0  to  —  ir,  as  in  the  figure. 
The  devdopaflnt  tor  |2P  may  he  had  hgr  Integntlng  either  eeriea  <A)  or  (B)» 


Jz*  =  l— coea:-i(l  — co9  2x)+  J  (1  -  cosSx) -  j»,  (1  -  co«4i)  + 


w  sr  .  _  .  ainSx  .  CO662  . 
4       irL  8* 


6» 

These  are  not  yet  Fourier  series  because  of  the  terms  \  wx  and  the  various  I's.  For 
^  ffx  its  sine  series  may  be  substituted  and  the  terms  1  —  |  +  |  —  •  •  •  may  be  col> 
leetedhjBz.S,p.467.  Henoe 


« g«  eoe.  +  Jee.1.-  JcoeSx  +  - 


(A-) 


or 


The  differentiation  of  the  series  (A)  of  sines  will  give  a  m  1  ies  in  which  the  individual 
terms  do  not  approach  0 ;  the  differentiation  of  the  m-rieA  (R)  of  cosines  gives 

|v8slnx-)-ialn8x  +  ^ain6x+  ^sin7x  +  '** 

and  that  this  is  the  scrips  for  ir/4  may  be  verifled  by  direct  calculation*  Thediffer> 
ence  of  the  two  series  (A)  and  (B)  is  a  Fourier  series 

sin2x 


.  coeSs  . 

co«X+-^  + 


(C) 


which  defines  a  function  that  vanishes  when  0  <  x  <  ir  but  is  equal  to  —  x  when 

0  >  /  >  —  IT. 

174.  For  discussing  the  convergence  of  the  trigonometric  series  aa  formally 
calculated,  the  anm  of  the  firit  Sn  + 1  terma  may  he  written  aa 


S. 


-U"\3 


+  coe((.->x)  +  coe2((  —  z)  +  ■  •  •  +  cosn(t 


-x)j/(l)dt 


»in(2n  +  l)~  , 


2iln 
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where  tbe  flni  st«p  wu  tooomUnefl^coelBB  and  Aftilnla  efter  repiieb|g«iB  the 

definite  integrals  (16)  by  t  to  avoid  confusion,  tlien  summing  by  the  formala  of 
Ex.9,  p.  80,  and  finally  chauiiing  the  variable  to  u  =  ^{t  —  j).  The  enm  5,  is 
therefore  represented  as  a  definite  integral  wbobe  limit  mu&t  be  evaluated  as  n 
becomea  Infinite. 

Let  tbe  reatriction  be  imposed  upon  /{z)  that  it  shall  l>t>  of  limited  variation  in 
the  intenal  0  <x  <  2ir.  As  the  fiinctioii  /(/)  is  of  liniiU'd  variation,  it  may  l>e 
regartled  aa  the  difference  P{i)  —  y{x)  of  two  positive  limited  functions  which 
are  constantly  increasing  and  which  will  be  continuous  wherever  /(x)  is  continu- 
ous (f  1S7).  If  /(s)  ia  diacontinttoiiB  at «  s  c,,  it  ia  ■till  true  fhat/(«)  a]i|Htoadiea 
a  limit,  which  will  be  denoted  by/(j'„  —  0)  wlien  x  appro.icheR  from  below  ;  for 
each  of  the  functions  P{i)  and  A'(/)  is  increajsin-:  and  limited  and  hence  ead; 
must  approach  a  limit,  and  /(x)  will  therefore  approach  the  difference  of  the  limits. 
In  lil»  manner  /(x)  will  approach  a  limit  f{x^  +  0)  aa  c  approaches  a,  from  above. 
Furthermore  as/(x)  is  of  limited  variation  the  integrals  required  for  Sn,  at,  f>k  ^Hl 
all  exist  and  there  will  be  no  difficulty  from  that  source.  It  will  now  lie  shown  that 

Jim *.(«^  ^\im  i  JT ^"  V(*t  +  a u) !lilii^±iL!i du  =  1  [/(z,  +  O) -/(»,  -  0)]. 

This  will  show  tliat  the  series  converges  to  the  /unction  wherever  the  funriion  ia  con- 
linuoua  and  to  tfw  mid-jHjint  of  the  break  wherever  the  /unction  in  dMcorUtnuou.t. 

•  sin  u  •         sinu        u  u 

then  S.  xJ  =  -  I      * -P(u)  du  =  -  I    F{u)  du,  -  ir<a<0<6<«' 

A8/(x)  is  of  limited  variation  provided  — ir<u^u^6<ir,  so  must/(XQ  +  2  u) 
be  of  limited  variation  and  also  F{u)  =  itf/iAn  n.  Then  F{u)  may  1m  regarded  as 

the  difference  of  two  constantly  increasing  positive  functiona,  or,  if  preferable,  of 
two  constantly  decreasiiii:  pnsitive  functions  ;  and  it  will  be  sufficient  to  investipate 
tbe  integral  of  F(u)  u- ^ sin iku  under  tlie  hypothesis  that  F{u)  is  constantly  de- 
creasing.  Let  n  be  the  number  of  tlmea  iw/k  Is  contained  bi  k, 

J%3m     ^tw  fttmm      „/u\>i\nu  ^        r''  .  sin Atm  . 

9        Jtw  Jnm-\ym  «  J£|5  H 

As  F{u)  is  a  (iccrcaiiiii),'  function,  so  is  u-  ^F{u/k),  and  hence  »»ach  of  the  integrals 
which  extends  over  a  complete  period  2ir  will  be  positive  because  the  negative  ele- 
ments are  smaller  than  the  oorreqwnding  positlTe  elements.  The  Integral  from 
Snr/fc  to  6  approachea  aero  aa  k  becomea  Infinite.  Hence  for  laige  Talnea  of  1:^ 

f*F^u)'^du>f*'''F(^yj^du,     p  fixed  and  lees  than  «. 
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J"*"        sin  A'u  r*  /••» 

.'^w— «»=/.+/.  +X. 

Here  all  the  teimi  except  the  flnt  and  laifc  are  negative  becanae  the  nqgallTa  ele- 
ments <tf  the  integiala  are  laiger  than  the  positiTe  eleroenti.  Hence  for  k  laige, 

J^(u)  — _—  ^<J^  (£1       ''•'I      P        """i  '^SB  than  n. 

In  the  Ineqinallttea  thna  eataMtdied  let  k  become  Infinite.  Then  u/k^O  from 
above  and  F(ii/ft)  ^  F{+  C).  It  therefore  foUowa  that 

^(+0)1   du  <lim  /   Fiu)  du>F{+0)l   du. 

Vo  «         tm^Jo  u  Jo  u 

Althooghp  Is  fixed,  there  Is  no  limit  to  the  slae  of  the  number  at  vhloh  itiefixed. 
Hence  the  inequality  may  be  tiansfoimed  Into  an  e<iuali^ 

r^T,j  ^ninku,          .  „^  /••elnti..      w  ^. 
liin  I  Fiu)  du  =  F(+  0)  /   du  ss  -  F(+  0). 

Likewtoe       Urn  T  V(u)  !^H^*t  =  F(-  0)  f*  — dii  =  0). 

Hence  Urn  r*F(u)?l^^dtt  =  ^[F(+ 0)  +  F(- 0)] 

or      Jim  1 JT y  V(^.  +  2 «) "^"^^^^l"^^" d«  =  ^ [/(xe  +  0)  +/(*o - 0)]. 

Hence  for  every  point  in  the  Interval  0  < z  < S»  the  series  convaiges  to  the 
function  where  oontinmms,  and  to  the  mid-pdnt  of  the  break  where  dlaoondnooiis. 

As  the  function  /(/)  has  the  perio<I  2ir,  it  is  natural  to  suppoHt'  that  tlic  cnn- 
ver^rence  at  x  =  0  and  x  =  2ir  will  not  differ  materially  fr<»in  that  at  any  other 
value,  namely,  that  it  will  be  to  the  value  |  [/(+  0)  +/(2ir—  0)].  This  may  l)e 
shown  Iqr  ft  tranrformation.  If  I;  Is  an  odd  integert  S  n  +  !« 

rin(2n  +  l)u  =  Bin(2n  +  l)(ir-  u)  =s8in(2n  +  l)u', 
Ilm  J  F(u)     ^        \  du^  Urn  /      F(it') — i-_-i_d«'=- ^(m's  +  0). 

Hence     lim  f"F(u)^'"^^"''' ^^"ditsllm         r'»^[F(+0)  +  F(«'-<^]. 

NowforxsOorsBSwtheaomfiWs-  /"/(^m)^'" "«iM» and thellmft 

w  vo  nn  It 

■will  therefore  be  |  [/(+  0)  +/(2w  —  0)]  a«  predicted  ahove. 
The  oonveigence  may  be  examined  more  closely.  In  fact 
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Suppose  0<asx^/3<2r8o  that  the  least  poesible  upper  limit  6(x)  \»w  —  ^fi 
and  Uie  gmteit  poMtlde  lower  limit  a(s)  Is  —  )  or.  Let »  be  the  number  of  timee 
8«/kie«mtafaMdin V  — i/}.  ThenforeU valneeof  slnaS«S/l, 

r'*/~«r     '  ^^^^ 

where  c  and  q  are  the  integrals  over  partial  periods  neglected  above  and  are  uni- 
formly small  fnr  all  /'s  fif  a  x  ^  p  sinot-  F{jr,  u)  is  everywhere  finitp.  This 
shows  that  the  number  p  may  be  chosen  unifurmly  fur  all  x's  in  the  interval  and 
yet  oltimately  may  be  allowed  to  beoome  inllnite.  Hit  be  now  amnmed  that  /(z)  ia 
oootlnQOtta for  aSx^p,  tben F(x,  u)  will  be  oontfamona  and  hence  nnifonikly 
continnoufl  in  (x,  u)  fnr  the  ropion  defined  by  a  s  x  ^  /3  and  —  Ji^u^ir  —  Jx. 
Ueuce  F(x,  u/k)  will  convex;ge  uniformly  to  F(x,  -f  0)  as  ic  becomes  infinite.  Hence 

s»    .  «x  r*»inu.   .  ,     r'^**™*     -sinfcu.  ^        .  ^  r-rinu.   .  , 

•/o      u  Jo  u  »'o  u 

where,  if  3  >  0  is  given,  K  may  be  taken  so  large  that  |«'|  <  i  and \^'\<8  lor  k>  K ; 
with  a  similar  relation  for  the  integration  from  a  (x)  to  0.  Hence  In  any  interval 
0<drScS^<2«'  orer  which  f{x)  la  continuooa  8m(x)  eonTeigea  uniformly 
toward  Its  limit /(x).  Over  such  an  Interval  the  series  may  be  integrated  term  by 
term.  If  /(/)  lia«  a  finite  number  of  discontinuitlM,  the  series  may  still  be  inte- 
grated term  by  term  throughout  the  interval  0  Sx  s  8«-  because  remains 
alwaya  finite  and  limited  and  such  dlaoontinuitteamaj  be  disregarded  in  Inlegntion. 


1.  Obtain  the  expansiinui  over  ths  ladioatad  iuterfals.  Integrate  the 
Also  dtMoas  the  differentiated  series.  Makegr^tha. 

(«) -TT    s;-;Coex  +  ;C062x-^caB8zH-^co84x->... 
28lnbw    2    S         6  10  17 

—  » to  + 

12  8  4 

+  -8iQX  — -8in8x  +  --sin8x—  —  8ln4x  +  .", 
2  6  10  17 

ifi)      as dne series,  0  to  w,         (y)  ^w,  ss eodneseries,  0  to  w, 

^'  »L2     18       8.6  6.7 

(«)  oosx,  as  dne  series,  0  to  ir,        (f)  e',  as  cosine  series,  0  to  w, 

(yf)  z  sin  /.  —  TT  to  IT,       (^)  J-  c«>«z,  —  ir  to  IT.       (»)  ir  +  x,  —  w  to  x, 
(«)  siiKto,  —  «■  U)  IT,  ^  fractional,      (X)  cos^x,  —  ir  to  v,  fractional, 

(•)  -Iqg^2sln|^sccsx  +  ^cos2x  +  |cos8x  +  ^oo84x4">',  Otow, 
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(»)  X,  —  J  »  to  I  tr,       (/>)  sin  J  X,  —  I  »  to  J  IT,       (a)  cos  J  x,  —  J  w  to  J  ir, 

(t)  from  (o)  find  expansions  for  lop  cob  \  z,  log  vers  x,  \og  tan  \  x.  Note  that  In 
these  cases,  as  in  (o),  the  function  does  not  remain  finite,  but  its  integral  does. 

2.  What  peculiaritiefl  occur  in  the  trigonometric  development  from  —  ir  to  ir 
for  an  odd  function  for  which /(z)  =/(r  —  z)?  for  an  even  function  for  which 

/(«)=/(» -«)r 

S.  Show  tlM»/(s)3:  VAftdn—  with  bt^-  rV(s)«in  — to  the  trigo- 

^»         c  e  J9  c 

nonetric  iliie  wrlee  for/(x)  ofer  the  inteml  0<s<e  ead  that  the  fooetioii  thus 

defined  is  odd  and  of  period  8e.  Write  the  wmggoodtag  leeolti  for  the  eoeliie 

•eriee  end  for  the  gencml  Vonrier  aeriei. 

4.  Obtain  Nob.  MB-eiS  of  Fdne*elMioo.  Omph  the  mm  o<  Hoe.  800  end  810. 

5.  Lete(s)3/(s)—  loo-ajooex  — —  coaiic  — 6^ tins— •••  —  CbiiiinK 
be  the  error  made  bj  takiqgfor/(B)  the  llnrt  2  n  +  I  temwof  a  txtgonomettioeeriea. 

The  mean  value  of  the  eqnare  of  e(s)  ^  ^  J     [e(s)]*dgB  and  la  a  fonetlon 

F<«,,  Oi,  •  •  • ,  Om,  6, ,  •  • ,  6.)  of  the  ooefBdent*.  Show  that  if  thli  mean  ei|oare 

error  is  to  In-  as  small  as  possible,  the  constants  a^,  On,  &|,        1^ muife be 

precisely  those  given  by  (16) ;  ttiat  is,  show  that  (16)  is  equivalent  to 

6.  By  using  the  TaiiaUe  X  in  place  of  s  in  (16)  deduce  the  equaUona 

/{X)  =  j-JJ'/{\)cmO(\  -  x)dk  +        j[' /(X)  coe*(X  -  x)dx 

and  hence  infer      /(-c)  =  ^  «t«'  *'*  ~  2ir  JL  ^^^^ 

7.  Without  attempting  rigorous  analysis  show  formally  that 

f*^{a)da^  Urn  [••••!•#(•> a* Aa)^+^('a+l-Aa)Aa-f">  +  ^(-l-Aa)Aa 
a«*« 

+  ^(0  •  Aar)Aa  +  ^  (1  •  Air)A£r +  •.••!•  ^(»  •  Aar)Aa  •] 


s  Urn  T^(k.Aa)Aa=  llmV 

She,  /W-it/->'*^""'*''»'  =  n|/.>'*^''"''' 7"^ 
is  the  expamlon  of  /(z)  by  Fourier  aeriea  from  —  e  to  e.  Henee  litter  thai 
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is  an  expremion  for/(z)  as  a  double  integral,  which  may  be  expected  to  hold  for 
alt  Talttw  of  *,  Bednce  tliis  to  the  form  ol  a  fouiier  Integial  (Ex.  Ifi,  p.  877) 

/(X)  =  -  r  "  r  *  y 008  <r (X  -  x)<IXdkr. 

IT  Jo  J-m 

8.  Assume  the  possibility  <>f  expanding /(x)  l)etween  —  1  and  +  1  a«  aaeiiMM 
Legeudre  polyuomialN  (Kxh.  13-20,  p.  262,  Ex.  10,  p.440)  in  the  form 

/(»)  =  o^tCx)  +  <hFi(»)  +  a»Pti»)  +  •  •  +  a.P,  (x)  +  . 
Bytlwaidof Bz.l9;p*8(n,det«niii]ietliooo«aelentaMdiks — ~  /  /(x)JV«)dK. 

2  J-i 

For  this  eqpanaknif  fom  at  In  Bicft  and  ahow  that  the  datennlnatioo  of  (he 
coefficients    so  a«  to  giTe  a  leaat  meaa  eqnare  error  agnee  with  the  detemd- 

nation  here  found. 

9.  Note  that  the  expansion  of  Ex.8  represents  a  function  /(x)  between  the 
limits  1  as  a  polynomial  of  the  nth  degree  in  x,  plus  a  remainder.  It  may  be 
ahown  that  preciiely  this  polynomial  d  degree  n  givee  a  amatler  mean  aqnare  enor 
orer  the  interral  tiian  any  other  polynomial  of  degree  n.  For  mppoen 

fc(x)  s    4.  e,s    •  •  •  +  Ca^  s  fl^  4- fr^Pj  ^. . . .  4  «iiP. 

be  any  polynomial  of  degree  n  and  Ita  eciolvalent  ezpandon  In  texmi  of  Legendre 

polynomials.  Now  if  the  c*8  are  so  determined  that  the  mean  value  of  [/(x)  —  9.(x)]> 
is  a  minimum,  so  are  the  ft's,  which  are  linear  homogeneous  functions  of  the  c's. 
Hence  the  &*s  must  be  identical  with  the  a's  above.  Note  that  wherea.H  tiio  Madaarin 
expaarion  replaoe8/(x)  by  a  polynomial  in  «  whloh  la  a  very  good  appnnlmation 
near  s  s  <k,  the  Legendre  expansion  replaoea  by  a  polynomial  whieh  la  the 
beat  «qpanilon  when  the  whole  interval  from  —  1  to  + 1  la  eonaldeied. 

10.  Coiiq^(cf.  Bz.17,  p.21ilQthepolynomial8Pjs2,Pgs.-}4|aP, 

P,s-is^.|a^,       p^-|.Y«*  +  Y««,       P.ays:.i^8p  +  Ys>. 

2 /      fl \  2 

Compute  I    X'  sin  iridx  =  0,  -  ( 1  ),  0,  -  ,  0  when  i  =  4,  8,  2,  1,  0.  Hence ahow 

that  the  polynomial  of  the  fourth  degree  which  best  repreeente  sin  wx  from  —  1 
to  -I- 1  lednoea  lo  degree  three,  and  le 

rin«x  s  |x  - 1      =  1^  ^s*  -      s  S.09«  -  a.80<*. 

Show  that  the  mean  square  error  is  0.004  and  compare  with  that  dae  to  Maolanrin^a 
eaq;ianrion  If  the  term  In    la  retafarad  or  if  the  teim  In  9^  Is  retained. 

11.  Expand  sin ^«  =  1|  Pi  -  1^      -  1^  P,  =  1.663x  -  0.662x«. 

IS.  Biq^and  from  —  1  to  +1,  as  far  aa  indicated,  tbeee  funetlona: 
(or)  coi«g     toP^,  top.,      (Y)log(l  +  s)  top., 

(<)  Vl-ae«  to  P.,      («)  eoe-^s     to  P.,     {f}  Un'>x       to  P,, 

V 1  +  at  V 1  —  «*  Vl  +  x^ 

What  rfmpllllcatlona  oceur  if /(x)  ia  odd  or  if  it  la  even  f 
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175.  Tlw Tbfta lOBCtkas.  It hasbeenaeentliBtafimotioniriththe 
period  2  IT  may  be  expanded  into  a  trigonometrio  series ;  that  if  the 
fonction  is  odd,  the  series  contains  only  sines ;  and  i^  farthermore, 
the  funcfcioxi  is  symmetrie  with  respect  to  x  =s  |  ir,  the  odd  multiples 
of  the  angle  will  alone  occor.  In  this  case  let 

/(aE)«B  2  [a^  sin  :b  —  a,  sin  3  x  +  •••  +  (— l)*ateSin(2»  +  l)aB  +  •••]. 

As  2  sin  nx  =  —  i       —  «~"^),  the  series  may  be  written 

/(•^)  =22J  (-        Bin  (2  n  +  l)x  =  - •  2J  (-  * a_,  =  a..,. 

•  — • 

This  exponential  form  is  veiy  oonvenient  for  many  pntposes.  Let  ip 
be  added  to  c.  The  general  term  of  the  series  is  then 

Hence  if  the  etH^Kcients  of  the  series  satifjfy  ^„_i<'"*"*' =  the  new 
general  term  is  identical  with  the  succeeding  term  in  the  given  series 
multiplied  by  —  Uenee 

The  reenrrent  relation  between  the  ooefloients  will  determine  them 
in  terms  of  a^.  For  let ;  s  0^^  Then 

The  new  relation  on  tiie  coefficients  is  thus  compatible  witii  the  original 
relation  _ ,  =  a,  _  ^.  If  a,  =     the  series  thus  becomes 

/(a;)«i2;hina;  -  2  9<  sin  8« +  ...+(- l)*29i^"*  ^ '^sin(2  »+ + 

/(;r  +  2  7r)=/(x),    /(x  +  tt)  « -/(«),   /(^  +  V»)  =  -  r'*"' 

The  function  thus  defined  formally  has  imjwrtant  jtroperties. 

In  the  first  place  it  is  important  to  discuss  the  convergence  of  the 
series.  Apply  the  test  ratio  to  the  exponential  form. 

• 

Vor  any  x  this  ratio  will  approach  the  limit  0  if  f  is  nnmerioally  less 
than  1.  Hence  the  series  converges  for  all  values  of  x  provided  j^l  <  1. 
Moreover  if  |x|  <  \Gt  the  absolute  value  of  the  ratio  is  less  than  \q^H^t 
which  i^iproaches  0  as  »  becomes  infinite.  The  terms  of  the  series 
tberefoie  ultimately  become  less  than  those  of  any  assigned  geometrio 
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series.  This  establishes  the  uniform  convergence  and  consequently  the 
continuity  of  f{jf)  for  all  real  or  complex  values  of  r.   As  the  series  for 
f'{jc)  niay  be  treated  similarly,  the  function  Jia^j  a  continuous  derivative 
and  is  everywhere  analytic 
By  ft  domge  of  vftri^ble  and  notation  lei 

// W  =  2  ,yJ  .in  ^  -  2,J  ,io  1^  +  2,V.u.  1^  -  • ..  (20) 

The  fiinotion  H(u),  called  eta  of    has  ihereftm  the  propertiea 

H{u  +  2K)^-'  H{u),       /f(tt +  2i7f')==-y-»e"*"j^(u),  (21) 

Uw 

H(u  +  2  mK  +  2  inK')  =  (-!)-  +  -y"  V~  *"//  (w),    m,  n  integers. 


The  quantities  2  K  and  2  are  called  the  periods  of  the  function.  They 
are  not  true  periods  in  the  sense  that  2  tt  is  a  period  of  /(x)  ;  for  when 
2  JT  is  added  to  u,  the  function  does  not  return  to  its  original  value,  but 
is  changed  in  sign ;  and  when  2  iiC'  is  added  to  tt,  the  function  takes 

the  multiplier  written  alx)ve. 

Three  new  functions  will  be  formed  by  adding  to  «  the  quantity  A' 
or  iK'  or  A'  +  iK\  that  is,  the  half  perwds,  and  making  slight  changes 
suggested  by  the  results.  First  let  (u)  =  +  K),  By  substitution 
in  the  series  (20), 

ir.(«)-2,»co.|^  +  2,»co8|^  +  S,Ve„,^  +  .... 
By  using  the  properties  of  H,  corresponding  properties  of  H^, 

are  found.  Second  let      be  added  to  « in  IT  (it).  Then 

1(811  +  1/  (in  +  D^'iu  +  iK')  +  »  +  4  +  (Sn+l),'!.* 

q  «  sg         e  *e  •* 

is  the  general  term  in  the  exponential  development  of  i7(f<  +  iiiQ 
apart  from  the  ooelBoient  ±  u  Henoe 

H(u  +  tjr-) » t  X  (-  i)'/"*«""V* 

— m 

§•<      •  •  « 
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Let        e(«)  =  -  iq^e^'Hiu  +  i^*)  =     (-  1)VV""^"  * 

The  develupmeut  of         and  iurtlier  properties  are  evidently 
•  («)  =  l-2y  008  2-^  +  2^*006^- 2/coey^  +  ...,  (24) 

©(M4-2A')  =  e(«),  e(M  +  2  tA'')=:  -  y-««"?"e(«).  (26) 
Finally  instead  of  adding  iiT  +  »A"  to  m  in  H(u)f  add  K  in  9(«). 

0,(u)  =  l-H2yco8|^  +  2j,«co8|^+2«»co8|^-f (20) 

0j(«  +  2  A')  =  ej(u),       0,(u  +  2  iA ')  =  +  J-  'er  a"  "  ©^(«).  (27) 

For  a  tabnktion  of  ptopertiea  of  tho.  four  AinetioiiB  see  Ex.  1  below. 

176.  Ab  H(u)  Tanishes  for  «  »  0  and  is  xeproduoed  except  for  a 
finite  mnltiplier  when  2  mK  +  2  nUC  is  added  to    the  taUe 

H(u)=^0  for  ««2mir  +  2fitA', 

/f,(u)  =  0  for  «  -  (2  m  +  1)  A  +  2  niK', 

0  («)  =  0  for  «  =  2  w  A'  +  (2  n  +  1)  t A', 

©j(u)  =  0  for  u  =  (2  m  +  1)  A' -H  (2  « -I- 1)  iA', 

contains  the  known  vanishinpr  points  of  tin-  four  functions.  Now  it  is 
possible  to  form  infinite  products  which  vanish  for  these  values.  From 
such  products  it  may  be  seen  that  the  functions  have  no  other  vanish- 
ing points.  Moreover  the  j)roducts  themselves  an;  useful. 
It  will  be  most  convenient  to  use  the  function  &^(u).  Now 

Henoe      aS' -i- and          +  «S0, 

are  two  mpressions  of  whioh  the  second  vanishes  for  all  the  roots  of 
%jfu)  for  whioh  n  %  0,  and  the  first  for  all  roots  with  »  <  0.  Henoe 

is  an  infinite  product  which  noiishes  for  all  the  roots  of  8,(u).  The 
product  is  readily  seen  to  converge  absolntely  and  uniformly.  In  par* 
ticular  it  does  not  diverge  to  0  and  oonsequenHy  haa  no  other  roots 
than  those  of  above  given.  It  remains  to  show  that  the  prodoot 
is  identical  with  B^fu)  with  a  prefer  determination  of  C 
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Lete|(«)bewiitteninflaq^entlalfomMfolknra^withs==e^  : 

'•(•-f)(-?)(-^)-(-'-^)- 

A  direct  substitution  will  show  that  r=  and  —  '2-^(2) 

In  fact  tUui  subsLitution  is  equivaluiil  lu  replacing  u  by  u  -f  2tiir'  in  Qi.  Next  con- 
fider  the  flnfc  Sn  lenna  of  f  (2)  written  aboTe,  ukI  let  tbie finite  product  be  f .(z) 
Then  \iy  ettbatltutfon 

(8«»  +  «  (1  + 

Nov  yrB(s)  is  redprooel  In  e  in  such  »  waj  thet,  if  moltlpUed  oat, 

1^,  (*)  «  a,  +  <H  ^«  +  1^  +  «,  ^a!«  +     +  . . .  +  a.     +  i).     a,  =  «•'. 

Then     (fl"-  +  ««)  +  =    +  2)  + 

0  0 

and  tbe  expansion  and  equation  of  coefficients  of  z*  gives  the  relation 

eiisai— 12— — i  2  L  or  OfsOik  

km* 

From  abs9"*f        =   «     0*  =  — ^^T"*  * 

TT(l-9«*)  It  (!-«•*) 

Now  if  n  be  allowed  to  become  infinite,  each  coefficient  Oi  approaches  the  limit 

Henoe       6^(11)  =  TT  (l         IT  (l  +  «••  *  +  »eT""), 

1  0 

piOTided  the  limit  uf  may  be  found  by  taking  the  series  of  the  limits  of  the 
terms.  The  jostiflcation  of  this  pnoeaB  would  be  similar  to  that  of  1 171. 

Tho  prcxluots  for  H^,  H  may  be  obtained  from  that  for  ©,  by  sub- 
tracting A',  t'A",  K iK'  from  u  and  making  the  needful  slight  altera- 
tions to  conform  with  tlie  deti  nit  ions.  The  products  may  be  converted 
into  trigonometric  form  by  multiplying.  Then 


H(u)  =  C  2    sin  1^  Y  (  ^  -  2      cos  2^  + 


(28) 
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=  C  2  ^  008  H  ft  (l  +  2     008 1^  +  J*  - j ,  (29) 

e(«)  =  c  ft  ^1  -  2  cos  + ''j,  (30) 
©,(u)  =  C  ft  ^1  +  2j«-+»  C08 -f  (31) 

t'  =  ft  a  -     =  (1  -    (1  -    (1  -  ?•)•••»  (3:^) 

^j(O)  =  C  2     ft  (1  +  ©  (0)  «  C  ft  (1  -      +  ')^ 

1  0 

^'(0)  =  C  2     ~™  ft  (1  -  y» ")«,       ©,(0)  =  C  ft  (1  +  j«-  +  >)« 

The  value  of  lf'(0)  is  found  by  dividing  by  «  and  letting  «  ^  (X 
Then 

»'(0)  =  2^  H,(0)e(0)8.(0)  (33) 

follows  by  direct  substitution  aiid  cancellation  or  combination. 
177.  Other  functions  noay  be  built  from  the  theta  functions.  Let 

The  functions  sn  w,  cn  «,  dn  w  are  called  elliptic  functions*  of  n.  As  H 
is  the  only  odd  theta  function,  sn  u  is  odd  but  cn  u  and  dn  u  are  even. 
AU  thne  fnwt'utm  /mrr  tiro  avtiinl  periods  in  the  same  sense  that  sinx 
and  cos  x  have  the  |M>ri(Ml  2  tt.  Thus  dn  u  hius  the  jM'ri(xls  2  A'  and  4  lA'' 
by  (25),  (27;;  and  sii  u  h;us  the  periods  4  A  and  2  iK'  by  (25),  (21). 
That  cn  u  has  4  /C  and  2  K  +  2  iK'  as  periods  is  also  easily  verified. 
The  values  of  u  which  make  the  functions  vanish  are  known ;  they  are 
tiiose  which  make  tiie  numerators  vanish.  In  like  manner  the  values 
of  u  for  which  the  three  functions  become  infinite  are  the  known  roots 
of  ©(«). 

If  9*  is  known,  the  values  of  "Vk  and  VP  may  be  found  from  their 
definitions.  Conversely  the  expression  for  V^b*, 

^     ©(0)_l-2y  +  2/-2v'  +  .>. 

©,(0)     l  +  2y  +  2}*  +  2/+...'  ^"^^ 

*  The  study  of  the  elliptic  Xunctioiu  is  continued  in  Chapter  XIX. 
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is  xeadily  solTed  for  ^  bj  reverauni.  If  powers  of  q  higher  than  the 
first  are  neglected,  the  approaumate  Talue  of  ;  is  found  by  solntion,  as 

is  the  series  for  q.  For  values  of  k'  near  1  this  series  converges  with 
great  rapidity;  iu  fact  if  A:"  ^  J,  k'  >  0.7,  VP  >  0.82,  the  second  t«nn 
of  the  expansion  amounts  to  less  than  1/10"  and  may  be  disregarded 
in  work  involving  four  or  five  figures.  The  first  two  terms  here  given 
are  sufficient  for  eleven  figures. 
Let  ^  denote  any  <me  of  the  four  thela  series  H,  H^,    e^.  Then 

♦V)  =  2  (88) 

may  be  taken  as  the  form  of  development  of  this  is  merely  the 
Fourier  series  for  a  function  with  jKiriod  2  A'.  But  all  the  theta  func- 
tions t-ake  the  same  multiplier,  except  for  sign,  when  2  iK'  is  added  to  v; 
hence  the  squares  of  the  functions  tiike  the  same  multiplier,  and  iu  par- 
ticular ^{q*»)  =  '/~''z~'<j»(z).  Apply  this  relation. 

It  then  is  seen  that  a  teeurrent  relation  between  the  ooeffloients  is  fonnd 
whioh  will  determine  all  the  even  eoeflleients  in  terms  of  and  all  the 
odd  in  terms  of  d,.  Henoe 

6\u)  =  b^4>  (z)  +  i,*  (z),       b^,  A„  constants,  (SS*) 

is  the  ex])ansion  of  any  f*^  or  of  any  function  which  may  be  developed 
as  (38)  and  satisfies  4>{'/^^)  =  '/~*z~'^(f>(z).  Moreover  4>  and  ♦  are  iden- 
tical for  all  such  functions,  and  the  only  difference  is  iu  the  values  of 
the  constants  6,,  by 

As  any  three  theta  functions  satisfy  (38')  with  diffsient  talnes  of  the 
constants,  the  fnnotions  •  and  4^  may  be  eliminated  and 

«^«(«)  +  /3*«0/)4-yd»(i/)  =  0, 

where  or,  fi,  y  are  constants.  In  words,  the  squares  of  any  three  theta 
functions  satisfy  a  linear  homogeneous  ecjuation  with  constant  coeffi- 
cients. The  constants  may  determined  l»y  assigning  particular  values 
to  the  argument  u.  For  examjjle,  take  //,  If^,  0.  Then* 

*For  brevity  tiw  panatheiU  aboat  Um  argumenu  of  a  (unction  will  fnguenUj  bt 
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irK  &^)^W0  ^(u)  "     ^  '"^  +  W 

By  treating  //,  0,,  fe)  in  a  similar  manner  may  he  proved. 

A*sn't«  +  dii't(»l   and  A'  +  A'^^l.  (40) 

The  fanctum  ^(u)»(u  —  a),  where  a  is  a  constant,  satisfies  the  reW 
tion  ^ (9^)  s=  y- ^ r<^  (~)  if  log  C  =  tira/ir.  Reasoning  like  that  used 
for  treating  ^  then  shows  that  between  any  three  such  expressions 
there  is  a  linear  relation.  Hence 

«ff<«)F(«  -  «)  +  ^ff,(ii)ir,(«  -  «)  =  y©(i*)e(ii  -  «), 

«  .  0,      iJ^,(0)  H,{a)  =  7e(0)e(a), 

«  =  #r,       a/^,(O)//,(«)  =  y0,(O)e,(a), 

QOeiOeif/ n(u)H(u  -  q)  ,  ^AC"  -  ")  ^ 

i^eoe(w)0(M-a)        //fO  0(//)0(u-a)   ~  Hfi  9a* 
or  dn  fi  sn  u  sn  (u  —  o)  +  '  "  "  <  »  (u  —  a)  =  cn  a.  (41) 

In  this  rehition  repkuw  a  by  —  v.  Then  there  results 
ent(cn(ti  +  tr)  +  sn«dn«sn(«  4*  v)  s  eniTy 

or  cnvcn(u  +  v)  +  8ntrdniisn(u  +  ^0  = 

and  sn(ii  +  r)»=  — — — —    ,   ■»  •  (48) 

^        '     sn   tn  «  dn  u  —  sn  M  cn  r  dn  y  ' 

by  symmetry  and  by  solution.  The  fraction  may  be  reduced  by  multiply- 
ing numerator  and  denominator  liy  the  denominator  with  the  middle 
sign  changed,  and  by  noting  that 

sn'tf on'udn'w  —  sn'uon'vdn'v  o (sn'v  —  sn'i»)(l  —  ib'sn'ttsp'tf).  ■. 

snucn  vdn  V  4- sn  vcntfdnu  ---J 

Then  sn  (u  +  v)  =  5  ts-t  i  »  (48) 

^       '  1  — A*sn*vsn*v  ,  ^:  ' 

sn  u  cn  ('  dn  V  —  sn  V  cn  u  dn  u 
and  sn  (u  —  v)  =  5  rs — =  =  1 

/        V        r       V      2  8nvcnudnM 
and  ,n(u  +  1;)  -  sn(i«  -v)^^_  l^Bi^uBii^v ' 

The  last  result  may  be  used  to  differentiate  sn  n.  "Vot  • 

"  •  »'  I  • 

au{u  +  A»)  —  sntt  _^  sn  ^  Am  cn  (»  4-  ^  Am) dn (u  +  ^  A«) 
Au  ~   I  Am   1- A^sn'i  AM8n'(M  4  i  Am)  ' 

rf  J  .  snw 

—  8ni»B tfcn«dn«,    .jr«=»bm   *  C*^ 
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Here  g  is  called  the  multiplier.  By  definition  of  sn  u  and  by  (33) 

^     i/,(U)  0(0)      2K^^  ^  ^  ' 

The  periods  2K,2  iK'  have  been  independent  up  to  this  point.  It  will^ 
liowever,  be  a  convenience  to  have  g^l  aud  thus umplily  the fomittla 
i'oi  differentiating  sn  u.  Hence  let 


g^l,       ^^«ej(0)  =  l  +  2£  +  22*  +  .... 


(46) 


Now  of  the  five  quantities  A',  A",  k,  k',  q  only  one  is  independent. 
If  ;  ia  known,  then  k*  and  K  may  be  oompnted  by  (36),  (46);  is  de- 
termined by  ifc^+Jk"  si,  and  JC'l^vJryirs- log  g  of  (19).  If,onthe 
other  hand,  k*  is  given,  q  may  be  oompnted  hy  (37)  and  then  the  other 
quantities  may  be  determined  as  before. 


1.  with  the  notatioM  \  =  q~*e       ,  m  =         ^  establish: 
//(- u)=- i/(u),     //(u  +  2A')  =  - /i(u),  II(u  +  2iK')=-  ^n{u)y 

(-«)  =  +  Hi ("),    Hi{u  +  2K)=-      (tt),        //i (u  +  2 iK)  =  +  m^^, (u), 

e(-u)  =  +e(tt),     e(u  +  2A')  =  +e(u),        e(tt  +  2iJL')=-M©(M), 
©1  (-«)  =  + ©!(•*).   ©i(«  +  2A')  =  +ei(u),      ei(»  +  aar')=+Mei(u), 

e(« + JT)  -  +  ej(»),  6(11  +  aro = aH(i»),  e(n + ^ + «o = + xiTtCw), 
e^(u4.jns+e(v),    e|(ii4.uro»+x£r|(K),  e|(i»+ir+aros-i-A£r(i»). 

t.  Show  ihKt  If  tt  is  ml  and  9  S    the  flnt  two  txigononietrio  terms  in  the 
MTies  for  //,  //j,  6,  Oi,  give  foar^ace  soeonwy.  Show  thst  with  q  S  0.1  these 
I  give  about  six-plaoe  aeeuiai^. 


S.  Use- — ^        =  tf8lnar-|-g*iln2<r4'4*ain8a-f  •**  toprora 

4.  Prove  the  double  periodicity  of  cn«  and  show  that : 

dnv  &anii 

eP(a  +  iO='"f cn(u  +  iiCO  =  cn(u  +  ir+iA")  =  -=^, 

dn«  '     kmu  kcau 

dn(tt4.X)sJL.     dn(«.|.ii:^B-i  — .     dnltt-l-f +  * 
dnu  'wiK  cott 


Digitized  by  Google 


SPECIAL  INFINITE  DEVELOPMENTS  476 

5.  TUmlfttetheTaltiMof  ODw,  on  tt,diivAtO,  iC.Ur',  IT  ^.UT'. 

6.  Coiiipotel^uidli^for9s|uid9B0.1.  Hence  ihow  that  two  trlgommMtfie 
tenM  in  the  thetn  aezies  give  f  oor^ilece  eoeuiBcy  if  ft'  3S  |. 

cnttcne  — snuflnednvdno 


7.  Prove  cn  (u  +  v)  = 


end  dn(u-fv)s 


dnKdny  —  tfenmnpcnttent 
1— l^an*ttai*« 


du  du  -1  • 

9.  Frare  ai->>i( »  /     _  from  (4£)  with  9  s  1. 

V(l- 11^(1-1^ 

10.  If  9  s  1,  flompale    Jc*,  JT,  f  ,  for  9  =  0.1  and  f  =  0.01. 

11.  If  IP  =  1,  oompnte  ft  9«     JT',  for  1^  «  i,  |,  |. 

It.  InBzs.  10, 11  write  the  trigonometilc  eipreaiionB  whidt  give  an  u,  cim,  dn  w 
with  four-plaoe  tuoeamaj, 

IS*  Find  an  S«,  en  9ii,  dn  2  u,  and  hence  sn  }  u,  cn  |  u,  dn  }  u,  and  ahow 

anj-ff  =  (l  +  *0"^i      cniir  =  V^(l  +  *0-i,      dnJJr  =  Vik'. 

14.  Frove  -  kj* 8n»dnslog(toN4- ftonii);  alao 

e='(0)//(u  +  a)//(u  -  a)  =  e»{a)H*{u)- H* (u), 
e'(0)e(tt  +  a)e(u  -  a)  =  6>(tt)e>(a) -  ^>(u)irs(a). 
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FUNCTIONS  OF  A  COMPLEX  VARIABLE 

178.  General  theerems.  -The  oomplez  fanotion  « (x,  y)  +  «v (v,  y), 
when  u  («,  y)  and  v  (d^  y)  are  single  Tallied  real  fonotionB  oontumoos 
and  differentiable  partially  wHih  reapedt  to  x  and  y,  has  been  defined 
aa  a  function  of  the  CfHnplex  variable  « c=  x  +  «y  when  and  only  when 
the  relations  <  =  v'^  and  t/,  =  —  ate  aatiafied  (§73).  In  this  case 
the  function  has  a  derivative  with  respect  to  z  which  is  independent 
of  the  way  in  which  Az  approaches  the  limit  zero.  Let  w  =  f(z)  a 
function  of  a  complex  variable.  Owing  to  the  existence  of  the  deriva- 
tive the  function  is  necessarily  contiinious,  that  is,  if  c  is  an  arbitrarily 
small  positive  number,  a  number  &  may  be  found  so  small  that 

l/(*)-/(««)|<«  when  |« (1) 

and  moreover  this  relation  holds  uniformly  for  all  points  of  the 
region  over  which  the  fun(;tion  is  defined,  provided  the  region  includes 
its  bounding  curve  (see  Ex.  3,  \).  92). 

It  is  further  assumed  that  the  derivatives  i/'^,  u'^,  v'^,  r'^  are  continuous 
and  that  therefore  the  derivative  f'(z)  is  continuous.*  The  function 
IB  then  said  to  be  an  analytic  function  (§  126).  All  the  functions  of  a 
complex  variable  here  to  be  dmlt  with  are  analytie  in  general,  although 
they  may  be  allowed  to  fail  of  being  analytic  at  oertain  specified  points 
called  tim^utar point$.  The  adjective  **aiudytic"  may  thraefbfe  usnaUy 
be  omitted.  The  equations 

wssf(x)    or    u  —  u(Xfy)t  v^v(x,jf) 

define  a  teansformation  of  tiie  xy-plane  into  the  itti^plane,  or,  briefer,  of 
the  «-plane  into  the  lo^plane;  to  each  point  tji  the  fomwr  corresponds 
one  and  only  one  point  of  the  ktter  (§  63).  If  the  Jaeobian 


(«y  +  W-|A*)P  (2) 


*It  BMj  b«  proved  that,  in  the  na«e  of  functions  of  a  complex  variable,  Um 
coBHanlty  of  the  derivative  follows  from  ito  existence,  but  the  proof  iriO  Mi  bo 
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of  the  tmufonnation  does  not  Tanish  at  a  point  «^  the  eqnatums  may 
be  solved  in  the  neighborhood  of  that  pointy  and  hmoe  to  each  point 
of  the  second  plane  corresponds  only  one  of  the  first: 

X  =  x(Uf  v),       y  =        v)    or    z  =  ^{w). 

Therefore  it  is  seen  that  if  w  =  f{z)  is  analytic  in  the  neighborhood 
of  z  =  z^  and  if  the  derivative  f'(z^  docs  not  vanish^  the  function  may  he 
golceil  as  X  =  4>{'f)i  where  <t>  is  the  inverse  function  of  /,  and  is  like- 
wise analytic  in  the  neighborhood  of  the  point  w  =  w^.  It  may  reatlily 
be  shown  that,  as  in  the  ease  of  real  functions,  tlie  derivatives /'(«)  and 
<!>'("')  are  reciprocals.  Moreover,  it  may  be  seen  that  the  transforma- 
tion is  conformul,  that  is,  that  the  angle  between  any  two  curves  is 
unchanged  by  the  transformation  (§  63).  For  consider  the  increments 

Aw  -  [/ (*,)  +  «  A*  [1  +  C//(*^J  /(«^  ^  0, 

As  As  and  Aw  are  the  chords  of  the  curves  before  and  after  transfonnar 
tion,  the  geometricsl  interpretation  of  the  equation,  apart  from  the  infin- 
itesimal tt  is  that  the  chords  As  are  magnified  in  the  ratio  |/'(s^|  to  1 
and  turned  through  the  angle  of /'(s^  to  obtain  the  choids  Air  (§  72). 
In  the  limit  it  follows  that  the  tangents  to  the  VMSorres  are  inclined  at 
an  angle  equal  to  the  angle  of  the  corresponding  «-<;urve8  plus  the  angle 
off(z^).  The  angle  between  two  curves  is  therefore  unchanged. 

The  existence  of  an  inverse  function  and  of  the  geometric  interpre- 
tation of  the  transformation  as  conformal  botli  iH-come  illusory  at  points 
for  which  the  derivative /*(«)  vanishes.  Points  where  f  (z)  =  0  are 
called  critical  points  of  the  function  (§  183). 

It  has  further  been  seen  that  the  integral  of  a  function  which  is  anar 
lytic  over  any  simply  connected  region  independent  of  the  path  and 
is  sero  around  any  dosed  path  (§  124);  if  the  region  be  not  simply  con- 
nected but  the  fnnction  is  analytic,  the  integral  about  any  closed  path 
which  may  be  shrunk  to  nothing  is  aero  and  the  integrals  about  any 
two  closed  paths  which  may  be  shrunk  into  each  ether  axe  equal  (S 125)* 
Furthermore  Canchy's  result  that  the  value 

»/o 

of  a  function,  which  is  analytic  upon  and  within  a  closed  path,  may  be 
found  by  integration  around  the  patli  h:us  been  derived  (§  126).  By  a 
transformation  the  Taylor  develo{)ment  of  the  function  has  lx?en  found 
whether  in  the  finite  form  with  a  remainder  (§  126)  or  as  an  infinite 
series  (§  167).  It  has  also  been  seen  that  any  infinite  power  series 
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which  GcniTeigeB  is  diiferentiable  and  henm  dafines  an  analytic  laiu^ 
within  its  oirde  of  ccmTorgence  (f  166). 

It  has  also  been  shown  that  the  81m^  di£tonoe,  prodDct^  and  qnotient 
of  any  two  fonctions  will  be  analytic  for  all  pointa  at  which  both  func- 
tions are  analytic,  except  at  the  points  at  which  the  denominator,  in  the 
case  of  a  quotient^  may  vanish  (Ex.  9,  p.  163).  The  result  is  evidently 
extensible  to  the  case  of  any  rational  function  of  any  number  of  analytic 
functions. 

From  the  possibility  of  development  in  series  follows  that  if  ftro 
funrtions  are  anfib/tic  in  th<'  n*^ifihhorhnod  of  n  point  am}  hni-f  itlentical 
t'o/ufs  i/pnn  any  curve  druirn  through  thnt  point,  or  even  ujmhi  any  set 
of  ]K)ints  which  approach  that  point  as  a  limit,  then  the  functions  are 
iderUicalii/  equal  within  their  common  circle  of  convergence  and  over  all 
rtgione  ufhieh  eon  he  reached  by  (§  169)  conHnu  ing  the  ftmetiam  analytir 
eaXty,  The  teason  is  that  a  set  of  points  oonyerging  to  a  limiting  point 
is  all  that  is  needed  to  prore  tiiat  two  power  series  are  identical  pro- 
vided they  have  identical  valnes  over  the  set  of  pdnts  (Ex.  9,  pi  499). 
This  theorem  is  of  great  importance  becanse  it  shows  that  if  afoaetioii 
is  dfffi™^  for  a  dense  set  of  real  values,  any  one  extension  of  the  defi- 
nition, which  yields  a  function  that  is  analytic  for  those  values  and  for 
oonplex  values  in  their  vicinity,  must  be  equivalent  to  any  other  sndi 
extension.  It  is  also  useful  in  diseussing  th*'  principle  of  permanence  of 
form:  for  if  the  two  sides  of  an  ecjuation  are  identical  for  a  set  of 
values  which  {Mjssess  a  jK)int  of  condensation,  say,  for  all  real  ratioiud 
values  in  a  given  interval,  and  if  each  side  is  an  analytic  function,  then 
the  eqiution  must  be  true  for  all  values  which  may  be  reached  by  ana- 
lytic I'ontiniuition. 

For  example,  the  equation  s^xn  i  —  cns(J  w  —  7)  is  known  to  hold  for  the  valne* 
0  S  c  S  1  **•  Moreover  the  f unctiotw  (un  z  and  cos  z  are  analytic  fur  all  values  of  z 
whetber  the  deflnMon  be  given  as  in  f  74  or  iriieUier  the  ftmettons  be  eouidwed 
ae  defined  by  their  power  series.  Hence  the  equation  most  hold  for  all  real  or 
complex  values  of  i.  In  like  manner  from  the  equation  e*ei  —  e*^r  which  holds 
for  real  rational  exponeniSf  the  equation  e«€«  =  e«  +  holding  for  all  real  and  im- 
aginary exponenta  may  be  deduced.  ¥m  if  y  be  given  any  rational  vahie,  the 
ftmctioaarf  aeon  each  ride  of  the  iign  are  analytic  for  all  Talaea  of  «  real  or  com» 
plex.  as  may  be  <^n  most  easily  by  coasideriDg  the  exponential  a«  defined  by  itJt 
power  series.  Hence  the  equation  holds  when  x  has  any  complex  value.  Next 
consider  x  as  fixed  at  any  desired  complex  value  and  let  the  two  sides  be  con- 
sidered as  fonetlonB  of  y  regarded  aa  oomplex.  It  follows  that  the  oqinatioa  moat 
hold  for  any  value  of  y.  The  e<|iiatlon  ia  therefore  true  for  anj  vafaie  of  t  and  w. 

1T9.  Sujiposc  that  a  function  is  analytic  in  all  yK)ints  of  a  repion  ex- 
cept at  some  one  point  within  the  region,  and  let  it  be  assumed  that 
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tbe  fbnctMm  ceases  to  be  analytic  at  that  point  beoanae  it  oeaaea  to  be 

oontinaous.  The  discontinuity  may  be  either  finite  or  infinite.  In  case 
the  discontinuity  is  fiuit«  let  \/(*)\  <  G  in  the  neighbwhood  of  the 

point  ssa  of  discontinuity.  Cut  the  ]K)int  out 
with  a  small  circle  and  apply  Cauchy's  Integral  to 
a  ring  surrounding  the  point.  Tho  integral  is  appli- 
cable becaase  at  all  points  on  and  within  the  ring 
the  function  is  analytic.  Tf  the  small  ein  le  Ik» 
replaced  by  a  smaller  circlt'  into  which  it  may  1h> 
shrunk,  the  value  of  the  integral  will  not  U'  ciiangi  d. 

Now  the  integral  alx)Ut  y,  which  is  constant  can  be  nuule  as  small 
as  desired  by  taking  the  circle  small  enough;  for  | /VV-C  d'  and 
1^  —  >  |a  —  z\  —  r,,  where  r,  is  the  radius  of  the  circle  y.  and  lu'uce 
the  integral  is  less  tlian  2  w/i6'/[|«  —  a|—  rj.  As  the  integral  is  con- 
stant, it  must  therefore  be  0  and  may  be  omitted.  The  ramaaning  inte- 
gral about  C,  however,  defines  a  function  which  is  analytic  at «  a  o. 
Hence  if  /(a)  he  chosen  as  defined  by  this  int^^  instead  of  the 
original  definition,  the  discontiniiity  disappears.  Fiiute  diaeontinuUiet 
may  therefore  he  eomidered  as  due  to  bad  judgment  in  d^nmg  a 
function  at  aame  point;  and  may  therefore  be  disregarded. 

In  the  case  of  infinite  discontinuities,  the  function  may  either  heeome 
it^nitefor  all  methotU  of  approach  to  the  point  of  discontinuity,  or  it 
vaa,j  heeome  infinite  for  some  methmls  of  approach  and  remain  fni/c  for 
other  vu  fhnds.  In  the  first  case  the  function  is  said  to  have  a  jmlr  at 
the  j)()int  z  =  ti  of  discontinuity;  in  the  second  case  it  is  said  to  have 
an  t'stsfntinl  singuUirUy.  In  the  case  of  a  pole  consider  the  reciprtxial 
function 


n^Of      F{a)  B  0. 


The  function  F{z)  is  analytic  at  all  points  near  « s  a  and  remains 
finite,  in  fact  approaches  0,  as  z  approaches  «.  As  F(a^  =  0,  it  is  seen 
that  F{z)  has  no  finite  discontinuity  at  «  ss  a  and  is  analytic  also  at 
xssa.  Hence  the  Taylor  expansion 

F(»)  =  aj»  -  «)-  +  -  ..  . 

is  pro{)er.  If  E  denotes  a  function  neither  zero  nor  infinite  at  «  «■  a, 
the  following  transformations  niay  l)e  made» 
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F(z)  -  («  -  a)-E,(*),      /(«)  =  (»  -  a)-ir^»). 


f(»\=  ^—  +  /'-"^i  +...  +  -£=1. 


+  C,+  C,(«  -  a)  +  C,(»-  «)«  + 


III  other  words,  a  function  which  has  a  pole  at  «  =  a  may  be  written 
as  the  prodnot  of  some  power  (c  —  a)-"*  by  an  l?-fanction;  and  as  the 
£*fii2ietioa  may  be  ezpuided,  the  funetion  may  be  ezpanded  into  a 
power  seriee  whkh  eontains  a  eertain  mimber  of  n^jatiTe  powers  of 
(•  —  a).  Th0  order  m^flhe  highut  iMyafMW  powv  is  called  the  order 
of  the  pole.  Compare  Zbu5»  p.  449. 

If  the  fimotion/(«)  be  integrated  around  a  closed  curve  lying  within 
the  cirde  of  convergence  of  the  series     +  C^(m  —  «)  +  •••  y  thai 


for  the  first  m  —  1  terms  may  he  mte^nted  and  vanish,  the  term 
C_, /(«  —  «)  leads  to  th»^  logarithm  log  («  —  (?)  which  is  multiple 
valued  and  takes  on  the  increment  2  7riC_,,  and  the  last  term  vanishes 
because  it  is  the  integral  of  an  analytic  function.  The  total  value  of 
the  integral  of  /(x)  about  a  small  circuit  surrounding  a  pole  is  there- 
fore 2  wftC.t .  The  valve  of  tiie  integral  about  any  larger  circuit  within 
which  the  faction  is  analytieezoept  at  s  a  aand  which  may  be  shrank 
into  the  small  cireuit,  will  also  be  the  same  quantity.  TSie  ooellUnent 
d  of  the  term  («  —  a)~'  is  called  the  rendne  </  the  paie;  it  cannot 
vanish  if  the  pole  is  of  the  first  order,  bat  may  if  the  pole  is  of  higher 
order. 

The  discussion  of  the  behavior  of  a  function  /(«)  when  x  beoomes 
infinite  may  be  carried  on  by  making  a  transformation.  Let 


To  large  values  of  s  eonespond  small  values  of  if  /(«)  is  analytio 
fat  all  large  values  of  s,  tiien  will  be  analytio  for  valnes  of  s'  near 
the  origin.  At  s' s  0  the  function  F(m*)  may  not  be  defined  by  (5);  but 
if  remains  finite  for  small  values  of  **,  a  definition  may  be  given 
so  that  it  is  analytic  also  at «'  s  0.  In  this  esse  F(0)  is  said  to  be  the 


or 


^-i.  •  .=^,  /(.)  =/(i) = 


(6) 
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value  of  /(«)  when  «  is  infinite  and  the  notation  /(oo)  =  F(0)  may 
be  tued.  If  F(»')  does  not  lemain  finite  but  has  a  pole  at  «f » <^  then 
/(«)  18  said  to  have  a  -pole  of  the  same  order  at  x  =  cc;  and  if  P(fi^ 
has  an  essential  singularity  at  2'  =  0,  then  /(«)  is  said  to  have  an  essei^ 
tial  singularity  at  «  s  oo.  Clearly  if  /(;;;)  has  a  pole  at  «  =  oo,  the  value 
of  f(z)  mmt  become  indefinitely  great  no  matter  how  z  becomes  infi- 
nite; but  if  /(*)  has  an  essential  singularity  at  z  =  oc,  there  will  be 
some  ways  in  which  z  may  l)ecome  infinite  so  that  j\z)  remains  finite^ 
while  there  are  other  ways  so  that  f(z)  l)ecomes  infinite. 

Strictly  speakiii},'  there  is  no  j)oint  of  the  ar-j)l;u»e  which  corresjwnds 
to  «'  =  0.  Nevertheless  it  is  convenient  to  speak  as  if  there  were  such 
a  point,  to  call  it  the  point  at  ia^niiy,  and  to  designate  it  as  «  s  00.  If 
then  is  analytic  for  c' »  0  so  that  /(;:)  may  he  said  to  be  analytic 
at  infinity,  the  expansions 

aieyalid;  the  fonction  f{z)  has  been  ea^pmiiM  about  thepokU  ai  it^ln^ 
Uff  Into  a  deBeaidinff  power  Mtiet  in  s,  and  the  series  will  oonTrage  fmr 
all  points  »  outside  a  drcle  |s|  =  R.  For  a  pole  of  order  m  at  infinity 

/(*)  =  C'-^  +  c.^+,*"->  + ...  +  c.^  +  c.  +  ^  +  ^  + .... 

Simply  iK'cause  it  is  convenient  to  intrcxluce  the  concept  of  the  point 
at  infinity  for  llie  reason  that  in  many  ways  the  totality  of  large  values 
for  z  does  not  differ  from  the  totality  of  values  in  the  neighborhood  of 
a  finite  point,  it  should  not  be  inferred  that  the  point  at  infinity  has 
all  the  pro^jerties  of  finite  points. 


1.  Discuss  sin  (i  +  y)  =  sin  X  cos  y  +  cos  x  sin  y  for  pormanenco  of  form. 

2.  If  f{z)  has  an  essential  singularity  at  2  =  a,  show  that  \/f(z)  has  an  essential 
singularity  at  z  =  a.  Hence  infer  that  there  is  some  method  of  approach  to  z  =  a 
inch  that /(z):±:0. 

3.  By  treating  /(z)  —  c  and  c]-^  show  that  at  an  essential  sin^arity  a 
function  may  be  made  to  ai^roadi  any  aasigned  Tahia  e  by  a  suftsble  method  of 
i^proAching  the  singalar  point  x  =  a. 

4.  Find  the  order  of  the  poles  of  these  lunctloiu  at  the  origin : 

(a)  cot  z,  cse*s  log  (1  —  z),      (i)  i (sin  z  —  tan  z)-'. 
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0.  Shew  that  If /(z)  vaniflhes  at  2  =  a  once  or  n  times,  the  quotient  f{z)/f{z)  hu 
the  resitluc  I  or  n.  Show  that  ii  /(<)  hM  a  pole  of  the  mth  order  at  s  =  a,  the 

quotient  hiifi  thf  residue  —  7/1. 

6.  From  Ex.  6  prove  the  important  theorem  that :  If  /(z)  is  analytic  and  does 
not  Tanlah  upon  a  doeed  curve  and  has  no  singularities  other  than  poles  within 
the  eiir?e,  then 

i  f        <i«  =  »i  +  «t  +  "+n*-iiii-m,  ini  =  N-  JT, 

where  N  is  the  total  number  of  roots  of  /(i)  s  0  within  tiie  curve  and  Jf  ii  the 

sum  of  the  orders  of  the  poles. 

7.  Apply  Ex.  0  to  l/P{z)  to  show  that  a  polynomial  P(«)  of  the  nth  order,haa 

just  ?i  root.s  witliiii  a  nuflicifiitly  large  curvi'. 

8.  Trove  that  e*  cannot  vanish  for  any  finite  value  of  g. 

9.  Consider  the  residue  of  zf'{z)/f{z)  at  a  p<ile  or  vanishing  point  of  /(z).  In 
particular  prove  that  if /(z)  is  analytic  and  does  not  vanish  upon  a  closed  curve 
and  has  no  alngularltlea  but  polee  within  the  carve,  then 

5^J^^^<'«  =  «i«>  +  «A+-+"^-"H*i-"^  

where  Oj,  a,,  •  •  • ,    and  Wj,  an  the  poiitiona  and  otden  of  the  voote^ 

and  6|,  A^,  •  •  • ,  tn  and  mj,  m^^  *     mt  of  the  polee  vif{t), 

10.  Prove  that  ei(s),  p. 4fW,  hae  only  one  root  within  a  rectangle  9  JT  by  %iK\ 

11.  State  the  behavior  (analytic,  pcde,  or  eaential  aingularity)  at  s  s  00  for : 

(a)*«  +  2«,  (7)  «/(!  +  «).     (I)  «/(*»  +  !). 

la.  Show  that  if /(s)  =  («  -  (x)  with  - 1<  fe  <  0,  the  integral  of about 
an  infinitemmal  contour  surrounding  x  s  a  is  inflnltealmal.  What  analogoos  theo- 
rem holds  (or  an  infinite  contour  ? 

180.  duuracteriatiOB  of  some  fmotioiis.  The  stiidy  of  the  limitBr 
tions  which  are  put  upon  a  fimction  when  oertain  of  its  pn^ierties  are 
known  is  important  For  example,  a  fiunetian  whieh  u  aiuUptk  /or  aU 

values  of  z  including  also    s  od  is  a  constant.  To  show  tliis,  note  that 
as  the  function  nowhere  becomes  infinite,  |/(«)|  <  G.  Consider  the  dif- 
fisrence  f(z^)  —  /(O)  between  the  value  at  any  point  «  =     and  at  the 
origin.   Take  a  circle  concentno  with  «  s  0  and  of  radius  R  > 
Then  by  Cauchy's  Int^^gral 

or  Ifiz  )  -j'(0)\ <  1^ -Jl^  «  ^Kl  . 

By  taking  R  large  enough  the  difference,  which  is  oonstanty  may  be 
made  as  small  as  desired  and  henoe  must  be  zero;  hence  /(«)  s  /(^* 
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Any  rational  function  /(s)  =  P($t)/Q(K),  where  P(z)  and  Q(z)  are 
polynomiale  in  «  and  may  be  aasumed  to  be  devoid  of  common  ^tors, 

can  have  as  singularities  merely  poles.  There  will  be  a  pole  at  eadi 
point  at  which  the  denominator  vanishes;  and  if  tlie  degree  of  the 
numerator  exceeds  that  of  the  denominator,  there  will  be  a  pole  at  in- 
finity of  order  equal  to  the  difference  of  those  degrees.  Conversely  it 
may  be  shown  that  any  funrtion  which  has  no  other  shigularitij  than  a 
pule  of  thi-  vith  onlrr  at  iujinitij  must  he  a  j/o/>/noni  ial  of  the  /nth  order; 
that  if  the  only  singularities  are  a  finite  number  of  poles,  ivhether  at  in- 
Jinity  or  at  other  points,  the  function  is  a  rational  functifjn  ;  and  finally 
that  the  knowledge  of  the  zeros  and  poles  with  the  multiplicity  or  order 
of  meh  u  m^JMeiU  to  deterntino  the  /kneUon  eeeept  for  a  amstant 

For,  ill  the  first  place,  if  /{z)  i»  analytic  except  for  a  pole  of  the  mtb  order  at 
infinity,  the  f  tmetton  may  be  expanded 

/(z)  =  a_  „.3"'  +  ■  •  •  +  a_iz  +     +  a,z-»  +  a^- 2  +  - . . , 

or  /(«)—  +  ■  •  +  a-iz]  =  Co  +  aiZ-i  +  a^-*  +  . . .. 

The  function  on  the  ritjlit  is  junilytic  jit  infinity,  and  so  must  its  equal  on  the  left 
be.  The  function  on  the  left  is  the  difference  of  a  function  which  is  analytic  for 
all  finite  values  of  t  and  a  polynomial  which  \a  also  analytic  for  finite  valuee. 
Hoiee  tbe  fnnetion  on  the  Mt  or  its  equal  on  the  right  is  analytic  for  all  valnee 
of  a  Indndiag  s  s  a»t  and  is  a  oonetant,  namely  0^  Henee 

/(s)saQ^>a_is«f     4a_a^  Is  a  polynomial  of  order  m. 

In  the  second  place  let  Z|,  z,,  •  •  • ,  z^,  oo  be  poles  of /(z)  of  the  respective  orders 
"H*      '  *  'f  function 

0  (z)  =  (z  -  2,)-'(z  -  z,)-2  ...{z-  ztr^m 

will  then  have  no  singularity  but  a  pole  of  order  rn^  +  +  •  •  •  -|-  mit  -|-  m 
at  infinity;  It  will  therefore  be  a  polynomial,  and  /{t)  is  rstlonal.  As  the 
nometafeor  #(s)  of  the  fraction  cannot  vanish  at  f,,  s,,       tk,  but  must  have 

iHj  +  m,  +  •  •  ■  +  r/jj.  +  m  n)ots,  the  kriowledpe  of  these  roots  will  determine  the 
numerator  0(z)  and  hence  /(z)  except  for  a  constant  multiplier.  It  should  be 
noted  that  if  /(z)  has  not  a  pole  at  infinity  but  has  a  zero  of  order  fn,  the  above 
lessoning  holds  on  changing  m  to  — 'ta. 

When  f(z)  has  a  ywle  at  z  =  a  of  the  7//tli  order,  the  expansion  of 
/(«)  about  tbe  pole  contains  certain  negative  powers 

(-^ -«)  =  +  7-^=^1 +     + — 

^  («  — a)*    («  — o)*  *  M  —  a 

and  the  difEerence  f{z)  —  P{z  —  a)  is  analytic  at  «  s  a.  The  tenni 
P(x  —  o)  are  called  tho  pnne^9al  part  ofihofimeiUmfQt)  at  iko  pole  a. 
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If  the  function  has  only  a  finite  number  of  finite  poles  and  the  prin- 
cipal parts  oorraspcmding  to  each  pole  are  known, 

is  a  function  wliich  is  everywhere  analytic  for  finite  values  of  x  and 
Ijehaves  at  «  =  oo  just  as  f{z)  In^luives  there,  sinco  P^,  P,,,  P^-aW 
vanish  at  3:  =  ao.  If  f{z)  is  analytic  at  5;  =  x,  then  <i>{z)  is  a  constant.; 
if /(s)  h;is  a  pole  at  5  =  00,  then  <^(.~)  is  a  polynomial  in  z  and  all  of 
the  polynomial  except  the  constant  term  is  the  ])iini'ipal  jiart  of  the 
pole  at  inhnity.  Ilence  if  a  f  unrtum  has  no  singularities  except  a  finite 
number  of  poles^  and  the  principal  parte  at  these  poles  are  ktuntm,  the 
J^metioH  it  deieniUned  except  for  an  additive  eonttant 

Ftom  the  abore  oonsideiations  it  appears  that  if  a  function  has  no 
other  sii^pihiities  than  a  finite  number  of  poles,  the  function  is  ia> 
tional;  and  that,  moreovw,  the  function  is  determined  in  &ctond  f<»m, 
except  for  a  constant  multiidier,  when  the  positions  and  orders  of  the 
finite  poles  and  zeros  are  known ;  or  is  det^M-mined,  except  for  an  addi- 
tive constant,  in  a  development  into  partial  fractions  if  the  positions 
and  principal  parts  of  the  poles  are  known.  All  single  valued  functions 
other  tlian  rational  functions  must  tlicrcfore  have  either  an  infinite 
number  of  ])olcs  or  some  essential  singularities. 

181.  The  exponential  function  =  «'^(cos  1/  +  tsin  y)  has  no  finite 
singularities  and  its  singularity  at  infinity  is  necessarily  essential.  The 
function  is  periodic  (§  74)  with  the  period  2'iri,  and  hence  will  take  on 
all  the  different  values  which  it  can  have,  if  x,  instead  of  being  allowed 
all  values,  is  restricted  to  have  its  pure  imagi- 
naiy  part  y  between  two  limits  y,  ^  y  <  yQ+2ir; 


a 

2 

necessary  to  consider  the  values  in  a  strip  of 
the  «-p]ane  parallel  to  the  axis  of  reals  and  of  breadth  2  w  (but  lacking 

one  edge).  For  convenience  the  strip  may  be  taken  immediately  above 
the  axis  of  reals.  The  function  ^  becomes  infinite  as  z  moves  out 
toward  the  right,  and  aero  as  x  moves  out  toward  the  left  in  the  strip. 
It  e  =  a  +  bi  is  any  number  other  than  0,  there  is  one  and  only  one 
point  in  the  strip  at  which  e*  =s  c.  For 

^«V^+P  and  cosy  +  »Mnsf«-y=^=  +  i-pl= 

have  only  (me  solutiim  for  x  and  only  one  for  y  if  y  be  restricted  to  an 
interval  2  ir.  All  other  points  for  which  eF^e  have  the  same  value  if  or 
X  and  some  value  y  ±  2fMr  fw  y. 
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Any  xatiooal  fonotioii  of  as 

will  also  have  the  period  2irtL  When  x  moves  off  to  the  left  in  the 
strip,  R  (e*)  will  approach  Cajb^  if  ^  0  and  will  become  infinite  if 
—  When  «  moves  off  to  the  right,  R  («*)  mnst  beoome  infinite  if 
n  >  M,  approach  C  if  »  a  mi  and  approach  0  if «»  <  m.  The  denomi- 
nator may  be  fustored  into  terms  oi  the  form  (<P  —  a)*,  and  if  the  frao- 
tion  is  in  its  lowest  terms  each  such  faetor  will  repiresent  a  pole  of  the 
ibth  order  in  the  strip  because  «"  —  a  =  0  has  just  one  simple  root  in 
the  strip.  Conversely  it  may  be  shown  that :  Any  function  /(«)  which 
hat  the  period  2  irif  which  further  has  no  singtUaritiee  hut  a  finite 
number  of  poles  in  each  strip,  and  which  either  becomes  infinite  or  ap- 
proaches a  finite  limit  as  z  moves  off  to  the  right  or  to  the  l^,  must  be 
=  R  (e*),  rt  rational  function  of  e*. 

The  proof  of  this  theorem  requires  several  steps.  Let  it  first  be  aflsiimed  that  /(z) 
rem&iua  fiaite  at  the  ends  of  the  strip  and  has  no  poles.  Then/(z)  is  finite  over  ail 
vsliMS  ot  including  z  =  go,  and  muat  be  merely  constant.  Next  let  /(<)  remain 
finite  at  the  ends  of  tto  atrip  hot  IH  It  have  polee  at  some  points  in  the  itrip»  ItwlU 

be  shown  that  a  rational  function  R(c«)  may  be  constructed  such  that/(z)  —  R(e*) 
remainjg  finite  all  over  the  strip,  including  the  portions  at  infinity,  nnd  that  titers 
fore/(z)  =  B(c")  +  C.  For  let  the  principal  part  oi/{i)  at  any  pole  z  =  c  b« 

P(li-M-_£::*_  +  _^r*il_^...  +  _^;   then  -f=ii^  = + . . . 

is  a  rational  function  of  e'  which  remains  finite  at  both  ends  uf  the  strip  and  is 
ioeh  that  the  dtileienoe  between  it  and  P(z  —  c)  or  /(z)  has  a  pole  of  not  more 
than  the  (ie  —  l)et  order  at  t  =s  e.  By  gabtracUng  a  number  of  soeh  terms  from 
f{t)  the  pole  at  z  =  e  may  be  eliminated  without  introducing  say  new  pole. 
Thos  all  the  poles  may  be  eliminated,  and  the  result  is  proved. 

Next  consider  the  case  where /(z)  becomes  infinite  at  one  or  at  both  ends  of  the 
•trip.  If  /(s)  happens  to  appniaeh  0  at  one  end,  eomrider /(e)  +  C,  which  osumt 
approach  0  at  either  end  of  the  strip.  Now  if  f{t)  or/(z)  +  C,  as  the  osse  may  be, 
had  an  infinite  number  of  zeros  In  the  strip,  these  zeros  would  be  confined  within 
finite  limits  and  would  have  a  point  of  condensation  and  the  function  would  vanish 
identleally.  It  most  therefote  be  that  the  fnnetlon  has  only  a  finite  nomber  of 
leroe ;  ite  reciprocal  will  therefore  have  only  a  finite  number  of  poles  in  the  strip 
and  will  remain  finite  at  the  ends  of  the  strips.  Hence  the  reciprocal  and  conse- 
quently the  function  itself  is  a  rational  function  of  e:  The  theorem  is  completely 
demonstrated. 

if  the  relation  f(z  -}-«)=  f(z)  is  satisfied  hy  a  function,  the  func- 
tion is  said  to  have  the  period  <u.  The  function  /('J  viz/ut)  will  then 
have  the  period  2  ttL  Hence  it  follows  that  if  f{z)  has  the  perUxl  w, 
heeomet  infinite  or  remains  finite  at  the  ends  of  a  strip  of  veeter  hreaitih 
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«y  and  hfis  no  singularities  but  a  finite  number  of  poles  in  the  <tr^p,  the 
function  is  a  rational  function  of  e"^^-.  In  particular  if  the  period 
is  2  TT,  the  function  is  rational  in  e'*,  as  is  the 
e;ise  with  sin  z  and  cos  .r;  and  if  the  period  is 
TT,  the  function  is  rational  in  e"'-,  lis  is  tan  z. 
It  thus  apjH'ars  that  the  single  valued  elemen- 
tary functions,  namely,  rational  functions,  and 
rational  functions  of  the  exponential  or  trigonometric  functions,  have 
simple  general  properties  which  are  chatacteristtc  of  these  elaaees  of 
functiona. 

188*  Suppose  a  function  /(«)  has  two  independent  periods  so  that 

f(z  +  <u)  =  f{z),  f{z  +  o.*)  =  /(^)- 
The  function  then  has  the  same  value  at  z  and  at  any  point  of  the 
form  z  +  niio  +  n«i>',  where  m  and  »  are  positive  or  negative  integers. 
The  function  takes  on  all  the  values  of  which  it  is  capahle  in  a  paraUeL 
ogtam  oonstmcted  <»i  the  vectors  m  and  Such 
a  functi<m  is  oalled  douUy  periedie.  As  the  values 
of  the  function  are  the  same  on  opposite  sides  of 
the  parallelogiam,  only  two  aides  and  the  one  in- 
cluded vertex  are  aupposed  to  belong  to  the  figure. 
It  has  been  seen  that  some  doubly  ])eriodic  func- 
tions exist  ($  177)$  but  without  reference  to  these 
special  functions  many  important  theorems  concerning  doubly  periodic 
functions  may  be  proved,  subject  to  a  subsequent  demonstration  that 
the  functions  do  exist. 

If  a  doubly  periodic  function  has  nt)  singularities  in  the  jKirnllrlixjra m , 
it  must  be  constant ;  for  the  function  will  then  have  no  singularities  at 
all.  Jf  two  periodic  functions  have  the  same  periods  and  have  the  same 
poles  and  zeros  (each  to  the  same  order)  in  the  paraiMogramf  the  quo^ 
Hent  of  the  fktnetiotu  i$  a  emutant;  if  they  have  the  eame  polet  and  the 
aame  principal  parts  at  the  poleSf  their  d^erenee  is  a  eonstant  In  these 
theorems  (and  all  those  following)  it  is  assumed  that  the  functions 
have  no  essential  singularity  in  tlie  parallelognm.  The  proof  of  the 
theorema  ia  left  to  the  reader.  If  f(x)  is  doubly  periodic,  f(»)  ia  alao 
doubly  periodic.  The  int^pral  of  a  doubly  {periodic  function  taken 
around  any  parallelogram  equal  and  parallel  to  the  parallelogram  of 
periods  is  zero;  for  the  function  repeats  itself  on  opjwsite  sides  of  the 
figure  while  the  difterential  dz  changes  sign.  Hence  in  particular 

I/tS"-^-  i^-- 
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The  first  integral  shows  tliat  the  sum  of  the  residues  of  the  poles  in  the 
pearaiUlogram  is  zero  /  the  second,  that  the  number  of  xerot  i»  equal  to 
the  numier  of  pole*  provided  multiplioitks  an  taken  into  aooonnt ;  the 
thixdy  that  the  number  ofuwee  of  f{z)  -^Cisthe  eame  ae  the  mmber  ef 
wtne  erpoiee  off(M),  becaiue  the  pdea  of /(«)  and/(s)  —  C  are  tiie  eame. 

The  oommon  nnmber  m  of  polee  of /(s)  or  of  leros  of /(«)  or  of  roots 
of  /(«)  a  C  in  any  one  panllelogTain  is  called  the  order  of  the  deuHp 
periodic  fnnrfiftn.  As  the  sum  of  tht^  residues  vanishes,  it  is  impossible 
that  there  should  be  a  single  pole  of  the  first  order  in  the  parallelogram. 
Hence  there  can  be  no  functions  of  the  first  order  and  the  simplest 
possible  f  onoticms  would  be  of  the  second  order  with  the  expansions 

(jrh)' +«.+«'.('-  0 +•  ••Of      +'.+  ••'"       +''.+••  ■ 

in  the  neighborhood  of  a  single  pole  at  *  =  a  of  the  second  order  or  of 
the  two  poles  of  the  first  order  at  «  =  and  z  =  a,.  Let  it  be  assumed 
that  when  the  periods  m,  «'  are  given,  a  doubly  periodic  function  g  (2,  a) 
with  these  periods  and  with  a  douUe  pole  at  s  ss  a  exists,  and  similarly 
that  A    Op  a  J  with  simple  poles  at  a,  and  a,  exists. 

Antif  doubly  periodie  funetton  f(z)  wUh  the  periode  m,  m*  may  be  ex- 
preeeed  ae  a  polynomial  in  the  fkinetions  ^(x,  a)  and  A(«,  a,,  a^  of  the 
eeeond  order.  For  in  the  first  place  if  the  fun(>tioii  f(z)  has  a  pole  of 
.even  ord.'r  2  /:  at  «  =  rt,  then  f{z)  —  C[ff{z,  a)3*,  where  C  is  properly 
chosen,  will  have  a  pole  of  order  less  tluin  2  k  at  z  ^  a  and  will  have 
no  other  poles  than  f{s).  Henee  the  order  of  /(.r)  —  C[ff(z,  a)y  is  less 
than  that  of  And  if/(-)  hjus  a  |M)le  of  odd  order  2/-  -f  1  :it     =  a, 

the  funetion  /(s)  —  ^  «)]*/< (r,     ft),  with  the  projter  elioice  of  C, 

will  have  a  j>ole  of  order  2  k  or  less  at  z  =  ti  and  will  gain  a  simple 
pole  at  z  =  It.  Tims  although  /' —  C'f^h  will  gem  rally  not  Ixi  of  lower 
order  than  /,  it  will  have  a  complex  pole  of  odd  order  split  into  a  pole 
of  even  order  and  a  pole  of  the  first  oider;  the  order  of  the  former 
may  be  reduced  as  before  and  pairs  of  the  latter  may  be  remored.  By 
repeated  applications  of  the  process  a  function  may  be  obtained  which 
has  no  poles  and  must  be  constant  The  theorem  is  therefore  proved^ 

With  the  aid  of  series  it  is  possible  to  write  down  some  donUy  peri- 
odic functions.  In  particular  consider  the  series 


and  y(«)*-2X/  ^  ^r. 


(«) 
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where  the  aeoond  S  deiioles  smmnatioik  extended  over  all  Tslnee  of 
m,  whether  positiTe  or  negative  or  lero^  and  %'  denotea  aummation 
extended  over  all  these  valnea  except  the  pair  «t  n  —  0.  As  the  sum- 
mations extend  over  all  poaaiUe  valnea  lor  «, the  aeriea  oonatmeted 
for  «  +  «  uid  lor  »  +  «'  mnat  have  the  aame  teima  aa  those  for  «,  the 
only  difference  being  a  different  arrangement  of  the  terms.  li^  there- 
fore, the  series  are  abaolntely  convergent  so  that  the  order  of  the  tenna 
is  immaterial,  the  funetiona  nrast  have  the  periods  m, 

Condderflisfc  Uieconveigenoeof  tlie8eg4e8^<s).  Vor  s  s  nw  •!•  m/,  that  Is,  at 

the  vertices  of  the  net  of  patallelograim  one  term  of  the  series  becomes  infinite 
and  the  series  cannot  cnnvenre.  But  if  z  ht-  restricted  to  a  finite  region  B  about 
z  =  0,  there  will  be  only  a  finite  number  of  terms 
vriUdi  can  beemne  Infinite.  Let  a  paraUekgrsm  P   e-rnm-ntf'  y^^?fyi^ 
laige  enough  to  aunonncl  the  region  he  drawn,  and  '^^'^^T^r^^^v'Sc 
OOnsider  only  the  vertices  wliich  lie  outside  tliis  jmr-  T'^O'^^^Jt^^C/^ 
allelogram.  For  convenience  of  computation  let  the  >^^y^cy^y^yyQc 
points  z  =  mu  +  lut'  outaide  P  be  considered  as  ar-  .^^S^^^NiZ^^^y'^^ 
langed  on  aueoeailve  persllelognuns  Pj,  P„  ^^^Sc^^S^ 
Pity  "' .  If  the  number  of  vertices  on  P  be  r,  the  ^''/O^ 
number  on  Pj  is  r  +  8  and  on  P*  is  r  +  84.  Tlie 

shortest  vector  z  —  mw—7iu'  from  z  to  any  vertex  of  P^  is  longer  than  a,  where 
a  is  the  least  altitude  of  the  paiaUeiogram  of  periods.  The  total  oontrihation  of 
Pi  to  ji'Cs)  Is  therefore  less  than  (y  +  8)u-  <  and  tlie  tsIus  contrihated  by  aU  the 
vertioss  on  soooesrive  paxallelognnis  will  be  less  than 

o»       (3o)«       <8o)«  "^""^  ^ 

This  series  of  postttve  terns  oonverges.  Hence  the  taialte  series  lor  ^(s),  whsn 

the  first  terms  corresponding  to  the  vertices  within  are  disregarded,  converges 
absolutely  and  even  uniformly  so  that  it  represents  an  analytic  function.  The 
whole  series  for  p'{z)  therefore  represents  a  doubly  periodic  function  of  the  third 
order  analytic  orerywhere  except  at  the  vertices  of  the  paraUelograms  where  It 
has  a  pole  of  the  third  order.  As  the  part  of  the  series  p'{t)  contributed  by  veiw 
tices  outside  P  Is  unifomily  conver^ont,  it  may  be  Inteprated  from  0  to  z  to  give 
the  corresponding  terms  in  p{z)  which  will  also  be  absolutely  convergent  because 
the  terms,  grouped  aa  for  p'{z)^  will  be  lees  than  the  tams  of  18  where  Its  the 
Isngth  of  the  path  of  integration  from  0  to  s.  The  other  tenns  of  9^<s>,  thus  far 
disregarded,  may  be  integrated  at  sight  to  obtain  the  corresponding  It-rniH  of  p{z). 
Hence  p'{z)  is  reully  tlie  derivative  of  p{z) ;  and  as  p{z)  converges  al)solutely  ex- 
cept for  the  vertices  of  tiie  parallelograms,  it  is  clearly  doubly  periodic  of  the 
seeond  onbr  with  the  periods  «*,  «^  for  the  same  reason  thatp'(s)  is  periodte. 

It  haa  therefore  been  shown  that  doubly  pt^rio<lic  functions  exist, 
and  hence  the  theorems  deduced  for  such  functions  are  valid.  Some 
further  imjwrtant  theorems  are  indicated  among  the  exercises.  They 
lead  to  the  inference  that  any  doubly  periodic  function  which  has  thfi 
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periods  m,  «'aiid  has  no  other  singularities  than  poles  may  be  exprossed 
as  a  lational  function  of  j»(s)  and  or  as  an  inational  fnnotum  oi 
P(m)  alone,  the  only  iiiationalities  being  square  roots.  Thus  by  en^ 

ploying  only  the  general  methods  of  the  theoiy  of  functions  of  a 
oomplex  variable  an  entirely  new  category  of  functions  has  been  chaiv 
aeteriaed  and  its  essential  properties  have  been  proved. 


1.  Tlnd  the  ]lil]iot|Ml  parts  at  t  s  0  f<w  tha  f nnetlonB  of  Ex.  i,  p.  4S1* 

9.  Prove  by  Ex.  6,  p.  482,  that  e«  —  e  s  0  hM  only  one  root  In  tiit  Mrip. 

3.  How  does  e('')  behave  as  z  becomes  infinite  in  tlie  strip  ? 

4.  If  tlio  values  K{e*)  approachefl  when*  becomes  infinite  in  the  strip  are  called 
exceptional  values,  sliow  that  R(e*)  takes  on  every  value  other  than  the  excep- 
tional values  k  times  In  the  strip,  ib  being  the  greater  of  the  two  numbers  n,  m. 

5.  Show  by  Ex.  9,  p.  482,  tliat  in  any  parallelogram  of  periods  the  sum  of  the 
positions  of  the  roots  less  the  sum  of  the  positions  of  the  poles  of  a  doubly  peri- 
odic Imiolloii  Is  mw  +  im/,  where  m  and  %  are  Istogon. 

6.  Show  that  the  terms  of  p'{z)  may  be  associated  in  such  a  way  as  to  prove 
that      «)  ss  —  p'Cs),  and  honee  infer  Uiat  the  expanakms  are 


7.  E xainine  the  series  (6)  for  p'{z)  to  nhow  thatp'(i  w)  =  p'{l  w')  =  p'{^  w  4- 1  w')  =  0. 
Why  can  p'{z)  not  vanish  for  any  other  points  in  the  parallelogram  f 

8.  Let  p(^u)  =  e,  pHv')  =  c\  «  +  i  «')  =  e".  Prove  the  identity  of  the 
doubly  periodic  functions  [p'(r)l*  and  4  [p{z)—  e][p{z)  —  e'][p{z)  —  «"]. 

9.  By  examining  the  Bories  defining  p  {z)  show  that  any  two  points  z  =  a  and 
f  s  o'  such  that  j>(a)  =  pia")  are  symmetrically  situated  in  the  parallelogmn  with 
reject  to  the  center  sb^(«^«^.  Row  oonld  this  he  Inferred  from  Bz.Bf 

10.  With  the  notations  y     a)  and  A(z,  Up  a,)  of  the  text  show: 


and 


p'{z)  =  —  2r-«  +  JCjf  +  4e^  +  •  •  • , 

p{z)  =  Z-*  4-  Ciz^  +  f.,.r*  +  • . . , 


only  odd  powem, 
only  even  powen. 


ih(t,  o,  0), 


11.  Danonatmle  the  final  theorem  of  the  text  of  %  188. 
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-  IS.  Bf  oomUnliig  the  pow^r  aeries  for      ami  diow 

-  4  [p  (!)]•  + 20  Cip(x)  +  28  c,  =  iU»  +  higher  powen. 
Hence  Infer  that  the  Tffht>hand  aide  mtwt  be  Mentically  cero. 

13.  Combine  Ex.  12  with  Ex.  8  to  prove  c  +  e'  +  e"  =  0. 

14.  Withtbenotatiooss^saOejaiMlfr,  s  88e,eb(m 

J»'(«)  =  V4j»«(«)-WK«)-ff.  or        ^  ^dM, 

15.  If  j'(s)  he  defliMd  hj  .  A|>(x)sj>(^  or  r(<)s.J* ehow  that 

^(z  4-  w)  —  r(2)  and  j-(z  4-     —      niait  be  merely  oomtente  f  and  V« 

183.  CoAfaimal  rspreieiitotioii.  The  transfonnatioa  (f  178) 
«■»/(«)    <w   «  4- w  «  «(ap,y) +  y) 

is  con  formal  iH^twocn  tlio  ]>lanes  of  z  and  w  at  all  points  5:  at  which 
/*(,t)  9^  0.  The  torrespondenw  between  the  planes  may  be  represented 
by  ruling  the  s-plaiie  and  drawing  the  corresponding  rulings  in  the 
«r-plane.  II  in  particular  the  rulings  in  the  «-plane  be  the  lines  x  s  oonst, 
y  B  oonst,  paiaUel  to  the  axes,  those  in  the  tt^plane  must  be  two  sets 
of  corves  which  aze  also  orthogonal ;  in  like  manner  if  the  c-piaae  he 
mled  by  drdes  oonoentrie  with  the  origin  and  rays  tssuing  tnm  the 
origin,  the  tff^plane  must  also  be  ruled  orthogonally ;  for  in  both  oases 
the  angles  between  curves  must  be  preserved.  It  is  usually  most 
convenient  to  consider  the  «l^-plane  as  ruled  with  the  lines  u  =  const., 
r  =  const.,  and  hence  to  have  a  set  of  rulings  u  (x,  y)  :a  «j,  y)  *■  ^ 
in  the  ^z-plane.  The  figures  repsesent  several  different  oases  arising  from 
the  functions  * 


w-ptane     <1)     z^pkme  w-i>ian«     (2)  z-plane 


(1)  tp  s  a«  8s  (ttj  +  a,f)    +  «y)»       u^a^-^a^,       vsxa^  +  a^, 

(2)  u>  —  log«  =  log Va;'4-y*+ ttan-*^i  w  =  log Vx=' +  y*,  vsatan**^- 

X  X 

Consider  w  as  «*  and  apply  polar  coordinates  so  that 
«rB/2(cos«  +  »Bin4»)  =  r^(cos2<^  + »8in2^),     Je«f*,  «b24l 
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To  tn\y  |K)int  (r,  in  the  »-plane  corresponds  (/2  =  r",  «  =  2  ^)  in  the 
ttsplaoe;  eindes  about « a 0  beoome  dtelea  aboat  tcr  s  0  and  rays  is- 
raing  from  «  »  0  become  mys  isBuing  firom  nr  s  0  at  twice  the  angle. 
(A  figure  to  Male  should  be  sapplied  by  the  reader.)  The  derivative 
to' B  2«  vanishes  at  c  s  0  only.  The  txansfomiation  is  confonnal  for 
all  polntt  except  «  =  0.  At  s  =  0  it  is  dear  that  the  angle  between 
two  ewes  in  the  e-plane  is  doubled  on  passing  to  the  corresponding 
curves  in  the  ?r-plane ;  hence  at  «  =  0  the  transformation  is  not  con- 
formal.  Similar  results  would  \}o  obtained  from  w  =  except  that  the 
angle  tx'twccti  ru}'s  issuing  from  w  =^0  would  be  m  times  the  angle 
between  the  rays  at  ar  =  0. 

A  ]x)iiit  in  the  neighborhood  of  which  a  fuuotiou  tr  =  f(z)  is  ana- 
lytic but  ha.s  a  vanishing  derivative  /'(z)  is  called  a  critical  point  of 
f(z)i  if  the  derivative  /*(«)  has  a  root  of  multiplicity  k  at  any  point, 
that  point  is  called  a  erUieal  point  of  order  k.  Let  aa  be  a  critical 
point  of  order  k.  Expand  f(z)  as 

then  /(z)  =/{zJ  +  ^  +  -  + 

or         w=^w^  +  {z-z^'*'Eiz)    or  =  (7) 

where  £  is  a  function  that  does  not  vanish  at  s^.  The  point  z  =  j^oes 
into  w  =  u\  .  For  a  suihciently  small  region  about  the  transformar 
tioQ  (7)  is  sufficiently  represented  as 

tcr  -     =  C(»  -  «^»«       C  =  S(sJ. 

On  comparison  with  the  case  w  a  it  appears  that  the  angle  between 
two  curves  meeting  at will  be  multiplied  by  A;  + 1  on  passing  to  the 
corresponding  curves  meeting  at  Hence  at  a  eriiioal  point Me 
kth  order  the  trantfomuUion  ii  not  co^fcrmal  hit  anglee  are  mult^fUed 

k  +  lon  passing  Jhm  the  n^jUane  to  the  v-plane. 

Consider  the  teansfonnation  w^t^  mwe  in  detail.  To  each  point » 
corresponds  one  and  only  one  point  tr.  To  the  points  z  in  the  first 
quadrant  correspond  the  points  of  the  first  two  quadrants  in  the  w- 
plane.  and  to  the  upper  half  of  tlu-  --plane  corresponds  the  whole  ir-plane. 
In  like  manner  the  lower  half  of  the  «-plane  will  W  mapj>ed  upon  the 
whole  /r-jjlane.  Thus  in  finding  the  points  in  the  //"-j)lane  which  cor- 
resjKjud  to  all  the  points  of  the  z-planc,  the  //--plane  is  covered  twice. 
This  double  counting  of  the  »r-])laiie  may  be  obviated  by  a  simple  de- 
vice.  Instead  uf  having  one  sheet  of  paper  to  represent  the  ur-plane. 
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let  two  sheets  be  superposed,  and  let  the  pdnts  oomspooding  to  the 
upper  half  of  the  c-plane  be  considered  as  in  the  upper  sheets  wlule 
those  eotiesponding  to  the  lower  half  are  considered  as  in  the  lower 
shed  Now  consider  the  paith  traoed  upon  the  double  «Np]ane  when  m 
traces  a  path  in  the  «-plane.  Eveiy  time  «  Grosses  from  the  ssoond  to 


w—tur/aoe  w-nff/aec  M—pkau 


the  third  quadrant,  to  passes  from  tiie  fourth  qnadtant  of  the  upper 
sheet  into  the  first  of  the  lower.  When  «  passes  from  Uie  fourth  to 
the  first  quadrants,  w  amies  from  the  fourth  quadrant  of  the  lower 

sheet  into  the  first  of  the  upper. 

It  is  convenient  to  Join  the  two  sheets  into  a  single  surface  so  that 
a  continuous  path  on  the  «-p1ane  is  pictured  as  a  continuous  path  on 
the  ttf-surface.  This  may  be  done  (:vs  indicated  at  the  right  of  the 
middle  figure)  by  regarding  the  lower  half  of  the  upper  sheet  as  con- 
nected to  the  upper  half  of  the  lower,  and  the  lower  half  of  the  lower 
aa  connected  to  the  up])er  half  of  the  upjx'r.  The  surface  therefore 
cuts  through  itself  along  the  positive  axis  of  reals,  as  in  the  sketch  on 
the  left*;  the  line  is  called  the  Junction  line  of  the  surface.  The  point 
w^O  which  corresponds  to  the  critical  point  c  =  0  is  called  the  branch 
point  at  the  surface.  Now  not  only  does  one  point  of  the  «-plane  go 
over  into  a  single  point  of  the  w-eur&oe,  but  to  each  point  of  the  snr- 
&ce  oorreqionds  a  sin|^  point  c;  although  any  two  pmnts  of  the  10- 
surlsoe  which  are  superposed  have  the  same  value  of  w,  they  oorrespond 
to  different  values  of  «  «Koept  in  the  case  of  tiie  branch  point 

IM.  The  uvsurface,  which  has  been  obtained  as  a  mere  convenience 
in  mapping  the  «-plane  on  the  "  -iilane,  is  of  particular  value  in  study- 
ing the  inverse  function  «  =  Vu>.  For  is  a  multiple  valued  fun<y 
tion  and  to  each  value  of  to  correspond  two  values  of  «;  but  if  to  be 

•  Practically  this  may  be  accnn^fliihtd  tw  two  duwls  of  ptper  by  pasliiig  gunmied 
■trips  to  Um  sheets  which  aze  to  b«  ooDneeted  aenws  the  est 
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legaided  as  on  the  KNtiix&ce  instead  of  merely  in  tbe  tv-planOf  there  is 

only  one  value  of  x  corresponding  to  a  point  w  upon  the  surCeMie.  Thus 
the  function  -Vw  whieh  is  double  valued  over  the  iv-pUine  beeomeB  aingle 

valued  over  the  wsurfaee.  The  ir-surface  is  called  the  Rlemann  srirfaee 
of  the  function  x  =  Vlr.  Tlie  coiiHtrrietion  of  Riemann  surfa<!es  is  im- 
portant in  the  study  of  multiple  valued  functions  l)ec.ause  tlie  surface 
keeps  the  different  values  apart,  so  that  to  each  point  of  the  surface 
corresponds  only  one  value  of  the  function.  Consider  some  surfaces. 
(The  student  should  make  a  paper  model  by  following  the  steps  as 
indicated.) 

Let  w  =  2'  —  3z  and  plot  the  iP-surface.  First  solve  f'{z)  =  0  to  find  the  critical 
points  t  and  substitute  to  find  the  branch  points  to.  ^'ow  if  the  branch  points  be 
comlderad  m  removed  from  the  hhpIsim,  tin  ptene  Is  no  longer  aimply  oonneeted. 
It  most  be  made  simply  connected  by  drawing  proper  lines  in  the  figure.  This  may 
be  nccomplished  by  (irawir)>f  a  line  from  each  branch  point  to  infinity  or  by  con- 
necting the  succeasivu  branch  points  to  each  other  and  connecting  the  last  one  to 
the  point  at  Inllni^.  Theae  lines  aie  tihe  Jimetion  lines.  In  this  partUsiilar  case  the 
critical  points  are  s  s  <f  1,  —  1  and  the  branch  points  are  w  s  —  i,  -f-  and  the 
Jmietlon  lines  msy  bs  taken  as  the  straight  lines  jolniqg  is  s S  and  10  b  <f  2  to 


tc-mir/aoe  M-pUsne 

Infinity  and  lying  along  the  axis  of  reals  a«  in  the  fi;,'ure.  Next  spread  the  requi- 
site number  of  «heet«  over  the  ir-plane  and  cut  them  iiionj;  the  junction  lines.  As 
to  =  z*  —  8z  is  a  cubic  in  z,  and  to  each  value  of  w,  except  ttie  branch  values,  tliere 
correspond  three  Tslues  of  s ,  three  aheets  are  needed.  Now  And  In  tiie  s-plane  tbe 
kMge  of  the  junction  lines.  The  junction  lines  are  represented  by  v  =  0 ;  but 
V  =  Si'y  —  —  3  J/,  and  hence  tlie  line  y  =  0  and  the  hyperbola  3/'  —  -  3  will 
be  the  images  desired.  The  z-plane  is  divided  into  six  pieces  which  will  be  seen  to 
correspond  to  the  ebc  half  diesis  over  the  ep^plaiie. 

Next  s  will  be  made  to  traoe  out  the  images  of  the  Jmiethm  lines  and  to  tnm 
about  the  critical  points  .so  that  w  \\\\\  trace  out  the  junction  lines  ami  tnm  about 
the  branch  point*  in  such  a  manner  that  the  eonnection.s  between  the  different 
sheets  may  be  made.  It  will  be  convenient  to  regard  z  and  10  as  persons  walking 
along  their  reqiectlve  paths  ao  that  the  terma  '* right**  and  **left**  have  a  meaniqg. 
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Let  z  start  at  z  =  0  and  move  forward  to  z  =  1  ;  then,  as/'(z)  in  negative,  w  starts 
at  10  =  0  and  moves  back  to  ic  =  —  2.  Moreover  if  z  turns  to  the  right  as  at  P,  so 
most  19  (nm  to  the  right  through  the  same  angle,  owing  to  the  conf  ormal  proper^. 
Thus  ttapiMUi  that  not  only  Is  Oil  mapped  on  oo,  bat  the  region  1' just  above  OLA 
is  mapped  on  the  region  V  just  below  oa ;  in  like  manner  OB  is  mapped  on  ob. 
As  ab  is  not  a  junction  line  and  the  sheets  have  not  been  cut  through  along  it,  the 
regions  1,  1'  should  be  assumed  to  be  mapped  on  the  same  sheet,  say,  the  upper- 
most, I,  F.  As  any  point  Q  in  the  whole  infinite  regi<m  1'  magr  be  reached  from  0 
without  crossing  any  image  of  oA,  it  Is  clear  that  the  whole  infinite  region  1' should 
be  considered  as  mapped  on  T ;  and  similarly  1  <m  I.  The  oonmse  is  also  evident, 
for  the  same  reason. 

If,  on  reaching  the  point  x  turns  to  the  left  through  and  moves  along  AC, 
then  10  will  make  a  turn  to  the  left  of  IMP,  that  is,  will  keep  straight  along  ob; 
a  turn  as  at  /J  into  1'  will  correspond  to  a  turn  as  at  r  into  I','  This  checks  with 
the  statement  that  all  1'  is  mapped  on  all  I'.  Suppose  that  z  describe*!  a  smaU 
circuit  about  +  !•  When  z  reaches  D,  to  reaches  d ;  when  z  reaches  to  readies  e. 
But  when  w  crossed  it  could  not  have  crossed  Into  I,  and  when  it  reaches  e  U 
cannot  be  in  I ;  for  the  points  of  I  are  alreatly  accounted  for  as  corresponding  to 
points  in  1.  Hence  in  crossing  a<*,  to  must  dmp  inti)  one  of  the  lower  sheets,  say 
the  middle,  11;  and  on  reaching  e  it  is  still  in  II.  It  is  thus  seen  that  II  corre- 
qmnds  to  S.  Let  9  oontinoo  uound  its  circuit ;  then  11'  and  8"  oorre^nd.  When 
s  crosses  AC  from  2^  and  mores  into  1,  the  point  w  crosses  atf  and  moves  from  II' 
up  into  I.  In  fact  the  upper  two  sheets  are  connected  along  ae  just  as  the  two 
sheets  nf  the  surface  for  «?  =  z'^  were  connected  along  their  junction. 

In  like  manner  suppose  that  z  moves  from  0  to  —  1  and  takes  a  turn  al)out  Bao 
that «  moves  from  Oto  S  and  takes  a  torn  about  6.  When  s  crosses  BFfrom  I'toS, 
19  crosses  from  r  into  the  upper  half  of  some  sheet,  and  this  must  be  III  for  tlie 
reason  that  I  ami  II  are  already  mapiied  on  1  and  2.  Hence  I'  and  III  are  con- 
nected, and  so  are  I  and  III'.  This  leaves  II  which  has  been  cut  along  6/,  and  III 
ent  along  oc,  which  may  be  reoonneeted  as  if  they  had  never  been  cut.  The  reason 
for  this  wpftmrn  forcibly  if  all  the  pirfntB  s  which  correspond  to  the  branch  pobits 
are  added  to  the  dia^rrani.  When  ir  =  2,  the  values  of  z  are  the  critical  value  —  1 
(double)  and  the  ordinary  value  z  =  2 ;  similarly,  tc  =  —  2  corresponds  to  z  —  —  2. 
Hence  if  z  describe  Uic  half  circuit  AE  m  that  to  gets  around  to  e  in  II,  then  if  z 
moves  oat  to  s  s  S,  w  will  move  oat  to  ie  =  2,  passing  by  w  s  0  in  the  slieet  II  as 
Z  passes  through  z  but  as  z  =  2  is  not  a  critical  point,  w  s  S  In  II  cannot 

be  a  branch  i>oint,  and  the  cut  in  II  may  be  reconnected. 

The  to-surface  thus  constructed  for  ic  =/(z)  =  z*  —  8z  is  the  Riemann  surface 
lor  the  Impne  fon^lon  t  =/~>('^)«  which  the  explicit  form  cannot  be  given 
without  solving  a  cuUc.  To  each  pdnt  of  the  sarf  ace  oorrosponds  one  vahie  of  s, 
and  to  the  three  superposed  values  of  to  correspond  three  different  values  of  z  ex- 
cept at  the  bnmch  point-s  where  two  of  the  sheets  come  topcthtT  and  irive  only 
one  value  of  z  while  the  third  sheet  gives  one  other.  The  Riemann  surface  could 
ettoaOy  well  have  been  constructed  by  joining  the  two  branch  points  and  then 
connecting  one  of  them  to  ao.  The  image  of  t  =  0  would  not  have  been  changed. 
The  connections  of  the  shfi-ts  could  be  established  a.s  before,  biit  would  Ih»  dif- 
ferent. If  the  junction  line  be  —  2,  2,  +  ao,  the  point  «c  =  2  has  two  junctions 
ranniog  into  it,  and  the  connections  of  the  sheets  on  opposite  sides  of  the  point  are 
not  faadependont.  It  is  advisable  to  arrange  the  work  ao  that  the  lint  branch  point 
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whieh  to  enobded  dudl  have  4H1I7  one  junction  runninf  f ram  It*  Thto  mnj  be  done 

by  takinp  a  very  large  rirniit  m  z  so  that  to  will  dpsoribc  a  largp  circuit  and  hence 
cut  only  one  junction  line,  namely,  from  2  to  ac,  or  by  taking  a  small  circuit  ab(»ut 
s  =  1  so  that  to  will  take  a  small  turn  about  iv  =  —  2.  Let  the  latter  method  be 
ehoien.  LetcslartfranixsOatOftndinovetoxss  1  atil;  tlienwetartaatw  =  0 
and  moves  to  tc  =  —  2.  The  correspondenoe  between  1'  and  I'  Is  thus  estabUahed. 
Let  z  turn  about  A  ;  then  ir>  turnn  about  w  =  —  2  t^/U  Ab  the  line  —  S  tO  —  WOT OC 
is  not  now  a  junction  line^  10  moves  from  I' 


Into  the  upper  half  I,  and  the  region  aeroee 
AC  from  1'  should  be  labeled  1  to  eorre- 

spoiid.  Then  2',  2  and  II',  II  may  be  filled 
in.  The  connections  of  I-ir  and  II-I'  are 


Indicated  and  III-III'  is  reconnected,  as  the  w-surf ace  z— plane 
branch  point  to  of  the  fint  order  and  only  two 

sheets  are  involved.  Now  let  z  move  from  z  =  Otox  =  —  1  an<I  take  a  turn  about 
B;  then  ir  moves  from  xo  —  0  to  ?/?  —  2  and  takes  a  turn  about  b.  The  region  next 
1"  is  market!  3  and  I'  is  connected  to  111.  raising  from  3  to  8'  fur  2  is  e<iuivalent 
to  passing  from  III  to  III'  tm  w  between  0  and  b  where  tiieee  eheete  are  connected. 
From  B'  into  2  for  t  indicates  III'  to  II  acroes  the  junction  from  w  as  S  to  so.  Thto 
leaves  I  and  IT  to  be  rniinecte<l  across  this  junction.  The  connections  are  com- 
plete. They  may  be  checked  by  allowing  z  to  describe  a  large  circuit  so  that  the 
redone  1,  1',  S,  S',  8,  ST,  1  are  sucoesslTely  traversed.  That  I,  I',  III,  lir,  II,  II',  I 
to  the  oorreeponding  saooession  of  sheets  to  clear  from  the  connections  between 
W  =  2  and  00  and  the  fact  that  from  ic  =  —  2  to  —  00  there  is  no  junction. 

Consider  the  function  10  =  z*  —  3  2*  +  3  z^.  The  critical  points  are  z  =  0,  1,  1, 
—  1,-1  and  the  corresponding  bninch  points  are  to  =  0, 1, 1, 1, 1.  Draw  the  junc- 
tion lines  from  le  s  0  to  — >  00  and  from  «p  s  I  to  +  a»  slong  the  axto  of  leato.  To 
find  the  Image  of  v  s  0  on  the  s-plane,  polar  coordinates  may  be  need. 

s  =  r(co8^  +  isln  ib  =  u  +  *9  =  rM*'  -9r*e*^  +  8r«*«**. 

C  =  0  =        .sin  f{  ^  —  3    sin  4<p     H  sin  2  4,] 
=  r> sin 2  0[r*(8  -  48in 2  0)  -    r*  ciw ^  +  3J. 

The  equation  v  s  0  therefore  breaks  up  Into  the  equation  ain  2  ^  s  0  and 

._8coe2»i;  V8sln2»^  Vi         ain(eo±2»)  _ 

S-4alnS2^      ^  2  8ln<60-|- 2«)ain(60-2^)    28ln(<» 2^)' 

Hence  the  axes  0  =  0^  and  ^  =  W  and  the  two  rectangular  hyperbolas  inclined  at 
aoglea  of  ±  10^  u«  the  images  of  «  s  0.  The  j^plane  to  thna  divided  Into  alx  por> 
tions.  The  function  10  is  of  the  sixth  order  and  six  aheeta  muat  be  spread  over  the 

to-plane  and  rnt  along  the  junction  lines. 

To  connect  up  the  sheets  it  is  merely  necessary  to  get  a  start.  The  line  lo  =  0 
to  «  a  1  to  not  a  Junction  line  and  the  ahesis  lia'ro  not  bowi  cut  throi^^  aloi^  it. 
But  when  z  to  amallf  real,  and  increaalng,  ie  to  alao  annll,  real,  and  Increaaing. 

Hence  to  OA  corresponds  on  in  any  sheet  desired.  Moreover  the  region  above  OA 
will  corre.sjxtnd  to  the  upj)er  half  of  the  sheet  and  the  re-rioti  Iwlow  OA  to  the 
lower  half.  Let  the  sheet  be  chosen  as  III  and  place  the  numbers  3  and  3'  so  as  to 
corrmpond  with  III  and  Iir.  Fill  in  the  numben  4  and  4'  around  a  s  0.  When 
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X  tUTTiR  Rbout  the  critical  point  r  =  0,  ic  turns  about  w  =  0,  but  M  anpl»,«  are  doubled 
it  must  go  arouDd  twice  and  the  conDOCtions  III-IV,  IV-lIl'  muat  be  made.  Fill 
In  movB  numlMTB  ftbont  the  eiltieal  point  t  s  1  of  the  woood  oidor  when  «q^«t  an 

tripled.  On  the  to-8ur> 

face  there  will  be  a 
triple  connection  III'- 

n,  ii'-i,  r-iii.  In 

like  BHuuier  the  criti- 
cal point  «  =  —  1  may 
be  treated.  The  sur- 
face is  complete  except 
for  tMonnecting  sheets 
I,  II,V,yi  along  10=0 
to  «?  =  —  Qo  as  if  thej 

liad  never  been  cut.  io<— euf/oM  a— jrfane 


\\ < /// 


\M  /// 


EXERCISES 

1.  riot  the  corresponding  lines  for :    (a)  is  s  (1  +  2  i)s,  ts  =  (1  —  i  Qt. 

S.  Solve  for  s  end  y  In  (1)  and  (S)  of  the  text  and  plot  the  ooneqNmdJng  liaea. 
1.  Plot  the  correaponding  orthogonal  ayatema  of  oorvea  In  theae  eaaia: 


4.  Study  the  oorwapondence  between  a  and  w  near  the  crittoal  pointat 

(oi)  issa*,     (fl^  wsl  — (y)  wselns. 

5.  Upon  the  u>-«urface  for  u>  =  z'  plot  the  pointa  corresponding  to  z  =  1,  1  +  t. 
2 f,  -  J  +  i  >/3 i,  -  i,  —  J  Vs  —  J  {,  —  i  —  ii.  And  in  the  z-plane  plot  tlie 
points  corresponding  to  to  =  V2+V2i,i»-4,  -  J-  J  VSi,  1  -  i,  whether  in 
the  upper  or  lower  sheet. 

6.  Ctonstmet  the  KHeurfaee  for tbeee  functions: 

(a)  w  =  t«,      (/3)  w  =  «-«,      (y)  w  =  1  +  t\      {9)  w  =  (z  -  1)«. 
In  (p)  the  singular  point  t  —  O  should  be  joined  by  a  cut  to  a  =  oo. 

7.  Construct  the  Riemann  surfaces  for  these  functions: 

(a)  w  =  **-2z»,      ifi)  w  =  -x*-i-iXt      (7)  «>  =  2z«- 6z«, 


a  +  l. 


2»  + 


«'  vaz«  +  i 

1S5.  IntegialB  and  their  inveraioii.  Consider  the  function 


«  =  In  IT,       IT  =  In 


defined  hy  an  integral,  and  let  tbe  methoda  of  the  theory  of  ftmetions 
be  applied  to  the  study  of  the  function  and  its  inveise.  If  to  describes 
a  path  announding  the  origin,  the  integral  need  not  nmish;  for  the 
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integrand  is  not  analytio  at  w  »  0.  Let  a  OQt  be  diaim  from  «  »  0  to 
Mr  SB  00.  The  integral  is  then  a  single  rained  fonetion  of  ta  provided 
the  path  of  integration  does  not  cross  the  eat  Moreover,  it  is  analytic 
except  at  t0a«O|  where  the  derivative,  which  is  the  integrand  t/w, 
ceases  to  be  continnoiis.  Let  the  nsplane  as  cat  be  mapped  on  the 
c-plane  by  allowing  w  to  trace  the  path  laiedtfffhil,  by  oompating  the 
valne  of  z  sufficiently  to 
draw  the  image,  and  by 
applying  the  principles  of 
conformal  represenUition. 
When  w  starts  from  w  =  1 
and  traces  1  a,  z  starts  from 
X  =  0  and  becomes  nega-  ^ 
lively  very  large.  When  w 

tarns  to  the  left  to  trace  m—pkmt  v^^^^nnit 

«  will  tarn  also  through  90* 

to  the  left  As  the  integrand  along  ab  is  id^  «  most  be  changing  by  an 
amount  which  is  pore  imaginary  and  most  reach  B  when  w  reaches  A. 
When  «r  traces  be,  both  to  and  dw  are  n^ative  and  «  mmt  be  inoreaaing 
fay  real  positive  quantities,  that  is,*  most  trace  AC.  When  w  moves  along 

edtfg  the  same  reasoning  as  for  the  path  ab  will  show  that  x  moves  along 
CDEFG.  The  remainder  of  the  path  may  lie  eompleted  by  the  reader. 

It  is  now  clear  that  the  whole  u'-plane  lying  between  the  infinitesimal 
and  infinite  oireles  and  bounded  bv  the  two  ed^'es  of  the  ent  is  mapped 
on  a  strip  of  width  2  tti  bounded  upon  the  right  and  left  by  two  infi- 
nitely distant  vertical  lines.  If  w  had  made  a  c()n)})lctc  turn  in  the  posi- 
tive direction  almut  w  =  0  and  returned  to  its  starting  jtoint,  z  would 
have  received  the  increment  2  7r/.  That  is  to  say,  the  vahies  of  z  which 
correspond  to  the  same  point  w  reached  by  a  direct  path  and  by  a  path 
which  mahes  k  turns  about  w  a  0  will  differ  by  2  kwi.  Hence  when  w 
is  regarded  inversely  as  a  ftinction  of  s,  the  Amotion  will  be  periodic 
with  the  period  2wt.  It  has  been  seen  from  the  correspondence  of 
cd^g  to  CDEFG  that  w  becomes  infinite  when  «  moves  off  indefinitely 
to  the  right  in  the  strip,  and  from  the  correspondence  of  BAIH  witii 
bath  that  w  becomes  0  when  a  moves  off  to  the  left  Hence  w  most  be 
a  latioMl  function  of  e'.  As  w  neither  becomes  infinite  nor  vanishes 
for  any  finite  point  of  the  strip,  it  must  re<luce  merely  to  Ce^  with  k 
integral.  As  w  has  no  smaller  period  than  2  tri,  it  follows  that  k  =  1. 
To  determine  C,  compare  the  derivative  dw/dz  =  Ce'  at  2;  =  0  with  its 
reciprocal  dz/dtr  =  at  the  corresj)onding  |K)int  »/•  =  1;  then  C  =  1 
The  inverse  function  lu~'x  is  therefore  completely  determined  as  «*. 
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In  like  nMnner  oonaider  the  integral 

X"  dm 


B  A  K_J 


Here  the  points  v)  =  ±i  mtut  be  eliniinated  from  the  tc-p1ane  and  the  plane  ren- 
dored  simply  connected  by  the  proper  cuts,  aey,  w  in  tlie  iigoxe.  Tlie  tnciog  of 
the  figure  may  be  left  to  the  reader.  The 
chief  difllenlty  va^  be  to  ahow  that  the 
integrals  along  oa  and  &e  are  ao  nearly  equal 
that  G  lies  cloee  to  the  real  axis;  no  com- 
putation is  really  necessary  ina.'innirh  as  the 
integral  along  of  would  be  real  and  hence 
C  nnist  lie  on  the  axis.  The  image  of  the 
cot  to-plane  is  a  strip  of  width  it.  Circuits 
around  either  +  i  or  —  i  mlil  tt  to  z,  and 
hence  lo  as  a  function  of  z  has  the  period 
At  the  ends  of  the  strip,  w  approaches  the 
finite  values  4-  <  and  —  f.  The  function 
•9  =  ^(2)  has  a  simple  zero  when  z  =  0  and 

has  no  other  zero  in  the  strip.  At  the  two  points  z  ■=  ±  \  v,  the  function  w  l)ecomes 
intinite,  but  only  one  of  these  points  should  be  considered  as  in  the  strip.  As  the 
function  has  only  one  sero,  the  point  t  =  \w must  be  a  pole  of  the  first  order. 
The  function  is.therefore  conipletely  determined  except  for  a  constant  factor  which 
may  be  fixed  by  examining  the  derivative  ol  the  function  at  the  origin.  Thus 


vo—pUme 


=  tan  z,     f  s  tan'^w. 


186.  As  a  third  example  consider  the  integral 

(«) 

Here  the  integnutd  k  double  valued  in  tcr  and  oonseqnentlj  there  is 

liable  to  be  confusion  of  the  two  values  in  attempting  to  follow  a  path 

in  the  ir-pl;iii<'.  Hence  a  two-leaved  surface  for  the  integrand  will  be 
constructed  ami  the  path  of  integration  will  be  eottsidered  to  be  on  the 

surface.  Then  to  each  point  of  the  jjath  there  will  correspond  only  one 
viilue  of  the  integrand,  although  to  narli  vahie  of  xr  there  correspond 
two  superimposed  ]K)ints  in  the  two  sheets  of  the  surface. 

As  the  radical  V^l  —  ic*  vanishes  at  w  =  Jb  1  and  taksson  only  the  singie  value  0 

instead  of  two  e«nial  and  opjwsite  valiu-s,  tlif  points  \n  —  [  \  are  branch  points  on 
the  surface  and  they  arc  the  only  finite  branch  points.  Spread  two  sheets  over  the 
is*plane,  mark  the  branch  points  lo  =  i:  1,  and  draw  the  Junction  line  between  thesa 
and  continue  it  <provirioi»lly)  toiosoo.  Atio  =  —  1  the  function  Vl— »•  may 

be  written  VT+tr  E{ic),  where  E  denotes  a  function  which  does  not  vanisli  at 
If  =  —  1.  IIJMire  in  the  Tiei^'Iibf»rhoo<l  of  jr  =  —  1  the  surface  looks  like  that  for 
Vw  near  to  =  0.  This  may  be  accomplished  by  making  the  oonuections  across  the 
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junction  lino.  At  the  point  w  —  +  1  thpsurfarc  nujst  out  thronjjh  'nn*-]f  in  a  similar 
manner.  Tbia  will  be  so  provided  lliat  the  hheets  are  reconnected  acroBs  loo  as  if 
never  eat;  if  the  ebeete  liad  been  era»«onneeted  along  l «,  each  aheet  would  faftve 
been  eepemte,  though  croaed,  oyer  l,  and  the  branch  point  would 
have  disappeared.  It  is  notpworlhy  tiiat  if  ic  <li*Rcribes  a  larpe 
circuit  including  both  branch  p<jinu>,  the  values  of  Vl  —  are 
not  interchanged;  the  circuit  closes  in  each  sheet  without  pasa-  — l 
Inf  Into  the  Other.  Thiaoould  be  expreMedbyeeylngtbatiesao 
b  not  a  branch  point  of  the  function. 

Now  let  w  trace  out  various  paths  on  the  surface  in  the  attempt  to  map  the  sur- 
face on  the  z-plane  by  aid  of  the  integral  (8).  To  avoid  any  difficulties  in  the  way 
of  doable  or  multiple  values  for  x  which  night  ariae  If  wHumed  about  a  branch 
point  w  =  ±  1,  let  the  surface  be  marked  in  each  slieet  over  the  axis  of  reala  from 
—  00  to  +1.  Let  each  of  the  four  half  plane«  be  treated  separately.  Let  w  start 
at  10  =  0  in  the  upper  half  plane  of  the  up^ier  sheet  and  let  the  value  of  Vl  — 
at  this  point  be  + 1 ;  the  values  of  Vl—w*  near  lo  =  0  in  ir  will  then  be  near 
•I*  I  and  will  be  sharplf  dtatlngaidied  from  the  valnes  near  —  1  which  are  aoppoeed 
to  correspond  to  points  in  I',  IL  Ah  w  traces  oo,  the  integral  z  increases  from  O.to 
a  definite  positive  number  <r.  The  value  of  the  integral  from  a  to  6  is  inflnitesimal. 
Inasmuch  as  10  =  1  is  a  branch  point  where  two  Bheets  connect,  it  is  natural  to 
aasnme  that  as  w  passes  1  and  leaves  It  on  the  right,  z  win  tarn  tbroogh  half  a 
straight  angle.  In  other  words  the  Integral  from  ft  to  e  is  natuzsUy  presomed  to  be 

a  lar<;e  pure  iuiapnary  affected 


D 


! 
I 

li 


2' 


JXU> 


1' 


E 


with  a  positive  sign.  (This  fact 
may  easily  be  checlced  by  exam- 
ining the  change  hi  Vl  — w* 
when  10  describes  a  small  circle 
about  Hj  =  1.  In^fact  if  the  K- 
f unction  Vl  +  to  be  discarded 
and  If  1  —  w  be  written  as  re^, 
then  Vre^  is  that  value  of  the 
radical  which  is  positive  when 
1  —  w  is  positive.  Now  when  to 
describes  the  suuill  seuiiuircle, 
^  dumgss  from  0^  to  — 180^  and  hence  the  value  of  the  radical  along  fte  becomes 
'^i'^r  and  the  integrand  is  a  positive  pure  imaginary.)  Hence  when  to  traces 
6c,  z  traces  liC.  At  c  there  i.s  a  right-angle  turn  tn  tlif>  left,  and  a.s  the  vahu'  of 
the  integral  over  the  inHnite  quadrant  ccf  is  )  r,  the  {)oint  t  will  move  back  through 
the  disunce  )  v.  That  the  point  C  thus  reached  must  lie  on  the  pure  imaginary 
axis  Is  seen  by  noting  that  the  Integral  taken  directly  along  9tf  would  be  pure  Imagi- 
naiy.  This  shows  that  ars  )  w  without  any  necessity  of  computing  the  integral 
over  the  interval  oa.  The  rest  of  the  map  of  I  may  be  filled  in  at  once  by  symmetry. 

To  map  the  rest  of  the  lo-surface  is  now  relatively  simple.  For  V  let  10  trace 
ce^d';  then  a  will  start  at  Cand  trace  CI/  s  w.  When  w  comes  in  along  the  lower 
side  of  the  cutd'tf'In  the  upper  sheet  I',  the  value  of  the  Integrand  is  identical  with 
the  value  when  this  line  de  regarded  a.s  beloniiin?  to  the  upper  lialf  plane  wa.«  de- 
scribed, for  the  line  is  not  a  junction  line  of  the  surface.  The  trace  of  z  is  there- 
fore I/B'.  When  10  traces  fo'  it  must  be  ramembered  that  I'  johm  on  to  II  and 
hence  that  the  values  of  the  integrand  are  the  negative  of  those  along /o.  This 


biyiii^ed  by  Google 


600 


THXOBT  OF  FUNCTIONS 


makes  z  deiscribe  the  segment  ¥'&  ss  —  a  s  —  | The  turn  at  E^F*  checks  with 
the  straight  angle  «t  the  bnuidi  point  —  1.  It  It  futtfwriiotoirortliy  thit  whoi  m 
ntarns  to    on  I',  c  dooi  not  ntun  to  0  bat  tokeo  tbo  tbIim  «r.  TUa  is  no  «ontim> 

diction;  the  one-to-one  correspondence  which  is  bein^  establiKlied  by  the  integral 
is  between  points  on  the  u>-8urface  and  points  in  a  certain  region  of  the  «-plane,  and 
as  there  are  two  points  on  the  surface  to  each  value  of  to,  there  will  be  two  points 
fl  to  oneh  w.  Thoa  far  the  dieet  I  hu  been  nmpped  on  the  s-pl*ae.  To  map  II  let 
the  point  vo  start  at  o'  and  drop  into  the  lower  sheet  and  then  trace  in  this  abeet 
the  path  which  lies  direrily  under  the  path  it  has  traced  in  I.  The  integrand  now 
takes  on  values  which  are  the  negatives  of  thoee  it  had  previously,  and  the  image 
on  tbe  s-plane  la  readily  eketcbed  in.  The  figure  ia  eelf-ezplanatoxy^  Tboe  the 
eoaq^ete  aorfaee  la  mapped  on  n  itrip  of  width  >y. 

To  treat  the  different  values  which  z  may  have  for  tlie  same  value  of  lo,  and  In 
particuhir  to  determine  the  periods  of  to  as  the  inverse  function  of  z,  it  is  necessary 
to  study  the  value  of  the  integral  along  different  sorts  of  pattis  on  the  surface. 
FatlM  on  the  enif ace  may  be  divided  into  two  nlemni,  dosed  pntha  and  thoee  not 
closed.  A  cloeed  path  is  one  which  retunia  to  the  aame  point  on  the  surface  from 
which  it  started  ;  it  is  not  sufficient  that  it  return  to  the  same  value  of  tr.  Of  patlis 
which  are  not  closed  on  the  surface,  those  which  close  in  lo,  tiiat  is,  which  return 
to  a  point  •uperimpoeed  upon  the  starting  point  but  in  a  different  sheet,  are  the 
meet  important.  Theee  patha,  on  the  particular  surface  here  studied,  may  be  fur- 
ther classified.  A  path  which  closes  on  the  surface  may  either  include  neither 
branch  point,  or  may  include  both  branch  jxiints  or  may  wind  twice  around  one 
of  the  points.  A  path  which  closes  in  to  but  nut  on  tbe  surface  may  wind  once 
alxNit  one  of  tlM  Imuioh  points.  Each  of  these  typse  will  be  discnmed. 

If  a  cloeed  path  contains  neither  branch  point,  there  is  no  danger  of  confusing 
the  two  values  of  the  function,  the  projection  of  the  path  on  tl\c  ir-p!;uie  irives  a 
region  over  which  the  integrand  may  be  considered  as  single  valued  and  analytic, 
and  hence  the  ▼  alue  of  the  drcuit  int^ijal  is  0.  If  the  path  anrronnda  both  branch 
pointSi  tliere  is  again  no  danger  of  oonf using  the  valnea  of  the  function,  but  tbe 
projection  of  the  path  on  the  to-plane  gives  a  region  at  two  points  of  which,  namely, 
the  branch  points,  the  integrand  ceases  to  be  analytic.  The  inference  is  that  the 
value  of  the  iittegral  may  not  be  zero  and  in  fact  will  not  be  zero  unless  the  in- 
tegral aronnd  a  dreuit  dirunk  doee  np  to  the  branch  polntB  or  expanded  oat  to 
infinity  is  zero.  The  int^n^I  around  oe'de^c  is  here  equal  to  9 v;  the  Talue  of  the 
integral  around  any  path  which  incloses  lx»th  branch 
points  once  and  only  once  is  therefore  2*'  or  —  2  a*  ac- 
cording as  the  path  lice  in  the  upper  or  lower  sheet;  if 

the  path  snrronnded  the  pdnts  ft  times,  the  Tafam  of  

the  integral  would  be  2irw.  It  tfaos  mppeUB  that  to  -4 
garded  as  a  function  of  z  has  a  period  2  v.  If  a  path 
doeee  in  lo  but  not  on  tbe  surface,  let  the  point  where  it 
orassM  the  junctl<ni  line  be  held  fast  (figure)  while  the  path  Is  dirank  down  to 
wboo'&'io.  The  vdue  of  the  integral  will  not  change  during  this  shrinking  of  the 
path,  for  the  new  and  old  paths  may  to^jcther  be  regarded  as  close<l  and  of  the 
first  case  considered.  Along  the  paths  to6a  and  a'6'io  tbe  integrand  has  opposite 
signs,  bat  so  has  dip;  around  the  small  dreuit  the  value  of  the  integral  is  inflni- 
tsdmd.  Hence  the  valoe  of  the  integrd  around  the  path  whieh  doses  in  le  to  91 
or  ~  91  if  I  Is  the  valoe  from  the  polnta  where  the  path  crosses  the  Junction  line 
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totlMpoliitw.  lln  MM  eondulaii  liOQld  follow  if  tlM  pttliwvra  oomidond  to 
shrinlc  down  KroOBd  Iho Other  branch  point.  Thoa  far  the  poHibilities  for  t  corre- 
sponding to  any  given  10  are  «  +  2ihr  and  2mw—  z.  Suppose  finally  that  a  path 
turns  twice  around  one  of  tbe  branch  points  and  cluses  on  the  surface.  By  shrink- 
ing the  path,  a  new  eqai<f»lent  path  is  formed  along  wliloh  the  Integral  eaaoelsoat 
term  for  term  except  for  the  small  double  circuit  around  ±  1  along  wlileh  the 
value  of  the  integral  is  Infinitesimal.  Hence  the  values  x  +  21nr  and  2nfw—  z  are 
the  only  values  z  can  have  for  any  given  value  of  10  If  z  be  a  particriar  possible 
valne.  Tbia  makea  two  and  only  two  Taluea  of  a  in  each  strip  for  eeoh  value  of  w, 
and  the  fnnedon  ia  of  the  eeeond  order. 

It  that  appears  that  to,  as  a  function  of  a,  baa  the  period  2  r,  is  single  valued, 
becomes  infinite  at  both  ends  of  tlie  strip,  has  no  sinieruiaHties  within  tin*  Ktrip,  and 
baa  two  simple  zeros  at  z  =  0  and  z  =  a-.  Hence  10  is  a  rational  function  of  with 
the  nnoMrator^o— land  the  denominator  <«<k  +  l.  In  feet 


ssilna. 


The  function,  as  in  the  previous  cases,  has  been  wholly  determined  by  the  general 
methods  of  the  theory  of  funeUona  wltiiottt  even  oonpattng  a. 
One  more  fuaetioii  will  be  etndled  in  brief.  Let 

'"JC" — «=/(»). 

(a  — w)vw 

Here  tbe  Riemann  anrfaoe  baa  a  branch  point  at  w  =  0  and  In  addition  there  ia  the 
lingular  point  w  s  a  of  the  Intagrand  which  muit  be  cut  ou|  of  both  aheeta.  Lei 
the  surface  be  drawn  with  a  junetlon  line  from  waOtows  —  «e  and  with  n  eat 

in  each  sheet  from  «?  =  n  to  uj  =  «.  The 
map  on  the  z-plane  now  becomes  as  indi- 
cated  in  the  figure.  Urn  different  valnee 
of  S  for  tbe  same  value  of  w  are  readily 
seen  to  arise  when  10  turns  about  the 
point  to  =:  a  in  either  sheet  or  when  a 
path  cloaea  in  10  but  not  on  tbe  surface. 
Theee  values  of  a  are  a  +  ikwt/y/m  and 
imwi/Vtt"^  z.  Hence  w  tis    funotion  of 
z  has  the  period  2  7n(i~i,  has  a  zero  at' 
z  =  0  and  a  pole  at  z  =  ai/ V a,  and  approaches  the  finite  value  10  =  a  at  both  ends 
of  the  strip.  II  must  he  nolsd,  however,  thai  the  aeio  sad  pole  an  both  neess> 
mrlly  double,  for  to  any  ordlnaiy  value  of  w  oorreqxmd  Iwo  valuee  of  a  in  the 
atrip.  The  function  la  thmf ore  again  of  the  second  order,  and  Indeed 
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TIm  auceem  of  ttiia  method  of  determining  the  function  c  =/(ui)  defined  by  an 
integral,  or  the  inverw  w  =s/-i(a)  as  ^(«),  baa  been  dependeni  first  upon  the  ease 

with  which  the  Integral  may  be  used  to  map  tbe  10-plane  or  lo-surface  upon  tbe 

t-plane,  and  second  upon  the  Hiniplicity  of  the  map,  which  waj»  such  as  to  Indi- 
cate that  tlte  inverse  function  was  a  single  valued  periodic  function.  It  should  be 
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realized  that  if  an  attempt  wen  nude  to  ^qplj  Um  matliods  to  Intflgtands  which 
appear  equally  «iiiiple,  aay  to 

«SB  y*  Va*  —  to^dw,     *  =  f  («  — »)*»/v'w, 

the  method  would  lead  only  with  great  difficulty,  if  at  all,  to  the  relation  between 
2  and  to  ;  for  the  functional  relation  between  z  and  to  is  indeed  not  tumple.  There 
la,  howeverf  one  claai  of  integinla  of  great  importance,  namely, 

/dto 

fur  which  this  treatment  ia  suggestive  and  uijefui. 


EXERCISES 

1.  DiHcufis  by  the  method  of  the  theory  of  functions  these  integrals  and  inverses : 
r'^dw  r"  2dw  -  .    r"  dw 


(•»/'—-—•   <*)/'--=•    (•)/' — '-W- 

The  remits  may  be  checked  in  each  case  by  actual  integration. 

a.  l>Iaeaas  f  ^    and  f  .^!!__  (f  182,  and  Ex.  10,  p.  489). 

Vi0(l-ie)(l+«0)  Vl-i*» 


N 
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CHAPTER  XIX 
ELLIPTIC  FUHCTIONS  AND  INTEGRALS 

187.  Legendn't  integral  I  and  Its  Inmaioii.  Consider 


dw 


V(i-«?»)(i-ifcy)' 


0  <  A  <  1. 


The  Biemann  surfiMse  for  tlie  integrand*  has  branch  points  9tw^±l 

and  ±  1/k  and  is  of  two  sheets.  Junction  lines  may  be  drawn  between 

+ 1,  +1//:  and  —  1,  —  1/k.  For  very  larj^e  values  of  w,  the  radical 
V(l  —  tf*)  (1  —  ArW)  is  approximately  ±  ku-'^  and  hence  there  is  no 
danger  of  confusing  the  values  of  the  function.   Across  the  junction 

lines  the  surface  may  \)e  connected  as  indicated,  so  that  in  the  neigh- 
borhood of  //•  =  ±  1  and  tr  =  +  1/k  it  looks  like  the  surface  for  V»/?. 
Let  -{-  1  l>c  the  value  of  the  integrand  at  u;  =  0  in  the  upper  sheet. 
Further  let 

1 


V(l-  «;«)(l-ib^) 


i.n 


Let  the  changes  of  the  integral  be  followed  so  as  to  map  the  surf  aoe 
on  the  «-plane.  As  w  moves  from  o  to  a,  the  integral  (I)  inereasea 
by  JT,  and  «.  moves 
fromOtOif.  As  1/7 
continues  straight 
on,«  makes  a  right- 
anple  turn  and  in- 
creiises  by  pure 
imaginary  incre- 
ments to  tlie  total 
amount  H\  when 
w  rieaches  6.  As  w 
continues  there  is 


Ob 
1 

O  A 

a 

2 

in  -  in 


I'.n' 


another  rightangle  turn  in  /s^  the  integrand  again  becomes  real,  and 
«  moves  down  to  C,  (That  x  reaches  C  follows  from  the  facts  that  the 

*  The  reader  UDfamiliar  with  Kieiuauu  mirfaceti  (§  184)  may  proceed  at  once  to  identify 
(1)  Slid  (9  by  Ex.  a,  p^fTS  sod  may  take  (1)  lidotlwriMirMMiy  ■tst— atiforgiaaled. 
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integral  along  an  infinite  quadrant  is  infinitesimal  and  that  the  direct 
integral  from  0  to  too  would  be  pure  imaginary  like  dw.)  If  w  is  allowed 
to  oontinne,  it  is  clear  that  the  map  of  I  will  be  a  rectangle  2  by  A" 
on  the  «-plane.  The  image  of  all  four  half  planes  of  the  surface  is  as 
indicated.  The  conclusion  is  it'iu>onably  aj)[)arent  that  w  as  the  inverse 
function  of  «  is  doubly  periodic  with  periods  4  K  apd  2  iK', 


The  periodleity  may  be  examined  more  carafnlly  by  oomideriqg  dUiNiifc : 

bilitics  for  paths  upon  the  surface.  A  path  surrounding  the  pairs  of  btaiudi  points 
1  and  fc-i  or  —  1  and  —  k-^  will  close  on  the  surface,  but  as  the  integrand  has  oppo- 
site signs  on  opposite  sides  of  the  junction  iines,  the  value  of  the  integral  is  2  iK\ 
A  path  ranonnding  —  1,  1  will  alao  close;  tbe  aDaU  efzeolt  tntegiala  about  —  1 
or  +  1  vanish  and  the  Integral  along  the  whole  path,  in  view  of  the  opposite  values 
of  the  iiitefjrand  along /a  in  I  and  II,  is  twice  the  integral  from  /  to  a  or  is  4K. 
Any  path  which  closes  on  the  surface  may  be  resolved  into  certain  multiples  of 
these  paths.  In  addition  to  paths  which  close  on  the  mrface,  patlis  which  doee  in 
w  may  be  oonddend..  Soeh  pathe  may  be  resolved  into  tboee  already  mentioned 
and  paths  running  directly  between  0  and  to  in  the  two  sheets.  All  possible  valOM 
of  z  for  any  w  are  therefore  4  mK  +  2  niK'  ±  z.  The  function  ir  (z)  hm  the  periods 
4  A'  and  2  iK\  is  an  odd  function  of  z  as  lo  (—  s)  =  tp  and  is  of  the  second  order. 
Tbe  details  of  the  dtoooirfon  of  vaviooapatiw  la  left  to  the  reader* 

Let  to  =  /(«).  The  function  /(«)  vanishes,  as  may  be  seen  by  the 
map,  at  the  two  points  «  =  0,  2  iC  of  the  rectangle  of  periods,  and  at 

no  other  points.  These  zeros  of  w  are  simple,  as  /*(«)  does  not  vanish. 
The  function  is  therefore  of  the  second  order.  There  are  poles  at 
«  =  iK',  2  A'  -}-  iK',  whicli  must  be  8im])le  jwles.  Finally  /(A')  =  1.  The 
jKwition  of  the  zeros  and  poles  det^'rniiiies  the  function  ex('ej)t  for  a  con- 
stant multiplier,  and  that  will  bt;  hxed  by  /(A')  =  1 ;  the  function  is 
wholly  determined.  The  function  f(x)  may  now  be  identified  with  sn  x 
of  f  177  and  in  particnlar  with  tbe  special  oaae  for  which  K  and  JC'  are 
BO ^dated  that  the  mtdtiplier  ^  s  1. 


w 


For  the  quotient  of  the  theta  functions  has  simple  zeros  at  0,  2  A', 
where  the  numerator  vanishes,  and  simple  poles  at  iK',  2  A'  -f  «A',  where 
the  denominator  vanishes;  the  quotient  is  1  at  «=  A;  and  the  deriva- 
tive of  an  s  at «  Bs  0  is  ^  cn  0  dn  0  s=  ^  =  1,  whereas  /'(O)  =  1  is  also  1. 

Tbe  imposition  of  the  condition  ^  a  1  was  seen  to  impose  a  idation 
between  IC,  k,  k\  q  by  virtoe  of  whieh  only  one  of  the  five  remained 
independent  The  definition  of  K  and  IC  as  definite  integxals  also  makee 
them  fanotionB  X(j|()  and  iC(A)  of  But 
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t 


dw 


(4) 


V(i  -    (1  -  Ay) 

[    V(l  -  tr«)  (1  -  A-^u;')  "  ^^^"^ 

if  to  =  (1  —  and  k*  +  k"  =  1.  Hence  it  appears  that  K  may  be 

computed  from  k'  as  A''  from  k.  This  is  very  UBeful  in  praotioe  when 
jb*  is  near  1  and  k"  near  0.  Thus  let 

and  compare  with  (37)  of  p.  472.  Now  either  ib  or  A'  is  greater  than  0.7, 
and  henoe  either  q  or  q'  may  be  obtained  to  five  plaoes  with  only  one 
term  in  ita  expansion  and  with  a  relative  error  of  only  abont  0.01  per 
oent  Moreover  aiher  f  or    will  be  kas  than  1/20  and  henoe  a  sing^ 

term  1  +  2?  or  1  +  2 9'  gives  K  or  K'  to  four  phiioes. 

188.  As  in  the  relation  betweoi  the  Riemann  surface  and  the  x-plane 

the  whole  real  axis  of  z  corresponds  periodically  to  the  part  of  the  real 
axis  of  v  between  —  1  and  +  1,  the  function  sn  x,  for  real  x,  is  real. 
The  graph  of  y  =  sn  x  has  roots  at  a;  =  2  mA',  maxima  or  minima  alter- 
nately at  (2  m  -f  1)  A',  inflections  inclined  at  the  angle  45*  at  the  roots, 
and  in  general  looks  like  y  =  sin  (7rr/2  A').  Examined  more  closely, 
sn  ^  A'  =  (1  +  /:')"  i  >  2"  ^  =  sin  \  tt;  it  is  seen  that  the  curve  su  x  has 
ordinates  numerically  greater  than  sin  (7rx/2  A).  As 

on«s  VI  — sn'«y      dnxss  -Vl  —  l^»n*x,  (S) 

the  enrves  y  =  cn  y  dn  a;,  may  readily  be  sketehed  in.  It  may  be 
noted  that  as  Bn(«  +  ir)^cnd^  the  enrves  lor  sn«  and  enx  cannot 
be  siqierpoeed  as  in  the  case  of  the  trigonometrio  fnnetions. 

The  segment  0,  iK*  of  the  pure  imaginary  axis  for  s  oorresponds  to 
the  whde  npper  half  of  the  pure  imaginary  axis  for  10,  Hence  sn  «r 
with  X  real  is  puie  imaginary  and  —  t  sn  ix  is  real  and  positive  for 
0  S  ar  <  A'  and  becomes  infinite  for  x  =  A'.  Henoe  —  ftsn  us  looks  in 
general  like  tan  (Trx/2  A').  By  (6)  it  is  seen  that  the  curves  for  y  =  cn  ta;, 
y  =  dn  tr  look  much  like  sec  ('rrx/2  A')  and  that  en  ix  lies  above  dn  ix. 
These  functions  are  real  for  pure  imaginary  values. 

It  was  seen  that  when  k  and  k'  interchanged,  A'  and  A'  also  inter- 
changed. It  is  therefore  natural  to  look  for  a  relation  between  the  ellip- 
tic functions  su  (z,  k),  cu  (x,  k)^  dn  (z,  k)  formed  with  the  modulus  k 
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and  the  fonotkHU  an  (m,  k'),  on  (»,  k*),  dn  («,  jfc^  fonned  wiUi  the 
plementuy  modolns  k'  It  will  be  shown  tiiat 

^  '  '      en  (s,  A*)  ^  '  '         en  (£b,  1;^ 

cn  («,  A:)  =     y  . ^  I        cn  («,  A)  =  — tt— rr» 

^>  -  cn  («,  *•) '  ^    <m  *•) 

Consider  sn  A).  This  function  is  periodic  with  the  periods  4ir and 
2  ilC*  if  M  be  the  Tariable,  and  hence  with  periods  4  iJ?  and  2  JC' if  s  be 
the  variable.  With  *  as  variable  it  has  seros  at  %iK^  and  poles  at 
K\^%K-\-  K*,  These  ate  precisely  the  positions  of  the  zeros  and  poles 

of  the  quotient  H(z,  q^/H^(z,  7'),  where  the  theta  functions  are  con- 
structed witii  (/  instead  of  q.  As  this  quotient  and  sn  (is,  k)  are  of  the 
second  oider  and  have  the  same  periods, 

The  constant  C^  may  be  determined  as  C,  s  » by  comparing  the  deriva- 
tives of  the  two  sides  at  s  s  0.  The  other  five  relations  may  be  proved 
in  the  same  way  or  by  transformation. 

The  theta  series  converge  with  extreme  rapidity  if  '9  is  tolerably 
small,  but  if  q  is  somewhat  larger,  they  converge  rather  poorly.  The 
relations  just  obtained  allow  the  series  with  7  to  be  replaced  by  series 
with  q'  and  one  of  these  quantities  is  surely  less  than  1/20* 
In  fact  if  r  » ini:/2 /C  and  v' =  «a;/2  iC',  then 

2  sin  y  —  2  y'  sin  3  y  -t-  2  y*  sin  5  v  

V)fel-2»«»2v  +  2y*coc4»-29*cos6r  +  ..  ^ 

1    sinhy'-y''^sinh.Sv'4- v^sinliSv'  

Vik  coshy'  +  ;'*ooshdy'-('9*cosh6v'-h*«* 


The  second  series  has  the  disadvantage  that  the  hyperbolic  fnnctionB 
increase  rapidly,  and  hence  if  tiie  convergence  is  to  be  as  good  as  for 
the  first  series,  the  value  of  q'  must  be  considerably  less  than  that  of 
q,  that  is,  K*  must  be  considerably  less  than  K*  This  can  leadily  be 
arranged  for  work  to  four  or  five  places.  For  . . 

f  ■  «?  s'*'^,      cosh  6  k'  =  i  {J^'  +  «"     ,      0  S  «  S  K\  ■ 

where  owing,  to  the  periodicity  of  the  functions  it  is  never  neoessaiy 
totake2>  K'.  The  term  in  9*  is  therefore  less  than  (f^.  Ifthetenn 
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in  J**  is  to  be  ^ually  negligible  with  that  in  9*, 

29*s^^'i   with  iQg^logf'sir* 

from  which  7'  ii  determined  as  about  7'  —  .02  and  q  as  about  9  «=  .08; 

the  neglected  term  is  about  0.0000005  and  is  barely  eDOUgh  to  effect 
8ix-p]aoe  winrk  except  through  the  multiplication  of  errors.  The  value 
of  h  oimesponding  to  this  critical  value  of  7  is  about  k  as  0.86. 
Another  form  of  the  integral  under  consideration  is 

Jr*  dB  __  r*  dw  
[  vi-A«ain««"Jo  vnr;^» vrr]kH^ " 

tm^ssyiBBTix,      ^ssam«,      oos 4  —  Vl  —  an' ae  a  on 

=  Vl  -       =  Vl  -     8in«  ^  =  dn  r,       Jfc"  =  l-  *«, 

a-  =  8n-»(y,  k)  =  cn-'( Vl  -  y*,     =  dn-»(Vl  _  A-y,  ^O- 
The  angle  ^  is  called  the  amplitude  of  .r :  the  functions  sn  x,  en  x, 
dn  X  are  the  sine-ftniplittuUf  cosine-amplitudet  deltoHimj/lUude  of  z.  The 
half  periods  are  then 

Jo      Vl-^-«8in«tf        V  '  /' 
and  are  known  as  the  mmplete  ellijitic  integrals  of  the  first  kind. 

189.  The  elliptic  functions  and  integrals  often  arise  in  problems 
that  call  for  a  numerieul  answer.  Here  is  given  and  tlie  complete 
integral  K  or  tlu^  value  of  the  elliptic  functions  or  of  the  elliptic  inte- 
gral k)  are  desired  for  some  assigned  argument.  The  values  of 
A'  and  F  k)  in  terms  of  sin~^A;  are  found  in  tables  (B.  0.  Peirce, 
pp.  117-119),  and  may  be  obtained  therefrom.  The  tables  may  be 
used  by  inversion  to  find  the  values  of  the  function  snx,  cnx,  dn« 
when  X  is  given;  for  sns  s  sn  A)  b  sin  ^  and  if  x  is  given, 
^  may  be  found  in  the  taUe,  and  then  sn »  »  sin  4.  It  is,  however, 
easy  to  compute  the  desired  values  directly,  owing  to  the  extreme 
rai^ty  of  the  convergence  of  the  series.  Thus 

vriiffii  (1+22-+ ••)• 
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The  elliptic  functions  are  computed  from  (6)  or  analogous  series. 
To  compute  the  value  of  the  elliptic  integral  F      k),  note  that  if 

dng    l-t-2yooa2»+2y*G08  4»H  

VS'*l-2ffOOB2r  +  2j*ooe4r  +  ...'  ^^"^ 

/I  \      cot  X  —  1       ^     C08  2y•fy'C066y-^^'«. 

""Vi'^^y^COtX  +  l"^    l  +  2y«C0B4r+  ..  ' 

tad  lanair-X)-2yooB2rar1ana,r-X)  =  ^^|^^^  (10^ 

are  two  appKnimate  eqvatioiis  from  ▼hieh  eos2y  may  be  obtained; 
the  first  neglects  and  is  generally  aoiBeient,  but  the  eeoond  ne^eots 
only  f*.  If    is  near  1,  the  proper  appnatimatione  are 

1   dn  (x,  k)  _  dn  («,  k')     l  +  2q'  cosh  2  y'  -f-  •  •  ♦ 
V3fccn(x,A-)"     V*         l-2j'co8h2r'  +  -..' 

O     posh  2  v' 

tana7r-X)  =  2j'cosh2v'  or  ton  (4  ir  -  X)  =  .^^  ^  (11') 

Here  9"  coab  8  <  is  neglected  in  the  eeoond,  but  9**  ooeh  4  y'  <  f " 
in  the  first,  wbidi  is  not  alivays  sviBoient  for  four-plaoe  work  Of  ooorae 
if  ^witli  811 J  sin ^or  if  y gg eng is  giren^dng «  VI  —  jfc^sn'g and 
on« «  Vl  —  sn'as  are  readily  oompated. 

r*  d$ 

Asia exuiple take     -|=|==  and  And  Jr,«i|Jr,         1).  Asfc«s| 

and  '^>0.9,  the  flnt  term  of  (87),  p.  472,  gives  q  Monialely  to  five  places. 
Gompota  in  the  form:  (Lg  m  Iqg,^ 

lgk^  =  9.87606  Lg  (1  -  VP)  =  8.8418e  Lg2«-  =  0.7982 

lg  VP  =  9.96876  L«(l+ VP)  =  0.28«»  2  Lg  (l  +  VP)  =  0.6714 

y/ltm9.nm  Lg29  =  8.66067  LgJTsO.SaOS 

0.06040  SffsO.06606  Xo  1.600 

VPs  1.00600  9S0.01107  Check  with  taUa. 

0  1— 24  006]r  +  •••        y^l  +  f 

S       Vg</;  |I«O  =  OL0Og6O  I«n|XaOMO 

"'i       1.01m  |I««s0.60860  snlJTsOJOlO. 

-Lg  1.010  s  0.06810 


A^  =  dnzs  Vl-i8ln«J«-=  Vl- Jiln|»- Vl+  Jrinjir. 
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iflliilwsO.ldiai  \  =  4S°2S'2»^  If  42.20=  1.6268. 

1>  lain  ir»  0.80609  |v-X=P8r8r'  LgJr  =  0.8S68 

1 -I- 1  atn}  ITS  1.10184  Ig  Un  =  8.48610   '  -IglSOs  7.7447 

I  I«(l-iiin)v)s  0.08888  I«aos8.68G07  Igss  0.8068 

}  Ig  (1  + 1  •tlilr)  =  0.03802  Ig0082y  =  0.86078  x  =  0.3052 

-Lg\'I"'  =  0.03124  2r  =  42°l2'  Check  with  UUe. 

Lg  cot  X  =  0.02314  180  jr  =  A'  (42.20) 

As  a  second  example  consider  a  pendulum  of  length  a  oscillatinp  through  an 
arc  of  800^.  Find  the  period,  the  time  when  the  pendulum  is  horizontal,  and  its 
poeition  titer  dropping  for  a  third  of  the  time  required  for  the  whole  deeeent. 
Let  x*  +  y*  3  8  ay  be  the  eqnatlen  of  tbepeth  end  JlB«(l-f         the  gfetSeat 

height.  When  y  =  k,  the  energy  is  wholly  potential  and  equals  m^i  and  mgif  to 
the  general  value  of  the  potential  energy.  The  kinetic  energy  ia 

to  the  equation  of  motion  bj  the  principle  of  eneigy.  Henoe 

are  the  Integrated  reaolta.  The  quarter  period,  from  Ugheifc  to  loweet  point,  to 
KVa/g;  the  horizontal  porfHon  to  y  s a,  at  whleh  <  to  deelred;  and  the  poeition 
for  V«/UI  s  }  X  to  the  third  thing  required. 

*«  =  0.»8801,  JCg-— iogg-=  Z^^t..' 

Lg  t*  =  9.96988  Lg  (l  -  v^)  =  8.2S668  Lg  8  =  0.8010 

LgVk  =  0.90247  -  Lg  (l  +  V]k)  »  0.70878  Lg^  q'-i  =  0.8784 

Vlk  a  0.06880  -Lg3s  0.68807  -LgJTs  0.8888 

1- Vi=:0.017aO  I«ff's7.88788  - 8 Lg (l -f.  V^)s 0.4064 

1+ V]bsl.08880  ff'sO.00484  LgJrs0.44a0i 

Henee  K s  8.768  and  the  complete  periodic  time  iBiKVa/g, 


V8yV(A-v)(8ay-y«) 


yrso,      io*s^»  entp  s  Vl  —  a/A,      dnw  =  Vl  —  ilc'a/A. 

Lffi*  a  0.06088  XB48»a8'ir'             Si^s  1.818 

Lf4s0.80808  |«~XsP88'48^  Ig8/sO.S6e4 

-Lg8-0.68888  Kg  tans  8.48808        -  Lg*  g'-*  =  0.6206 

I«  oot«  X  B  0.00488  I«89' s  0.06886              LgM^  0.6878 

Ig ootX  =  0.08870  I«ooih S*'  s  0.40778         I«  \P  4  -  ^MM, 


Digitized  by  Google 


510 


THEORY  OF  FUNCTIONS 


Hence  the  time  for  y  as  a  Is  (  =  0.1B88  K  Va/g  =  )  whole  time  of  Moent. 

VaS  \co8h  irif /3  A"  +     cosh  ^if /if  7 

J       =  0.21t41       flf'i  =  0.1681        ^  2  ^  /5.0<M5y 
- 1  l4iif  =  O.7870O     qT^  =  6.1810  V«.SWN|/ 

Thie  glvee  y  s  l.TSSo,  whleh  Is  very  near  the  top  at  A  s  L866a.  In  feet  steittqg 

at      from  the  vertical  the  pendulnm  reaches  4SP  in  a  third  and  80^  in  another 

third  of  the  total  time  of  dpscent.  As  sii  }  A'  is  (1  +  I  it  is  ee^f  tO  Calcolate 
the  position  of  the  pendulum  at  half  the  total  time  of  descent. 


1.  DlaeusB theee  Integrals bj  the  method  of  mapping: 

(a)  s ss  I  ,      a>&>0,      tossftsnof,    *  =  -, 

A  V(<i^-io«)(ft>-to>)  ■« 

2.  Establish  these  Maclauria  developments  with  the  aid  of  §  177: 

{a)  sn«  =  i-(l  +  Ji^^  +  (l+14*«  +  *^)'*  , 

{fi\  cnf  =  l-|^j  +  (l+4*«)|l-(l  +  44*«+16**)|l  +  .... 

.     (-y)  dn«  =  l-l:»|!  +  k«(4  +  fc«)^-k«(l«H-44Jk^  +  it«)|^  +  .... 

3.  Prove  f*   .    ^        "t        .     ^  ^>1|  sinV  =  PsinS#. 

Vl-l«sln«^  Vl-«-«Bln«f 

4.  Carry  out  ttie  computations  in  these  cases  : 

(a)  .toflndr,     8n|jr.  '  V 

OD  r*_J=tollndr.  snJjT, 

J*  Vl-O.0sin«^  «  V«  Vio/ 

6.  A  pendnlnm  oselllatee  thnnigb  an  angle  of  (a)  180^,  OB)  00^  (v>  840^.  find 

tlx-  p«-riodic  time,  the  position  at  t  =  |  IT,  and  the  time  at  whidi  the  peodolam 
malnes  an  angle  of  30^  with  the  vertical. 
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6.  With  the  aid  of  Bz.8  Had  the  wo  of  the  lemnlooete  f*  s  So^ooeS^.  Alao 
the  are  from  ^  s  0  to  ^  s  KP,  and  the  middle  point  of  the  ate. 

7.  A  bead  movea  anmnd  a  Teitioal  drole.  The  velocl^  at  the  top  la  to  the 
velocity  at  the  bottom  aa  I:*.  Bxprma  tlie  adutlon  in  tenna  of  elllptie  fnnottona. 

S.  In  Ex.  7  oompnte  the  periodic  time  If  »  s  1,  S,  or  10. 

9.  N^eeting  gravity,  aolve  the  problem  of  the  jumping  rope.  Take  the  x-umSb 

horizontal  through  the  ends  of  the  rope,  and  the  y-azis  vertical  through  one  end. 
Remember  that  "centrifugal  force'*  varieaaa  the  distance  from  the  axia of  rotation. 
The  first  and  second  integrations  give 


^  a  >  1,  in  terma    dllptte  fuMtlooa. 

Va-ooatf 

11.  A  ladder  ntands  on  a  smooth  floor  and  rests  at  an  angle  of  30°  against  a 
amooth  wall.  Discuss  the  descent  of  the  ladder  after  iLs  release  frmn  tllia  podtion* 
Find  the  time  which  elai«»e«  Iwfore  the  ladder  leaves  tlie  wall. 

12.  A  r(nl  is  placed  in  a  smooth  hemispherical  bowl  and  reaches  from  the  bot- 
tom of  tliu  bowl  to  the  edge.  ¥ind  the  time  of  oscillation  when  the  rod  is  released. 

190.  Legeiidre's  Intesrali  II  and  m.  The  treatment  of 

Jo       Vl-ir'  Jo     V(l-7r^)(l- AV^)  ^  ' 

by  the  nieth(xl  of  coiifornuil  mapping  to  determine  the  function  and  its 
inverse  does  not  give  satisfactory  rcsiilts,  for  the  map  of  the  Kiemann 
surface  on  tlie  s-plane  is  not  a  simple  region.  liut  the  integral  may  l)e 
treated  by  a  diange  of  variable  and  be  reduced  to  the  integral  of  an 
elliptic  function.  For  with  w  =  snu,  m  =  sn~'  w, 

I    —  -=  I    (1  — A«8n*«)Ai 

J,    V(l-uO(l-*V)    J,  (12) 

sn*  udu. 

The  problem  thus  becomes  that  of  integrating  sn*  «.  To  effect  the  in- 
tegration, sn'tt  will  be  expressed  as  a  derivative. 

The  function  sn'u  is  doubly  periodic  with  periods  2K,  2iK',  and 
with  a  pole  of  the  second  order  at «  b  iK'.  But  now 


— 


]oge(« + 2#:) = ioge(a),  log (e + 2iK') = loge(«)  -  ^  u  -  log(-  f > 
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It  tlicii.app0An  that  the  teooad  deriTBtive  of  log  e(«)  tlM  1ms  tlio 
poriods2iir,2iir'.  Introdvoe  the  seta  fmietion 

The  expansion  of  &(u)  shows  that  ^'{u)  as  0  at  u  =  niK.  About  u  = 
the  expansions  of  Z'(u)  and  sn'tt  are 

z'(tt)«-; — +  "••■At — ^^1771  +  **+•••• 

^  '         (u  —  tA^'      •  A'*  (m  —  tA  )'  • 

Ueooe      A*  sn*  M  «  -  Z'(i*)  +  Z'(0),      Z'(0)  =  e"(0>/e(0), 

and  ^  sn«  tt  (/tt  =  -  Z  (u)  +  uZ'(O), 

(l-.*"8tfii)rf«-«(l-2'(0))  +  Z(u).  (14) 


ft 

The  derivation  of  the  expaoiions  of  S'<«)  and  trt**  about  a  s  UT'  are  eai^. 

loge(u)  =  log  function  analytic  near  u  =  if. 


—  -m  1 


ir(i-.e-';-)  jr(e?--,) 

/(u)  =  e*  "  =/(i A")  +  (u  -  iK')f  \lK')  +  •  •  •  =  9  +  (u  -  iiT^ ^«  +  •  • 
O'(ii)  1     .  d  e'(«)         - 1 


e(u)     u^iK'  du  e(u)  (u-i^O* 

it  sn  u  8n>  u 

/(tt)  =  «n  u  =  u/'lO)  +  i  u«/ "(0)  +  .  •  •  =  u  +  ru»  +  . . 

-K, + un ^,    1  (•-«.+...)•=  A  (•;-..+. . .). 

In  a  similar  manner  may  be  treated  the  integral 

X   {u^^a)  V(l - -  AV)  ^ X 
Let  a  be  to  ohosen  that  8n*a  «  a.  The  integral  beoooifla 

X'       rfw       ^  1  r2an«enadna  . 

sn*ii^tn*«*28naenadna J    an*«~aa*«        ^  ' 


(III) 
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The  intognuid  is  a  fimetiim  with  periods  2Jr»  2iK*  and  with  simple 
poles  sfc  «  a  ±  a.  To  find  tlie  lesidnes  at  these  poles  note 

lim  — Sii-— =  lim  ^         ,  ±1 

.•*A«sn*«i  — sn'a   «**.28n«cn«dn«  2Bnaonadna 

The  coeflBcient  of  (k  q=  a)~^  in  expanding  about  ±a  is  therefore  ±  1. 
Such  a  function  may  be  written  down.  In  fact 

2  sn  cr  cn  f7  dn    _  H'(u  —  a)     H'(u  +  «)  ,  ^ 
an'u  —  8Q*a       IJ(u  —  a)     H(u  -f  a) 

=  Z,(u  -  a)  -  Zj(u  +  a)  +  r. 
if     OB  if '/ if.  The  ▼effifioation  is  as  above.  To  determine  C  let «  s  0. 

Then      C  —  H2Z.(a).  but  8n«  =  — j=;^^» 

sn  a  "  V*  ®(») 

oniidn* 

and  -t-  log  sn  u  a  1=  Z,(u)  —  Z  (u). 

Henoe  C  ledvoes  to  2Z(a)  and  the  integral  is 

i"»n'»-...'..°2.n.cnadn»HfST^  +  ''^<')]-  W 

The  inte^i-als  here  treated  by  the  substitution  w  =  mu  and  thus  reduced  to  the 
integrals  of  elliptic  functions  are  but  special  cases  of  the  integration  of  any  rational 
tanetion  R(w,  Vw)  of  wand  thendicslof  tbe  Mqnadntio  IFs  (1  -  -  Ma*). 
The  ue  of  the  subeUtution  it  analogous  to  the  use  of  w s  aliiti  in  converting  an 

integral  of  \  1  — w^)  into  an  integral  of  trif;onometric  functtODi.  Any  rik 

tional  function  B  (lo,  V  H^)  may  be  written,  by  rationalization,  as 

where  R  means  not  always  tlie  same  function.  The  integral  of  2?(io,  VIT)  le 

thtiR  rrdnccd  to  the  intcpml  of  which  is  a  rational  fraction,  plus  the  inte- 

gral of  wR^(vfl)/'>/W  which  by  the  subetitution  ic"  =  u  reduces  to  an  integral  of 
£(u,  V(l  —  u)(l  —  Ifiu)  and  may  be  considered  as  belonging  to  elementary  calculus, 
plusllnallj 

9y  the  method  of  partial  fractions  Rg  may  be  resolved  and 

/Bn«-«*i     nSO,      f    /"  n>0 

are  the  types  of  integraU  which  mu«t  be  evaluated  to  finish  the  integration  of  the 
given  K(io,  Vw).  An  Integration  by  parts  (B.  0.  Peiroe,  No.  667)  shows  that  for 
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tbe  flnt  ^pe  n  wmf  be  lowered  If  podtivo  and  raised  if  negative  until  the  intef^rml 

is  exprcsRcd  in  terms  of  the  integrals  of  sn'/  and  sn^z  =  1,  of  which  the  first  is 
intepratfci  above.  The  second  type  for  any  value  of  n  may  be  obtained  from  the 
integral  for  n  =  1  given  above  by  differentiating  with  respect  to  a  under  the  sign 
of  intQgmtion.  Henoo  the  whole  proUem  of  tbe  integialioD  of  B(w,  VW)  mej 
be  v^^aided  ee  eolved* 

m.  With  the  BabBtitntioa  «r  a  sin  ^  the  integral  11  beoomee 


-  »(1  -  Z'(0))  +  Z(i*),      «  =  Fi<^  k). 

In  particular  E  tt,  k)  is  called  the  complete  integral  of  the  seoond  kind 
and  is  geneiaU^;  denoted  by  E.  When  ^  as  |  ir,  the  integnl  it  a  F(<^  k) 
beeomes  the  oomplete  integnl  K.  Then 

s  =  jr(i  -  z'(0))  +  z(K) .  jr(i  -  z'(q)),  (18) 

and  E{^,k)  =  EF{^,k)/K  +  Z{u).  (19) 

The  problem  of  computing  E{<^,  k)  thus  redueea  to  that  of  computing 
A',  E,  F(4»,  k)  —  u,  and  Z(u).  The  methods  of  obtaining,'  A'  and  E(4t,  k) 
have  been  given.   The  series  for  Z(u)  converges  rapidly.   The  value 
of  E  may  be  found  by  computing  A'(l  —  Z'(0)). 
For  the  conTenience  of  logarithmic  computation  note  that 


—  =  Z •  (0)  =  ^    >J (?  -  4 +  9 -  . . .) 
or  ^--B=«tw/VP.(2ir/A')iy(l-4/+  ••)•  (20) 

Also  7" ^:;'i'r/'^f "  w 

^'  ^  1  —  ^g' cos  2  V 2    cos  4  K   ^  ' 

where  v  =  ^1/2  K.  These  series  neglect  only  terms  in  q*,  which  will 
barely  affect  the  fifth  place  when  k  ^  sin  82°  or  k"*  ^  0.98.  The  series 
as  written  therefore  cover  most  of  the  cases  arising  in  practice.  For  in- 
sUmcc  in  the  problem  which  j^ives  the  name  to  the  elliptic  functions 
and  integrals,  the  problem  of  hndiug  the  arc  of  the  ellipse  x  =  a  sin  ^ 

y  =  b  cos  ^,     

dt  —  Vo"co8*^  -f-**8in»  i^dift  =  o  Vl  —  «*  sin»  ; 

the  eccentricity  e  may  be  as  high  as  0.99  without  invalidating  the 
approximate  formulas.  An  example  follows. 

Let  it  \te  requlvBd  to  determine  the  length  of  the  quadrant  of  an  ellipse  of 

err*»n»rifif y  r  0.0  and  also  thf  loncrth  of  the  portion  over  half  the  semiaxis 
najfir.  Here  tbe  series  in  q'  converge  better  than  those  in  9,  but  aa  the  proper 
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expression  to  replace  Z(u)  haa  not  been  found,  it  will  be  more  convenient  to 
the  series  in  y  and  take  an  additional  torui  or  two.  As  k  =  0.9,      =  0,19. 


Lgk^  =  9.27876 

Lg(l-Vk') 

= 

0.63120 

6diff.  = 

Ig>/P  =  9.81969 

I«(i  +  Vit') 

- 

0.22017 

Lglfl  = 

1.20412 

Vk'  =  0.66022 

diff. 

Jjg  term  2  — 

5.35103 

1  -  VP  =  0.33978 

Lg2 

= 

0.30103 

temi  1  = 

0.10238 

1  +  VP=  1.66032 

Lgterm  1 

9.01000 

tenn2  = 

0.00002 

9  = 

0.10286. 

Lgq  =  9.0101 

0.7069 

Lgiir/vA:'  = 

0.3764 

iLgq  s  7.0MS 

-aLg(i+  VP) 

9.6fi07 

|log2ir/Jr  = 

0.6608 

4Lgqm6MM 

0.0001 

Lg9  = 

0.0101 

«»s  0.0011 

0.8680 

I«<l-4^  » 

0.0081 

9«s  0.0001 

K 

S.980 

0.0440. 

HmM  JT— J7 s  1.100  and  E ss  1.171.  The  quadtmat  ia  i.nia.  The  point  ooiw 
rnpoodingtossialiglTen  tj^s80^.  Then  daFss  Vl—  0.2086. 

I«4aFsO.O600  iv-Xs8»81i'  owSrs  0.7888 

If  VPs  0.8107  IgUtts  0.1768  Henoe  4rnMur80» 

IfflOiX  a  0.1818  IgSf  8  0.8111  l-|-9ff*OM4rsl.000O 

Xs88088^'  I«eM8rs0.8847  Srs48*68'. 

mm  180         (48.08).  The  ooapntatkm  for    S,  f  (|«)  It  then 


If  48.08  s  1.8888 
-Ig  180  a  7.7447 
IgFs  0.7868 
F=  0.6488 


I«8v/Xs0.4l08 
Lgffs  0.0101 
I«rinSp  =  0.8881 
>  I«(l- 89  coeSv)  a  0.0706 
I«Z  a  0.8680 


i«jr/jra0.no8 

IgFs  0.7868 
EF/X  a  0.8798 

Z  a  0.8868* 
Jr(iii)s0.60«8. 


The  Telne  of  S  merlnd  *  ie  ooneeled  for  the  term  —  8^ain4».  The  pert  oi  the 

quadrant  over  the  first  half  of  the  axis  ia  therefore  O.£048  a  and  0.606  a  over  the 
second  half.  To  insure  complete  four-figure  accuracy  in  the  result,  five  places 
should  have  been  carried  in  the  woric,  but  the  values  here  found  check  with  the 
teUe  except  for  one  or  two  nniti  in  the  Uet  plaee. 


I.  Pro?e  the  following  rdetloni  for  Z  (a)  and  Z|(u). 
Z(-u)=-Z(u),       Z(M  +  2  Jr)=  Z(u),       Z(u  +  HK')  =  Z{u)^iw/K, 

1^  a  -  Zi(u)  +  Z'(0),      /  ^  =  -  ZiW  +  «*'(0). 


d  en  It  dn  11 

Zj(ii)-  Z(u)  =  ^logenu  a Zj(0)  =  co. 
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2.  An  elliptic  function  with  periwis  2  A',  2  {A''andriliiplepol«at  a,,iL,...,( 

with  residues    ,  c„  •  • . ,  c„  Xc  =  0,  may  be  writteo 


/(«)  =       -  «i)  +       -  ^ + •  •  +       -  c^,)  + 
*•    l-*iiiiWi«    =  i^t"  -  «)  -  j  Z(u  +  «)  +  r(a), 

ft^nacnadua  f"  S-^i*!  =  + MZ'<al 

=  Xi»  -  Vx*    -       «  Vx«)  -     cnv^dnv^u  ^ 

* 

6.  Find  thelengthof  tlwqiiadimntMidof  theiwwtktnolitciitoif  hy  thaiii^ 
netnin  In  eUlpsM  of  aooentiielty  e  a  0.1, 0.0^  0.76^  O.W. 

6.  U  « is  the  eoeantilflitj  of  tlw  byperbda  ad*/tf>  ~  vVft*  s  1,  ilKm  ^ 

•>e^#d»  u      ae  1 

7.  Find  the  arc  of  the  hyperbola  cut  off     the  latus  rectum  if  e  =  1.2,  2,  S. 

8.  Sliow  that  the  leqgth  of  the  Jumpliig  rope  (Bz.  9,  p.  Ml)  is 

0.  A  flexible  tronsh  is  flUed  with  weter.  Find  the  expi««ion  of  the  shape  of 
a  croei  seetloo  of  the  trough  in  temw  of       ft)  and  it). 

10.  If  an  ellipsoid  has  the  axes  a  >  6  >  c,  find  the  area  of  one  ^^mt 

11.  Compate  the  area  of  the  eUIpsold  with  axes  8,  S,  1. 

18.  A  hole  of  radios 6  Is  bored  through  a  eyllnder  of  radius  a>b  centrally  and 
perpendlcolarty  to  the  azia  Find  the  volume  cut  oat. 

18.  Find  the  area  of  a  right  ellipUc  cone,  and  oompute  the  area  if  the  alUtude 
is  8  and  the  semiaiee  of  the  base  are  l|  and  1. 
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198.  Weierttrass's  integral  and  its  invenlon.  In  stndTuig  tbe 

general  theory  of  doufalj  poriodio  functions  (§  182),  the  two  special 
^'''^'B^io''*^  p{^)t  pXu)  WW  eooa^t^  It  was  aeon  that 


V4(«r-«,)(i»-.e^(u;-ej'         +    +  = 


(22) 


where  the  fisrad  limit  ao  has  been  added  to  the  lategial  to  make  «r  a  «e 

and  «  s  0  correspond  and  where  the  roots  have  been  called  ^,  e,,  <f,. 
Conversely  this  integral  could  be  studied  iu  detail  by  the  method  of 
mapping ;  but  the  method  to  be  followed  is  to  make  only  cursory  nse 
of  the  conformal  map  sufficient  to  give  a  hint  as  to  how  the  function 
j)(z)  may  be  expressed  in  terms  of  the  functions  8n«  and  cn«.  The 
discussion  will  be  restricted  to  the   

case  which  arises  in  practice,  namely,    ^-ii    *   rlTii-,  ■"ll"" 

when  ^,and  ^,  are  real  quantities.  ^  2  -<o'  e^e^o  ii'^^^ 
There  are  two  cases  to  consider,  one 

when  all  three  roots  are  real,  the  other  when  one  is  real  and  the  other 
two  are  conjugate  imaginary.  The  root  e^  will  be  taken  as  the  largest 
reel  root»  and  as  the  smaUest  root  if  all  three  are  real  Koto  that  the 
sum  of  tlie  three  is  sera 

In  the  case  of  three  real  roots  the  Biemann  surface  may  be  drawn 
with  junction  lines  e,,  and  e,,  «.  The  details  of  the  map  may  readily 
be  filled  in,  but  the  observation  is  sufficient  that  tliere  are  only  two 
essentially  different  paths  closed  on  the  surface,  namely,  aUout  e^,  <y 
(which  by  deformation  is  equivalent  to  one  about  e,,  oo)  and  alwjut  e^, 
(which  is  equivalent  to  one  alx)ut  e^,  —  oc).  The  integral  about  e^,  is 
real  and  will  be  denoted  by  2  w,,  that  alK)ut  c^,  is  pure  imaginary  and 
will  1)6  denoted  by  2  <o^.  If  the  function  p(z)  l)e  constructed  a.s  in  §  182 
with  w  =  2  o»,,  w'  =  2  ciij  the  function  will  have  as  always  a  (l()ul)le  ])oh» 
at  X  =  0.  As  the  jxjriods  are  real  and  pure  imaginary,  it  is  natural  to 
try  to  express  p{x)  in  terms  of  sn  s.  As  p(x)  depends  on  two  constants 
9v  9tt  whereas  sn  »  depends  on  only  the  one  k,  the  function  p{z)  will 
bo  expreased  in  terms  of  sn  ( VXs,  k\  where  the  two  constants  A,  Jb  are 
to  be  determined  so  as  to  fulfill  the  identic  ji'aa  4jp^  —  —  g^.  In 
particular  try 

»(*)    ^  H — 77-4=  : »  constants. 

sn*(vA«,  k) 
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This  form  suroly  gives  a  double  pole  at  «  =  0  with  the  exj^i^ion  l/i^. 
The  determination  is  relegated  to  the  small  text.  The  result  is 


<1, 


<i),Vx  =  K, 


Va  =  iK' 


(23) 


X  =  «,-*,  >0,   , 

In  the  case  of  one  real  and  two  conjiit^^ite  imaginary  roots,  the 
Riemann  siu  faee  may  l)t!  drawn  in  a  siniihir  manner.  There  are  again 
two  independent  closed  j)aths,  one  aixiut  c.,,  and  another  aV)out  t'^,  f^. 
Let  the  iutegiuls  about  these  paths  be  respectively  2     aud  '2  u^.  That 


2  w,  is  nal  may  be  seen  by  defonning  the  path  until  it  oonsiBta  of  a 
very  distant  portion  along  which  the  integral  is  infinitesimal  and  a  path 
in  and  oat  along  «|,ao,  which  gives  a  feal  valne  to  the  integiaL  As- 
«^  is  not  known  to  be  pore  imaginary  and  may  indeed  be  shown  to  be 
Qomplex,  it  is  natural  to  try  to  express  p(k)  in  terms  of  on  «  of  which 
one  period  is  real  and  the  other  complex.  Try 

1  —  cn(2  Vfur,  k) 

This  form  surely  gives  a  double  ])ole  at  x  =  0  with  the  exjKinsion 
The  determination  is  relegated  to  the  siuall  text.  The  reiiult  is 


l-^ea{2y/^,k) 


*^    2    4,i  ^  ^' 


To  verify  Umm  delerminationsi  sabatiiutA  in  p'*  =  4p*  —  gj^  ^ 


p(z)  =  -4  + 


p'(z) 


cn(\^,  *)dn(V5ie,  ik), 


an«(Vxai,  k)  in«(V^i  ^) 

Bquta  ooeflkdents  of  conespondlag  powen  of  txfi.  Hence  the  equatlona 
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TiM.flrat  ihows  that  il  U  a  root  e.  Let^lsi^  Note  ~  9,  »  e^e^  +      +  «^ 

X  +      s- 8e^  =  e|  -  «^  +  c^- 
hj  Tirtae  of  the  telatlon  e|  <|-  fl^    <k  =  0.  The  aolutlon  Is  Immediate  aa  given. 
To  verify  the  eeoond  detennlnatlon,  the  aabititutlon  b  rimllar. 

where  ( =  (1  -f  cn)/(l  —  cn).  The  identity  p**  =  4  p»  —  g^p  —  gr,  Ih  therefore 

4m»  [<«  +  2  (1  -    A--)  f=  +     =  4 +  3  -IV  +  3  -Im/"  +        -'J.,A  -y^-  y,. 
4  A»  -  r/^^l  -sr,  =  0,       4     =  12  J«  -  </j,       2^(1-  2  i^)  =8^. 
Here  let  A  =  «>,.    Tlie  solutit)n  tlien  apjx-ui-s  at  once  from  tlie  forms 

^«  =  3 e,'  +  e.Cj  +  f     +  e,eg  =  (t-,  -  e^){e^  -  e,),       ^(l-2k^)  =  SA/2. 

T)io  exjtression  of  tlie  t'linctioii  in  t<>nns  of  tin'  functions  already 
stiuliftl  id'iiiiits  tlu'  (h'teriiiinati(»n  of  tlu-  value  of  tla;  fun(!tion,  and  by 
invfisiun  jhtuuLs  tlic  solution  of  the  etjuation  jj(z)  =  c.  Tin*  function 
/'(■-)  may  readily  V»e  exiuessed  directly  in  t^^rnis  of  the  theta  series. 
In  fad  the  periodic  properties  of  the  function  and  the  corresponding 
propertiea  of  the  quotients  of  theta  series  allow  such  a  representation 


2<a, 


1  1 

1 

o,    P'>0  X 

1  % 

1 

0  -axpKO 

to  be  uiade  from  the  work  of  §  175,  provided  the  series  be  allowed  com- 
plex values  for  q.  But  for  practical  purposes  it  is  desirable  to  have  the 
expression  in  terms  of  real  quantitiee  only,  and  this  is  the  reason  for  a 
different  expression  in  the  two  different  cases  here  treated.* 

The  values  of  x  tor  which  is  real  may  be  read  off  from  (23)  and 
(23')  or  from  the  correspondence  between  the  w-surfsoe  and  the  c-plane. 
They  are  indicated  on  the  figures.  The  functions  and  p*  may  be  used 
to  express  parametrically  the  ourve 

=  by  y «!»'(«)»  «-J»(«). 

•  It  in,  however,  po»$IN9,  if  deslied,  to  tnuuform  the  given  eaMe  4  «■  —  g^w  —  with 

two c.inplex  ittotH iotoasimihiri  ui>i<-  witii  all  three RMta Nal and thm avold the diipU- 
cttUi  (uriuii.  The  trauEMniatiuu  is  uot  i^iveu  here. 
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The  figoies  indicate  in  the  two  cases  the  shape  of  the  cnrves  and  the 
lange  of  yalnes  of  the  paiameter.  As  the  function  j»  is  of  the  second 
Older,  the  equation  a  «  has  just  two  roots  in  the  paiaOelognm, 
and  as  p(z)  is  an  even  function,  they  will  be  of  the  iona  #  ss  «  and 

«e=2«j  +  2«j  —  o  and  be  symmetric 


of  the  excluded  sides.  The  value  of  ^ 
the  odd  function  />'  at  these  two  pointa 
is  equal  and  opposite.  This  corresponds  precisely  to  the  fact  that  to 
one  value  ar  a*  e  of  «  there  are  two  equal  and  opposite  valnes  of  y  on 
the  carve  /  =  4a^  —  y^  —  y,.  Conversely  to  each  point  of  the  parallelo- 
gram corresponds  one  point  of  the  curve  and  to  points  synunetricalljr 
situated  with  respect  to  the  center  correspond  points  of  the  curve  syn- 
raetrically  situated  with  respect  to  the  Mutis.  Unless  «  is  such  aa  to 
make  hoth  j>(«)  and  p\m)  rod,  the  point  on  the  curve  will  he  imaginary. 

198.  The  carve  y*  b  4«*  —  g^  —  g%  may  he  studied  by  means  of  the  propeitlee 
of  douUy  periodic  fnnctioiu.  For  inetanoe 


is  the  eondiUon  that  the  parameter  z  ahmild  be  aoch  that  Its  reprasentative  point 
■ball  Ue  on  the  line  ils-l-  J|r    0  s  0.  Bat  the  fanetloa  AfTi^  -k-  Bp{z)  -f  C  Is 

doubly  periodic  with  a  pole  of  the  third  order;  the  function  is  therefore  of  the 
third  order  and  tliere  are  just  three  points  z,,  r.,,  r,  in  the  parallelogram  for  which 
the  function  vaniahes.  Thetie  values  of  z  corresixind  to  tlie  three  intersections  of 
the  line  with  the  euMe  curve.  Now  the  roota  of  the  doubly  periodic  funetlon 
iif  7  the  relation 


are  three  values  of  z  which  wiiisfy  the  relation  +  +  =  2miW,  +  2Tn2w.,  the 
three  corresponding  points  of  the  cubic  will  lie  on  a  line.  For  if  2^  be  the  point  in 
which  a  line  through  z,,  z,  cuta  the  curve, 

«i  +  ^^j  +  ^8  =  2  m'jw,  +  2»n;wj,       Zj  -  4  =  2(m,  -  mj)**,  +  2(m,  -  m;)»»„ 

and  hence  are  identical  except  for  the  addition  of  periods  and  must  therefore 
be  the  same  pdnt  on  the  parallelogram. 

One  application  of  thia  condition  is  to  find  the  tangents  to  the  curve  from  aagr 
point  of  the  curve.  Let  t  be  the  point  from  which  and  z'  that  to  which  tlie  taagHIt 
is  drawn.  The  condition  then  is  z  +  2z'  =  2  mjWj  -f  2  m^Mg,  and  hence 

t'=-\z,      z'=-iz  +  «#p      z'=-J«+«2,  1«+ +  l#, 

are  the  four  different  possibilities  for  z'  corresponding  to      =  »n,  =  0 ;  m,  =  I, 
=  0 ;      =  0,  Ml,  =  1 ;  iDj  =  1,  m,  =  1.  To  give  other  values  to      or  would 


cally  situated  with  respect  to  the  cen- 
ter of  the  figure  except  in  case  a  lies 
on  the  sides  of  the  parallelogram  so 
that  2  «u,  -f-  2     —  a  would  lie  on  one 


Ax+Bif+CBAp'{»)  +  Bp(<)4-  CsO 
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merely  reproduce  one  of  Uie  four  points  except  for  the  addition  of  complete  periods. 
Hanoe  then  an  four  tangents  to  ths  oarve  from  any  ptrfnt  of  the  eurvo.  Tlie 
qnsstion  of  the  reality  of  these  tangents  may  readily  be  treated.  Ruppoee  t  denotes 
a  real  point  of  the  curve.  If  the  point  lies  on  the  infinite  portion,  0  <  r  <  2  w,,  and 
the  first  two  points  ^  will  also  satisfy  the  coaditioos  0  <  <  2  except  for  the 
poailile  Mlditioii  ot  Hano*  tbm  «•  alm^i  two  rati  tauguuts  to  the  curve 
from  any  point  of  the  infinite  bmndb.  In  ease  tba  roota  <|,  «^  are  all  laal,  the 
last  two  points  z'  will  corrospond  to  real  p<iints  of  the  oval  portion  and  all  four 
taugents  are  real ;  in  the  case  of  two  iiiiaijiniiry  mots  these  values  of  r'  give  imag- 
inaiy  points  of  the  curve  and  there  are  uuly  two  real  tangents.  If  the  three  roots 
are  teal  and  a  correaponda  to  a  point  of  tba  oval,  a  la  of  tiia  form  «^  •!> «  and  all 
four  valnaa  of  a*  are  oomplex, 

and  none  of  the  tangenta  oaa  be  reaL  The  dlsensrion  b  complete. 

As  an  inflection  point  is  a  point  at  which  a  line  may  cut  a  carve  In  three  coin- 
cident points,  the  condition  Sz  =  2m^ta^  +  2m^in^  holds  for  the  parameter  a  Of  aooh 
points.  The  possible  different  combinations  for  z  are  nine  t 

Of  these  nine  infleotions  only  ttie  three  in  the  first  column  are  real.  When  any 
two  inflections  are  given  a  third  can  bo  found  w)  that  z,  +  z,  +  z,  is  a  complete 
period,  and  hence  the  inflections  lie  three  by  three  on  twelve  lines. 

If  p and  p' be  anhatltnted  in  A^-k-  Bxif  +  +  Di +  F,  thereanU  laa 
doubly  perloiUc  function  of  order  6  with  a  pole  of  the  6th  order  at  the  origin* 
Tlie  function  then  has  0  zeroa  in  tlm  paralieiogram  connected  by  the  relation 

Si  +  Ct+<s'(''«  +  's  +  ^-  '"h**!  +  S«l|Mt* 

and  this  is  the  condition  which  connects  the  parameters  of  the  0  points  in  which 
the  cubic  is  cut  by  the  conic  Az^  +  Hxy  +  Cy'^  +  Dz  +  Ey  +  F  =  0.  One  applica- 
tion of  interest  is  to  Itie  dittcussiun  of  the  conies  which  may  be  tangent  to  the  cubic  at 
three  points  z^,  z,,  z,.  The  condition  then  reduces  to  z,  +  z,  +  z,  =  m^w,  +  m^,. 
If  mj,  m,  are  0  or  any  even  numbers,  this  condition  expresses  the  fact  tliat  tlie 
three  points  lie  on  a  line  and  is  therefore  of  little  interest.  TilC  Other  p0aritlUitie8| 
apart  from  the  addition  of  complete  periods,  are 

«I  +      +  X,  =  *»,♦        S|  +      +  *,  =  «|  +  Z,  +  Z,  =  «|  + 

In  any  of  the  three  cases  two  points  may  be  chosen  at  random  on  tlie  cubic  and 
the  third  point  is  then  fixed.  Hence  there  are  three  conies  which  are  tangent  to 
the  eaMo  at  any  two  assigned  polnta  and  at  some  other  point.  Another  application 
of  interest  is  to  the  conies  which  have  contact  of  the  6th  order  with  the  cable. 
The  condition  is  then  6z  —  2ni,w,  +  2m,w,.  As  nij,  m,  may  have  any  of  the  6 
values  from  0  to  5,  there  are  3H  ix)ints  on  the  cubic  at  wliich  a  conic  may  have 
contact  of  the  6ih  order.  Among  these  points,  however,  are  the  nine  inflections 
obtained  by  giving  m„  even  valaeo,  and  theae  are  of  little  intereat  beeaoaa  the 
conic  reduces  to  the  infleeUonal  tangent  taken  twice.  There  remain  S7  polnta  at 
wtiich  a  conic  may  have  contact  of  the  6th  order  with  the  cuUo. 
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1.  The  function  ((z)  18  detiued  by  the  equation 


-m=P«  or  f(,)  =  _Jj,(,)d»  =  l-|e,«P  + 


Show  by  Ex.  4,  p.  516,  that  the  value  of  (  in  the  two  caatm  is 


f(2)  =  -  0*  +  Ci)z  +  2  v^£(^,  *)  + 


an 


(2dn«V^z-l), 


where      Xase|  — ~  -*  <^)f     ^seiir->sn  Vxs, 

uid     j»  =  V(«|  —  c^(e|  —  APssJ  —  Sei/^m     ^  =  ein->  n  VJiis. 

8.  In  esse  the  three  roots  ere  reel  show  that  te  e  aquMe. 


What  huppeiiK  in  cane  there  is  only  one  real  root? 

S.  Letp(c  i  g^t     denote  the  function  p  corresponding  to  the  radicai 


Cowpotopa;  l,0),p(|;<Ni).        18,0).  Solve  p(s;       =  t,  p(f;  (M)»8, 
18»6)  =  10. 

4.  If  0  of  the  9  points  in  which  aGublecatey*s4aE'->0^  — gganonacoiilc^ 

the  other  tiiree  are  in  a  straight  line. 

5.  If  a  conic  has  contact  of  the  second  onh  r  witli  the  cubic  et  two  polntSi  the 

points  of  contact  lie  on  a  line  thrun<,'h  one  of  the  inflections. 

6.  liow  many  of  tlic  {xiint.s  at  whicli  a  conic  may  have  contact  of  the  6th  order 
with  the  cubic  are  real  '.'  Locate  the  points  at  leiust  roughly. 

7.  If  a  conic  cut«  the  cubic  in  four  fixed  and  two  variable  points,  the  line  join- 
ing the  letler  two  passes  through  a  fixed  point  of  the  enbio. 

8.  Consider  the  space  curve  2  s  sn  t,  y  =  cn<,  s  =  dn(.  Show  that  to  each 
point  of  the  reetan^e  AK  bj  4iK'  oorreeponda  «mm  point  of  the  enrve  and  con- 

vereely.  Show  that  the  curve  is  the  intersection  of  the  cylinders  z'  -f  =  1  and 
k^x"^  -f     -  1.  Show  that  a  plane  ruts  the  curve  in  4  polnta  and  determine  the 

relation  lu  iwee-n  llie  parameters  of  tin'  imints. 

9.  How  many  osculating  planes  may  be  drawn  to  the  curve  of  Ex.  8  from  any 
point  on  ttf  At  how  many  poinia  may  a  plane  bava  oontael  ot  the  U  oidflr  wWtk 
the  carve  and  where  are  the  points  f 

19.  In  caae  the  roots  are  real  ahow  that      has  the  form 


Rn  vXz 


sn  V  Xz 


sn  V  Xz 


V4p»-p^j»-g,. 
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Heooe  logr(<)  =  f  f(z)cb  =  ^       +  logl£(Vx<)  +  O 

*^«« 

or  r(s)sCe**'i  ir(Vx«). 

11.  Bj  general  metbode  like  thoee  of  1 190  prove  that 

J  J»(»)-P(«)       J»'(«)  ^#(»-o)^  j»'(a) 
It.  Letthofiinctiomfbedefliiedlif  theeefelattont: 

*W=ir(5;).    ».(,)=fl.(^).    •.W=e(^).  ^(.)-*.(^) 

with  7  =  c  "i  .  Sliow  tliat  tlie  ^-series  converge  if  is  rfal  aixl  w._,  is  pure  imagi- 
nary or  complex  with  its  imaginary  part  positive.  Siiuw  more  generally  that  the 
ieiiee  conveige  if  the  angle  from  «,  to     is  poeitlve  and  leai  than  IW, 

IS.  Let  '(')  =  «"^''^»  '•<*>**^''ri- 

Prove  #(x  ^>  S«|>  =  -  e*«i<'^*i>#(f)  and  dmtlar  relations  for 

.Let  2i|,  =  — p  -         or        -       =  -. 

Prove  #(c         =  —  e'%^'^*N}r(«)  and  aimllar  relatione  for  #«(«). 

15.  Show  that  9{—  z)  =  —  o(z)  and  develop  ^(z)  as 

16.  With  the  determination  of  i}|  a^^  in  Ex.  16  prove  tliat 

liog#(«) = rd).    -  f^,  iogr(«) = -  m = 

by  showing  that  p(z)  as  here  defined  is  doubly  periodic  with  periods  2w|,  2w,, 
with  a  pole  1/z'  of  the  second  order  at  «  s  0  and  with  no  ooneiant  term  in  lie 
devdopDent.  State  why  this  Identifies  p(s)  with  the  functlra  of  the  tsxL 
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194.  Pirtial  ^ttnmtial  aqnatioiit  of  phyiki.  In  the  lohttioii  of 
physical  problems  purtaal  diffstential  equatioiis  of  higher  order,  puiio- 
ularly  the  second,  frequently  arise.  With  very  few  exceptions  these 
eqnatioDS  are  linear,  and  if  tiiey  are  solved  at  all,  are  solved  by  assnm- 

ing  the  solution  as  a  product  of  functions  each  of  which  contains  only 
one  of  the  variables.  The  determination  of  such  a  solution  offei-s  only 
a  particular  solution  of  the  problem,  but  the  combination  of  different 
particular  solutions  often  suffices  to  give  a  snitabiy  general  solution. 
For  instance 

^  +  ^-0  or   —  +  --  +  -—-0  (1) 

is  Laplace's  equation  in  rectangular  and  polar  coordinates.  For  a  solu. 
tion  in  rectangular  codrdinates  the  assumption  r  =  .V  (r)  r(y)  would  1k» 
made,  and  the  assumption  V  =  /?(r)<I>(<^)  for  a  solution  in  polar  oobt- 
dinates.  The  equations  would  then  become 

—  +  —  =0   or   —  4-r-+  — =0.  (2) 

Kovr  each  equation  as  written  is  a  snm  of  fimotions  of  a  single  variable. 
But  a  f nnction  of  x  oaanol  equal  a  f onetion  of  y  and  a  function  of  r 
cannot  equal  a  function  of  ^  unless  the  functions  are  constant  and  have 
the  same  value.  Hence 

or  (2*) 

These  are  ordinary  equations  of  the  second  order  and  may  be  solved 
as  such.  The  second  case  will  be  treat*»d  in  detail. 
The  solution  correspoading  to  any  value  of  m  is 

and  F  as  ie*  a  (/l,r«  +  B^r- ")(a„  cos       +     sin  w^) 
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or 


+  ^       ooe      +  ft,  sin  1114). 


That  any  number  of  solutions  corresponding  to  different  values  of  m 
may  be  added  together  to  give  another  solution  is  due  to  the  linenritij 
of  the  given  equation  (§  96).  It  may  be  that  a  single  term  will  sutlii  c 
as  a  solution  of  a  given  problem.  But  it  mav  Iw  seen  in  general  that : 
A  solution  for  V  may  be  found  in  the  form  of  a  Fourier  series  which 
shall  give  V  any  assigned  values  on  a  unit  circle  and  cither  be  conver- 
gent for  all  values  within  the  circle  or  be  convergent  for  all  values 
outside  the  cinde.  In  fact  let  /(<^)  l)e  the  values  of  Kon  the  unit  ciide. 
Expand /(4)  into  its  Fourier  series 


will  be  a  solution  of  the  equation  which  reduces  to  /(</>)  on  the  circle 
and,  as  it  is  s  power  series  in  r,  converges  at  every  point  within  the 
circle.  In  like  manner  a  solution  convergent  outside  the  cirde  is 


The  Infinite  series  for  V  have  been  called  aolnUons  of  Laplace's  equation.  As  a 
matter  of  fact  Hasj  have  not  been  itroved  to  be  iolntlons.  The  finite  aiim  obtained 
by  taking  any  number  of  tenns  of  the  Kories  would  surely  be  a  .wlution  ;  but  the 
timit  of  that  mm  when  the  Rories  becnnies  infinite  is  not  thereby  proved  to  be  a  solu- 
tion even  if  the  iteries  is  convergent.  Fur  theoretical  purposes  it  would  be  iiecessary 
to  give  the  proof,  bat  the  matter  will  be  passed  over  here  as  having  a  negligible 
bearing  on  the  practical  soiution  of  many  proUetos.  For  in  practice  the  values  of 
f{<t>)  on  tlie  circle  could  not  be  exactly  known  and  could  then-fore  be  adequately 
represented  by  a  finite  and  in  general  not  very  large  number  of  terms  of  the  de- 
velopment of  and  these  terms  would  give  only  a  finite  leiles  fm  the  desired 
fnnetlon  V, 

In  some  problems  it  is  l)etter  to  keep  the  jwirticuhir  hulutions  sepa- 
rate, discuss  each  poss'ble  particular  solution,  and  then  imagine  them 
compounded  physically.  Thus  in  the  motion  of  a  drumhead,  the  inost 
general  solution  obtainable  is  not  so  instructive  as  the  particular  solution 
corresponding  to  particular  notes ;  and  in  the  motion  of  the  surfsoe  of 
the  ocean  it  is  preferable  to  discuss  individual  types  of  waves  and  com- 
pound them  according  to  the  law  of  superposition  of  small  vibrations 
(p.  226).  Foreiampleif 


Then 


in  £.'4.11' 

9  <^r"jic'*"r' 
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be  taken  as  the  equation  of  motion  of  s  reotangular  drumhead, 

jp^fsinax,       y__f8infix,       ^     fsin  c  V<r*  -f  ^ 
Iocs  d«y  V.C08  /Scy  Loos  c  Va*+  /ff* 

are  patticolar  solutions  whioh  may  be  oomlnned  in  any  way  desired 
As  the  edges  of  the  dmmhead  are  supposed  to  be  fixed  at  all  times, 

«  =  0   if  ata=0,     x  —  a,     y  =  0,     y  =  6,     *  =  anything, 

where  the  dimensions  of  the  head  are  a  by  b.  Then  the  solution 


»  =  Air=  sm-^sm-^coscir-^^+^e  (4) 

is  a  possible  type  of  vibration  satisfying  the  given  conditions  at  the 
perimeter  of  the  head  for  any  integral  values  of  »,  n.  The  scdntion  is 
periodie  in  t  and  represents  a  particular  note  which  may  be  omitted. 
A  sum  of  such  expressions  multiplied  by  any  constants  would  also  be 
a  solution  and  would  represent  a  possiUe  mode  of  motion,  but  would 
not  be  periodic  in  t  and  would  represent  no  note. 
195.  For  three  dimensions  Laplace's  equation  becomes 

in  polar  coordinates.  Substitute  r  = /f(r)9(0)<fr(^);  then 

1  d  /   dR\        1      d  /  ,     de\         1  d^ 
R  dr\   dr)    ©sin  « rf^V""   d$)^  ^ 9xa*9 d4^*  ~ 

Here  the  first  term  involves  r  alone  and  no  other  term  involves  r 
Hence  the  first  term  must  be  a  constant,  say, »(»  + 1).  Then 

Next  consider  the  hist  tt  rm  after  multiplying  through  by  sin'tf.  It  ap 
pears  that  is  a  constant,  say,  —  m\  Hence 

^"sa—tn,^,      ^so^cosm^  +  d.sinm^ 

Moreover  the  equation  for  e  now  reduces  to  the  simple  form 

t 

y^-.  [(1  -Oc'ff)  -^'l  +  r„(,  +  1)  _  —^le^  a 

(/  COS  d]/  cos   J     L  ^        '     1  —  COS^  $j 

The  problem  is  now  separated  into  tliat  of  the  integ^tion  of  three 
differential  equations  of  which  the  first  two  are  readily  integrable.  Tlie 
third  ctjuation  is  a  generalization  of  Legendre's  (Exs.  13-17,  p.  252), 
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and  in  case  n,  m  are  positive  integers  the  solution  may  be  expressed  in 
tenns  of  polymmiials  P^^  (cos  ^  in  oos  A  Any  expression 

2^  (/l.r-  +  ii.r— >)(a.co8       +  ft. sin  wi^)/'..,  (cos  6) 

is  therefore  a  solution  of  Laplace's  equation,  and  it  may  be  shown  that 
by  oomlnning  such  solutions  into  infinite  serieS|  a  wdution  may  be 
obtained  which  takes  on  any  desired  values  on  the  unit  sphere  and 

converges  for  all  points  within  or  outside. 

Of  particular  simplicity  and  importance  is  the  case  in  which  V  is  sup- 
posed independent  of  4^  so  that  m  =  0  and  the  equation  for  0  Is  soluble 
in  terms  of  Legondre's  polynoniiah  P„(('Of^9)  if  n  is  integral.  As  the 
potential  T  of  any  distribution  of  matter  attracting  according  to  the  in- 
verse S(juare  of  the  distance  satisfies  Ijaplace's  e(iuation  at  all  ])oints 
exterior  to  the  mass  (§  201),  the  potential  of  any  mass  symmetric  with 
respect  to  revolution  about  the  polar  axis  ^=0  may  Ix^  expressed  if 
its  expression  for  points  on  the  axis  is  known.  For  instance,  the  poten- 
tial of  a  mass  M  distributed  along  a  eiroular  wire  of  radius  a  is 

VoM^     ]M/a     1««     13a*     IS-Sa'  ^ 

at  a  point  distant  r  from  the  center  of  the  wire  a]<mg  a  perpendicular 
to  the  plane  of  the  wire.  The  two  series 

'  ^f/a  ^      la«  .       1  3«*     •     1.3.6a'  . 

are  then  precisely  of  the  form  S^.r*P.,  XAjr~*~^P^  admissible  for 
solutiobs  of  Laplace's  equation  and  reduce  to  the  known  value  of  V 
along  the  axis  0^0  since  Pjt)  s  1.  They  give  the  values  of  K  at  all 
points  of  space. 

To  this  point  the  method  of  combining  solutions  of  the  given  differ- 
ential equations  was  txy  add  them  into  a  finite  or  infinite  series.  It  is 
also  possible  to  combine  them  by  integration  and  to  obtain  a  solution 

as  Zflf'tinife  intrgrtil  instead  of  as  an  infinite  series.  It  should  be  noted 
in  this  case,  too,  that  a  limit  of  a  sum  has  replaced  a  sum  and  that  it 
would  theoretically  be  necessary  to  demonstrate  that  the  linut  of  the 
sum  was  really  a  solution  of  the  given  equation.  It  will  U-  sufheient 
at  this  point  to  illustrate  the  method  without  any  rigorous  attempt  to 
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justify  it  Consider  (2*)  in  rectangular  cotedinateB.  The  solutiona  for 
X,  Fare 

—  =  —  !»*,  "p*"*"*'*  A' =  COB  mx  +  4^  sin  fiur,  Y ss  A^eT' +  B^e'"^, 
where  Y  may  be  expressed  in  terms  of  hyperbolio  fanetions.  Now 

Vsa  i   0-*"w[a(fli)oosm«  +  6(m)8iniN«]«lm 

A  (6) 
SB  lim  2  (%)  cos  m|9t  +  b  (%)  sin  mga;]  Amt 

is  the  limit  of  a  snm  of  terms  each  of  which  is  a  solution  of  the  given 
equation ;  for  a  (m«)  and  b  (m,)  are  oonstants  for  any  given  value  m  a  mi, 
no  matter  what  functions  a  (m)  and  b(ni)  are  of  m.  It  may  be  assumed 
that  K  is  a  solution  of  the  given  equatiim.  Another  solution  could  be 
found  by  replaciog  «~"*  by 

It  is  sometimes  possible  to  determine  a  (m),  b  (rn)  so  that  V  shall 
reduce  to  assigned  values  on  certain  lines.  In  fact  (p.  466) 

/(«)  =  ij^  J  *  /(X)  cos  »»(X  -  a;)  dXdm,  (7) 
Hence  if  the  limits  for  m  be  0  and  x  and  if  the  choice 

1  r^*  1  r** 

a(m)  =  -J     /(X)  COS  mJUlX,       *(«»)--J     /{k)s'm  mXdK 
is  taken  for  a(m),  b(m),  the  expression  (6)  for  V  becomes 

K»^jf  J"^  c— y(X)cos  w(X-a;)rfX<ft»  (8) 

and  reduoes  to  /(»)  when  y  0.  Hence  a  solution  V  is  found  which 
takes  on  any  assigned  values /(a-)  along  the  a;-axis.  This  solution  clearly 
becomes  zero  when  y  becomes  infinite.  When  f(x)  is  given  it  is  some- 
times possible  to  perform  one  or  more  of  the  integrations  and  thus 
simplify  the  expression  for  V. 

VorhMtanoeif 

/(2)s  1  when  « > 0  and  /(s)  =  0  when  •  <<l^ 
the  faUegrsl  from  —  oo  to  0  drops  oat  sad 

«rO  IfwO  ve 

,rJe  ,s  +  (x-«)«~wVa  p)       w  m 
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It  maj  readily  be  shown  that  when  y  >  0  the  reversal  of  the  order  of  iottgntlon 
is  permissible;  but  as  V  is  detpniiiticfl  cnmpletply,  it  is  Hiinpler  to  Kuhstitute  the 
value  as  found  in  tlie  equation  and  Hee  that  +  V'J^  =  0,  and  to  check  the  fact 
that  V  reduces  to  /(x)  when  y  =  0.  It  may  perhaps  be  superfluous  to  state  that 
the  proved  comotneflB  of  an  anewer  doee  not  ebow  the  Jmttflcatlon  of  the  atepe  \tf 
which  that  answer  is  found ;  but  on  the  other  hand  aa  those  steps  were  taken 
solely  to  obuin  the  answer,  there  ia  no  practical  need  of  juatif  jing  them  if  the 
answer  is  clearly  right. 

BZXRCI8B8 

1.  Fbid  the  indicated  partlcolar  eolntlona  of  theee  eqn«tiODts 

(a)  c« ~  =  ^ .     r  =  2J        *'(««ooa«««»  +  NiBtnanc), 

W  Jt-^^^*      F=  2J(^-coaeiii£  + JU*In«inO<«-eoaatt  +  «bainm»). 

U      ftc>      cy*  \co8cax,  \co8c^y,  ' 

2.  Determine  the  solutions  of  Laplace's  equation  in  the  plane  that  Imve  Ks  1 
for  0  <  #  <  V  and  Ks  —  lfor«-<^<2irona  unit  circle. 

S.  If  F= |v  —  ^1  on  (be  udt  dnde,  find  the  ezpanrion  for  F. 

4.  Show  Oiat  Fs  ZoMrinimvs/t  •  vmemwt/l  ia  the  aolntion  of  Ex.  1  O?)  which 
vanishes  at  z  =  0  and  x  =  I.  Determine  the  coefficients  a.  so  that  f or  t  =  0  the 
value  of  V  sliall  be  an  a.ssi^ned  function  /(z).  Thia  ia  Um  problem  of  the  violin 
atring  started  from  any  assigned  configuration. 

5.  If  the  string  of  Ex.  4  is  started  with  any  assigned  velocity  dV/H  =f{x)  when 
t  =  0,  show  that  the  solut  ion  is  ZaMalnm«ac/<«8inem«^<  and  make  the  proper  dec«r> 

mination  uf  tlic  constants  a,,. 

6.  If  the  drumhead  ia  started  with  the  ahape  x  s/(z,  y),  show  Uiat 

xr^  ,     ,  aM»«_i  »«F     _  , 

flOvo  vs  a  0 

7.  In  hydrodynamics  it  is  shown  that  ^  —  is  the  differential  equa- 
tion for  the  surface  of  the  sea  in  an  estuary  or  on  a  beach  of  breadth  ft  and  depth 
A  measured  perpeiulicuiarly  to  the  x-axis  wliich  is  supposed  tu  run  seaward.  Find 

(a)  y  =  AJ^kt)  ooa  at,    le>  ^  n*Joh,     </9)  y  s  jLJjijk  V^)  ooa  nt,    1;  s 

as  particular  aolutlons  of  the  equation  wiien  (a)  the  depth  is  uniform  but  the 

breadth  is  proportional  to  the  distance  out  to  sea,  and  when  (/9)  the  breadth  is  uni- 
form but  the  depth  is  mx.  Discuss  the  shape  of  the  waves  tliat  may  thus  stand  on 
the  auif  ace  of  the  esUiaiy  or  beach. 
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8.  If  ft  aeriw  of  paivUd  waw  on  an  ooeui  of  ooiuUnt  depth  is  eat  perpen- 
dicularly by  the  ry-plane  with  the  axes  horizontal  and  vrrtica!  so  that  y  =  —  4  !■ 
the  ocean  bed,  the  equations  for  the  velocity  potential  ^  are  known  to  be 

g+^.o.  p]   -.0,  r^+,?*]  =0. 

Find  and  combine  particular  .solutions  to  Hhow  that  ^  may  have  the  form 
^  =  A  C(>8i»  k{y  +  h)  0O8  (fcx  —  nl),  =  <jk  tanh  JtA. 

9.  Obtain  the  solutions  or  types  of  solutions  for  tbe»e  etjuations. 

+    ^  +    ^  +  1^  «  X  (fl-«.m#+«i.Aiiii*)J^r), 

(^)  ^ + ^  +  ^  +  r = 0,  ^'^^  i  ^ 

Vt        9\t       9t  (a,.«cosm0  +  6,.„BinOT^), 

'  '  H-'       dx*      ty*  az«* 

10.  Find  the  potential  of  a  homogeneous  circular  disk  as  (Ex.  28,  p.  68 ; 

Ex.  23,  p.  332) 

^=vL2"274  H'^«-*-rT:«;5'^«"r4T6Ti;?'^»+"T 

where  the  negative  sign  before  P,  holds  for  6  <  \  ir  and  the  positive  for  0  >  \ 

11.  Find  the  potential  of  a  homogeneous  hemisijherical  shell. 

18.  Find  the  p^itential  of  {a)  a  homogeneous  hemisphere  at  all  points  outside 
the  hemisphere,  and  (^)  a  homogeneous  circular  cylinder  at  all  external  points. 

0  i'  —  o' 

18.  AaBume  ~-  oos-*   :  is  the  potmitlal  al a  polntof  tiie  azisd  aeondnct- 

lngdlik<tf  nHUnsachaigedwIthQiuiltaofeleetridtj.  Find  the  potential  anywhsra. 

188.  HtfiDMilc  ftncttoiis;  gnnml  fhiorenis.  A  fanctimi  which 
aatbfiesLapkoe'B equation  V^+I^^Oot  1^+ 1^+ f^^O^ whether 
in  the  plane  or  in  space,  is  called  a  hamumic  fkncUam,  It  is  assomed 
that  the  first  and  second  partial  derivatives  of  a  harmonic  function  are 
continnous  except  at  specified  points  railed  singular  points.  There  are 
many  similarities  between  harmonic  functions  in  the  plane  and  har- 
monic f  uiu-tions  in  space,  and  some  differences.  The  fundamental  theo> 
rem  i.s  that:  If  a  function  is  harmonic  and  hnx  n/)  singularities  upon 
or  within  n  au/i/zlf  rloscd  nirre  (or  surforf),  t/i>'  liiic  intcfjral  of  its  n/)r- 
mal  derivatire  alon/j  the  ciin-f  {napectirel i/,  surface^  vanishes  \  and  C4tn- 
versely  if  a  function  l'(x,  y)^  or  ['{Xf  y,  s),  has  continuous  first  and  second 
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paHialdenvaiwM  amd  tke  line  i$U«gral  (or  nufaee  tnUjfral)  along  werp 
doted  eurve  (or  tutfaee)  in  a  region  vani§he$,  the  fymetion  w  harmenie. 
For  by  Gfeen's  Fomiik,  in  the  respecttre  oases  of  pkne  and  spam 
(Ex.  10,  p.  349), 

Now  if  the  ftinolion  is  hannonie,  the  ri^t>hand  side  vanishes  and  so 
must  the  left;  and  conversely  if  the  left-hand  side  vanishes  for  all 
closed  curves  (or  surfaces),  the  right-hand  side  mnst  vanish  for  every 
region,  and  hence  the  integrand  must  vanish. 

If  in  particular  the  cnrve  or  surface  be  taken  as  a  circle  or  sphere  of 
radius  a  and  polar  coordinates  Ix^  taken  at  the  center,  the  normal  de- 
rivative becomes  d  VJdr  and  the  result  is 

X*'dv  r*'  r*  dv 

-^d^^O         J    J    ■^8inWtfrf^  =  0, 

where  the  constant  a  or  a'  has  been  discarded  from  the  element  of  arc 
ad^  or  the  element  of  snrfiuse  ^  sin  0d$d^.  If  these  equations  be  inte- 
grated with  respect  to  r  from  0  to  a,  the  integrals  may  be  evaluated  by 
reversing  the  order  of  integration.  Thus 

and  =  I  ,  jf  rf^,    or    V,  =  Tp,  (10) 

where  is  the  value  of  F  on  the  ciide  of  radius  a  and  is  the  value 
at  tiie  center  and  F«  is  the  average  value  al<mg  the  perimeter  of  the 
cirde.  Similar  analysis  would  hold  in  space.  The  result  states  the 
important  theorem:  X%e  avenge  value  of  a  harmonie  /^neUan  over  a 
drele  (or  tpkere)  is  equal  to  the  value  at  the  eenter. 

This  theorem  has  immediate  corollaries  of  importance.  A  harmonie 
junction  which  has  no  singularities  nnthtn  a  region  cannot  become  maxi- 
mum or  minimum  at  any  point  within  the  region.  For  if  the  function 
were  a  maximum  at  any  point,  that  point  could  be  surrounded  by  a 
circle  or  spliere  so  small  that  the  value  of  the  function  at  every  point 
of  the  contour  would  1)6  less  than  at  the  assumed  maximum  and  hence 
the  average  value  on  the  contour  could  not  be  the  value  at  the  center. 
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A  karmonio /kmetion  which  hat  no  MinfftUarUUft  wUhm  a  region  mid  it. 
totuiont  <Mt  the  boundary  to  oonotant  throughout  the  r^ion.  For  tlie 
maximum  and  minimum  values  must  be  on  the  boundary,  and  if  these 
have  the  same  value,  the  function  must  have  that  Rame  value  through- 
out the  included  if^ion.  Two  ha rmonie /unctions  tchich  have  identical 
luiiues  ujion  a  closed  contour  and  have  no  simjula rides  vithin,  are  idmi^ 
tical  throu'jhoKt  the  included  rer/ion.  For  their  difference  is  harmonic 
and  lius  the  constant  value  0  on  the  boundaiy  and  hence  throughout 
the  region.  These  theorems  are  equally  true  if  the  region  is  allowed  to 
grow  luitil  it  is  infinite,  provided  the  values  wliicli  the  function  takes 
(in  at  infinity  are  taken  into  consideration.  Thus,  if  two  hanuonic 
functions  have  no  singularities  in  a  certain  infinite  region,  take  on  the 
same  values  at  all  pointa  of  the  boundary  of  the  region,  and  approach 
the  eame  values  as  the  point  {x,  y)  or  (x,  z)  in  any  manner  recedes 
indefinitely  in  the  region,  the  two  functions  are  identicaL 
If  Green's  Formula  be  applied  to  a  product  UdV/dn,  then 

Ot  JudS»vy=^  J  U^,^Vdv-\-J  ^U*VVdv  (11) 

in  the  plane  or  in  sjwce.  In  this  relation  let  V  be  harmonic  without 
singularities  within  and  upon  the  contour,  and  let  U  —  V.  The  first  inte- 
gral on  the  right  vanishes  and  the  second  is  necessai  ily  positive  unless 
the  relations  f;  -  v;  s  0  or  r;  «  f;  =  =  0,  which  is  equivalent 
to  B  0,  are  fulfilled  at  all  points  of  the  included  region.  Suppose 
further  that  the  normal  derivative  dV/dn  is  zero  over  the  entire  bound- 
ary. The  integral  on  the  left  will  then  vanish  and  that  on  the  right 
must  vanish.  Hence  V  contains  none  of  the  variables  and  is  constant 
If  the  norm  al  derivative  of  a  f  unction  hamumic  and  devoid  of  singular- 
iitee  at  aU  poinU  on  and  within  a  given  contour  vanishes  identically 
upon  the  contour,  the  function  is  constant.  As  a  corollary :  If  two 
functions  are  harmonic  and  devoid  of  singularities  upon  and  within  a 
given  contour,  and  if  their  normal  derivatives  are  identically  equ;U 
upon  the  contour,  the  functions  differ  at  most  by  an  additive  constant. 
In  other  words,  a  harmonic  functiun  vif/iout  sirir/ularifies  jwt  mil  if  is 
letermined  by  its  values  on  a  contour  but  also  (^ejrcept  for  an  additive 
wutant)  by  the  tfoluee  of  ite  normal  derivative  upon  a  contour. 
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Laplace's  equation  arises  directly  upon  the  statement  of  some  probleniM  in 
physics  in  mathematical  form.  In  the  first  place  consider  the  flow  of  heat  or  of 
electricity  in  a  conducting  body.  The  physical  law  is  that  heat  flows  along  the 
dlreetioD  of  moit  rapid  deoreMe  of  tempentttra  and  that  tlie  amonnt  of  the  flow 
it  proportional  to  the  rate  of  doecMW.  Aa  — VT  gives  the  direction  and  magni- 
tude of  the  most  rapid  decrpuse  of  temperature,  the  flow  of  heat  may  be  represented 
by  —  kV  r,  where  ilc  is  a  constant.  The  rate  of  flow  in  any  direction  is  tlie  compo- 
nent of  this  vector  in  tliat  direction.  The  rate  of  flow  acroea  any  boundary  ia 
thevrforo  the  Intagnl  along  the  boondaiy  of  the  normal  derlvatlTe  of  7.  Mow  the 
flow  is  said  to  be  itaod^  If  there  is  no  increaae  <Mrd«enaae  of  heat  within  any  dooed 

Iwandary,  that  ia  j» 

k  I  dB'VTss  0  or  T  is  harmonic. 

»'o 

Hence  the  problem  of  the  distribution  of  the  temperatui-e  in  a  body  8uppc>rting 
a  steady  flow  of  heat  is  the  problem  of  integrating  L>aplace'8  equation.  In  lilce 
manner,  the  laws  of  the  flow  of  electrldty  being  identteal  with  tlmse  for  the  flow 
of  heat  except  tliat  the  potential  V  replaces  the  temperature  T,  the  problem  of  the 
distribution  of  potential  in  a  body  supporting  a  Steady  flow  of  electricity  wiU  also 
be  that  of  aoWing  Laplace's  equation. 

Another  j^Uem  whieh  gives  rise  to  Laplace's  equation  Is  that  of  the  irrotatlonal 
motion  of  an  ineomprasslble  fluid.  If  T  Is  the  fdoetty  of  the  fluid,  the  motion  Is 
called  irrotatlonal  when  Vxr  =  0,  that  is,  when  the  line  integral  of  the  velocity 
about  any  closed  curve  is  zero.  In  this  case  the  negative  of  the  line  integral  from 
a  fixed  limit  to  a  variable  limit  defines  a  function  *{x,  y,  z)  called  the  velocity 
potential,  and  the  velod^  may  be  ezpresBed  as  t  Aa  the  flnld  la  Incom 

pcemlble,  the  flow  aeross  any  closed  boundary  Is  necessarily  sero.  Hence 

J^d8.V#  =  0  or  J"y.V*rfe  =  0  or  V.V*  =  0, 

and  tin*  velocity  potential  ♦  is  a  harmonic  function.  Hotli  these  problems  may  be 
stated  without  vector  notation  by  carrying  out  the  ideas  involved  with  the  aid  of 
ordinary  coOidlnates.  The  problems  may  also  be  solved  for  the  plane  Instead  of 
for  qpace  In  a  precisely  analogoos  mannsr. 

197.  The  conception  of  the  flow  of  electricity  will  be  advantageous 
in  diacusBing  the  eingnlaiitieB  of  harmonic  functions  and  a  moie  gen- 
eral ooQceptioii  of  steady  flow.  Suppose 
an  electrode  is  set  down  on  a  sheet  of  zinc 
of  which  the  perimeter  is  grounded.  The 
equipotential  lines  and  the  lines  of  flow 
which  are  orthogonal  to  them  may  be 
sketfihed  in.  Electricity  passes  st^^adily 
from  the  electrode  to  the  rim  of  the  sheet 
and  off  to  the  ground.  Af  ross  any  circuit 
which  df)es  not  surround  tlie  electrode  the 
flow  of  electricity  is  zero  as  the  flow  is  steady,  but  across  any  circuit 
surrounding  the  electrode  there  will  be  a  certain  definite  flow;  tiie 
i^feoifc  integral  of  the  nomud  derivative  of  the  potential  V  around  such 
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a  oiieait  is  not-sero.  This  may  be  oompaied  with  the  het  that  the 
oirooit  integral  of  a  function  of  a  complex  variable  is  not  necessarily 

zero  about  a  singularity,  although  it  is  zero  if  the  circuit  contains  no 
singularity.  Or  the  electrode  may  not  be  considered  as  correspfniding 
to  a  singulai'ity  but  to  a  i)ortion  cut  out  from  the  sheet  so  that  the 
sheet  is  no  longer  simply  connected,  and  the  comparison  would  then 
be  with  a  circuit  which  could  not  Ix^  shiunk  to  nothing;.  Concerning 
this  latt+T  interpretation  little  need  In-  said;  the  facts  are  readily  seen. 
It  is  the  former  (conception  which  is  interesting. 

For  mathematical  purposes  the  electrode  will  be  idealized  by  ajssum- 
ing  its  diameter  to  shrink  down  to  a  point.  It  is  physically  clear  that 
the  smaller  the  electrode,  the  higher  must  be  the  potential  at  the  eleo* 
trode  to  force  a  given  flow  of  electricity  into  the  plate.  Indeed  it  may 
be  seen  that  V  must  become  infinite  as  ~  C  log  r,  where  r  is  the  distance 
from  the  point  electrode.  For  note  in  the  first  place  that  log  r  is  a  solu- 
tion of  lAplace's  equation  in  the  plane;  and  let  CT a  K -|-  C  log  r  or 
V  ^  U  —  C  log  r,  where  1/  is  a  harmonic  function  which  remains  finite 
at  the  electrode.  The  flow  across  any  small  circle  concentric  with  the 


and  is  finite.  The  constant  C  is  called  the  strength  of  the  source  situ- 
ut*'d  ut  the  point  electrode.  A  similar  discussion  for  s()ace  would  show 
that  the  potential  in  the  neighborhood  of  a  source  would  become  infinite 
as  C/r.  The  particular  solutions  —  log  r  and  1/r  of  Lapkce's  equation 
in  the  respective  cases  may  be  called  the  ^ndamewtal  tolntiona. 

The  pbytiical  analogy  will  also  suggest  a  method  of  ubtaiuing  higher  singular- 
ities bj  oottAtalug  faadsaMttlsl  Mngolaflties.  For  suppose  that  a  powttful  posltiv* 
electrode  Is  plaoed  near  aa  equally  powerful  negative  eleelxode,  that  is,  snppoee  a 

■trong  source  aiw!  a  atroiis  sink  nciir  toj^ethtr.  Tlie  greater  part  of  the  flow  will  be 
nearly  iu  a  stniight  line  from  the  source  to  the  sink,  but  some  part  of  it  will  sprfad 
out  over  the  sheet.  The  value  of  V  obtained  by  adding  together  the  two  values  fur 
sottfoe  and  rink  is 


Tims  If  the  strength  C  be  allowed  to  become  Infinite  as  the  distaaoe  SI  becomes 
sevo,  and  If  M  denote  the  limit  of  the  product  2/C,  the  limiting  form  of  V  is 

Jfr-*  co9^  and  is  itself  a  soliuinii  of  the  equation,  iK'onniini;  infinite  more  strongly 
than  —  log  r.  lu  space  the  corresponding  solution  would  U:  ifr-'  COS  ^. 


electrode  is 


re^^  +  2  wC  s  2  vC\ 


F = - i  C log (r«  +  P - 2rl cos ^)  +  J  Clog (r*  +  /«  +  2 rt  cos ^) 


—    log(l  - 'J«.#  +  f)  +  icio,(i +        + ^) 


=  cos^  +  higher  powers  =  — cos^  +  •  • 
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J%  mm  seen  that  a  hamonie  funetion  which  had  no  singnlaritaeB  on  or 
wttliiQ  a  given  contour  was  determined  by  its  values  on  the  contour  and 
determined  except  for  an  additive  constant  by  the  values  of  its  normal 
derivative  upon  the  contour.  If  now  there  be  actually  within  the  contour 
certain  singularities  at  which  the  function  becomes  infinite  as  certain 
partieuhir  solutions  I'j,  V^,  •  •  • ,  the  function  U  =  V  —  —   is  har- 
monic without  singularities  and  may  l)o  detormiiiod  as  iM^fore.  Moreover, 
the  vahies  of  V^,  ]',,,  ■  •  or  their  normal  derivatives  inuy  l)e  considered  as 
known  upon  the  contour  inasmuch  as  these  are  definite  })articular  solu- 
tions. Hence  itaj>i»ears,  as  before,  that  t/ie  harmonic  funriivn  V  is  deter- 
mined by  its  values  on  the  boumlary  of  the  regionor  (except  for  an  additive 
constant)  by  the  values  of  its  normal  derivative  on  the  boundary ^  provided 
the  sin^futariiiea  are  specijied  in  posUum  and  their  mode  ofkeeeming  infin' 
ite  u  given  in  each  eaee  a$  some  parttetUar  etduHon  of  LajUae^s  elation. 

Consider  again  the  conducting  sheet  with  its  perimeter  grounded  and 
with  a  single  electrode  of  strength  unity  at  some  interior  point  of  the 
sheet  The  potential  thus  set  up  has  the  properties  that:  1*  the  poten- 
tial is  zero  along  the  perimeter  because  the  perimeter  is  grounded ;  2*  at 
the  jK>sition  P  of  the  electrode  the  potential  becomes  infinite  as  —  log  r ; 
and  at  any  other  point  of  the  sheet  the  potential  is  regular  and  sat- 
isfies LapKaee's  e(]uatioti.  This  jjarticular  distribution  of  potential  is 
denoted  l»y  ''»'(/')  and  is  called  the  Green  Function  of  the  sheet  relative 
to  P.  In  sp;u'e  the  (Jreeii  Function  of  a  region  would  still  satisfy  l^and 
3**,  but  in  2"  the  fundamental  solution  —  log  r  would  have  to  \ye  replaced 
by  the  corresj^jntliiig  fundamental  solution  l^r.  It  should  be  noted 
that  the  Green  Function  is  really  a  function 

=  6- (a,  b]  X,  y)    or    (?(/')  =  6?(a,  A,  <?;  x,  y,  x) 

of  four  or  six  variables  if  the  jKisition  P(tf,  b)  or  b,  e)  of  the  elecy 
trodc  is  considered  as  variable.  The  function  is  considered  as  known 
only  when  it  is  known  for  any  position  of  P. 

H  now  the  symmetrical  form  of  Green's  Formula 

"J J  ^"^^  ~       '^'^^    X("  ^  ~  *'         ^  ^'  ^^^^ 

where  A  denotes  the  sum  of  tiie  second  derivativefl,  be  applied  to  the 
entire  sheet  with  the  exception  of  a  small  circle  concentric  with  P  and 
if  the  choice  u^G  and  v  s  1^  be  made,  then  as  G  and  V  are  harmonic 
the  double  integral  drops  out  and 
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Now  let  the  ndiiisr  of  the  flmaUdtde  approach  0.  Under  the  aatamp* 
tion  that  V  is  devoid  of  singularitieB  and  that  G  beeomes  infinite  as 
—  logr,  the  middle  integtal  approaehee  0  beoanee  its  integrand  doee, 
and  the  final  integral  approaehes  2  frV(P)»  Henoe 


This  formula  expresses  the  values  of  r  at  any  interior  point  of  the  sht'fi 
in  terms  of  the  values  of  V  upon  the  contour  and  of  the  normal  deriva- 
tive of  G  along  the  contour.  It  appears,  therefore,  that  the  determination 
of  the  value  afa  harmonie  ^^tneHon  devoid  tf  nnffulariUee  within  and 
vpon  a  contour  map  be  made  in  terme  of  the  ixUuee  on  ike  wntamr  jmv- 
vided  the  Oreen  Jhtnetion  tf  the  region  i$  knoum.  Hence  the  paitiiwlar 
importanoe  of  the  problem  of  determining  the  Oreen  Fonotitm  for  a 
given  region.  This  theorem  ia  analogona  to  Canefay'a  Intagial  (f  120^ 


1.  Show  that  any  linear  function  ax  +  by  -i-  ez  +  dssOla  haimonio*  Find  the 
oonditlons  that  a  quadratic  function  be  bannonio. 

2.  Show  that  the  real  and  imaginary  parts  of  Mj  fnnction  of  a  oonqilflK  vsil^ 
aUe  are  each  hsnnoiiic  f  uncUone  of  (x,  y), 

S.  Why  is  the  stun  or  difference  of  any  two  harmonic  functions  multiplied  by 
anj  ooDstants  itself  hsfmonio  ?  Is  the  poweir  of  a  haxmoiiio  functlom  harmonic  ? 

4.  Show  that  the  product  rv  <>f  two  harmonic  functions  Is  harmonic  when 
and  only  when  1"^^'^  +  ^^'w^'y  —  ^  —  0-  I"  this  case  the  two  functionR 
are  called  conjugate  or  orthogonal.  What  is  the  significance  of  this  condition 
geometrically  r 

5.  Prove  ilie  average  value  theorem  fur  space  ax  for  the  plane. 
.6.  Show  for  the  plane  that  if  7  is  harmonic,  then 


is  independent  of  the  path  and  is  the  conjutrate  or  orthogonal  function  to  V,  and 
that  U  in  devoid  of  singularities  over  iitiy  ri  i;iun  over  which  V  is  devoid  of  them. 
Show  that  V  +  iU  in  a  function  of  2  —  x  +  iij. 

7.  State  the  problems  of  the  steady  flow  of  heat  or  electricity  in  terms  of  ordi- 
nary coordinates  for  the  case  of  the  plane. 

8.  Discuss  for  space  the  problem  of  the  source,  showing  that  C/r  gives  a  finite 
flow  4  a-C,  where  C  is  called  the  strength  of  ttie  source.  Note  the  presence  of  the 
factor  4w  In  the  place  of  9 v  as  found  in  two  dimensions. 

9.  Derive  the  solution  ifr- *  coe^  for  the  source-siulc  combination  in  space. 


* 
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10.  Discott  the  problem  of  the  small  magnet  or  the  dadrio  doublet  In  view  of 
Ex.0.  Note  that  as  the  attraction  i.H  invci-Kfly  as  the  square  Of  the  diataooe,  the 
potential  of  the  force  HHtisties  Laplace's  P(|iijiti<)n  in  space. 

11.  Let  equal  infinite  sources  and  sinks  be  located  alternately  at  the  verttce8 
of  an  intiniteiiimal  square.  Find  the  corresponding  particular  solution  (a)  iu  the 
cam  of  the  pfaune,  and  lo  the  caee  of  q^eoe.  Whal  comUaetion  of  magoele  doee 
this  represent  if  the  point  of  view  of  Ex.  10  be  taken,  and  for  what  pmpoie  b  the 

combination  used  ? 

18.  EzpreH  V{P)  in  tenna of  0(P)  and  the boondaiy  valnei of  Kin apaee. 

IS.  If  an  analytic  function  has  no  singularities  within  or  on  a  contour,  Cauchy*s 
Integral  gives  the  value  at  any  interior  point.  If  there  are  within  the  contour  cer- 
tain polc»,  what  must  be  known  iu  addition  to  the  boundary  values  to  determine 
the  function  ?  Compare  with  tlie  aaalogoua  tlieonin  for  hannonic  f onetlona 

14.  Why  were  the  aidatioaa  In  flOi  aa  aerfea  tlM  only  poaihle  aotntiona 
provided  thej  were  really  eolutlonsf  le  there  any  dlttcolty  In  maUnf  the  aane 
inference  relative  to  the  proUem  of  the  potentbd  of  a  etreuhur  wire  In  1 106  f 

15.  Let  C7(P)  and  G!(Q)  be  the  Green  Functions  for  the  same  sheet  but  relative 
to  two  different  point*  P  and  Q.  Apply  Green's  symmetric  theorem  to  the  sheet 
from  which  two  small  circles  about  P  and  Q  liave  been  removed,  making  the  cboioe 
u  s  6(P)  and  e  «  6(Q).  Hence  ehow  that  G{F)  at  g  is  equal  to  at  P.  This 
may  be  written  aa 

(7(0,^:  «,ir)BG(«,ir;  a,»)  or  0(o,^e;  s,y,«)»0(z,y,«i  a,^e). 

16.  TM  these  fubetlons  for  the  harmonic  property,  detennlne  the  conjugate 
functions  and  the  aUied  functions  of  a  complez  variable : 

<<)  cslna^     (4)  stn«coahy,     (f)  tan->(cot«taohy). 

198.  Harmonic  functions ;  special  theorems.  For  the  purposes  of 
the  next  paragraphs  it  is  neoessfwy  to  study  the  properties  of  the  geo- 
metrie  transformation  known  as  tmwriibfi.  The  definition  of  inversion 
will  be  given  so  as  to  be  applicable  either  to  space  or  to  the  plane. 
The  transformation  which  replaoea  each  point  P  by  a  point  P'  such 
that  OP'  OP*  =  jfc*  where  O  is  a  given  fixed  point,  k  a  ooostant,  and  P' 
is  on  the  line  OP^  is  called  inversim  with  the  center  0  and  the  radhuk. 
Note  that  if  P  is  thus  carried  into  P\  then  P'  will  be  carried  into  P ; 
and  hence  if  any  gcotnct  ricul  eunfi^'uration  is  carried  into  another,  that 
other  will  be  carried  into  the  first.  Points  vorv  near  to  O  are  carried 
off  to  a  jijreat  distance;  for  the  point  (/  it-sdf  the  definition  breaks 
down  and  (>  corresjMjiids  to  no  jKtint  of  space.  If  desired,  one  may  add 
to  sjKice  a  fictitious  })oint  called  the  point  at  infinity  and  may  then  say 
tliat  the  center  ()  of  the  inversion  coiresix)nds  to  the  point  at  infinity 
(p.  481).  A  pair  of  points  /*'  which  go  over  into  each  other,  and  another 
pair  u,  U'  satisfy  the  equation  OP-  OP*  m  OQ*  OQ^i, . 
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A  curve  which  cats  the  line  OP  at  an  angle  r  is  carried  into  a 
curve  which  cuts  the  line  at  the  angle  r' »  w  ~  r.  For  by  the  relation 
OP'OP'^OQ'  Otf,  the  triangles  OPQ,  OQ'P'  are  similar  and 

Z  OPQ  =  Z  OQ'P*  =  w  -  Z  0  -  Z  OP*Q*. 

Now  if  Q  =  /'  and  Q'  =  J*',  then  Z  O  =  0,  Z  OPQ  =  t,  Z  OP'Q'  =  r  and 
it  is  seen  that  t  =  tt  —  t'  or  r'  =  tt  —  t.  An  immediate  extension  of 
the  argument  will  show  that  the  magnitude  ^ 
of  the  angle  between  two  intersecting  curves  — 
will  be  unchanged  by  the  transformation;  tke  ^ 
fran^motioit  it  therefore  co^formaL  (In 
the  plane  where  it  is  possible  to  distinguish  between  positive  and  neg- 
ative angles,  the  sign  of  the  angle  is  reversed  by  the  transformation.) 

If  polar  oo6rdinates  relative  to  the  point  O  be  introducedi  the  equations 
of  the  transformation  are  simply  rr'  with  the  understanding  that 
the  angle  ^  in  the  plane  or  the  angles  ^,  $  in  space  are  unchanged.  The 
locus  r  =  k,  which  is  a  circle  in  the  plane  or  a  sphere  in  space,  becomes 
r'  =s  k  and  is  therefore  unchanged.  This  is  called  the  circle  or  the  sphere 
of  inversion.  Kelative  to  this  locus  a  simple  construction  for  a  pair  of 
inverse  points  P  and  P'  may  be  made  as  indicated  in  the  tigure.  The  locus 

9^  +  A*B 2 Va*  +  ifeV cos ^   becomes   *•  +  r«  =  2 Va*  +  A^r* cos ^ 

and  is  therefore  unchanged  as  a  whole.  This  locus  represents  a  circle 
or  a  sphere  of  radius  a  orthogonal  to  the  circle  or  sphere  of  inversion. 
A  construction  may  now  be  made  for  finding  an  inversion  which  ca^ 
ries  a  given  circle  into  itself  and   

the  center  P  of  the  circle  into  any 
assigned  point     of  the  oirde;  the 

construction  holds  for  space  by  re- 
volving,' tlie  tif,nirc  al)Out  the  line  OP. 

To  lind  what  figtue  a  line  in  the  plane  or  a  ])luue  in  space  becomes 
on  inversion,  let  the  polar  axis  <^  =  0  or  ^  =  0  be  taken  perpendicular 
to  the  line  or  plane  as  the  case  may  be.  Then 

r  s=s  j>  sec  ^,       r'  sec  <^  =  k^/p    or   r  =  p  sec  $,       r*  sec  6  =  k*/p 

are  the  equations  of  the  line  or  plane  and  the  inverse  locus.  The  locus 
is  seen  to  be  a  circle  or  sphere  through  the  center  of  inversion.  This 

may  also  he  seen  directly  by  a]»plying  the  geometric  definition  of  in- 
version. In  a  similar  manner,  or  analytically,  it  may  be  shown  that 
any  circle  in  the  j)lane  or  any  sphere  in  sj»;u  c  inverts  into  a  circle  or 
into  a  sphere,  unless  it  passes  through  the  center  of  inversion  and 
becomes  a  line  or  a  plane. 
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If  d  b«  the  distance  of  P  from  the  circle  or  sphere  of  inversion,  the  distance  of 
P  from  tlip  rent^T  is  —  rf,  the  distance  of  P"  from  the  center  is  k^/{k  —  d),  and 
from  the  circle  or  sphere  it  is  d'  =  dk/ijc  -~  d).  Now  if  the  radius  k  is  very  large 
In  oompariaon  with  d,  the  ratio  d)  is  neariy  1  and  Is  nearly  equal  to  d. 
If  k  is  allowed  to  become  infinite  8o  that  the  center  of  inveision  recedes  indefinitely 
and  the  ciroic  or  sphere  of  inversion  approaches  a  line  or  plane,  the  distance  d' 
approaches  d  as  a  limit.  As  the  transformation  which  replaces  each  point  by  a 
point  equidistant  from  a  given  line  or  plane  and  perpendicularly  oppoeite  to  the 
point  Is  the  ordinary  Inversion  or  refleetim  In  the  line  or  plane  such  as  is  tolllar 
In  optics,  it  appears  that  refleetion  In  a  line  or  plane  may  be  regarded  sa  the  limit* 
Ing  case  of  inversion  in  a  cirole  or  qthere. 

The  importance  of  inversion  in  the  stody  of  harmonic  functions  liee 
in  two  theorems  applicable  respeotiTely  to  the  plane  and  to  space. 
First,  if  \'  is  harmonic  over  any  region  of  the  plane  and  if  that  regiom 
be  inverted  in  any  cirr/e,  the  functhm  V\P')  =  !'(/')  formed  fnj  asslgnr 
ing  the  same  vulife  at  P'  in  the  neir  rerjinn  as  the  funrtion  had  at  the 
point  P  whirh  inverted  into  P'  is  a/s»  hurmnnit'.  Second,  (/'  1'  /a  har- 
iiKinir  over  any  region  in  space,  and  if  that  region  he  inverted  in  n  sjjhere 
of  radius  k,  the  function  V\P^  =  kV  {P)/r'  formed  hij  assigning  at  /*' 
the  value  the  function  had  at  P  multiplied  by  k  and  divided  by  the  dig' 
tanee  OP*  ^r'  of  P'  from  the  center  of  inversion  is  also  harmonic.  The 
significanoe  of  these  theorems  lies  in  the  fact  that  if  one  distribution 
of  potentisl  is  known,  another  may  be  derived  from  it  by  inyeision ; 
and  ooiiTenely  it  is  often  possible  to  determine  a  distribution  of  poten- 
tial 1^  inverting  an  unknown  case  into  one  that  is  known.  The  proof 
of  the  theorems  consists  merely  in  making  the  changes  of  variable 

r  =  *«/r'   or   r'«ArVr,  =  V  =  $ 

in  the  pohir  forms  of  Laplace's  equation  (Exs.  21,  22,  ]>.  112). 

The  tiielhud  of  nsiiif;  inversion  to  determine  distribution  of  potential  in  electro- 
statics is  often  called  the  method  of  electric  images.  As  a  charge  e  located  at  a 
point  exerts  on  other  point  charges  a  force  proportional  to  the  InverM  sqnars  of 
^  dirtance,  the  potential  due  to  e  is  as  1/p,  where  p  is  the  distance  from  the 
charge  (with  the  prr)per  units  it  may  be  taken  as  e/p),  and  satisfies  Laplace's 
equation.  The  potential  due  to  any  number  of  point  eiiarf^es  is  the  sum  of  the 
individual  potentials  due  to  the  charges.  Thus  far  the  theory  is  essentially  the 
same  as  If  the  chaiges  were  attiaeting  particles  of  matter.  In  electricity,  however, 
the  question  of  the  distribution  of  potential  is  further  oomf^ca ted  when  there  are 
In  the  neighborhfXMi  of  tlie  cliarpes  certAin  condurtini:  surfaces.  For  1-  a  coiHluct- 
ing  surface  in  an  eiecirustaiic  held  must  everywhere  be  at  a  constant  potentiiil  or 
there  would  be  a  component  force  along  the  surfaoe  and  the  electricity  upon  It 
would  move,  and  2°  there  is  the  phenomenon  of  induced  electric!^  whereby  a 
varLible  surfnce  rhar^-e  is  induced  Upon  the  conductor  by  other  charf^es  in  the 
neighborhood.  If  the  {Kitential  V{P)  due  to  any  distribution  of  charges  be 
Inverted  in  any  sphere,  the  new  potential  is  kV{P)/r^,  As  the  potential  F(P) 
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becomes  infl/iite  as  e/p  at  the  point  charges  the  potential  Jlcr(P)/r'  will  become 
in6nile  at  the  inverted  positions  of  the  charges.  As  the  ratio  ds' :  (bs  of  the  in- 
verted and  original  elements  of  length  is  r^/k*,  the  potential  kV{P)/r'  will  become 
infinite  as  k/r'  •  e/p'  •  r^*/k*,  that  is,  as  r'e/kp'.  Hence  it  appears  that  the  charge  e 
inverts  into  a  charge  =  r^e/k ;  the  charge  —  c'  is  calletl  the  electric  image  of  e. 
As  the  new  potential  is  kV{P)/r'  instead  of  V{P),  it  appears  that  an  equipotfii- 
tial  surface  V  =  const,  will  not  invert  into  an  equipotential  surface  V'{P^  =  const, 
unless  K  =  0  or  K  is  constant.  But  if  to  the  inverted  system  there  be  added  the 
charge  e  =  —  kV  at  the  center  O  of  inversion,  the  inverted  equipotential  surface 
becomes  a  surface  of  zero  potential. 

With  these  preliminaries,  consider  the  question  of  the  distribution  of  potential 
due  to  an  external  charge  e  at  a  distance  r  from  the  center  of  a  conducting  spheri- 
cal surface  of  radius  k  which  has  been  grounded  so  as  to  be  maintained  at  zero 
potential.  If  the  system  be  inverted  with  respect  to  the  sphere  of  radius  k,  the 
potential  of  the  spherical  surface  remains  zero  and  the  charge  e  goes  over  into  a 
charge  e'  =  r'e/i  at  the  inverse  point.  Now  if  p,  p'  are  the  distances  from  e,  e'  U> 
the  sphere,  it  is  a  fact  of  elementary  geometry  that  p  :  p'  =  const.  =  r'  :k.  Hence 
the  potential 

-r-p 


p    p'      \p    kpl  kpp' 


due  to  the  charge  e  and  to  its  image  —  e',  actually  vanishes  upon  the  sphere  ;  and 
as  it  is  harmonic  and  has  only  the  singularity  e/p  outside  the  sphere  (which  is  the 
same  as  the  singularity  due  to  e),  this  value  of  V  throughout  all  space  must  be 
precisely  the  value  due  to  the  charge  and  the  grounded  sphere.  The  distribution 
of  potential  in  the  given  system  is  therefore  determined.  The  potential  outside 
the  sphere  is  as  if  the  sphere  were  removed  and  the  two  charges  e,  —  e'  left  alone. 
By  Gauss's  Integral  (Ex.  8,  p.  348)  the  charge  within  any  region  may  be  evaluated 
by  a  surface  Integral  around  the  region.  This  integral  over  a  surface  surrounding 
the  sphere  Is  the  same  as  if  over  a  surface  shrunk  down  around  the  charge  —  e^, 
and  hence  the  total  charge  induced  on  the  sphere  is  —  e'  =  —  r^e/k. 

199.  Inversion  will  transform  the  average  value  theorem 

^(''>=^X"^'^^  '""^     2^ jr"^'rf^,  (14) 

a  form  applicable  to  determine  the  value  of  V  at  any  point  of  a  circle 
in  terms  of  the  value  upon  the  circumference.  For  8upix)se  the  circle 
with  center  at  P  and  with  the  set 
of  radii  spaced  at  angles  rf^,  as 
implied  in  the  computation  of  the 
average  value,  be  inverted  upon  an 
orthogonal  circle  so  chosen  that  P 
shall  go  over  into  P'.  The  given 
circle  goes  over  into  itself  and  the  series  of  lines  goes  over  into  a  series 
of  circles  through  P'  and  the  center  O  of  inversion.  (The  figures  are 
drawn  separately  instead  of  superposed.)  From  the  conformal  property 
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tile  angles  between  the  circles  oi  the  series  are  equal  to  the  aaglee  be- 
tween the  radii,  and  the  circles  cut  the  given  circle  orthogonally  just 
as  the  radii  did  Let  V  along  the  arcs  1',  2\  3',  •  be  equal  to  V  along 
the  corresponding  arcs  1,  2,  3,  •  •  •  and  let  V(P)  =  r'(P')  as  required  by 

tho  theorem  on  inversion  of  harmonic  functions.  Then  the  two  inte- 
grals are  equal  element  for  element  and  their  values  V(P)  and  V'(P') 
are  equal.  Hence  the  desired  form  follows  from  the  given  form  as 
stated.  (It  may  be  ol>served  that  d<ft  and  strictly  speaking,  have 
opposite  signs,  but  in  determining  the  average  value  '),  dtft  is  taken 
positively.)  The  derived  form  of  integral  may  be  written 

as  a  line  integral  along  the  aio  of  the  circle.  If  is  at  the  distance  r 
from  the  center,  and  if  a  be  the  radins,  the  center  of  inversion  0  is  at 

the  distance  a'/r  from  the  center  of  the  circle,  and  the  value  of  k  is 
seen  to  be  if  s  (a*  ~  r^ayr*.  Then,  if  Q  and  Q'  be  points  on  the  ciiole^ 

,  ,      .  r'(«'-2aV-'co8»'  +  qV-«) 

Now  d\^/ds'  may  be  obtained,  because  of  the  equality  of  d^^  and  d^y  and 
lb*  may  be  written  as  ocf^'.  Hence 

Finally  the  primes  may  be  dropped  from  V*  and  P*,  the  position  of  i" 
may  be  expiessed  in  terms  of  its  coordinates  (r,  4),  and 

is  the  expression  of  V  in  terms  of  its  boundary  values. 

The  integml  (15)  is  called  f'ni,Ksnn\s  Inferjrnl.  It  should  be  noted  par- 
ticularly that  the  form  of  Poisson's  Integral  first  obtained  by  inversion 
represents  the  average  value  of  V  along  the  circumference,  provided  that 
average  be  computed  for  each  point  by  considering  the  values  along  the 
circumference  as  distributed  relative  to  the  angle  \f/  as  independent  vari- 
able. That  V  as  defined  by  the  integral  actually  approaches  the  value  oa 
the  ciicnmfeienoe  when  tiie  point  approaches  the  cifcomflBrence  is  clear 
from  the  figure,  which  shows  that  all  ekcept  an  infinitesimal  fraction  of 
the  orthogonal  circles  cat  the  ciide  within  infinitesimal  limits  when  the 
point  is  infinitely  near  to  the  drcomfsrence.  Poisson's  Integial  may 
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obCuned  in  another  way.  For  if  P  and  P*  are  now  two  invene  points 
relative  to  the  circle,  the  equation  of  the  circle  may  be  written  as 

p/p  =  const  =  r/a,    and    G(P)=—  log  p  +  log  p'  +  log  (r/a)  (1 6) 

is  tlu'ii  the  (liven  Function  of  the  circular  sheet  Ix'cause  it  vanishes  along 
the  circumfereuctc,  is  harmonic  owing  to  the  fact  that  the  logarithm  of  the 
distance  from  a  point  is  a  solution  of  Laplace's  equation,  and  becomes 
infinite  at  P  as  —  log  p.  Hence 

It  is  not  difficult  to  rednce  this  form  of  the  integral  to  (15). 

If  a  harmonic  function  is  dctined  in  a  region  abutting  upon  a  segment 

of  a  straight  line  or  an  arc  of  a  circle,  and  if  the  function  vanishes  along 
the  segment  or  arc,  the  function  may  be  extended  across  the  segment 
or  arc  by  assigning  to  the  inverse  point      the  value  =—  ^(P), 

which  is  the  negative  of  the  value  at  /';  the  conjugate  function 

-H,  +  C^f^4,~^^  +  C  (17) 

takes  on  the  same  values  at  P  and  P'.  It  will  be  sufficient  to  prove 
this  theorem  in  the  case  of  the  straight  line  because,  by  the  theorem  on 
inversion,  the  arc  may  Ix*  inverted  into  a  line  by  taking  the  center  of 
inversion  at  any  point  of  the  arc  or  the  arc  produced.  As  the  Laplace 
()|>enitor  -f-  is  iiidcjK'ndent  of  the  axes  (Ex.  25,  p.  112),  the  line 
may  be  taken  as  the  x-axis  without  restricting  the  conclusion. 

JSow  tbe,extended  (unction  V(P^  ntisfies  Laplace'8  equation  ainoe 

Therefore  r(P')  is  harmonic.  By  thu  ilefinitinii  V{P')  —  —  r(P)  and  the  awumption 
that  V  vanislies  along  the  segment  it  appears  that  the  function  V  on  the  two  sides 
of  the  line  pieces  on  to  itwif  in  a  continuous  manner,  and  it  remains  merel  j  to  show 
thstlt  pieces  on  to  itself  In  a  hanmmie  SMUiner,  Uiat  is»  thst  the  function  V  and 

It*  extension  fomi  a  function  harmonic  at  points  of  the  line.  This  follows  fiom 
FoiflBon's  Int^^l  applied  to  a  circle  centered  on  the  line.  For  let 

Biz^V)-  r''v#;  tbsn  fl'(x,0)=0 

because  Y  takes  on  equal  and  opposite  vsluss  on  the  upper  and  lower  semicircum- 
ferencss.  Henee  JST  =  V<P)  s  F(P^  s  0  slong  the  axis.  But  JSTsr  r(P>  skmg  the 

upper  arc  and  H  =  F(P)  along  the  lower  arc  iMOSnse  Poisson's  Integral  takes  on 
the  Iwundary  v:\lncs  as  a  linjit  when  the  point  a]iproaclii's  the  Ixmndary.  Now  as 
H  is  harmonic  and  agrees  with  V(P)  uimmi  the  whole  perimeter  of  the  upper  semi- 
drds  it  moit  bs  identical  with  \\r)  throughout  that  ssmicircte.  In  like  meaner 
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It  Is  identical  with  V{P')  throughout  the  lower  semicircle.  As  the  functiong  F(P) 
and  V{P^  are  identical  with  the  single  hartnunic  function  //,  they  must  piece 
together  harmonically  acrotss  the  axis.  The  theorem  is  thus  completely  proved. 
The  statement  aboat  the  coQ|iigato  f unotlon  maj  be  Teiifled  lij  taUng  the  integral 
aloqg  paths  ^ymmetrie  with  leipeot  to  the  axis. 

200.  //' (t  fiinrtion  ir  =  f(z')  =  n  +  iv  of  a  comjilcx  variahle  bi'rontfs 
rrnl  along  the  seffmrnt  nf  a  line  or  the  arc  of  a  circle,  the  funrfion  vmy 
be  extended  analytically  across  the  segment  or  arc  by  assigning  to  the 
inverse  point  P'  the  wUue  wstu^iv  em^ugaie  to  that  at  P.  This  is 
merely  a  oorollaiy  of  the  preceding  theorem.  For  if  w  be  real,  the 
harmonic  function  v  vanishes  on  the  line  and  may  be  assigned  equal 
and  opposite  values  on  the  opposite  sides  of  the  line;  the  conjugate 
function  «  then  takes  on  equal  values  on  the  opposite  sides  of  the 
line.  The  case  of  the  circular  arc  would  again  follow  from  inversion 
as  before. 

The  method  employed  to  identify  functions  in  $$185-187  was  to 
map  the  halves  of  the  t<;-plane,  or  rather  the  several  repetitions  of  these 
halves  which  were  required  to  complete  the  map  of  the  w?-surface,  on  a 
region  of  the  s-plane.  By  virtue  of  the  theorem  just  obtained  the  eon- 
verse  pro<?ess  may  often  1h'  carried  out  and  the  function  //•  =  Ji^) 
which  nui])s  a  given  region  of  the  .t-plane  uj)on  the  half  of  the  M'-i>lane 
may  be  obtained.  The  method  will  apply  only  to  regions  of  the  a:-plane 
which  are  bounded  by  rectilinear  segments  and  circular  arcs ;  for  it  is 
only  for  such  that  the  theorems  on  invecakm  and  the  theorem  on  the 
extension  of  harmonic  functions  have  been  proved.  To  identify  the 
function  It  is  necessary  to  extend  the  given  region  of  the  «-plane  by 
inversions  across  its  boundaries  until  the  tcHBurfaoe  is  completed.  The 
method  is  not  satisfactory  if  the  successive  extensions  of  tiie  region  in 
the  ^'plane  result  in  overlapping. 

The  method  will  be  applied  to  determining  the  function  (a)  which 
ma])s  the  first  quadrant  of  the  unit  circle  in  the  «-plane  upon  the  upper 
half  of  the  -plane,  and  (/3)  which  maps  a  30**-60*-90*  triangle  upon  the 
upper  half  of  the  fr-y>lane.  Sup- 
pose the  sector  ABf  niaj>j>c(l  on 
the  jr-half-plane  so  that  the  perim- 
eter  ABC  corresponds  to  the 
real  axis  nhc.  When  the  jx^rime- 
ter  is  described  in  the  order  written  and  the  interior  is  on  the  left, 
the  real  axis  must,  by  the  principle  of  conformality,  be  described  in 
such  an  order  that  the  upper  half-plane  which  is  to  correspond  to  the 
interior  shall  also  lie  on  tiie  left  The  points  a,  b,  e  correspond  to  points 
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Af  B,  C.  At  these  points  the  correspondenoa  required  is  such  that  the 
conforaality  must  break  down.  As  angles  are  doubled,  each  of  the 
poiiits  Af  Bf  C  must  be  a  critical  point  of  the  first  order  for  ir  =f(z) 
and  a,  ft,  e  must  be  branch  points.  To  map  the  triangle,  similar  con- 
sidemtions  apply  except  that  whereas  is  a  critical  jwint  of  the  first 
order,  the  points  A',  fi'  are  critical  of  orders  5,  2  respectively.  Each 
case  may  now  be  treated  separately  in  detaiL 

Let  it  l>e  assuinetl  that  the  three  vertlcM  A,  /?,  C  of  the  Reef  or  po  into  Uie 
polnta*  w  =  0,  1,  ao.  As  the  perimeter  of  the  sector  is  mapped  on  tlie  real  axis, 
the  functioa  io=/(2)  takes  on  real  values  for  points  z  along  the  peritueter. 
Henoe  If  the  aeetor  be  Inverted  over  any  of  its  iidee»  the  point  wUeh  oone- 
sponds  to  P  may  be  given  a  value  conjqgate  to  to  at 
P,  and  the  imape  of  /*'  in  the  ir-plane  is  Rvrnmetrical 
to  the  image  of  P  with  respect  to  the  real  axia.  The 
three  regions  1',  2^,  8'  of  the  s-pleoe  eorrMpond  to 
the  lower  helf  of  the  10-plene ;  end  the  perlmetees 

of  these  regions  corrfsiTond  also  to  the  rfnl  axis. 
These  rpf,Moiis  may  now  be  inverted  across  iheir 
boundarieH  and  give  rise  to  the  regions  2,  3,  4  which 
■Mut  coneepond  lo  the  npper  helf  of  die  i»>ptene. 
Finally  by  inversion  from  one  of  these  regions  the 
region  4'  may  be  oV)tained  as  corresponding  to  the 
lower  half  of  the  lo-plane.  In  this  manner  the  inver- 
don  heebeen  eerrled  omuvtnthe  eoHree-ptaaeleeoverBd.  Moreover  there  le  no 
overiepplngof  the  regions  end  the  figure  may  be  Inverted  In  any  of  Its  Unee  with- 
out  prmlncinp  any  overlapping  ;  it  will  merely  invert  into  itself.  If  a  Riemann  sur- 
face were  to  l>e  constnicted  over  the  ir-plaiie,  it  wuuld  dearly  require  four  slieet-s. 
The  surface  could  be  connected  up  by  studying  the  correspondence  ;  but  this  is  not 
neoenaiy.  Note  merely  that  the  fnneUon  f{t)  beeoraee  tnflnile  at  C  when  t »  { 
by  hypothesis  and  at  C  when  x  —  —  i  by  inversion  ;  and  at  no  other  point.  The 
valiios  4-  i  will  therefore  be  taken  as  poles  of  f{z)  and  as  poles  of  the  second  onier 
lM.'cau8ti  angles  are  doubled.  Mote  again  that  the  fiwction/(«)  vanishes  at  A  when 
ssO  by  bypotbeeieandatssaobyinvenloD.  These  wMl  be  eiiiniert  to  be  moe  of 
the  second  order  beeense  the  points  ere  erltleel  points  at  vriileh  en^ee  ere  doubled. 
The  function 

w  =f{z)  =  Cz*{z  -  f)-«(2  +  »)-«  =  C««{r«  +  !)-« 

has  the  above  zeros  and  ^x^les  and  must  be  identical  with  the  desired  function  when 
the  constant  C  is  properly  chosen.  As  the  correspondence  is  such  tbat/(l)  =  1  by 
hypothecs,  the  oonstent  C  is  4.  The  detMmlnatloo  of  the  Ainetlon  ie  caaqilele  as 
given. 

Consider  next  the  case  of  the  trianKb\  The  same  process  of  Inversion  and  nv 
peated  inversion  may  be  followed,  and  never  results  in  overlapping  except  as  one 

•  It  may  be  observed  that  the  linear  transformation  (yir  +  *)  w'  =  arw  +  /J  (Ex-  15, 
p.  157)  has  three  arbitrary  oonsUnts  a:^:y:i,  and  that  by  siieh  a  transfonnation  any 
three  points  of  the  Mvplane  may  be  carried  into  eny  three  points  of  the  v'-plane.  It  Is 
therefore  a  proper  and  trivial  restrictioD  to  essoae  that  0, 1,  ae  are  the  points  of  the 
lefleae  wUeh  conmpood  to  A,  B,  C. 
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ref^on  falls  into  absolute  coincidence  with  one  previoufily  obtained.  To  cover  the 
whole  2-plane  the  invereion  would  have  to  be  continued  indetinitely  ;  but  it  maj 
be  observed  that  the  rectangle  Incloeed  Iqr  the  heavy  line 
is  repeated  indefinitely.  Hence  to  =f(z)  is  a  doubly  periodic 
function  with  the  periods  2  K,  2iA"  if  2K,  2  K'  be  the 
length  and  breadth  of  the  rectangle.  The  function  ]ia.s  a 
pole  of  the  eeeond  order  at  C  or  t  s  0  and  at  the  points, 
marked  with  circles,  into  which  the  origin  Is  carried  by 
tlie  Kuccessive  inversions.  As  there  are  six  poles  of  the 
second  order,  the  function  is  of  order  twelve.  When  z  =  K 
tA  A  or  t  =  iK'  at  A'  the  function  vanishes  and  each  of 
these  seroe  Isof  the  sixth  order  because  angles  are  Increased 
Q-fold.  Again  it  appears  that  the  function  is  of  order  IS* 
It  Is  very  simple  tn  write  the  function  down  in  terms  of 
the  theta  functions  constructed  with  the  peri  ml  h  2  A",  2  iK'. 


//f(z)e«(z) 


For  thia  function  is  really  doubly  periodic,  it  vanUhes  lO  the  dxth  Order  at  IT,  iK% 

and  has  pules  of  the  second  order  at  the  points 

A  s  i3    2  A'>a  the  reduction  M\z fi)  sz  U*{^  +  a),  e,(s  ~  ^  s  e|(s  +  a)  may 

be  made. 

H«(ar) e*{z)  //«(z  -  a)  H»(r  +  a)  ef{z  -  a)  e -(z  +  a) 

The  constant  C  may  be  determined,  and  the  expression  for  /(z)  may  be  reduced 
further  by  means  of  identltlee;  It  might  be  expreesed  In  terms  of  sn(f,  Jc)  and 
cn  (s,  Is),  vrith  properly  chosen  ib,  or  in  tenns  of  p  (z)  and  p'(z).  For  the  purposes  of 
compiitation.s  that  nii;;ht  be  involved  in  carrying  out  the  details  of  the  map,  it 
would  probably  be  better  to  leave  the  expression  of  /(«)  in  terms  of  the  theta 
funetions,  ss  the  value  of  9  Is  about  0.01. 


1.  Show  geometrically  that  a  plane  inverts  Into  a  sphere  through  the  center  of 
Inversion,  and  a  line  Into  a  drde  through  the  center  of  invendon. 

S.  Show  geometrically  or  analytically  that  In  the  plane  a  oirde  inverts  into  a 
circle  and  that  In  wgmM  a  sphere  Inverts  into  a  qthere. 

8.  Show  that  In  the  plaiie  anises  ate  rsverssd  In  sign  by  Invendon.  Show  thai 
in  space  the  magnitude  of  an  angle  between  two  curves  is  unchanged. 

4.  If  ds,  dS,  de  are  elements  of  aro,  surface,  and  volume,  show  that 

dtf  =  l.d»=^^--d»^      dSr  =—dS  =  T:d8,      diT  =     do  =  -  dp. 

t  Ifl  !•  *•  1*  IP 

note  that  In  the  plane  an  area  and  Its  Inverted  area  are  of  opposite  sign,  and  that 
the  same  Is  true  of  volumes  in  qiaoe. 
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5,  Sbow  that  tbe  system  of  circles  through  any  point  and  Its  Inverse  with  respect 
to  a  given  circle  cut  that  circle  orthogonally.  Hence  show  that  if  two  points  are  in- 
verse with  respect  to  any  circle,  they  are  carried  into  points  inverse  with  respect  to 
the  inverted  position  of  the  circle  if  the  circle  be  Inverted  in  any  manner.  In  par- 
ticular show  that  if  a  circle  be  inverted  with  respect  to  an  orthogonal  circle,  its  cen- 
ter is  carried  into  the  point  which  is  inverse  with  respect  to  the  center  of  inversion. 

6.  Obtain  Poisson's  Integral  (15)  from  the  form  (16').  Note  that 

*      •      o     «          ,      ,        dG     cos  (p,  n)     cos  (p',  n)     a*  —  r* 
=     + a«-2apco8(p,  n  ,      —  =  ^JLl-J-^^. 

7.  From  the  equation  p/p'  =  const.  =  r/a  of  the  sphere  obtain 
1     a  1        „       1     /•  V{ai-T^dS 


p    r  p  Awa  J 


p     rp  4waJ  [a« -i- r«- 2arco8(r,  a)]! 

the  Green  Function  and  Poisson's  Integral  for  the  sphere. 

8.  Obtain  Poisson's  Integral  in  space  by  the  method  of  inversion. 

9.  Find  the  potential  due  to  an  insulated  spherical  conductor  and  an  external 
charge  (by  placing  at  the  center  of  the  sphere  a  charge  equal  to  tbe  negative  of 
that  induced  on  the  groundetl  sphere). 

10.  If  two  spheres  intersect  at  right  angles,  and  charges  proportional  to  the 
diameters  are  placed  at  their  centers  with  an  opposite  charge  proportional  to  the 
diameter  of  the  common  circle  at  the  center  of  the  circle,  then  the  potential  over 
the  two  spheres  is  constant.  Hence  determine  the  effect  throughout  external  space 
of  two  orthogonal  conducting  spheres  maintained  at  a  given  potential. 

11.  A  charge  is  placed  at  a  distance  h  from  an  infinite  conducting  plane. 
Determine  the  potential  on  the  supposition  that  the  plane  Is  insulated  with  no 
charge  or  maintaine<l  at  zero  potential. 

12.  Map  the  quadrantal  sector  on  the  upper  half-plane  so  that  the  vertices 
C,  A,  B  correspond  to  1,  ao,  0. 

13.  Determine  the  constant  C  occurring  in  the  map  of  the  triangle  on  the  plane. 
Find  the  ])oint  into  which  the  median  point  of  the  triangle  is  carried. 

14.  With  various  selections  of  correspondences  of  the  vertices  to  the  three  point-s 
0,  1,  00  of  the  w-plane,  map  the  following  contigurations  upon  the  upper  half-plane : 

(a)  a  sector  of  00°,       {fi)  an  isosceles  right  triangle, 

(7)  a  sector  of  46'^,      (i)  an  equilateral  triangle. 

201.  The  potential  integrals.  If  p(ar,  ?/,  z)  is  a  function  defined  at 
different  points  of  a  region  of  space,  the  integral 

0  - j j j  v«  -  + (,  -  V)' + (c  -  -J  r  w 

evaluated  over  that  region  is  called  the  potential  of  p  at  the  point 
"ti  C)-  The  significance  of  the  integral  may  be  seen  by  considering 
the  attraction  and  the  potential  energy  at  the  jwiut      i^,  ^)  due  to  a 
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distribation  of  matter  <^  density  p  (z,  x)  in  some  region  of  space. 
If  ft  be  a  mass  aJt  C)  ^  ^  mass  at  (x^  y,  »),  the  oomponent 
f  oroes  exerted  by  m  upon  are 


and 


r  —  e  —I- » 


I*  r 


r  r 


eiA  —  +  C 


(19) 


are  lespectiTely  the  total  force  on  ii  and  the  potential  energy  of  the 
two  masses.  The  potential  energy  may  be  considered  as  the  work  done 
by  F  or  JTi  K,  Z  on  /i  in  bringing  the 
mass  fk  from  a  fixed  point  to  the 
IK>int  i;,  under  the  action  of  m 
at  (x,  y,  x)  or  it  may  be  regarded 
as  the  function  such  that  the  negap 
tive  of  the  derivatives  of  V  by  a*,  y,  z 
give  the  forces  A',  }',  Z,  or  in  vector 
notation  F=— VI'.  Hence  if  the 
units  be  so  clioscn  that  r  =  1,  and  if 
the  forces  and  potential  at  j^,  {) 
be  measured  per  unit  mass  by  dividing  by  /x,  the  results  are  (after  dis- 
regarding the  arbitrary  constant  C) 

m 


m  X  —  i 
r  r 


f»  r 


a, 


F  = 


=~7-  (WO 


Now  if  tlierc  W'  a  rcgiciii  of  matter  of  density  //,  ;:),  the  forces  and 
jKjtcntial  ('ncr«,'y  at  rj,  ^)  nu';isurt'tl  ]K'r  unit  miuis  there  located  may 
be  obtained  by  suninialion  or  integration  and  ai"e 

ffC  p(^.l/,^){--Od.rl,,h  fedv^  .^y. 

JJJ  [(^_xy  +  (,-y)«  +  ({-«)«]»  J   r     ^  ' 

It  therefore  appears  that  the  potential  U  defined  by  (18)  is  the  negative 
of  the  potential  energy  V  due  to  the  distribution  of  matter.*  Note  fur- 
ther that  in  evaluating  the  integrals  to  determine     Y,  Z,  and  U=—V, 

the  variables  y,  x  with  respect  to  which  the  integrations  are  per- 
formed will  drop  out  on  substituting  the  limits  which  determine  the 
region,  and  ■will  therefore  leave  A',  }',  Z,  U  as  functions  of  the  param- 
eters ^1 {  which  appear  in  the  integrand.  And  finally 


dU 


(20) 


•In  electric  and  ma^etic  tbemy,  when  like  npda  Hke,  the  potential  and  potential 
energy  bave  the  same  sign. 
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are  oonseqnences  either  of  differentiating  U  under  the  sign  of  integration 
or  of  integrating  the  expressions  (lO')  for  X,  Y,  Z  expressed  in  terms  of 
the  derivatives  of  {/,  over  the  whole  region. 
Trxobbm.  The  potential  int^xal  U  satisfies  the  equations 

known  respectively  as  Laplae^a  and  Pou§on'$  EquationSf  according  as 
the  point    ^  0  lies  outside  or  within  the  body  of  density  ^  («,  y, «). 

In  CBSo(^,  If,  t)  outside  the  body,  the  proof  is  very  simple.  For 
the  second  derivatives  of  U  may  be  obtained  by  differentiating  with 

respect  to  ^,  i|,  {  under  the  sign  of  integration,  and  the  sum  of  the 
results  is  then  zero.  In  cnse      ij,  I)  lies  within  the  body,  tlie  value 

for  r  vanishes  when  ($,  ij,  ()  coincides  with  (x,  y,  x)  during  tlie  integra- 
tion, and  hence  the  inteL,'ral.s  for  l\  X,  Y,  Z  become  infinite  integrals 
for  which  difFt'n'iitiatioii  under  tlie  sign  is  not  jxTmissihle  without  jus- 
tilication.  Suppose  therefore  tluit  a  small  sj)here  of  radius  r  concentric 
with  i\,  ^)  be  cut  out  of  tlie  Ixxly,  aiid  the  contiibutions  F'  of  this 
sphere  and  F*  of  the  remainder  of  the  botly  to  the  force  F  be  considered 
separately.  For  convenience  suppose  the  origin  moved  up  to  the  point 
iy,  0-  Then 

F  =  Vf/  =  F»  +  F'  =  jf  pV  i  rfi;  +  F'. 

Now  as  the  sphere  is  small  and  the  density  p  is  supposed  continuous, 
the  attraction  F*  of  the  sphere  at  any  point  of  its  surface  may  be  taken 
as  I  "iri^pjt^,  the  quotient  of  the  mass  by  the  square  of  the  distance  to  the 
center,  where  is  the  density  at  the  center.  The  forae  F'  then  reduces 
to  —  I  wp^  in  magnitude  and  direction.  Hence 

V.F  =  V*VU  «  V-F*  +  V.P' «  jT  pV»V  i  rf»  +  V.F. 

The  integral  vanishes  as  in  the  iirst  ease,  and  V.F' =  —  4  Tr^^.  Hence 
if  the  suffix  0  be  now  dropix;d,  V»VU  =  —  4  7rp,  and  Poisson's  liquation 
is  proved.  Gauss's  Integral  (p.  348)  affords  a  similar  proof. 

A  rigorous  treatment  of  the  potential  U  and  the  forces  JT,  Y,  Z  and  their  de- 
rivatives-requires the  discussion  of  convergence  and  allied  topics.  A  detailed  treat- 
nent  will  not  be  given,  but  a  few  of  the  most  important  facts  may  be  pointed  ouU 
ConaMer  the  ordinaty  case  where  the  volnme  dentity  p  remains  finite  ind  the  body 
itself  does  not  extend  to  infinity.  The  integrand  p/r  becomes  Infinite  when  r  =  0. 
But  as  dv  is  an  infinitesimal  of  tlio  tliird  order  around  the  point  where  r  =  0.  the 
term  /ido/r  in  the  integral  U  will  be  intinitesimal,  may  be  disregarded,  and  the 
integral  U  conveigee.  In  llhe  manner  the  Integrals  for  JT,  y,  Z  will  conveige 
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becMiM  p(|  —  ar)/r*,  etc.,  become  inflnite  at  r  =  0  to  miy  tlw  teoond  order.  If 
iX/ti  were  obtained  by  differentiation  undf  r  the  Mgn,  the  expresaiont  ^/r*  Mid 
p(C  —  z)*/r*  would  become  infinite  to  the  third  order,  and  ttie  integrals 

as  erpressed  in  polar  coOniinates  with  origin  at  r  =  0,  are  seen  to  diverge.  Hence 
the  derivatives  of  tlie  forces  and  the  second  derivatives  of  the  potential,  aa  ob- 
tained by  dtlleniiUating  under  the  sign,  an  valueleH. 
Conridtr  therefore  the  following  device : 

—  as  —  ,     — =|p — do  =  —  I  p  do, 

_r^|.ld,=  rl^^do-rledo. 

asr    «xr    '^ter         J'^^r      J  rte  Jter 
The  last  integral  may  be  tranafonned  Into  a  sorfaoe  Integral  so  that 

It  Should  be  noMtthmd,  however,  that  If  r  s  0  within  the  body,  the  traMfonna- 
tkm  can  only  he  made  affetr  enttlng  oat  the  singularity  r  s  0,  and  the  aorfaee  inte- 
gral muBt  extend  over  the  surface  of  the  excised  region  as  well  as  over  the  surface 
of  the  body.  But  in  this  case,  as  dS  is  of  the  second  order  of  intinitesimais  while  r 
is  of  the  first  order,  the  integral  over  the  surface  of  the  excised  region  vanishes 
when  rd:0  and  the  aquatloD  la  valid  for  the  wbtrtevQ^oii.  Inveetots 

VU^  j^dO"  j  tdS,  (220 

It  Is  noteworthy  that  the  first  integral  gives  the  ptitentlal  of  V/>,  that  is,  the  inte- 
gral ie  fomed  for  Vp  jnat  aa  (18)  was  from  p.  Aa     la  a  veetor,  the  smnmation 

Is  vector  addition.  It  is  further  noteworthy  that  in  Vp  the  differentiation  is  with 

respect  to  /,  y,  z,  whereas  iti  VU  it  is  with  respect  to  (,  if,  f.   Now  difTerentiate 

(22)  under  the  sign.  (Distinguish  V  as  formed  for    f ,  {  and  x,  y,  i  by  V|  and  V^) 

f  =  / 1  -r  S  ■"-/'«•  %1  '*» "  W-  Z'*;-'^-  /^.;-«. 

or  again  V|«V|ir=  —  j  V«^«V>de  +  J* pv,  l.d8,  (28) 

This  result  is  valid  for  the  whole  region.  Now  by  Greenes  Formula  (Ex.  10,  p.  349) 
f  ^y^V.  1  do  +  J*  V,  1  .V,pd»  =  J  V,.  ^pV,  1^  do  =  J*  pV^  hdS  =  J  p  '^^  ^dfl. 

Here  the  small  region  about  r  =  0  must  again  be  excised  and  the  surface  integral 
must  extend  over  its  surface.  If  the  region  be  taken  as  a  sphere,  the  normal  dn, 
being  exterior  to  the  body,  is  directed  along  —  dr.  Thus  for  the  sphere 
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where  I)  is  tlie  average  of  p  upon  the  surface.  If  now  r  be  allowed  to  iqiptOMh  0 
and  V'Vr-i  be  set  equal  to  zero,  Green's  Formula  reduces  to 


where  the  volume  integrals  extend  over  the  whole  volume  and  the  surface  integral 
extends  like  that  of  (23)  over  the  surface  of  the  body  but  not  over  the  small  sphere. 
Henoe  (SS)  radttoee  to  V.VCT  ss  —  4«p* 

Throughout  this  discui»ion  it  has  been  assumed  tiiat  p  and  its  derivatives  are 
continuous  througliout  the  Ixnly.  In  pnicti*  !'  it  frequently  liappetiH  tliat  a  Ixwly 
consists  really  of  several,  say  two,  bodieu  of  different  nature  (separated  by  a  Umud- 
ing  mrfaoe  Sy^  In  each  (rf  whieh  p  and  Ita  derlvatlvea  are  oontinoooa.  Let  the 
auflbDee  1,  %  aerve  to  diatlAguiah  the  bodies.  Then 

The  diaoontlnulty  In  p  along  a  aorfaoe     does  not  affeet  a  triple  intsgial. 

Here  the  first  surface  intagral  extends  over  the  boundary  of  the  region  1  which 

includes  the  surface  .Sjj  between  the  regiftns.  For  the  int<*rface  .S,,  the  direction 
of  dS  is  from  1  into  2  in  the  first  case,  but  from  2  into  1  in  the  second.  Uenoe 

Vtr=/^d._/^dS-/^i^d8„. 

It  may  be  noted  that  the  first  and  second  surface  integrals  are  entirely  analogoua 
l)ecao8e  the  first  may  be  regarded  sa  extended  over  the  surface  separating  a  body 
of  density  p  fnnn  one  of  dendty  0.  Now  V*VI7'  may  be  found,  and  if  the  proper 

modifications  be  introduced  in  Green's  Formula,  it  is  seen  that  V.Vrf  =  — 4wp 
sUll  holds  provided  the  point  lies  entirely  within  either  body.  The  fact  that  p 
comes  from  the  average  value  p  upon  the  surface  uf  an  intinitcsimal  sphere  shows 
that  If  the  polntlles  on  the  interface  .Sj,  at  a  regular  point,  ▼•▼CT  b — 4  «■  ()  p^  +  |  p,). 

Tlie  application  of  Green's  Formula  in  its  symmetric  form  (Ex.  10,  p.  849)  to 
the  two  functirms  r-^J  and  l\  and  the  calcolaUon  of  the  integral  over  the  infini^ 
tesimal  sphere  about  r  =  0,  gives 

/(!v..cr-.^.v!)*  =  /(if-.ll)«-4^ 

l~(dn), 

(M) 


or  i^i^^yi  — 'dg, 


-X/ 


'IS 


where  ^  extends  over  all  the  surfaces  of  discontinuity,  including  the  boundary  of 
the  whole  lx)dy  where  the  density  changes  to  0.  Now  V*Vl/'  =  — 4«ip  and  if  the 

UetinitioDS  be  given  that 
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then  U=  f  B^dv-i-  f -dS+  fr^-dS,  OS) 

where  the  eat^Mje  IntegralB  extend  over  all  surfaces  of  discontinui^.  TUeiOCIB  of 

IT  appears  more  general  than  tho  initial  form  (18),  and  indeed  it  is  more  general, 
for  it  takes  into  account  the  dificuatinuiUes  of  U  and  its  derivative,  which  cannot 
ariee  wlien  plata  oidinaiy  otrntiniioiiB  fimctloa  repraeenting  a  volume  diatrftrntUm 
of  matter.  The  two  BttrfaceintegrelB  may  be  Interpreted  ea  doe  to  eiiiteee  dletribo* 

tinns.  For  suppose  that  along  some  siirfaoe  there  is  a  surface  density  v  of  matter. 
Then  the  tii-st  surface  integral  representij  the  potential  of  the  matter  in  the  surface. 
Strictly  speakiug,  a  hurface  diatributiou  of  matter  with  t  units  of  matter  per  unit 
eurfaoe  la  a  phyalcal  ImpoariUllty,  hat  it  la  none  the  leai  a  eoovenient  niathemaU« 
cat  fletioo  when  dealing  with  thin  sheets  of  matter  or  with  the  charge  of  electricity 
upon  a  condiu'tiiiii  surface.  The  surface  distribution  may  be  regarded  as  a  limits 
iug  case  of  volume  distribution  where  p  becomes  iuliitite  and  the  volume  throuj^h- 
oat  wfaidi  it  ia  qnead  beoomee  infinitely  thin.  In  feet  if  da  he  the  thioknem  of 
the  sheet  of  matter  pdndS  =  #dS.  The  eeoood  eurfaoe  integral  may  likewise  be 
regarded  as  a  limit.  For  suppttse  that  there  are  two  surfaces  infinitely  near  t(K 
gether  ujkiu  one  of  which  there  is  a  surface  density  —  <r,  and  upon  the  other  a  surface 
density  v.  The  {>otential  due  to  the  two  equal  superimposed  elements  dH  is  the 

-i— 4  +  -2 — '  =  ffdS  i  Is:  «dS  —  -  'dm  =  -dS. 

r,        r,  Vfj    r,/         dn  r  dn  r 

Hence  if  wdn  —  r,  the  potential  takes  the  form  rdr~^/dnd6.  Just  this  sort  of  di»- 
tribution  of  magnetlam  ariaea  In  the  eaee  of  a  magnetle  diell,  that  ie,  a  eurfaoe 

covered  on  one  side  with  poaitive  polee  and  on  the  other  with  negative  poles.  The 
three  integrals  in  (25)  are  known  leqpectively  aa  volume  potential,  aurf ace  poten- 
tial, and  double  surface  potential. 

802.  Tlie  potentials  may  be  used  to  obtain  particular  integnJa  of 
acme  diiferential  equations.  In  the  first  place  the  equation 

as  its  solution,  when  the  integral  is  extended  over  the  region  throngb- 
out  which /is  defined.  To  this  particular  soihition  for  U  may  be  added 
any  solution  of  Laplace's  equation,  but  the  particular  solution  is  fre- 
quently precisely  that  particular  solution  which  is  desired.  If  the 
funotioiis  U  and  f  were  vector  functions  so  that  IF  at  +  \fJ^ + kCT,, 
and  f  a     +     +      the  results  would  be 

where  the  integration  denotes  vector  summation,  as  may  l)e  stHMi  by 
adding  the  results  for  V.vr,  V.vr^  T.Vf,  =  aftt-r  multi- 
plication by  i,  j,  k.  If  it  is  desired  to  indicate  the  vectonai  nature  of 
U  and  f,  the  potential  U  may  be  called  a  vector  potential 
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In  evaloaling  tihe  potential  and  the  fofoes  at  ^  {)  dne  to  an  ele- 
ment^  at(ds,  y, «),  it  has  been  aasnmed  that  the  aetKMi  depends  solely 

on  the  distance  r.  Now  suppose  that  the  distribution  p(x,  jf, I)  is  a 
fonotion  of  the  time  and  that  the  action  of  the  element  pdu  at  («,  i/,  z) 
does  not  make  its  effect  felt  instantly  at  7/,  {)  but  is  propagated 
toward  ri,  ()  from  (x,  tj,  z)  at  a  velocity  1/a  so  as  to  arrive  at  the  time 
{t  +  nr).  The  ]><)tential  and  the  forces  at  1;,  as  calculated  by  (18) 
will  then  be  those  there  transpiring  at  the  time  t  -\-  ar  instead  of  at  the 
time  t.  To  obtain  the  effect  at  the  time  t  it  would  therefore  be  necessary 
to  calculate  the  potential  from  the  distribution  y^Xft--  ar)  at  the 
time  t  —  ar.  The  potential 

p(x,  ij,  z,t  —  ar)dxdyd* 


(M) 


where  for  hrerity  the  variables  y,  n  have  been  dropped  in  the  seoond 
f(»rm,  is  called  a  retarded  potential  as  the  time  has  been  set  baofc  from 
t  to  t~-ar.  The  r^atded  potential  eati^/lee  the  equation 

aeeording  as  {$,  17,  C)  'te*  wUhin  or  euUUe  the  distributien  p.  There  is 
really  no  need  of  the  alternative  statemente  because  if  i^,  Q  is  ont- 
sidCi  p  vanishes.  Hence  a  solviti<m  of  the  equation 

Air  J  r 
The  proof  of  the  equation  (27)  is  reiativeiy  simple.  For  in  vector  notation, 

v.vir = v.v/  ^  ds + v.vf  fiiLzf^zute^ 

Tlie  first  reduction  is  made  bjr  Poiaoon's  £quaUoa.  Tlie  second  expression  may 
be  evaluated  bj  dUtorentiation  und«r  the  sign.  For  it  ilioald  be  remaitod  that 
—  or)  —  vanldies  when  r  s  0,  and  hence  the  oider  of  the  Infinite  In  the 
iiue«rrand  before  and  after  differentiation  Is  less  by  unity  than  It  was  In  the  001^ 
responding  steps  of  §  'JOl.  Ttieu 
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Bui      V|s-V.  and  VrarAmd7r-ia— r/^  and  7«Vr-isO. 
Hence        V^7^  s  X,     V|r*V|r->  = — r-«,  't^I** 

J  r  J    r         J  r      Hfi  dfi 

It  was  seen  (p.  345)  that  if  F  is  a  vector  fanction  with  no  curl,  that 
is,  if  VkF  s  0,  then  V»dt  is  an  exact  differential  ;  and  F  may  be  ex- 
pressed as  the  gradient  of  ^  that  is,  as  F  ib  This  problem  may  also 
be  solved  by  potentials*  For  suppose 

FaV^   then   V»T^V»V^      ^^'tvJ^T^^'  ^^^^ 

It  appears  thorofore  that  <^  may  he  expressed  as  a  potential.  This  solu- 
tion for  ^  is  less  general  than  the  former  because  it  depends  on  the 
fact  that  the  potential  inte<,'ral  of  V^F  shall  converge.  Moreover  as 
the  value  of  <^  thus  found  is  only  a  jxirticular  solution  of  V»F  =  V*V<^, 
it  should  be  proved  that  for  this  <f>  the  relation  F  —  V<^  is  actually  sat-- 
isfied.  The  proof  will  l)e  j^'iven  below.  A  similar  nietliod  may  now  be 
employed  to  show  that  if  F  is  a  vector  function  with  no  divergence, 
that  is,  if  V»F  =  0,  then  F  may  be  written  as  the  curl  of  a  vector 
funedon  G,  that  is,  as  F  s  V^O.  For  suppose 

F  =  VxG,    then    V^F  =  V^V^G  =  VV.G  —  T.VG. 

As  G  is  to  be  determined,  let  it  be  supposed  that  V*G  =  0. 

1    C  VxF 

F  =  VxG   gives    G  =  ^  /  (29) 

Here  again  the  solution  is  valid  only  when  the  vector  potential  integral 
of  V^F  converges,  and  it  is  further  necessary  to  show  that  F  =  V*Q, 
The  conditions  of  convergence  are,  however,  satisfied  for  the  functions 
that  usually  arise  in  physics. 

To  amplify  the  treatment  of  <S8)  and  (29),  let  it  be  sbown  that 

V*  =  —  —  V  I   do  =  F,      VxG  =:  —  Vk  I   dv  =  F. 

J    r  49    J  r 

By  mii  of  (22)  it  is  possible  to  paas  the  differentiations  under  the  sign  of  Integra- 
ti<iii  aii<l  api)ly  tlir-iii  to  the  funrtions  V.F  and  VxF,  instead  of  to  1/raa  would  be 

required  by  Lteibuiz's  Rule  (§  110).  Then 

V^-   /     — <!»+  ^    I  da 


Then 
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The  Borfaee  tntegval  extends  oyer  the  surfaces  of  dtoaontinoltj  of  V*F,  orer  a  large 

(inflnito)  surface,  and  over  an  infinitosinKil  sphere  surrounding  r  =  0.  It  will  l»e 
assumed  tliat  V.F  is  sucli  tlmt  tlie  surface  integnil  in  infinitesimal.  Now  V^xF  =  0, 
VkVhV  =  0  and  W.F  =  V.VF.  Hence  if  F  and  its  derivatives  are  continuous  a 
referesee  to  ^)  shows  that 

4rJ  r 

In  like  manner 

4wJ      r  4wJ    r  4w J  r 

Questions  of  conUnuity  and  the  signiflcanoe  at  the  vaiiisbing  of  the  neglected  mu^ 
face  tnlsgtals  will  not  be  further  examined.  Tlie  demeniarjr  faets  coneemins 

jK)tential.s  are  necessary  knowledge  for  students  of  physics  (especially  electro- 
rna^Mictisin) :  the  detailed  discussion  of  the  subject,  whether  from  its  physical  or 
mathematical  side,  may  well  be  left  to  special  treatises. 

EXERCISES 

1.  Discuss  the  potential  U  and  its  derivative  VU  for  the  case  of  a  uoiform 
sphere,  both  at  eztemal  and  Internal  points,  and  upon  the  surface. 

2.  Discuss  the  second  derivatives  of  the  potential,  that  is,  the  derivatives  of  the 
foraesi  at  a  snif aoe  of  dlsoontlnol^  of  density. 

3.  If  a  distrllmtlon  of  matter  is  eztemal  to  a  sphere,  the  average  value  of  the 
potmitial  on  the  spherical  surface  is  the  value  at  the  center ;  If  it  is  internal,  the 
average  value  is  the  value  obtained  by  conoentratinf  all  the  mass  at  the  center. 

4.  Wh;it  ill  nsity  of  distribution  is  indicated  by  the  potential  r-**?  WhaAden- 
titj  of  distribution  gives  a  potential  proportional  to  itaelf  t 

6*.  In  a  space  free  of  inatti  r  the  determination  of  a  jxttential  which  shall  take 
assigned  values  on  the  boundary  is  equivalent  to  the  problem  of  minimising 

6.  For  Laplace's  equation  in  the  plane  and  for  tlie  logarithmic  potential  —  logr, 
develop  the  theory  of  potential  iutcgnils  analogously  to  the  work  of  |  201  for 
Laplace's  equation  in  ^ace  and  for  the  fundamental  solution  l/r. 
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o»,  a",  it  46j  182 

Abel's  theorem  on  uniformity,  i8& 
Absolute  convergence,  of  integrals,  367, 

see  ;  of  series,  422,  iil 
Absolute  value,  of  complex  numbers, 

IM ;  of  reals,  2^ ;  sum  of,  3h 
Acceleration,  in  a  line,  13j  in  general, 

174 ;  problems  on,  Ififi 
Addition,  of  complex  numbers,  IM;  of 

operators,  1^ ;  of  vectors,  1&4,  iM 
Adjoint  equation,  24fl 
Algebra,  fundamental  theorem  of,  159, 

806.  482 ;  laws  of,  IM 
AltemaiiuK  series.  89,  420,  i52 
am  =  sin-'  sn,  607 
Ampere's  Law,  360 

Amplitude,  function,  607;  of  complex 
numbers,  IM;  of  harmonic  motion, 

Analytic  continuation,  444,  643 

Analytic  function,  804,  43.') .  See  Func- 
tions of  a  complex  variable 

Angle,  aA  a  line  integral,  207,  208 ;  at 
critical  points,  4fll ;  between  curves, 
9 ;  in  space,  81 ;  of  a  complex  number, 
IM;  solid,  341 

Angular  velocity,  1^  SM 

Approximate  formulas,  (W,  77^  101,  883 

Approximations,  69^  196;  successive,  IM. 
See  Computation 

Arc,  differential  of ,  78, 80, 181 ;  of  ellipse, 
77^  614 ;  of  hyperbola,  510.  .See  Length 

Area,  8, 10^  26,  67,  TTj  as  a  line  integral, 
288;  by  double  integration,  324,  820 ; 
directed.  Ifil;  element  of.  80. 131,^  176. 
340,  Ml ;  general  idea,  311 ;  of  a  sur- 
face, im 

Areal  velocity,  175 

Argument  of  a  complex  number,  IM 

Associative  law,  of  addition,  168,  IM;  of 
multiplication,  160.  158 

Asymptotic  expansion,  890,  897,  ASS 

Asymptotic  expression  for  n!,  888 

Asymptotic  lines  and  directions,  lil 

Asymptotic  series,  SiiQ 

Attraction,  31,  68,  808,  332,  348,  647; 
Law  of  Nature,~51, 807;  motion  under, 
100.  2QL  See  Central  Force  and  Po- 
tential 


Average  value,  333;  of  functions,  3^; 

of  a  harmonic  function,  581;  over  a 

surface,  340 
Axes,  right-  or  left-handed,  84,  Ifil 
Axiom  of  continuity,  M 

B.  See  Bernoulli  numbers.  Beta  function 
Bernoulli's  equation,  20^ 
Bernoulli's  numbers,  448.  AM 
Bernoulli's  polynomiai.s,  Ihl 

BessePs  equation,  248 
BessePs  functions,  248,  3flS 
BeU  function,  3IB 

Binomial  theorem,  finite  remainder  in, 

QQ;  infinite  series,  428.  4^ 
Binomial.  83 

Boundary  of  a  region,  87,  808,  311 

Boundary  values,  804,  541 

Brachistochrone,  4M 

Branch  of  a  function,  of  one  variable, 
40;  of  two  variables,  90;  of  a  com- 
plex variable,  41>2 

Branch  point,  4fi2 

C,  .  See  Cylinder  functions 
Calculation.  See  Computation,  Evalua- 
tion, etc. 

Calculus  of  variations,  400-418 
Cartesian  expression  of  vectors,  Ifil 
Catenary,  78,  100;  K'volveil,  404,  408 
Cauchy'K  Fomuda,  30,  40,  Qi 
Cauchy'H  Integral,  304,  JH 
Cauchy's  Integral  test,  421,  421 
Caustic,  142 

Center,  instantaneous,  74j  178 ;  of  in- 
version, 638 

Center  of  gravity  or  mass,  motion  of  the, 
lift;  of  areas  or  iaminas,  317, 324 ;  of 
points  or  masses,  IM ;  of  volumes,  328 

Central  force,  175,  204 

Centrode,  fixed  or  moving,  74 

Chain,  equilibrium  of,  185^  IdO^  400; 
motion  of,  416 

Change  of  variable,  in  derivatives,  12, 
14,  07,  08,  103,  106;  in  differential 
equatltuis,  204.  23372^^;  in  integrals^ 
Ifi.  21,  54,  607328.  330 

Characteristic  curves,  140,  2fl2 

Cliaracteristic  strip,  2Iii 
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Charj^e,  electric,  fiSfi 

Charpit'8  method,  214 

Circle,  of  curvature,  12 ;  of  convergence, 
j-.iS,  437;  of  inversion,  53a 

Circuit,  89j  equivalent,  irreducible,  re- 
ducible, lil 

Circuit  integrals,  2M 

Circulation,  Mi 

Clairaut^s  equation,        extended,  273 

Closed  curve,  308j  area  of,  280^  311 ; 
integral  about  a,  2Wh  'liii  5^  ilL 
^ ;  Stokes's  formula,  31j 

Closed  surface,  exterior  normal  is  posi- 
tive, 167,  341;  Gauss's  formula,  342 ; 
Green's  formula, 340, 53 1 ;  intejjrsUover 
a,  341.  530 ;  vector  area  vanishes,  liil 

cn,  471.  505,  MS 

Commutative  law,  140.  IfiS 

Comparisun  test,  for  integrals,  3^;  for 
series,  42D 

Coraplanarity,  condition  of,  Ifift 

Complementary  function,  218,  243 

Complete  elliptic  inU'gral,^i57,  614,  U 

Complete  equation,  24D 

Complete  solution,  270 

Complex  function,  157^  222 

Complex  numbers,  1^ 

Complex  plane,  157^  302^  300,  i33 

Complex  variable.  See  Functions  of  a 

Components,  163, 167^  174^  801^  342.  &QI 

Compulation,  60 ;  of  a  dennite  integral, 
77;  of  Bernoulli's  numbers,  447;  of 
eTTiptic  functions  and  integrals,  476, 
507,  514^  622;  of  logarithms,  69j  of 
the  solution  of  a  differential  equation, 
U»5.  See  Approximations,  Errors,  etc 

Concave,  up  or  down,  12,  lASL 

Condensation  point,  887lQ 

Condition,  for  an  exact  differential,  IM; 
of  complanarity,  IM;  of  integrability, 
2M;  of  parallelism,  liki;  of  perpendic- 
ularity, 81j  ifl5.  See  Initial 

Conformal  representation,  IfiQ 

Conformal  transformation,  182,  477, 

Congruence  of  curves,  141 

Conjugate  functions,  630 

Conjugate  imaginaries,  15Q,  543 

Connected,  simply  or  multiply,  8fl 

Consecutive  points,  12 

Conservation  of  energy,  801 

Conservative  force  or  system,  224, 207 

Constant,  Euler's,  355 

Constant  function,  432 

Constants,  of  integration,  15,  183;  phys- 
ical, 153 ;  variation  of,  2I3 

Constrained  maxima  and  minima,  120, 
404 

Contact,  of  curves,  H  ;  order  of,  72 ;  of 
conies  with  cubic,  621 ;  of  plane  and 
curve,  82 

Continuation,  44£  478, 542 


Continuity,  axiom  of,  84 ;  equation  of, 
35Q;  generalized,  44 ;  of  functions,  41, 
^  47(1;  of  integrals,  52,  281^  3rt8  ;~ot 
series,  480;  uniform,  i2".  1>2,  410 

Contour  line  or  surface,  81 

Convergence,  absolute,  857,  422,  420: 
asymptotic,  430;  circle  of,  433,  431; 
of  infinite  integrals,  362 ;  of  products, 
429;  of  series,  410;  of  suites  of  num- 
bers, 30 ;  of  suiters  of  functions,  430 ; 
nonuniform,  4M ;  radius  of,  433 ;  uni- 
form, 308,  431 

Co<}rdinates,  curvilinear,  131;  cylindri- 
cal, TOj  polar,  14j  spherical,  Zli 

cos,  cos->,  165j  lot,  393,  450 

cosh,  co«h->,  6^  6,  16,  22 

Cosine  amplitude,  507.  See  cn 

Cosines,  direction,  81,  169;  series  of,  400 

cot,  coth,  447^  450.154 

Critical  points,  477,  401 ;  order  of,  401 

cac,  560,  657 

Cubic  curves,  510 

Curi,  Vx,  345j  340j  418^  553 

Curvature  of  a  curve,  82;  as  a  vector, 
171 ;  circle  and  radius  of,  73^  198 ; 
problems  on,  Ifil 

Curvature  of  a  surface,  144;  lines  of,  140; 
mean  and  total,  148;  principal  radii, 
144 

Curve,  308 ;  area  of,  311 ;  intrinsic  equi^ 

tion  of,  240 ;  of  limited  variation,  300 ; 

quadrature  of,  313;  rectitiable,  811. 

See  Curvature,  Length,  Torsion,  etc., 

and  various  special  curves 
Curvilinear  coordinates,  131 
Curvilinear  integral.  See  Line 
Cuspidal  edge,  142 
Cute,  90,  302,  302,  402 
Cycloid,  76,  404 

Cylinder Tunctions,  247.  See  Bessel 
Cylindrical  cobrdinates,  70^  328 

I),  symbolic  use,  162,  214,  270 

Darboux's  Theorem,  61 

Detiuite  integrals,  24^  62;  change  of 
variable,  54,  05 ;  computation  of,  77 ; 
Duhamel'FTheorem.  03 ;  for  a  series, 
ihl;  infinite,  352;  Osgcxxl's  Theorem, 
64,  06;  Theorem  of  the  Mean,  2^  29, 
52,  350.  See  Double,  etc..  Functions, 
Infinite,  Cauchy's,  etc. 

Degree  of  differential  equations,  228 

Del,  V,  172,  260,  343,  345,  340 

Delta  amplitude,  507.  See  dn 

De  Moivre's  Theorem,  155 

Dense  set,  39,  44,  50 

Density,  linear,  28j  surface,  815;  vol- 
ume, no,  820 

Dependence,  functional,  120;  linear,  245 

Derivative,  directional,  07,  172 ;  geo- 
metric properties  of,  7;  infinite,  40  ^ 
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logarithmic,  5;  normal,  97, 187,  112; 
of  higher  order,  (Vi,  102,  lOTj  of 
integrals,  27,  52, 288. ;  of  products, 
IL  14,48;  of  sericBterm  by  term,  43Q; 
oT vectors,  170 ;  ordinary,  1,  45,  158; 
partial,  03,  m ;  right  or  left,  411;  THe- 
orem  of  the  Mean,  8,  10,  4<J,  04.  See 
Change  of  variable,  Functions,  etc. 
Derived  units,  IGfi 

Determinants,  functional,  129;  Wron- 
skiau,  ^11 

Developable  surface,  141,  143,  148,  22fl 

Differences,  49,  432 

DifTerentiable  function,  4a 

Differential,  1 7, 04  :  exact,  lOH.  2M,  3flQ ; 
of  arc,  70,  80,  m ;  of  area,  80,  lai ; 
of  heat,  107, 21i4 ;  of  higher  ofSer,  67, 
104;  of  surface,  340;  of  volume,  81, 
830;  of  work,  lOL  292 ;  partial,  5^ 
104;  toUl.  95,  98,  105,  208,  296j  vec- 
tor, 171,  2937^ 

Differential  equations,  180,  267 ;  degree 
of,  228;  order  of,  IM;  solution  or 
integration  of,  IfiQ ;  complete  solution, 
270 ;  general  solution,  20]^  230,  260; 
infinite  solution,  2M;  particular  solu- 
tion, 280 ;  singular  solution,  231,  21L 
.Sec  Ordinary,  Partial,  etc. 

Differential  e(|uations,  of  electric  cir- 
cuits, 222, 220 ;  of  mechanics,  186,  2M ; 
Hamilton's,  112 ;  Lagrange's,  TTf,  224, 
413 ;  of  media,  417 ;  of  physics,  624 ; 
of  strings,  1&5 

Differential  geometry,  78,  131,  143,  412 

Differentiation,  Ij  logarithmic,  6j  of 
implicit  functions,  117 ;  of  integrals, 
27,  2M;  partial,  M;  total,  9&;  under 
tlie  sign,  2fil ;  vector,  lift 

Dimensions,  higher,  335 ;  physical,  Iflft 

Direction  cosines,  81, 169;  of  a  line,  ai ; 
of  a  normal,  &3 ;  of  a  tangent,  fil 

Directional  derivative,  97,  LZ2 

Discontinuity,  amount  07741.  402 ;  finite 
or  infinite,  HH 

Dissipative  function.  225.  301 

Distance,  shortest,  4()4,  Hi 

Di»lributive  law,  151,  liih. 

Divergence,  formula  of,  342  ;  of  an  inte- 
gral, 352 ;  of  a  series,  ilfi ;  of  a  vector, 
343.  653 

Double  integral.^  80,  131,  313,  316,  222 

Double  intc^'ration,  32,  28575Ifl 

Double  limit*,  89,  ilST 

Double  jMjints,  llii 

Double  sums,  315 

Double  surface  potential,  651 

Doubly  periodic  functions,  417.  486. 

604,  517;  order  of,  487.  See  p,  an, 

cn,  dn 

Dnhamel's  Theorem.  ^  03 
Dupin's  indicatrix, 


e=  2Jia^-.,  6.  487 

E,  complete  elliptic  integral,  77,  ali 

^-function,  62,  853,  ilfi 

E  (0,  Jc),  second  elliptic  integral,  614 

^,6",  4,  160,  447^  484,  492 

Edge,  cuspidal,  LLJ 

Elastic  medium,  418 

Electric  currents,  222,  226,  533 

Electric  images,  639 

Electromagnetic  theory,  350.  411 

Element,  lineal,  191,  2iil ;  of  arc,  70, 
8Q  ;  of  area,  80,  131,  344  ;  of  surfacs, 
34D  ;  of  volume,  80,  33ft ;  planar,  254, 
2tl7 

Elementary  functions,  1Q2  ;  character- 
ized, 482,  41il ;  developed,  450 

Elimination,  of  constants,  183.  202 ;  of 
functions,  20fi 

Ellipse,  arc  of,  77,  614 

Elliptic  functions,  471,504,  507,  61Jj  517 

Elliptic  integrals,  603,  607,  611,  612,  617 

Energy,  conservation  of,  3ftl ;  dimen- 
sions of,  110 ;  kinetic,  13,  101^  112, 
178.  224,  413  ;  of  a  gaji,  llXJ,  294,  3921 
of  a  lamina,  aiB ;  potentlaT,  107,  224, 
301,  413,  541 ;  principle  of,  ^ff;  work 
and,  2M,  301 

Entropy,  106,  2fl4 

Envelopes,  of  curves,  136,  141,  231 ;  of 
lineal  elements,  lfi2;  of  planar  ele- 
ments, 254,  201 ;  of  planes,  140,  142 ; 
of  surfaces,  139,  140^  211 

Equation,  adjoint,  240;  algebraic,  169, 
306.  482  ;  Bernoulli's,  205.  21ft;  Clair- 
aut'H,  230,  273 ;  complete,  241) ;  intrin- 
sic, 24ft ;  Laplace's,  624 ;  of  continuity, 
350;  Poisson's,  648;  reduced,  240; 
Riccati's,  2jSft;  wave,  220 

Equations,  Hamilton's,  112 ;  Lagrange's, 
1 12,  225,  413.  See  Differential  equa- 
tions. Ordinary,  Partial,  etc. 

Equicrescent  variable,  4fi 

Equilibrium  of  strings,  185,  100,  4ftQ 

Equipotential  line  or  surface,  87,  533 

Equivalent  circuits,  ftl 

Error,  average,  390 ;  functions,  ^,  SSS ; 
mean  s^juare,  3tK).  406;  in  target 
practice,  31K);  probable,  389 ;  proba- 
bility of  an,  3&0 

Errors,  of  observation,  SSfl;  small,  Iftl 

Essential  singularity,  479,  481 

Euler's  Constant,  385,  451 

Euler's  Formula,  108,  15ft 

Euler's  numbers,  45Q 

Euler's  transformation,  44i) 

Evaluation  of  integrals,  284,  286,  860. 
371.  -See  Computation,  etc. 

Even  function,  Sft 

Evolute.  142,  234 

Exact  differential,  106,  254,  300 

Exact  differential  equation,  207, 237, 264 
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Expansion,  anymptotlc,  890,  897,  456; 
by  Taylor's  or  Maclaurin's  Formula, 
57j  305;  by  Taylor's  or  Maclaurin's 
Series,  435,  ill ;  in  aHcendlng  powers, 
488.  AlSi ;  in  descending  powers,  3tK). 
897,  456j  481 ;  in  exponentials,  465, 
467  ;  In  Legendre's  polynomials,  4fili; 
in  trigonometric  functions,  458,  405 ; 
of  solutions  of  differential  equations, 
198,  250,  525.  See  special  functions 
and  Series 
Exponential  development,  465,  467 
Exponential  function.  See  a',  C 

Fy  complete  elliptic  integral,  607,  Mi 

*)  =  En^  sin  ^,  507,  614 
Factor,  integrating,  207^  240i  2M 
Factorial,  3IU 

Family,  of  curves,  186j^  192,  228 ;  of  sur- 
faces, 130,  140.  See  Envelope 
Fanulay's  Law, 

Finite  discontinuity,  41^  4(t2^  ilfi 

Flow,  of  electricity,  /i£hi  ;  steady,  663 

Fluid  differentiation,  mi 

Fluitl  motion,  circulation,  Mb. ;  curl,  346 ; 
divergence,  343 ;  dynamical  equations, 
861 ;  eiiuation  of  continuity,  850;  ir- 
rotational,  &33;  velocity  potential, 
633;  waves,  520 

Fluid  pressure,  28 

Flux,  of  force,  808,  348 ;  of  fluid, 

Focal  point  and  surface,  141 

Force,  ;3,  263;  as  a  vector,  173,  801 ; 
central,  175;  generalized,  224 ;  prob- 
lems on,  186,         See  Attraction 

Form,  indeterminate,  61^  80^  perma- 
nence of,  2,  478 ;  quadratic,  115. 
145 

Fourier's  Integral,  877,  466,  628 

Fourier's  series,  468,  465,  62fi 

Fractions,  partial,  20.  fUL  See  Rational 

Free  maxima  and  minima,  I2U 

Frenet's  formulas,  84 

Frontier,  34.  See  Boundary 

Function,  average  value  of,  833;  ana- 
lytic, 304 ;  complementary,  218^  243 ; 
complex,  157.  202 ;  conjugate,  536; 
dissipative,  22  r),  307 ;  doubly  periodic, 
48fi ;  if-funcTToh,  tli ;  even,  30 ;  Green, 
636;  harmonic,  530;  integral,  433; 
odd,  30;  of  a  complex  variable,  157 ; 
periotlic,  458,  486^  potential,  SQL  See 
also  most  of  these  entries  themselves, 
and  others  under  Functiona 

Functional  de|>endence.  Lift 

Functional  determinant,  12& 

Functional  equation,  46,  247^  262j  882 

Functional  independence,  129 

Functional  relation,  122 

Fimctions,  series  of,  430;  table  of  ele- 
mentary, 162.  For  special  functions 


see  under  their  namea  or  sjrmbols ;  for 
special  types  below 

Functions  defined  by  functional  equa- 
tions, cylinder  or  BessePs,  241;  ex- 
ponential, 46,  381;  Legendre's,  2^ 

Functions  deSned  by  integral.^,  contain- 
ing a  parameter,  281,  *!8,  376 ;  their 
continuity,  281,  36W  ;  differentiation^ 
283.  870;  integration,  285,  370,  315; 
evaluation,  284,  286^  371 ;  Cauchy's 
integral,  804TFourIer*8  integral,  877. 
iSQ;  Polsson's  integral,  541,  646;  po- 
tential integrals,  646 ;  with  variable 
limit,  27,  63,  209,  256,  296,  298i  by 
inversion,  4W,  503,  517 ;  conjugate 
function,  536,  542;  special  functions, 
Bessel's,  304,  aiiS ;  Beu  and  Gamma. 
878;  error.  ^,  lim ;  E  (».  k),  514 ;  F(»,  k), 
607  ;  logaritlmi.  302,  306.  4^: ;  p-func- 
tion,  617 ;  sin-'.  807,  4^  sn-i,  436, 
603-  tan->,  307, 

Functions  defined  by  mapping,  548 

Functions  defined  by  properties,  con- 
stant. 482 ;  doubly  periodic,  486 ;  ra- 
tional fraction,  483 ;  periodic  or 
exponential,  484 

Functions  defined  by  series,  p-f  unction, 
481 ;  Theta  functions,  4ttl 

Functions  of  a  complex  variable,  158. 
168;  analytic,  304,  435 ;  angle  of, 
169;  branch  point,  402 ;  center  of 
gravity  of  poles  an3  roots,  482; 
Cauchy's  integral,  304.  477 ;  con- 
formal  representation,  4iiQ ;  continu- 
ation of,  444,  478,  M2;  continuity, 
168.  4Ifl ;  critical  points,  477, 4fll ;  de- 
fines conformal  transformation,  476; 
derivative  of,  158,  4111 ;  derivatives  of 
all  orders,  805 ;  determines  hannonlc 
functions,  5M ;  determines  orthogonal 
trajectories.  11»4  ;  doubly  periodic,  4fifi ; 
elementary,  JJi^ ;  esstiniial  singularity, 
479,  481 ;  expansible  in  series,  436; 
expansion  at  infinity,  481 ;  finite  dis- 
continuity,  419 ;  integral,  433  ;  integral 
of,  300,  360;  if  consUnt,  482;  if  ra- 
tional, 483 ;  inverse  function,  411 ;  in- 
version of,  548 ;  logarithmic  derivative, 
482;  multiple  valued,  492 ;  number  of 
roots  and  poles,  482;  perio<lic,  485  ; 
poles  of,  480 ;  principal  part,  4S3 ;  resi- 
dues, 48Q ;  residues  of  logarithmic  de- 
rivative, 482;  Riemann's  surfaces, 
ifiS;  roots  of,  158.  482;  Kingularities 
of,  476,  ilii;  Taylor's  Formula,  aOii; 
uniformly  continuous,  41^;  vanishes, 
168.  See  various  special  functions 
and  topics 

Functions  of  one  real  variable,  40; 
average  value  of,  3S3 ;  branch  of,  40 ; 
Cauchy's  theorem,  30^  49 ;  continuous, 
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41 ;  continuous  over  dense  nets,  i4 ; 
Darboux'8  Theorem,  Bl ;  derivative  of, 
45;  dif!erentiable,4^;  differential.  64. 
67 ;  discontinuity,  41^  402  ;  expansion 
By  Fourier's  sttries,  iiH ;  expansion  by 
Legendre's  polynomials,  406;  expan- 
sion by  Taylor's  Formula,  49,  55; 
expansion  by  Taylor's  Series,  435 ;  ex- 
pression as  Fourier's  Intejfral,  877. 
466;  increaaiuik',  7^  45^  310,,  462;  In- 
flnite,  41;  infinite  derivative,  4d;  inte- 
prable,  52,  64, 310 ;  Integral  of,  16j  24, 
62 ;  Inverse  of,  4oj  limited,  40j  limit 
07741.  44 ;  lower  sum,  51 ;  maxima  and 
minima,  7,  9,  10,  12.  40,  43,  46.  75 ; 
multiple  valuet^  4Q;  not  Hecreasing, 
64j  810;  of  limite«l  variation,  54^  809^ 
4112  ;  oscillation.  40,  ;  Rulle's  Theo- 
rem, 8,  46_[  right-hand  or  left-band 
derivative  or  limit,  41^  46,  49,  462 ; 
single  valued,  40j  theorems  of  the 
mean.  8,  25.  29,  40,  M,  62^  Sffl ;  uni- 
formly continuous,  42  ;  ulillmited,  4Q ; 
upper  sum,  51 ;  variation  of,  809. 401. 
4M.  See  various  special  topics  and 
functions 

Functions  of  several  real  variables,  87; 
average  value  of,  3.34,  340;  branch 
of,  90j  continuity,  88;  contour  lines 
and  stirfaces,  87j  dUTerentiation,  93, 
117;  directional  derivative,  97j  douCIe 
limits,  80,  43Q ;  expansion  by  Taylor's 
Formula,  113;  gradient,  112;  harmonic, 
630;  homogeneous,  107;  implicit,  112 ; 
Integral  of,  .315,  326,  335,  340;  Inte- 
gration, 319, 3lil;  inverse,  124;  maxima 
and  minima,  114,  118.  120.  125 ;  mini- 
max,  115;  multiple-valued. IK) ;  normal 
derivative,  lil ;  over  various  regions, 
91;  potential,  547;  single-valued,  87j 
solution  of,  117;  space  derivative,  172 ; 
total  differential,  95;  transformation 
by.  131 :  Theorem~of  the  Mean,  94 ; 
uniformly  continuous,  91j  variation 
of,  QQ 

Fundamental  solution,  534 
Fundamental  theorem  of  algebra,  169, 

Fundamental  units,  IQO 

Gamma  function,  318;  as  a  product, 
458 ;  asymptotic  expression,  383,  456 ; 
beta  functions,  879 ;  integrals  in  terms 
of,  38Q;  logarithm  of,  883;  Stirling's 
Formula,  886 

Gas,  air.  189  ;  molecules  of  a,  892 

Gauss's  Formula,  342 

Gauss's  Integral,  343 

gd,  gd-',  6,  16,  45Q 

(JeneraTsohitTon,  201^  230,  'Mi 

Geodesies,  412 


Geometric  addition.  168 

Geometric  language.  33,  335 

Geometric  series,  421 

Geometry.  See  Curve,  Differential,  and 

all  Ri)ecial  topics 
Gradient,  7,  172,  30L  See  Del 
Gravitation.  See  Attraction 
Gravity.  See  Center 
Green  Function.  635,  642 
Green's  Formula,  349,  631 
Green's  Lemma,  842,  844 
Gudermannian  function,  6,  16^  4fiQ 
Gyration,  radius  of,  334 

Half  periods  of  theta  functions,  4£& 

Hamilton's  equations,  112. 

Hamilton's  principle,  412 

Hannonic  functions.  530;  average  value, 
531;  conjugate  functions,  6S6;  exten- 
sion of,  542;  fundamental  solutions, 
534;  Green  Function,  535;  identity 
of,  534 ;  inversion  of,  539 ;  maximum 
and  minimum,  531,  554;  PoisHon's  In- 
tegral, 541,  546;  potential,  548;  sin- 
giilaritieH,  534 

Helicoid,  418 

Helix,  177,  404 

HelmhoTtz,  851 

Higher  dimensions,  335 

Higher  onler,  differentials,  67,  IM;  In- 
tiniteHimals,  64,  35ii;  Infinites,  m 

Homogeneity,  physical,  109;  order  of, 
101 

Homogeneous  differential  equations, 
204.  210.  230,  236,  269,  262.  278 

Homogeneous  functions,  107 ;  Euler's 
Formula,  1^  152 

Hooke's  lavr,  Ifil 

Hydrodynamics.  See  Fluid 

Hyperbolic  functions,  5.  See  cosh,  slnh, 
etc. 

Hypergeometric  series,  898 

Imaginary,  163,  21Q ;  conjugate,  15a 

Imaginary  powers,  101 

Implicit  functions,  117-185.  See  Max- 
ima and  Minima,  Minimax,  etc. 

Indetinite  Integral,  16, 53.  See  Functions 

Independence,  functional,  129;  linear, 
245 ;  of  path,  2fl8 

Indeterminate  forms,  01;  L'tlospital's 
Rule,  01 ;  In  two  variables,  2M 

Indicatrix,  Dupin's,  145 

Indices,  law  of,  150 

Induction,  308,  348 

Inequalities,  30 

Inertia.  See  Moment 

Infinite,  00 ;  become, 

Infinite  derivative,  40 

Infinite  Integral,  352.  See  Functiona 

Infinite  product,  42il 
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Infinite  serifis,  80^  410 

Infinite  solution,  2iiQ 

Inflnitesiinal,  (iii;  order  of ,  03 ;  liigher 
order,  Q4  ;  order  hipher,  Jififl 

IntinitC8inial  analysis, 

Infinity,  point  at,  481 

Inflection  point,  12,  Ifi;  of  cubic,  621 

Instantaneous  center,  74^  Ufi 

Integrability,  condition  of,  2i25 ;  of  func- 
tions, 52^ 

Integral,  Cancliy's,  304;  containing  a 
parameter,  281,  liO^  ;  definite,  24^  M  ; 
double,  315;  elliptic,  5(Ki  ;  Fourier's, 
877 ;  Gaujw'8,  348j  liigher,  836;  in- 
definite, 16j  53j  infinite,  352 :  inver- 
sion of,  4tXt;  line,  288,  811,  400; 
Poisson's,  Ml ;  potential,  6111 ;  sur- 
face. Ml ;  triple,  32^  .See  Definite, 
Functions,  etc. 

Integral  functions,  438 

Integral  test,  421 

Integrating  factor,  207,  240,  2M 

Integration,  16 ;  along  a  curve,  201,  4flQ ; 
by  partM,  10, 301 ;  by  substitution,  21 ; 
constants  oT,  If),  1S3 ;  double,  82,  320 ;  * 
of  functions  TiT  a  complex  variable, 
SOI;  of  nuiicals  of  a  biquadratic,  61iil; 
of  radicals  of  a  ijuadratic,  22 ;  of  ra^ 
tional  fractioiis,  20;  over  a  surface, 
840 ;  term  by  term,  430 ;  under  the 
sign,  285,  310-  See  Differential  equa- 
tions.  Ordinary,  Partial,  etc. 

Intrinsic  equation,  240 

Inverse  function,  46, 411 ;  derivative  o£, 
2,14 

Inverse  operator,  150,  214 
Inversion,  631;  of  integrals,  4fifi 
Involute,  234 
Irrational  numbers,  2,  30 
Irreducible  circuits,  m,  302,^  600 
Isoperiraetric  problem,  4Qfi 
Iterated  integration,  321 

Jacobian,  120,  830^  886i  42fl 
Jumping  rope,  51 1 
Junction  line,  4U2 

Kelvin,  361 
Kinematics,  73,  Ufl 

Kinetic  energy,  of  a  chain,  416;  of  a 
lamina,  318 ;  of  a  medium,  4111 ;  of  a 
particle,  13,  101  ;  of  a  rigid  body,  223 ; 
of  systems,  112,  225,  413 

Lagrange's  equations,  112,  225.  413 
Lagrange's  variation  of  constants,  248 
Lamina,  center  of  gravity  of,  317; 
density  of,  315;  energy  of,  318 ;  kine- 
matics of,  78,  178;  mass  of,  82,  31fl; 
moment  of  inertia  of,  32,  315,  321; 
motion  of,  ili 


Laplace's  equation,  104.  110,  626,  630, 

633,  648 

Law,  Ampere's,  860;  associative,  150, 
166;  commutative,  140,  1H5 ;  distrib- 
utive, 160,  166 ;  Faratlay's,  350; 
Hooke's,  181;  of  indices,  160;  of 
Nature,  307  ;  parallel(^^m,  154,  108. 
302 ;  of  the  Mean,  see  Theorem 
Laws,  of  algebra,  163 ;  of  motion,  18, 

178,  204 
Left-hand  derivative,  4fl 
Left^han«led  axes,  84,  107 
Legendre's  elliptic  integrals,  603,  611 
Legendre's  equation,  2^  (Ex.  13  9) ;  gen- 
eralized, 62fi 
Legendre's  functions,  262 
Legendre's  polynomials,  262,  440,  ififl ; 

generalized,  621 
Leibniz's  Rule,  284 
Leibniz's  Theorem,  11,  14,  48 
Length  of  arc,  60,  787131.  310 
Limit,  36;  doulile,  SOj  of  a  quotient, 
1,  46_;  of  a  rational  fraction,  STj  of  a 
sum,  16,  60,  21il 
Limited  set  or  suite,  38 
Limited  variation,  64,  300,  402 
Line,  direction  of,  81,  169;  tangent, 
81 ;  normal,  96:  perpendicular,  81^ 
IM 

Line  integral,  288, 208, 311 ,  400 ;  about  a 
clo«ed  circuit,  205,344 ;  CauchY's,304  ; 
differential  of,  2fil  ;  for  angle,  281: 
for  area,  2811 ;  for  work,  223 ;  in  the 
complex  plane,  360.  491 ;  independent 
of  path,  29fi ;  on  a  Riemann's  surface, 
499,  m. 

Lineal  element,  191,  228,  231,  2fil 
Linear  dependence  or  independence, 
246 

Linear  differential  equations,  240 ; 
Bessel's,  248;  first  order.  205,  207 ; 
Legendre's,  252 ;  of  physics,  624  ;  \>Ar- 
tial,  207,  276, 624;  second  order.  244; 
simultaiieous,  223;  variation  of  con- 
stants, 243  ;  with  constant  coefficients, 
214.223.  216 

Linear  operators,  IM 

Lines  of  curvature,  146 

log,  4,  11.  161^  302.  440, 407j  log  cos,  log 
sin,  log  tan,  450  ;  —  log  r,  636 

Logarithmic  differentiation  and  deriv- 
ative, 6;  of  functions  of  a  complex 
variable,  482 ;  of  gamma  function, 
382;  of  theta  functions,  474,  611 

Logarithms,  computation  of,  ^ 

M-test,  432 

Maclaurin's  Fonnula,  5L  See  Taylor's 
Maclaurin's  Series,  436 
Magnitude  of  complex  numbers,  164 
Mapping  regions,  643 


y  Google 


INDEX 


563 


Maan,  nOj  of  lamina,  Slflj  82:  of  rod, 
2^ ;  of  Bolid,  32(t ;  potential  of  a, 
306.  348,  627.  See  Center  of  gravity 

Maxima  and  minima,  conHtraine<l,  120, 
4M. ;  free,  12Q ;  of  functions  of  one  vari- 
able, 7j  9,  lOj  12,  40j  43,  4«J,  Id  ;  of  func- 
tions of  severaTvariabk'H,  114, 118, 120. 
125 ;  of  harmonic  functions,  631  ;  of 
implicit  functions,  HSj  120,  126j  of 
Integrals,  400^  404^  400 ;  ofietsof  num- 
bers,  ay  ;  relative,  1^ 

Maxwell's  assumption  for  gases,  3QQ 

Mayer's  method,  2^ 

Mean.  See  Theorem  of  the  Mean 

Mean  curvature,  148 

Mean  error,  iiUQ 

Mean  square  error,  390 

Mean  value,  333,  3iQ 

Mean  velocity,  3fi2 

Mechanics.  See  Equilibrium,  Motion, 
etc. 

Medium,  elastic,  418 ;  ether,  417.  See 

Fluid 
Meusnler's  Theorem, 
Minima.  See  Maxima  and  minima 
Minimax,  116,  llfl 
Minimum  surface,  416,  418 
Motlulus,  of  complex  number,  164 ;  of 

elliptic  functions,  k,  606 
Molecular  velocities,  3S^ 
Moment,  176;  of  momentum,  176.  264, 

Moment  of  inertia,  curve  of  minimum, 
404:  of  a  lamina,  82,  315,  324j  of  a 
particle,  31 ;  of  a  solid,  328,  atil 

Momentum,  13,  173 ;  moment  of,  176. 
204.  326 :  principle  of,  2M 

Monge's  method,  21S 

Motion,  central,  175,  264 ;  Hamilton's 
equations,  112;  Hamilton's  Principle, 
112  ;  in  a  plane,  2M ;  Lagrange's  equa- 
tions, 112j  225,  413i  of  a  chain,  415; 
of  a  drumheiul,  iiM;  of  a  dynaminil 
system,  418  ;  of  a  lamina,  78,  178.  414  ; 
of  a  metlium,  416 ;  of  the  simple  pen- 
dulum, 602;  of  systems  of  particles, 
176;  rectilinear,  186 ;  simple  harmonic, 
188.  See  Fluid,  Small  vibrations,  etc. 

Multiple-valued  functions,  40,  90,  41)2 

Multiplication,  by  complex  numbers, 
IM;  of  series,  442 ;  of  vectors,  IM 

Multiplier,  474  ;  undetermined,  411 

Multipliers,  method  of,  120,  126,  406, 
4U 

Multiply  connected  regions,  8fl 

Newton's  Second  Law  of  Motion,  13, 173, 
IM 

Normal,  principal,  88_[  to  a  closed  sur- 
face, 167,  341 
Normal  derivative,  97,  187,  Hi 


Normal  line,  8,  Qfi 
Normal  plane,  181 

Numlters,  Bernoulli's,  448;  complex, 
153;  Kuler'ft,  460:  frontier,  34 ;  inter- 
val  of,  84  ;  irrational,  2,  M;  real,  S3; 
sets  or  suites  of,  3& 

Observation,  errors  of,  386;  small  er- 
rors, 101 
Odd  function,  3Q 
Operation,  14^ 

Operational  methods,  214,  223,  275,  441 

Operator,  149,  165,  112  ;  distributive  or 
linear,  IM ;  Inverse,  150,  2JL4;  invol- 
utorv,  Liiii ;  vector-differentiating,  172, 
200.  343,  345.  849 

Order,  of  critical  point,  4fll;  of  deriv- 
atives, llj  of  differentials,  67j  of 
differential  equations,  180;  of  doubly- 
periodic  function,  4fil;  of  homogene- 
ity, 107 ;  of  infinitesimals,  63_[  of 
intinltes,  M  ;  of  pole,  iBQ 

Ordinary  differential  equations, 
approximate  solutions,  195,  197 ;  aris- 
ing from  partial,  634  ;  Bernoulli's,  205. 
210;  Clairaut's,  280^  exact,  207,  287 ; 
homogeneous,  204,  210,  230, 23BT  inte- 
grating factor  for,  207;  lineal  element 
of,  Uil ;  linear,  see  Linear ;  of  higher 
degree,  228;  of  higher  order,  234;  prob- 
lems involving,  179 ;  Rlccatl's,  250 ; 
systems  of,  223,  2110;  variables  sepa- 
rable, 208.  See  Solution 

Orthogonal  trajectories,  plane,  194.  284. 
2M ;  space,  20Q 

Orthogonal  transformation,  100 

Osculating  circle,  18 

Osculating  plane,  82, 140, 145,  171^  412 

Osgood's  Theorem,  64,  66,  82& 

p-f unction,  487,  617 
Pappus's  Theorem,  832,  3M 
Parallelepliied,  volume  of,  Ifift 
Parallelism,  condition  of,  166 
Parallelogram,  law  of  addition,  154. 168, 

307;  of  periods,  486;  vector  area  of, 

165 

Parameter,  185  j  integrals  with  a,  2fil 
Partial  derivatives,  93j  higher  order, 
102 

Partial  differentials,  96,  IM 

Partial  differential  e(|uations,  267;  char- 
acteristics of,  267,  279 ;  Charplt's 
method,  214;  for  types  of  surfaces, 
269;  Laplace's,  626;  linear.  267.  276. 
624 ;  Monge's  method,  2Iii ;  of  physics, 
624 ;  Polsson's,  648 

Partial  differentiation,  93,  ISXi ;  change 
of  variable,  98, 103 

Partial  fractions,  20,  QQ 

Particular  solutions,  230,  524 
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Path,  independency  of,  2^ 
Pedal  curve, 

Period,  half,  iM;  of  elliptic  functions, 
471, 48({;  of  exponential  function,  161; 
of  theta  functions,  4Q&. 

Periodic  functions,  101^  468^  4M. 

Permanence  of  form,  2^  41fi 

PhysicH,  differential  equations  of,  £21 

Planar  eleuient,  254^ 

Plane,  normal,  81j  tangent,  96j  oscu- 
lating, 82.  140.  Hf).  171.  412 

Points,  at  infinity,  4M;  consecutive,  22; 
inflection,  12^  75^  521 ;  of  condensation, 
88.  4Q ;  sets  or  suites  of,  88Q ;  singular, 
119,  4Ifi 

Poisson's  equation,  648 

Poissun's  Integral,  541 

Polar  colirdi  nates,  14^  Tfi 

Pole,  479;  onier  of,  480 ;  residue  of,  4Sa ; 
principal  part  of,  183 

Polynomials,  Bernoulli's,  4M  ;  Legen- 
dre's,  252,  440^  460,  627 ;  root  of,  l&9i 
482 

Potential,  308,  382,  348,  527,  630,  639, 

647 ;  double  surface,  651 
Potential  energy,  107,  224,  801^  iia 
Potential  function,  301.  611 
Potential  integrals,  54li ;  retarded,  bl2 ; 

surface,  661 
Power  series,  428.  433. 477 ;  descending, 

889.  897.  481 
Powers  of  complex  numbers,  161 
Pressure,  28 
Principal  normal,  83 
Principal  part, 

Principal  radii  and  sections,  141 
Principle,  Hamilton's,  412 ;  of  energy, 
2114;  of  momentum,  2M;  of  moment 
of  momentum,  2M;  of  permanence 
of  form,  2j  418;  of  work  and  energy, 

Probability,  387 
Probable  errt>r,  389 

Product,  scalar,  164 ;  vector,  165;  of 
complex  numbei-s,  1 55 ;  of  operators, 
14ii ;  of  series,  442 

Products,  derivative  of,  llj  14^  48j  in- 
finite, 429 

Projection,  164,  Ifil 

Quadratic  form,  116.  146 

Quadrature,  312.  See  Integration 

Quadniple  integrals,  236 

Quotient,  limit  of,  145 ;  of  differences, 
30.  fll;  of  differentials,  64^61;  of  power 
series,  446;  of  thela  functions,  HI 

Raabe's  test,  421 

Ratiius,  of  convergence,  433, 437;  of  cur- 
vature. 72,  82j,  Iblj  of  gyration,  334: 
of  torsion,  83 


Rates,  181 
Ratio  test,  122 

Rational  fractions,  characterization  of, 
1^ ;  decomposition  of,  20,  iiii ;  inte- 
gration of,  2U;  limit  of,  31 

Real  variable,  36.  See  Functions 

Rearrangement  of  series,  111 

Rectiflable  curves,  311 

Reduced  equation,  21ii 

Redacibility  of  circuits,  91 

Regions,  varieties  of,  8fi 

Relation,  functional,  123. 

Relative  maxima  and  mimima,  12fl 

Remainder,  in  asymptotic  expansioni>, 
390.  398,  466;  in  Taylor's  or  Mac- 
laurin's  Formula,  65,  SOrt,  3118 

Residues,  480.  481;  of  logarithmic  de- 
rivatives, 482 

Resultant,  164,  178 ;  moment,  I1& 

Retiirded  potential,  662 

Reversion  of  series,  4M 

Revolution,  of  areas,  340;  of  curves, 
SS2;  volume  of,  m 

Rhumb  line,  81 

Riccati's  equation,  26Q 

Riemann's  surfaces,  493 

Right-hand  derivative.  Id 

Right-handed  axes,  84,  1117 

Rigid  body,  energy  of  a,  29S;  with  a 
nxed  point,  Zfi 

Rolle's  Theorem,  8,  Ifl 

Roots,  of  complex  numbers,  16^;  of 
polynomials,  156^  159,  306,  4I2i  of 
unity,  166 

Ruled  surface,  14Q 

Saddle-shaped  surface,  IM 

Scalar  product,  104, 108,  3ia 

Scale  of  numbers,  M 

Series,  as  an  integral,  4iil ;  asymptotic, 
390.  397.  456;  binomial,  423,  425j 
Fourier's,  415j  infiniU",  39,  419j  ma- 
nipulation of,  44Q;  of  complex  tenns, 
423 ;  of  functions,  43il ;  Taylor's  and 
Maclaurin's,  197,  435,  477 ;  theta, 
4<t7-  See  various  special  functions 

Set  or  suite,  38,  118 ;  dense,  39.  44,  6Q 

Shortest  distance,  404,  412 

Sigma  functions,  (t,  ffa,  623 

Simple  harmonic  motion,  188 

Simple  pendulum,  609 

Simply  connected  region,  89,  2fll 

Simpson's  Rule,  II 

Simultaneous  differential  equations,  223, 

sin.  sin-i,  8,  11,  21,  165,  161,  307,  486, 

4iW,  4iJli 
Sine  amplitude,  507.  See»n 
Single-valued  function,  40,  87,  295 
Singular  points.  119.  llli 
Singular  solutions,  230,  'ill 
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SingiilaritiM,  of  functions  of  a  complex 
variable,  476, 12fl ;  of  harmonic  func- 
tions, 

sinh,  Binh-^  5. 153 

Slope,  of  a  cur>-e,  1 ;  of  a  f  unction,  8Q1 

Small  errors,  IQl 

Small  vibrations,  224^  ilh 

sn,  gn->.  471,  475.  603.  607,  611^  fill 

Solid  angle,  MI 

Solution  of  differential  equations,  com- 
plete, 2IQ ;  general,  2Q& ;  infinite,  2SQ ; 
particular,  230.  [t2A ;  singular,  2^  211 

Solution  of  implicit  functions,  lit,  li^ 

Speed,  m 

Spherical  coordinates,  Tfi 

Sterling's  approximation,  38rt, 

Stokes's  Fonnula,  345,  IIB 

Strings,  equilibrium  of,  Ifiik 

Subnormal  and  subtangent,  8 

Substitution.  See  Change  of  variable 

Succettrtive  approximatiuns,  lliU 

Successive  differences,  4U 

Suite,  of  numbers  or  points,  S8 ;  of  func- 
tions, 430 ;  uniform  convergence,  i31 

Sum,  limit  of  a,  8<J,  24,  41U;  of  a 
series,  410.  See  Addition,  Detinite  in- 
tegral. Series,  etc. 

Superpmition  of  small  vibrations,  226, 
625 

Surface,  area  of,  67^  889j  closed,  167. 

841 ;  curvature  of,  144 ;  developable, 

141^  148,  148i  279i  element  of,  840; 

ge<HleHic8on,  412;  minimum,  404,  415; 

normal  to,  90^  341_j  Riemann's,  4»3 ; 

ruled,  140;  tangent  plane,  WJj  types 

of,  2C9;  vector,  l«7j  u>-,  4fl2 
Surface  integral,  340,  Sil 
Symbolic  methods,  172^  214,  ^  200. 

276.  ill 

Systems,  conservative,  301;  dynamical, 
Systems  of  differential  equations,  228, 

tan,  tan-»,  8.  21,  807,  460.  467.  m 

Tangent  line,  8,  81^  M 

Tangent  plane,  90,  lift 

tanh,  tanh-^  b/^  450,  5Q1 

Taylor's  Formula,  557112.  152.  805,  412 

Taylor's  Series,  197,  435,  471 

Taylor's  Theorem,  ifl 

Test,  Cauchy's,  421 ;  comparison,  420; 

Raabe's,  424;  ratio,  422;  Weierstrass's 

M-,  482,  455 
Test  function,  355 

Theorem  of  the  Mean,  for  derivatives, 
8,  10,46,  M;  for  integrals,  26,  20,  62 

Thermodynamics,  106,  2M 
TheU  functions,  I[JT7,Q.  Oj,  as  Fourier's 
■eriea,  467;  as  products,  ill ;  define 


elliptic  functions,  471.  604 ;  logarith- 
mic derivative,  474.  612  ;  periods  and 
half  periods,  4fi&;  relations  between 
squares,  112 ;  small  tbetas,  0,  628  ; 
zeros,  400 

Torsion,  83_;  radius  of,  88,  lIGt 

Total  curvature,  US 

Total  differential,  06,  06,  105,  200, 
2Sh 

Toul  differential  equation,  25i 
Total  differentiation,  Qfi 
Trajectory,  196;  orthogonal,  194,  284. 
260 

Transformation,  conformal,  182,  476; 
Euler's,44Q ;  of  inversion,  581;  orthog- 
onal,  IQH;  of  a  plane,  131;  to  polars, 
14,  m 

Trigonometric  functions,  3,  101,  463 
Trigonometric  series,  458,  465,  525 
Triple  integrals,  826 ;  element  of,  HQ. 

Umbilic,  lift 

Undetermined  coefficients,  liMl 
Undetermine<l  multiplier,  120,  VM^  iOii, 
ill 

Uniform  continuity,  42,  ^  4Ili 

Uniform  convergence,~S69,  4Jil 

Units,  fundamental  and  derived,  109; 

dimensions  of,  liM 
Unity,  roots  of,  IM 
Unlimited  set  or  suite,  Sfi 

Vall^e-Poussin,  de  la,  873,  665 
Value.  See  Abwilute,  Average,  Mean 
Variable,  complex,  167;  equicrescent, 

4&;  real,  86.  See  Change  of.  Function? 
Variable  limits  for  integrals,  27,  4Q1 
Variables,    separable,   170,  2M.  ^ee 

Functions 
Variation,  179;  of  a  function,  8, 10,  54 ; 

limited,  54,  809 ;  of  constants,  243 
Variations,  calculus  of,  iill ;  of  integrals, 

401,  41Q 

Vector,  154. 168;  acceleration,  174;  area, 
167,  290 ;  components  of  a,  UW,  167. 
174,  342 ;  ctirvature.  111 ;  moment, 
176 ;  moment  of  momentum,  176 ; 
momentum,  118;  torsion,  ^  lU; 
velocity,  lia 

Vector  addition,  154,  IM 

Vector  differentiation,  170^260,842,846 ; 
force,  113 

Vector  functions,  200,  293,  800, 342, 345. 
551 

Vector  operator    see  Del 

Vector  product,  166,  168,  845 

Vectors,  addition  of,  164,  168;  com- 
planar,  169 ;  multiplication  of,  155, 
IM;  parallel, IM;  perpendicular, IBS; 
products  of,  lUM,  1^5,  168,  345;  pro- 
jections of,  164,  107,  ai2 
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Velocity,  13j  173;  anffiilar,  846;  areal, 
175  ;  of  molecules,  302 

VibratiouB,  small,  224,  520  ;  8uperpo8i- 
lion  of,  220,  aii 

Volume,  center  of  gravity  of,  328;  ele- 
ment of,  8Q;  of  parallelepiped,  IfiD; 
of  revolution,  Ifl;  under  surfaces,  32. 
Sn^  aai;  with  parallel  bases,  10 

Volume  integral,  Ml 

Wave  equation,  22fi 
Waves  on  water,  520 


Welerstrass's  integral.  517 
Weierstrass's  JZ-test,  132 
Weights,  333 

Work,  107^  ^  292i  301 ;  and  energy, 

283.  il2 
Wronskian  determinant,  211 

z-plane,  157,  802,  860,  433;  mapping 

the,  490,  407,  608,  617,  &43 
Zeta  functions,  Z,  &12 ;  522 
Zonal  harmonies.  See  Legendre's  poly- 
nomials 
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